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Abstract: To solve large-scale unconstrained optimization problems, this paper further investigated
the RMIL conjugate gradient method and its variants in order to propose two new spectral conjugate
gradient methods. Under basic assumptions for unconstrained optimization problems, where the level
set was bounded and the gradient was Lipschitz continuous, the search directions generated by the
proposed methods satisfied the sufficient descent property independent of the choice of line search.
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1. Introduction

The conjugate gradient method is widely used to solve the following unconstrained optimization
problem

min f (x), x ∈ Rn, (1.1)

where f : Rn → R is a continuously differentiable function. In 1952, Hestenes and Stiefel [1] first
introduced the linear conjugate gradient method for solving systems of linear equations with
symmetric positive definite matrices. Later in 1964, Fletcher and Reeves [2] extended this method for
solving nonlinear unconstrained optimization problems, which is generally regarded as the beginning
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of nonlinear conjugate gradient methods. The general iterative scheme of the conjugate gradient
method can be expressed in the following form:

xk+1 = xk + αkdk (1.2)

and

dk =

 −gk, k = 1,
−gk + βkdk−1, k ≥ 2,

(1.3)

where gk := ∇ f (xk), αk > 0 is the step length determined by a line search, dk is the search direction,
and βk is the conjugate parameter. It is well known that different choices of βk give rise to different
conjugate gradient methods. The classical conjugate gradient methods include the
Hestenes-Stiefel (HS) method [1], the Fletcher-Reeves (FR) method [2], the
Polak-Ribière-Polyak(PRP) method [3, 4], and the Dai-Yuan (DY) method [5]. Their corresponding
conjugate parameters are defined as follows:

βHS
k =

gT
k yk−1

dT
k−1yk−1

, βFR
k =

∥gk∥
2

∥gk−1∥
2 , β

PRP
k =

gT
k yk−1

∥gk−1∥
2 , β

DY
k =

∥gk∥
2

dT
k−1yk−1

,

where yk−1 = gk − gk−1 and ∥ · ∥ denotes the Euclidean norm of vectors. In particular, when the
objective function is quadratic and exact line search is employed, the aforementioned four methods are
equivalent. Extensive research has shown that the FR and DY methods possess favorable convergence
properties, whereas the PRP and HS methods exhibit excellent numerical performance. To develop
methods that ensure both good convergence and strong numerical performance, numerous scholars
have conducted important research in this area [6–10].

Over the past two decades, significant research on search directions has led to the development of
several important variants of the classical conjugate gradient method. Several notable achievements
include the three-term conjugate gradient method [11], the spectral conjugate gradient method [12],
the spectral three-term conjugate gradient method [13], and the preconditioned conjugate gradient
method [14].

On the other hand, conjugate gradient methods have been extended to other domains beyond
solving (1.1), such as the Riemannian manifold optimization [15], the tensor optimization [16], and
the sparse optimization [17]. It is worthwhile to mention that using the conjugate gradient method to
solve the image denoising problems in the sparse optimization has received wide attention. For
example, Jiang et al. [18] combined the hybrid conjugate gradient method and the convex
combination technique to develop a family of hybrid three-term conjugate gradient methods for
salt-and-pepper noise removal. Subsequently, Wang et al. [19] proposed a modified RMIL conjugate
gradient-based projection method for constrained nonlinear equations, with applications to image
denoising problems. Further related studies can be found in [20–22].

This paper focuses on the spectral conjugate gradient method and its application to image
denoising. To this end, we introduce two new spectral conjugate gradient methods by extending the
RMIL method [23] and the MRMIL method [24], respectively. The proposed methods reduce to the
RMIL method under the exact line search. In addition, they generate search directions dk that
guarantee the sufficient descent property independently of any line search. Notably, we establish
global convergence under both the standard Wolfe and Armijo line searches. Comprehensive
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numerical experiments on unconstrained optimization and image denoising problems, conducted
under both line searches, consistently demonstrate the reliability and superiority of the proposed
methods.

