AIMS Mathematics, 11(3): 8618-8634.
DOI: 10.3934/math.2026354
AIMS Mathematics Received: 11 December 2025

Revised: 19 March 2026

Accepted: 24 March 2026
https://www.aimspress.com/journal/Math Published: 31 March 2026

Research article

New applications of Carleson measures on N (p, g)-type spaces in the unit
ball of C"

Munirah Aljuaid' and Mahmoud Ali Bakhit>*

! Department of Mathematics, College of science, Northern Border University, Arar 73222, Saudi
Arabia

2 Department of Mathematics, Faculty of Science, Jazan university, Jazan 45142, Saudi Arabia

* Correspondence: Email: mabakhit2007 @hotmail.com, mabakhit@jazanu.edu.sa.

Abstract: This paper aims to examine a weighted class of function spaces, referred to as Ng(p, q¢)-type
spaces, defined on the unit ball of C". The study explores the characterization of Carleson measures
associated with these spaces and establishes embedding theorems connecting Nx(p, g)-type spaces
with weighted Hardy and Bergman spaces. In addition, applications involving Hadamard products and
random power series within Nx(p, g)-type spaces are discussed.

Keywords: Nx(p, g)-type classes; Carleson measures; Hadamard products; random power series
Mathematics Subject Classification: 32A36, 32A37, 46E20, 30D35

1. Introduction

In this work, the unit ball in C" will be denoted by B (B is a complete Reinhardt domain in C"). S
denotes the boundary of B, and U represents the unit polydisc in C". We denote by HO(B) and HO(U)
the sets of holomorphic functions on B and U, respectively.

As is customary, the Banach space H*(B) consists of all bounded functions g € HO(B), furnished

with the norm ||g||.. = sup|g(&)|. Similarly, H*(U) the Banach space in the unit polydisc U.
£eB

The Beurling-type space B77(B) with y > 0 (see for example, [19]) consists of all functions g
belonging to HO(B), furnished with the norm

liglly = supg(&I(L - |£D) < oo.
£eB

The little space B,”(B) denotes the closed subspace of B™(B) satisfying

&efgll 1811 - €)= 0.
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Denote by dV the normalized Lebesgue volume measure on C" such that V(B) = 1. Likewise, let do
be the surface measure on S, normalized by o°(S) = 1. For any ¢ € B, the measures V and o satisfy the
following relation:

1
f ¢(©dV(E) = 2n f 24 f ¢(s£)do(@), 0<s < 1.
B 0 S

For any w,z € C" and m € Z, where w = (wy, -+ ,wy),2 = (24, ,2») and m = (my,--- ,m,), we
adopt the notation

— —_— —_— m

W:(Wl’... 9Wn)’ Wm:Wll"’ann,

m=m+---+m,, m!'=m! --m,!,
0

60:_’ 1Sa§n’ amza’lnl...(’)z%’
0o

W, ) =wizy + - +wez,), 27 = V(z, 2).

Because B is a complete Reinhardt domain in C", it follows that whenever w € B, we also have

W'{:(nglf“ ’ann)EB,

for every ¢ € U, where U denotes the closure of the unit polydisc in C”.
Then, every function g € HO(B) possesses a unique power series representation g =  b,w", and

so g € HO(B) can be viewed as the space of multi-index sequences {b,,}, where

_ 9"3(0)

by,
m!

, meZ’

o

The weighted Bloch space 8Y(B),y > 0 is the set of all functions g belonging to HO(B), furnished
with the norm

lIgllsr = 18(0)] + sup VeI — &) < oo,

where V = (8, - - ,d,). The space B!(B) corresponds to the classical Bloch space B(B).
For d > 0 and « > —1, the weighted Bergman-type space A%(B) is the set of functions h € HO(B),
such that

WAl ) = fB @AV, (&) < o,

where dV, (&) = C(1—|£*)*dV (&) is the weighted Lebesgue measure, and C, is a normalizing constant.
When « > —1, the positive measure dV, was normalized to be a probability measure. We know that
the space A%(B),1 < d < oo is a Banach space, and A4(B),0 < d < 1, is a complete metric space.
Furthermore, A%(B) with k = 0 is the classical Bergman space. Several properties of A%(B) spaces are
discussed in [17, 20].

The Mobius invariant dA on B (see, e.g., [14]) is denoted by

dA&) =dV_,. = (1 - |EP) ™ 'aV.
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Let  be an automorphism, and then the M&bius invariant dA is such that

[s@ine = [ covoare. vgeLie
Let ®,(¢) be the automorphism of B, for b € B, that is

b — Ppé — A1 = |bI>(I — Pp)é
@) = —— U-P)

1 -4, b)
where P, is the orthogonal projection into the space spanned by b (see, e.g., [14, 18]). The
transformation ®, satisfies that ®,(0) = b,0,(b) = 0 and ®, = G);‘. Moreover, for & € B, we
obtain

(1 - P = 1bP)
=& or

1 -0, =

With respect to a nonzero weighted function K € RC* (where RC" denotes the set of all positive,
nondecreasing and right-continuous functions K : [0, 00) — [0, 00)). In [1], we have provided an
extensive class Nx(p, g)-type space defined on B.

Suppose that K € RC* and p, g > 0. The large family Nx(p, g)-type class is defined as

Nk(p,q) :={g € HOB) : ligllk < oo}

wherever

lgllx = SUPflg(f)l”(l — K1 = @& )dA&).
B

beB

Moreover, the corresponding little space Nk o(p, ¢) is the class of functions g € Nx(p, g), such that

lgml f 8O —EPYK(1 = 18,(&)*)dA(¢) = 0.
~lUB

The functional spaces Nk(p, q) and Nk o(p, g) were shown to be Banach spaces in [1]. The definition of
the broad family of Nk(p, g)-type spaces encompasses most Mobius-invariant function spaces, many
of which appear as special cases, including the following examples.

e lfp=2,g=n+1,then Nx(2,n+ 1) = Nk, as well as Ngo(2,n + 1) = Nkp.

e If we replace g € HO(B) by its gradient Vg, then we obtain Qg (p, g)-spaces. Moreover, Nx(2, n+
1) becomes Qg-spaces.

e If we let K(x) = x*, s > 0 and replace g € HO(B) by Vg, we obtain F(p, g, s)-spaces.

e Note that F(p,q,0) = D} (B) (the Dirichlet type space), F(2,0,s) = Q,B) and F(2,0,1) =

BMOA(B).
e If we let K(x) = 1 and replace g € HO(B) by Vg forq = p —n — 1, p > n, then we obtain the
Besov space B,(B).

o If we let K(x) = x™ for s > 0, then we obtain an N(p, g, s)-type space. Furthermore, Nx(p, g) is
F(p,p+q—n—1,ns), and Ngo(p, q) becomes Fo(p,p + q—n— 1,ns).
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For detailed information on these spaces, readers are directed to articles [3, 6, 13]. Embedding
theorems for various analytic function spaces were established in [8, 11]. Additionally, various studies
investigate Hadamard products—defined as termwise multiplication of power series—in conjunction
with random power series, particularly within analytic function theory, moments of random vectors,
and algebraic properties (see, e.g., [5, 7, 9]). These results link to random power series through moment
estimates and asymptotic analyses in probabilistic contexts on the unit disc or ball.

Our study of Ng(p, g)-type spaces relies heavily on the supplementary function

K(xt)
Ok(x) = su .
K te(O,I:l)] K(1)
For x > 0, the function @k has the following constraints:
1 00
d d
f D) < 00, and f D(x) 2 < oo. (1.1)
0 X 1 X

If the weighted function K satisfies (1.1), then we obtain K(2x) = K(x), ¥ x > 0; see, for example, [16].