The remainder of this paper is structured as follows. Section 2 details the motivation and algorithms
of the two proposed spectral conjugate gradient methods. The global convergence properties of both
methods under the standard Wolfe and Armijo line search conditions are established in Section 3.
Finally, Sections 4 and 5 present numerical results that demonstrate the effectiveness and efficiency of
the proposed methods on unconstrained optimization and image denoising problems, respectively.

2. Motivation and algorithms

Rivaie et al. [23] proposed a new conjugate parameter, defined by

βRMIL
k =

gT
k (gk − gk−1)
∥dk−1∥

2 , (2.1)

and established its global convergence under the exact line search. Similar to the βPRP
k , if a small

step size is produced in one iteration, the search direction in the subsequent iteration automatically
approaches the negative gradient direction, thereby inheriting the restart property. Subsequently, Rivaie
et al. [24] further modified the βRMIL

k as follows:

βMRMIL
k =

gT
k (gk − gk−1 − dk−1)

∥dk−1∥
2 , (2.2)

It can be observed that if the exact line search is used, the condition gT
k dk−1 = 0 holds, which

renders (2.1) equivalent to (2.2). They analyzed and discussed the sufficient descent property and
global convergence of the MRMIL method under the strong Wolfe line search.

In recent years, the parameters βRMIL
k and βMRMIL

k have attracted considerable research interest. For
instance, Yousif [25] proposed the following conjugate parameter

βRMIL+
k =


gT

k (gk − gk−1)
∥dk−1∥

2 , if 0 ≤ gT
k gk−1 ≤ ∥gk∥

2,

0, otherwise.

Subsequently, another modified version of the RMIL parameter was proposed in [26], defined as

βRMIL*
k =


gT

k (gk − gk−1)
∥dk−1∥

2 , if |gT
k gk−1| ≤ ∥gk∥

2,

0, otherwise.

References [25, 26] have established the global convergence of their relevant conjugate gradient
methods under the strong Wolfe line search and the exact line search, respectively. Nevertheless, the
global convergence properties of the parameters defined by (2.1) and (2.2) under the standard Wolfe
or Armijo line search conditions have received considerably less attention. This paper bridges the gap
by integrating these parameters into a spectral conjugate gradient method. In the following, we
introduce some fundamental concepts of spectral conjugate gradient methods.
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Birigin and Martı́nez [27] combined the spectral gradient method with the conjugate gradient
method to propose the spectral conjugate gradient method, and they generalized the iterative scheme
of (1.3) into the following form:

dk =

 −gk, k = 1,
−θkgk + βkdk−1, k ≥ 2,

(2.3)

where

βk =
gT

k (θkyk−1 − sk−1)
dT

k−1yk−1
, θk =

sT
k−1sk−1

sT
k−1yk−1

, sk−1 = xk − xk−1.

In this formulation, θk is referred to as the spectral parameter and βk is regarded as the conjugate
parameter. Although this spectral conjugate gradient method exhibits satisfactory numerical
performance in practical computations, it gives no guarantee of the descent property in its search
direction.

Zhang et al. [28] proposed a spectral FR conjugate gradient method by combining the FR conjugate
gradient method with (2.3), and the search direction is given by

dk =

 −gk, k = 1,

−(1 + βk
gT

k dk−1

∥gk∥2
)gk + βkdk−1, k ≥ 2,

(2.4)

where

βk = β
FR
k =

∥gk∥
2

∥gk−1∥
2 .

It is straightforward to verify that the search direction dk defined in (2.4) satisfies the sufficient descent
condition

gT
k dk = −∥gk∥

2 (2.5)

for any choice of the parameter βk.
Although (2.1) and (2.2) have attracted considerable attention, the resulting search directions are

not guaranteed to be descent directions under inexact line searches. To overcome this limitation, we
construct the search direction dk in two ways: one way combines the search direction defined in (2.4)
with (2.1), and the other way combines the search direction defined in (2.4) with (2.2). This
construction yields two spectral conjugate gradient methods whose directions satisfy the sufficient
descent property independent of the line search. Specifically, the method incorporating (2.1) is
referred to as the SRMIL method, whereas the method incorporating (2.2) is referred to as the
SMRMIL method. To establish the global convergence of the proposed methods, we adopt the
standard Wolfe line search, where the step length αk satisfies f (xk + αkdk) ≤ f (xk) + ραkgT

k dk,

g(xk + αkdk)T dk ≥ σgT
k dk,

(2.6)

where 0 < ρ < σ < 1, and the standard Armijo line search, where αk = δ
j with δ ∈ (0, 1) and the

smallest integer j ≥ 0 such that

f (xk + αkdk) ≤ f (xk) + ραkgT
k dk. (2.7)
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(2.7) coincides with the first inequality in (2.6), whereas the Wolfe line search additionally requires the
curvature condition.

In the following, we present the algorithmic frameworks of the SRMIL and SMRMIL methods
under the standard Wolfe or Armijo line search.

Algorithm 1 The SRMIL and SMRMIL methods under the Wolfe or Armijo line search
Step 0. Select an initial point x1 ∈ R

n and parameters ρ, δ, σ ∈ (0, 1). Given termination tolerance
ϵ > 0, set d1 := −g1, and let k := 1.
Step 1. If ∥gk∥ ≤ ϵ, then stop.
Step 2. Compute the step size αk using either:

(i) the standard Wolfe line search (2.6), or
(ii) the standard Armijo line search (2.7).

Step 3. Update the next iterate by (1.2).
Step 4. Choose the conjugate parameter βk+1 using either (2.1) or (2.2), and then calculate the search
direction dk+1 by (2.4)
Step 5. Set k := k + 1, and return to Step 1.

3. Convergence analysis

To establish the global convergence of the SRMIL and SMRMIL methods under the standard Wolfe
and Armijo line searches, we introduce two basic assumptions about the objective function in this
section.

(A1) The level set Ω = {x ∈ Rn| f (x) ≤ f (x1)} of the objective function f (x) is bounded, namely,
there exists a constant B > 0 such that

∥x∥ ≤ B, ∀ x ∈ Ω. (3.1)

(A2) In some neighborhood U of the level set Ω, the gradient function g(x) is Lipschitz continuous,
that is, there exists a constant L > 0 satisfying

∥g(y) − g(x)∥ ≤ L∥y − x∥, ∀ x, y ∈ U. (3.2)

From assumptions (A1) and (A2), it follows that the gradient norm is bounded on Ω, which implies the
existence of a constant γ such that

∥g(x)∥ ≤ γ, ∀ x ∈ Ω. (3.3)

As the sufficient descent condition (2.5) is always satisfied for both the SRMIL and SMRMIL methods,
we can derive the following fundamental inequality:

∥dk∥ ≥ ∥gk∥, ∀ k ≥ 1, (3.4)

This inequality plays a crucial role in the subsequent convergence analysis.
The global convergence of conjugate gradient methods is established through the Zoutendijk

condition, which was originally introduced by Wolfe [29] and Zoutendijk [30] under the standard
Wolfe line search. The following lemma shows that an alternative form of this condition holds for the
proposed methods under both the standard Wolfe and Armijo line searches.
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Lemma 3.1. Under Assumptions (A1) and (A2), consider the iterative schemes (1.2) and (1.3), where
the search direction dk satisfies the sufficient descent condition (2.5) and the step length αk is
determined by either the standard Wolfe line search (2.6) or the standard Armijo line search (2.7).
Then the following inequality holds: ∑

k≥1

∥gk∥
4

∥dk∥
2 < +∞. (3.5)

Proof. We now discuss the two cases separately, depending on whether αk is determined by either the
standard Wolfe or the standard Armijo line search.

Case I: Suppose that αk is determined by the standard Wolfe line search. The second inequality
in (2.6) gives

(gk+1 − gk)T dk ≥ (σ − 1)gT
k dk.