Waulan and Zhou introduced Qx(p, ¢) spaces on the unit disk in an earlier work [15]. As far as we
know, studies on Qx(p, g) and F(p, g, s) spaces in the unit ball are still limited due to the intricate nature
of the parameters p and ¢, the function K, and the difficulties introduced by the complex gradient in
higher dimensions.

The principal novel contribution herein is the substitution of the complex gradient |Vg(£)| by [g(é)|
for all g € HO(B). This modification unveils new properties for the subclass of Ng(p, g)-type class
within the space Qx(p, g). Specifically, computation shows that Nx(p, g)-spaces coincide with Qx(p, )
spaces, thereby allowing direct transfer of results from the former to the latter. Furthermore, Nx(p, ¢)-
type spaces are distinct from Qg spaces, namely Qx(2,2—(n+ 1)) spaces, underscoring the independent
significance of this class. For further motivation, examples, and intuition concerning N (p, g)-type
spaces, see [1].

In [1], we provide a detailed discussion of some fundamental properties of the classes Nx(p, ¢) and
Nxo(p,q). Forn > 2, we describe N(p, q)-type spaces for using Greene’s function. Additionally, we
investigate the behavior of Hadamard gaps in Ng(p, g) functions.

This article is structured as follows: Section 2 begins by reviewing the primary findings from [1]
and introducing the concept of Carleson measures associated with Ng(p, g)-type spaces. In Section 3,
embedding results are investigated using the Carleson measure approach to establish links between
Nx(p, g)-type spaces and both weighted Hardy spaces and weighted Bergman spaces. Section 4
presents applications of these embedding theorems, including discussions on Hadamard products and
random power series within N (p, g)-type spaces.

Throughout this article, for the real or complex quantities ¢; and ¢,, the notation ¢; < ¢
(respectively, g; = ¢») indicates that there is a constant ¢y > 0, which is independent of ¢; and ¢,
and 1s such that g, < cog, (respectively, g1 > coq2). Moreover, when both g; < ¢, and g; = ¢, hold,
we write ¢, ~ ¢;.

2. Nk(p, q)-type functions and Carleson measures

The first part of this section focuses on describing some fundamental properties of functions within
Nk (p, q)-type spaces.
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For any r € (0,1) and b € B, we let B(b,r) be the set {£ € B : |0,(£)] < r}, and we let B, be the
set {¢£ € B : |¢| < r}. Further, P(B) consist of all polynomials defined on the unit ball B. It is worth
noting that any polynomial P € P(B) is bounded on the unit ball so that there is a constant M > 0 for
all w € B such that |P(w)| < M. Here, we define the poler integral /¢ as follows:

1 S2n—l 5
Iy = ——K(1 - s7)ds,
K f(; (1 — s+l ( s7)ds

and /g, is defined by

1 SZn—l s
IK,q = L ml{(l - S )ds
The following results established in [1] are essential for subsequent developments.

Theorem 2.1. The following results are confirmed, for all K € RC*, p > 1, and q > 0.

(1) The point evaluation E,, : h —> h(w) is continuous on Nx(p, q) spaces, in addition, Nx(p,q) C
B“””(B).

(2) If Ix < oo, then Ni(p,q) = B-"(B).
(3) The set P(B) is densely contained in Nx(p, q) if and only if I, < oo.

Theorem 2.2. Let K € RC*,n >2,p > 1, and g > 0. If the integral Iy, is divergent, then Nx(p, q) are
trivial spaces.

The second part of this section introduces a broader concept of K-Carleson-type measures on B.
This approach is beneficial for studying Ng(p, g)-type spaces.

Recall that, for any s > 0, the set Uy (&) denotes the Carleson tube at & € S defined by (see [18])
Ugé) = weB: [l -—(w,é& < sh
Likewise, the nonisotropic metric ball of radius s and center £ € S is given by
0,8 = weS:[1-Wé)l<s}

For all s > 0 and ¢ € S, we know that a positive Borel measure y is said to be a p-CM(B) (p-
Carleson measure on B) if u(U(£))< s”.
Moreover, if lvirr(} w(U())s™? = 0 uniformly for & € S, then u is said to be a compact p-CM(B).