On the other hand, the Lipschitz condition (3.2) indicates

(gk+1 − gk)T dk ≤ Lαk∥dk∥
2.

Combining both inequalities leads to

αk ≥
σ − 1

L
gT

k dk

∥dk∥
2 .

Together with the sufficient descent condition (2.5) and the first inequality of the Wolfe condition (2.6),
these imply that (3.5) holds.

Case II: Suppose that αk is determined by the standard Armijo line search, and we consider the
following two situations separately.

(i) if αk = 1, inequality (3.4) indicates

αk ≥
∥gk∥

2

∥dk∥
2 .

(ii) if αk < 1, then αk
δ

does not satisfy (2.7); hence, we conclude that

f (xk +
αk

δ
dk) − f (xk) > ρ

αk

δ
gT

k dk.

Applying the mean value theorem and (3.2), there exists t ∈ (0, 1) such that

f (xk +
αk

δ
dk) − f (xk) =

αk

δ
g(xk + t

αk

δ
dk)T dk

=
αk

δ
gT

k dk +
αk

δ
(g(xk + t

αk

δ
dk) − gk)T dk

≤
αk

δ
gT

k dk + L
α2

k

δ2 ∥dk∥
2.

Combining the preceding inequalities with the sufficient descent condition (2.5) yields

αk ≥
δ(ρ − 1)gT

k dk

L∥dk∥
2 =

δ(1 − ρ)∥gk∥
2

L∥dk∥
2 .
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From the analysis of (i) and (ii), we obtain the following unified lower bound for αk:

αk ≥ c
∥gk∥

2

∥dk∥
2 ,

where

c = min
{

1,
δ(1 − ρ)

L

}
.

Together with (2.5) and the Armijo condition (2.7), these results imply that (3.5) holds, thereby
completing the proof of the lemma. □

The preceding lemma guarantees that (3.5) holds under the sufficient descent condition (2.5),
regardless of whether step length αk is determined by the standard Wolfe (2.6) or Armijo (2.7) line
search. This result serves as a foundation for the global convergence of the SRMIL and SMRMIL
methods.

Theorem 3.1. Consider the sequences {xk} and {dk} generated by the proposed methods. If
Assumptions (A1) and (A2) are satisfied, then we have

lim
k→∞

inf ∥gk∥ = 0.

Proof. We prove by contradiction. Suppose that there exists a constant γ > 0 such that

∥gk∥ ≥ γ, ∀ k ≥ 1. (3.6)

Accordingly, the subsequent analysis is divided into two cases corresponding to the SRMIL and
SMRMIL methods.

Case I (SRMIL) For k ≥ 2, it follows from (2.4) that

∥dk∥ ≤ ∥gk∥ + |βk|
∥gk∥∥dk−1∥

∥gk∥
2 ∥gk∥ + |βk|∥dk−1∥

= ∥gk∥ + 2|βk|∥dk−1∥. (3.7)

Combining this inequality with (2.1), (3.3), (3.4), and (3.6), we have

∥dk∥ ≤ ∥gk∥ + 2
|gT

k (gk − gk−1)|
∥dk−1∥

2 ∥dk−1∥

≤ ∥gk∥ + 2
∥gk∥∥gk − gk−1∥

∥dk−1∥∥gk−1∥
∥dk−1∥

≤ ∥gk∥ + 2
∥gk∥(∥gk∥ + ∥gk−1∥)

∥gk−1∥

≤ γ +
4γ2

γ
≜ M1. (3.8)

Case II (SMRMIL) Comparing (2.1) and (2.2), we find that

|βMRMIL
k | ≤ |βRMIL

k | +
|gT

k dk−1|

∥dk−1∥
2 ≤ |β

RMIL
k | +

∥gk∥

∥dk−1∥
.

AIMS Mathematics Volume 11, Issue 3, 8635–8654.



8642

By following the same reasoning as in Case I and applying the above inequality together with (3.3),
(3.7), and (3.8) for all k ≥ 2, we obtain

∥dk∥ ≤ ∥gk∥ + 2|βMRMIL
k |∥dk−1∥

≤ ∥gk∥ + 2|βRMIL
k |∥dk−1∥ + 2

∥gk∥

∥dk−1∥
∥dk−1∥

≤ M1 + 2γ ≜ M2.

To summarize, we have established the uniform bound ∥dk∥ ≤ M2 for all k ≥ 1 in both the SRMIL and
SMRMIL methods. In conjunction with the gradient bound (3.6), this yields

∞∑
k=1

∥gk∥
4

∥dk∥
2 ≥

∞∑
k=1

γ4

M2
2

= +∞.

This result contradicts the Zoutendijk condition (3.5), thereby completing the proof of the theorem. □

4. Unconstrained optimization problems

In order to demonstrate the effectiveness of the SRMIL and SMRMIL methods under both the
standard Wolfe and Armijo line searches, we apply them to solve unconstrained optimization problems.
For comparison, the following representative methods are selected: the MRMIL method [24], the
RMIL method [23], and the well-known HZ method [7].

The numerical experiments are conducted on two test sets, each consisting of 82 unconstrained
optimization problems taken from [31, 32]. The first set was tested under the standard Wolfe line
search, while the second set was tested under the standard Armijo line search. The dimensions of the
test problems are set to 120, 1200, and 12000. For the standard Wolfe line search, the parameters
were set to ρ = 0.01 and σ = 0.1. For the standard Armijo line search, the parameters were set to
δ = 0.5 and ρ = 0.2. The complete numerical comparison tables are provided in the GitHub repository:
https://github.com/fenhyu/paper-tables. The algorithm terminates when either ∥gk∥ ≤ 10−6

or Itr > 10000. A run is recorded as “F” if the stopping condition Itr > 10000 is reached. All
experiments were performed in MATLAB R2020a on a Dell computer with an Intel Core i9-12900H
processor and 32 GB of RAM.

It is worth noting that, under both the standard Wolfe and Armijo line searches, we compare the
five methods in terms of four performance metrics, namely, the number of iterations (Itr), the CPU
computing time (Tcpu), the number of function evaluations (N f ), and the number of gradient
evaluations (Ng). Furthermore, we employ the performance profiles of Dolan and Moré [33] to
visually compare the performance in terms of Itr, Tcpu, N f , and Ng. The results obtained under the
standard Wolfe line search (Figures 1–4) and Armijo line search (Figures 5–8) are presented
separately.

In the Dolan-Moré performance profile, a higher curve indicates better overall performance of the
solver. As shown by the performance profiles under the standard Wolfe line search (Figures 1–4), the
proposed SMRMIL and SRMIL methods exhibit overall superior performance among the five
methods in terms of Itr, Tcpu, N f , and Ng. Specifically, they successfully solve approximately 90% of
the test problems within a performance ratio when τ = 3, whereas the MRMIL, RMIL, and HZ
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methods solve only about 85%. Under the standard Armijo line search (Figures 5–8), the proposed
methods remain highly competitive across the same four metrics, and their advantages are again
evident from the corresponding performance profiles. Furthermore, under the Armijo line search, the
performance profiles confirm that both the SMRMIL and SRMIL methods successfully solve
about 95% of the test problems when τ ≈ 3, whereas the MRMIL, RMIL, and HZ methods solve
fewer than 90% of the problems at the same performance ratio. Overall, the SMRMIL and SRMIL
methods demonstrate higher effectiveness in solving large-scale unconstrained optimization problems
under both the standard Wolfe and Armijo line searches.
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Figure 1. Performance profile of Itr under the standard Wolfe line search.
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Figure 2. Performance profile of Tcpu under the standard Wolfe line search.
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Figure 3. Performance profile of N f under the standard Wolfe line search.
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Figure 4. Performance profile of Ng under the standard Wolfe line search.
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Figure 5. Performance profile of Itr under the standard Armijo line search.
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Figure 6. Performance profile of Tcpu under the standard Armijo line search.
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Figure 7. Performance profile of N f under the standard Armijo line search.
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Figure 8. Performance profile of Ng under the standard Armijo line search.