A positive measure u is referred to as a K-CM(B) (K-Carleson measure on B) when

sup K(s7(1 = [wl))du(w) < o. (2.1)
£€8,5€(0,1) JU (&)

Furthermore, p is referred to as a compact K-Carleson measure on B (CK-CM(B)) when
lim K(s72(1 = [w]))du(w) = 0. (2.2)
20 Ju,@)

Here, for z € B, we define the integral Jg , as follows:

.m:th@mﬁww.
B
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Theorem 2.3. Whenever K € RC™ satisfies Condition (1.1), we let u be a positive measure. Then, for

z € B, we have
(1) pisa K-CMB) & Jk, < .
(2) pisa CK-CM(B) < lim,,; Jx, = 0.
Proof. For any £ € S and s € (0, 1), if we consider w = (1 — 5)¢&, then
1=(w,z) = (1= 9)(1 = (£, 2))+s
for all z € B, so
1T-—w, <1 =-85)s+s5<2s

for all z € U(€), which gives

(A-1P _ -k 1
=Wl = T=GmE = 5

It follows that

\%

Jru

f K(1 = [®,w)P)du(w)
Us(é)

4%

f K(s™(1 = [w))dp(w).
Us(©

This shows the sufficiency conditions in both assertions (1) and (2).

For the necessary conditions, we let some z € B with |z| > 3/4, and we let & = z/|z].

Now, we set s; = 2¥1(1 — |z]) for each k > 0, and we set

Uk = Usk (f) - Usk_l(é:)-

Then, we have

Tep = f K(1 10 (w)*)du(w)
U@

) f K(1 = 10.w)F)du(w).
k=1 v Uk

For any w € B, we obtain

(1= Iz = wP)
11— (z, w)P
A1 —|zh(1 = [w) 1 —|w]
T =wP T s

1 - 10.(w)?

Moreover, for w € U,, we have

AIMS Mathematics Volume 11, Issue 3, 8618—-8634.
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1 —{z,w)l = (1 =& wy) + (1 = [z2))]
> [z [l =& w)l = (1 =z
> 211 = |w).

We then get 1 — [®.(w)|> = (1 — |w|)/(2¥s?). Therefore, putting ¢ = (1 — |w|)/(2¥s?), we have

Ira 5 U0+ Y [ K1 =100t
=1 YUk
> ke (1= )
< U, d ,
s (S)H;Weszif@ K®)  Ju,e ( 2 )ﬂ(W)

where

1—
@) = [ k(S5 o,
Us(é) §

By using the definition of ®g for all 0 < 7 < 1, we obtain

K(27%¢) K(27%1)
sup <

< su ~ Or(275).
v KO oan K@)

This denotes that

N

Jrpu

u(ULE) + " Ok k(U (€)
k=1

7

1
d
uK(Us<§)){1+ j; (DK(S)?S}< o,

This proves the necessary condition in (1).

Now, suppose that y is CK-CM(B). Then, (2.1) holds for any € > 0 when 6 > 0 such that
ug(Ugy(é)) < € whenever |s| < 0.

Because Y, ®x(27%) is convergent, then there is an integer N > 0 such that DN Ox(27M < e.
Thus, we obtain Jg, < &. This proves the necessary condition in (2). O

The next result delineates a relationship between K-Carleson measures and the functions of
Nk (p, q) and Nko(p, q) classes.

Corollary 2.1. For K € RC", p > 1, and q > 0, let g € HO(B), and assume the measure duy?(w) =
lgw)IP(1 — [w*)?dA(w). Then, we obtain

(1) g € Ne(p, q) & du” is a K-CM(B).
(2) g € Nxo(p.q) & duy? is a CK-CM(B).