5. Image denoising problems

Image denoising plays a vital role in image processing, aiming to remove noise from corrupted
images while preserving the original features and edge structures. Among various types of image
noise, salt-and-pepper noise is one of the most common. It is typically caused by malfunctioning
sensors, transmission errors, or storage corruption, and appears as randomly distributed white and
black pixels. To demonstrate the broad applicability of the SRMIL and SMRMIL methods, we further
apply them to the task of image denoising, specifically for the removal of salt-and-pepper noise.

Raymond et al. [34] proposed a two-stage approach to restore images corrupted by salt-and-pepper
noise. In the first stage, an adaptive median filter is employed to detect noisy pixels. Consider an

AIMS Mathematics Volume 11, Issue 3, 8635–8654.



8647

original image X of size M × N, with its index set defined as A = {1, 2, . . . ,M} × {1, 2, . . . ,N}, where
xi, j denotes the pixel value at location (i, j). Let N ⊂ A denote the index set of noisy pixels detected in
the first stage, and |N | the number of elements in N . The set of four neighboring points of pixel (i, j)
is denoted by Vi, j = {(i, j − 1), (i, j + 1), (i − 1, j), (i + 1, j)}. In the second stage, the noisy pixels are
restored by minimizing the following nonsmooth unconstrained function:

min
u

Fα(u) =
∑

(i, j)∈N

[
|ui, j − xi, j| +

β

2 (2S 1
i, j + S 2

i, j)
]
, (5.1)

where

S 1
i, j =

∑
(m,n)∈Vi, j\N

φα(ui, j − xm,n), S 2
i, j =

∑
(m,n)∈Vi, j∩N

φα(ui, j − um,n),

φα(t) =
√

t2 + α (α > 0) is an edge-preserving potential function, and β is a regularization parameter.
The vector u = [ui, j](i, j)∈N is arranged in lexicographic order and has length |N |.

Minimizing the nonsmooth objective function (5.1) is relatively difficult to accomplish exactly. To
overcome this challenge, Cai et al. [35] eliminated the data fidelity term |ui, j − xi, j| and proposed to
minimize the following smooth unconstrained function:

min
u

Fα(u) =
∑

(i, j)∈N

(
2

∑
(m,n)∈Vi, j\N

φα(ui, j − xm,n) +
∑

(m,n)∈Vi, j∩N

φα(ui, j − um,n)
)
. (5.2)

Subsequent research has focused on integrating conjugate gradient methods with this formulation to
effectively address salt-and-pepper noise, as demonstrated in [36–39].

In this section, we apply the SMRMIL, SRMIL, MRMIL, RMIL, and HZ methods to image
denoising problems under both the standard Wolfe and Armijo line searches, using the same line
search parameters and MATLAB environment as before. First, an adaptive median filter is applied to
detect noisy pixels, after which restoration is performed by minimizing (5.2). Five benchmark images
are selected for testing: lena (512 × 512), hill (512 × 512), boat (512 × 512), barbara (512 × 512), and
peppers (256 × 256). Each image is corrupted by salt-and-pepper noise with four different noise
ratios: 0.2, 0.4, 0.6, and 0.8. The stopping criterion for this experiment differs from that in the
previous section and is satisfied when either of the following conditions holds:

Itr > 300 or
Fα(uk) − Fα(uk−1)

Fα(uk−1)
≤ 10−4.