Moreover,

liglly ~ sup f lgWIP (1 = WK (s72(1 = [wD)dA(w).
¢eS.5e0.) Juy)
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Proof. The proof is a direct consequence of Theorem 2.3. O

Lemma 2.1. For any K € RC*, with K(t) = ",k > 0, let u be a positive measure. Then, u is a
K-CM(B) if and only if du, = (1 — |w*)*du(w) is an (nk)-CM(B).

Proof. By Theorem 2.3, u is a K-CM(B) if and only if

1_ W nK
sup f ( 2| l) dpw) < <o,
¢es,se0.) Ju e\ S

which implies that du, is an (nk)-CM(B). |

3. Embedding relationship among Nk (p, ¢) with weighted spaces
For p > 0 and h € HO(B), we define
[M,(s, b)) = flh(sf)lpda(g), where 0 < s < 1.
s

For any h € HO(B), 8 > 0 and p > 0, the norm of the weighted Hardy space HE(B) is defined as

”h”Hg = SUP (1 - S)ﬁMp(Sa h) < .

O<s<l1

Moreover, the little weighted Hardy space Hg’O(B) is the closed subspace of Hg (B) defined by the norm
1Allz, = Lim(1 — s My(s, h) = 0.

The weighted Hardy space HE(B) is a Banach space when 1 < p < oo, whereas Hg(B) with0 <p <1
is a complete metric space. The space H; (B),B = 1 is the classical Hardy space H”(B). Further details
about the properties of a weighted Hardy spaces appear in [10, 18].

Now, we give a generalization of the constraints (1.1):

1
dt
Tk, = f q)K(t)t_y <oo, 1<y<2 (3.1
0
and
0 dt
Tky = 1 (DK(t)ﬂT <oo, y>0. (3.2)

Proposition 3.1. For any h € HO(B) and K € RC" which satisfy (3.1), let p > 1,q > 0, and p > 0. If

B =q/p—n/p, then
HE(B) € Nk(p, 9.

Proof. For fixed € € S and s € (0, 1), if we consider w € U,(£), we have

s> =w,H1 =2 1= [w, &) = 1 - |wliél.
Thus,

s>1—-w = 1-s<|w<l1. (3.3)

AIMS Mathematics Volume 11, Issue 3, 8618—-8634.
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It is clear that for the parameter p, there are two different cases.
The first case: If p = p > np/qg = q > n, for a fixed £ € S and s € (0, 1) by (3.3), we obtain

1-
ko = fo(f)lh(W)l”(l—IWIz)qK(( )

f hw)P(1 — |w|2>‘f‘"‘11<(
Ug(¢)

)da( )
(1=

Javon

1
(=) f
< | a-rr k(=2 -, IHOI dor(@))dr
1
< [ a- )q'“K((1 ))M”(r hydr
I-s 52
o=
p p
< Il | (SRR <, i

which results in the intended result.
The second case: If p < p, for a fixed € € S and s € (0, 1), by Holder’s inequality and Lemma 4.6
in [18], we obtain

A

f h@nPdo®) < 'O, (5))( f |h(9r>|f’da<e>)"
04(é) 04(é)

"D ME(r, h)
SDA -0 ‘qnhnpp

A

IA

Ts\'e.
‘a\:

Then, by previous calculation and the fact 1 — s < |w| < 1, we obtain

! 1 (1 r)
Ilp((qsf) =< (1 —rH"" K( 5 )(f |h(9r)|pd0'(9))dr
s
= 04,(®)
1
<y, [ s ba-nir k(S
ﬁ 5 Jl-s S
< Ak, .
1 n
PP
Thus,
lallg = sup Ig o < WAL,
£€8,5€(0,1) Hy ,
Therefore, the desired result is obtained. -

Any such function 7 € HO(B) takes the form of a homogeneous polynomial P,,i > 0 with
Hadamard gaps provided that there is a constant C > 1, V & € B such that

h(E) = Z P,.(£), with 2L > ¢, n e . (3.4)

i=0 1

AIMS Mathematics Volume 11, Issue 3, 8618—-8634.
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We note that all constant functions have Hadamard gaps.
Zhu, in the following result (see Theorem 1 in [18]), established a characterization of the behavior
of the Hadamard gap series in Hg (B) spaces; see also Proposition 3.5 in [7].

Proposition 3.2. Forp > 0and B > 0, let h(¢) = 3,2 Py, (&) with Hadamard gaps. Then,
(1) h € Hy(B) if and only if sup L;,/(n;)’ < oo.

i>1

2) he HZ,O(B) if and only zflllg Li,/(n =0,

where

Lip= fs |Pn,.<§)|pdo(§>)‘l’.

Note that, for d > 1 and k > —1, the norm of the weighted Bergman-type space A%(B) space can be
rewritten by using the expression M,(s, k) as follows:

Q

1
Il f @11 = Y Ms, hyds
“ 0

Q

1
f s (1 = s)*MA(s, h)ds.
0

As an application of Corollary 2.1 concerning the relationship between K-CM(B) and functions in
Nx(p, q), we prove the embedding Nx(p,q) — A? under suitable conditions on d and k. Throughout
this discussion, we assume that

1 S2n—1 5
I, = f(; TSI SZ)n+l—qK(1 — 57)ds < oo.
By Theorem 2.1, this means that P(B) c Nx(p, q).

Proposition 3.3. For any h € HO(B) and K € RC" which satisfy (3.1), let p > 1 and q > 0. If
O<k<g—-nandd= (p/q)(n+ k), then

Al S Nk(p,q).
Moreover, if k = g —n,n < g, then A;’ 1 S Nk(p, q).

Proof. First, if k < g — n, for fixed ¢ € S and s € (0, 1), by Holder’s inequality and Corollary 5.24
in [18], we obtain
IP 'q

(1 —wl)
Ko = fl]s@)lh(w)l”(l—lwﬁ)qK( 3 )d/l()

f iy LD
Us(€)

< ( f |h(w>|"(1—|w|2)K‘1dV(w>)"”
Ug(¢)

AIMS Mathematics Volume 11, Issue 3, 8618—-8634.
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n+k—q
n+K

n+k

x( (1 - W) K5 (572(1 - |w|))dV(w))
Ug(&)

~ W, X
k=1

Then,

n+k—q
n+k

( (1 — W) K5 (5721 — |w|>)dV<w>)
Us(é)

f (1 = wP)a D5 K (s72(1 = [w))dV(w) < oo.
Us(é)

Thus, we have

Il ~  sup  Ied o < NI,
£e8S,5€(0,1) k=1

Second, if k = g — n,n < g, for fixed € € S and s € (0, 1), we obtain

1 -
Itte = fU (E)|h<w>|p(1—|w|2>q1<(( SZ'W'))CM(M

1_
f oo k(S v o0
Us(&) §

1A,

g-n—1

Q

IA

Thus, we obtain

Il ~  sup 120 < (Al
£e8,5€(0,1) g-n-1

4. Applications on Nx(p, g)-type spaces

Initially, we leverage the Carleson measure description of Nx(p, g)-type spaces for investigating
Hadamard products within them.
For n > 0 and m € Z', we consider the multi-index sequence €,,(n7), defined as

m!I'(n + n)

= T oy

Let g,h € HO(B) be defined as g = >, b,,w" and h = ), ¢, w",w € B. Then, the weighted Hadamard
products, or the n-Hadamard productsn,1 withn >0of g gnd h are given by (see [2, 12])

(& * )y(w) = (h* g)y(w) = Z Q(Mbmcw™. 4.1)

The following lemmas, proved by Burbea and Li in [2], are essential to the development of this
subsection.