Furthermore, we employ the peak signal-to-noise ratio (PSNR, see [40]) to quantitatively evaluate the
restoration quality, defined as

PSNR = 10 log10

 2552

1
MN

∑
i, j

(
xi, j − x∗i, j

)2

 .
Here, xi, j and x∗i, j represent the pixel values of the restored and original images, respectively. A higher
PSNR value corresponds to better restoration quality.
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Original image Original image Original image Original image Original image

Noisy image Noisy image Noisy image Noisy image Noisy image

SMRMIL SMRMIL SMRMIL SMRMIL SMRMIL

SRMIL SRMIL SRMIL SRMIL SRMIL

MRMIL MRMIL MRMIL MRMIL MRMIL

RMIL RMIL RMIL RMIL RMIL

HZ HZ HZ HZ HZ

Figure 9. Image denoising under the standard Wolfe line search. Row 1: Original images;
Row 2: Noisy images (salt-and-pepper noise ratio is 0.8); Rows 3–7: Restored images by the
SMRMIL, SRMIL, MRMIL, RMIL, and HZ methods, respectively.

AIMS Mathematics Volume 11, Issue 3, 8635–8654.



8649

Original image Original image Original image Original image Original image

Noisy image Noisy image Noisy image Noisy image Noisy image

SMRMIL SMRMIL SMRMIL SMRMIL SMRMIL

SRMIL SRMIL SRMIL SRMIL SRMIL

MRMIL MRMIL MRMIL MRMIL MRMIL

RMIL RMIL RMIL RMIL RMIL

HZ HZ HZ HZ HZ

Figure 10. Image denoising under the standard Armijo line search. Row 1: Original images;
Row 2: Noisy images (salt-and-pepper noise ratio is 0.8); Rows 3–7: Restored images by the
SMRMIL, SRMIL, MRMIL, RMIL, and HZ methods, respectively.
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The complete numerical tables for the denoising experiments of the five methods are provided in
our GitHub repository: https://github.com/fenhyu/paper-tables. The tables report Itr, Tcpu,
N f , Ng, and PSNR for noise ratios 0.2, 0.4, 0.6, and 0.8. To conserve space, Figures 9 and 10 present
the visual denoising results obtained under the standard Wolfe and Armijo line searches, respectively.
Only the original images, the noisy images at noise ratio 0.8, and the corresponding restored images
are displayed. Overall, for these five benchmark images, the proposed SMRMIL and SRMIL methods
often achieve competitive PSNR values under both the standard Wolfe and Armijo line searches,
indicating competitive denoising performance.

6. Conclusions

In this paper, we have proposed two new spectral conjugate gradient methods, namely, SRMIL and
SMRMIL, which combine the spectral gradient technique with the RMIL and MRMIL frameworks.
The search directions generated by both methods are shown to satisfy the sufficient descent property
independently of the line search strategy. Under basic assumptions for unconstrained optimization
problems, namely that the level set is bounded and that its gradient is Lipschitz continuous, we have
established the global convergence of the proposed methods for both the standard Wolfe and Armijo
line searches. Extensive numerical experiments on large-scale unconstrained optimization and image
denoising problems have been conducted to evaluate the practical performance. The results show that
SRMIL and SMRMIL are competitive and often outperform the comparison methods (MRMIL, RMIL,
and HZ) in terms of iterations, CPU time, and the numbers of function and gradient evaluations (N f

and Ng). For image denoising, the proposed methods also tend to yield higher PSNR values, indicating
improved restoration quality.

This study also has certain limitations. First, the convergence analysis is established for smooth
unconstrained optimization problems under the above assumptions, and this analysis does not cover
more general nonsmooth models or constrained problems. Second, the numerical results may depend
on the choices of line search parameters and denoising model parameters, and further adaptive
parameter tuning strategies may improve robustness across different classes of problems. Future work
will focus on developing adaptive parameter selection rules and investigating accelerated or
preconditioned variants to further enhance efficiency on ill-conditioned problems. A dedicated
comparison with Perry-type conjugate gradient methods, including the Perry conjugate gradient
method and its modified variants, will also be considered, since these methods incorporate
quasi-Newton-type curvature information and often demonstrate strong numerical performance in
practice. Moreover, extending the proposed framework and its theoretical guarantees to nonsmooth
and constrained optimization, as well as to more general imaging inverse problems, remains a
worthwhile direction for further research.
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