AIMS Mathematics Volume 11, Issue 3, 8618—-8634.
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Lemma 4.1. Let g,h € HOB) and r € [0, 1). Then, for all ¢ € U, we obtain
(g + My(ré) = (g, + gy 1= f QUDh(E - DdVy1(2), 42)
B

where g,(&) = g(ré), /i;(f) = (&) and h.(€) = h(z - &), Y z € B. In particular, (g h),, € HO(U).
Lemma 4.2. Letn > 0, and let g, h € HO(B). Then, for 1 < ay,as, a3 < oo with

11 a5+l

ay as a3

b

we obtain (g * h), € HO(U),
I * Mgl <l Ml

Moreover,

ag
a/1—1

1Cg * Mgllco < llgller l1All o7 s V0 = (ie., a3 = ).
- -1

In particular, if g € AZLI and h € AZEI, then (g * h), € HO(U).

Theorem 4.1. Suppose that K € RC" satisfies (3.1), and g,h € HOB). Let p,p > 1,n > 0, and
q —n > 0, so we have the following:

1) Ifge Af]_l and h € Afl*_l, then (g * h), € Nx(p,q), where p > 1 and p* = p/(p — 1).
2) Ifg e Azl_l and h € AZfl, then (g * h), € Nx(p, q), where @y < g — n,a; < g — n satisfy

1 1
=1+ Lu ey
. @ p

(3) Ifg € Ay_1(B) and h € B(B), then (g * h), € Nk(p, q).
(4) If g € Nx(p,q) and h € Ay—,—1(B), then (g * h)y—» € Nk(p, q).

Proof. (1) By Theorem 2.1 and Lemma 4.2, because n < g, we obtain

(g * Myllx < 118 * Mylleo < Mlgllae_ lIAll o -
"

(2) By Proposition 3.3 and Lemma 4.2, we obtain

G  Myllx < 118 * Mhyll s < gl 1llge2 - (4.3)

n-1

(3) As shown by Lou and Wulan (see Theorem 1 in [12]),
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(g My < Nl(g * Miyllee < Iglla,lIAll5. (4.4)

Because n < g, the inequality (4.4) implies that

(g * Miyllx < [I(g * Mylleo < 1Igla,.-, [1All3-

(4) Let n = g — n in Inequality (4.3) so that we obtain

(g * Wg-nllx < llgllar, _ Malla,., - < lgllxllAlla,, .-
Therefore, all four desired results are obtained. O

The following lemma yields an estimate for the quantity M,(s, (g * h),) (see, Lemma 4.5 in [7]),
which in turn allows us to derive a new description of the n-Hadamard products in terms of the inclusion
relation between the functions in Hﬂp (B) and Nk(p, q).

Lemma 4.3. Letn > 0,5 € [0,1),0 > 1 and let g, h € HO(B). Then,

M, (s, (g * h)y) < llglla, , Mo( Vs, h).

Theorem 4.2. Assume that p > 1, that q,p and n are strictly positive, and that B = q/p — n/p. Let
K € RC” satisfy (3.1), and let g,h € HOB). If g € A,—1 and h € HZ(B), then (g = h), € Nk(p, q).

Proof. Suppose that g € A,_; and h € H;;(B). By Lemma 4.3 and Proposition 3.2, we obtain

(g * Wyllx s sup (1~ Y M,(s, (g * h),)
< l1glla,-, % 08351(1 — s M,y(Vs, h)
< lllh,, X sup (1= V5 My(Vs. )
< llglla,, Vallpz-
Hence, (g * h), € Nk(p, ). m]

The second application in this section of the previously mentioned description of spaces of type
Nk(p,q) in terms of Carleson measures is in the analysis of random power series. Consider the
Bernoulli sequence {9,,(x)} of independent random variables on (U, ¥, #), where each ¢,,(x) attains
the values +1 with probability 1/2. Here, £ denotes the probability measure on (U, ), which is
countably additive and satisfies P(0) = 1.

The Rademacher functions provide a canonical example of such a Bernoulli sequence, defined by

{ok($)}ken := {sgn[sin(2k7rs)]}k€N.

The symbol sgn denotes the sign function; for & # 0, it equals &/|£|.
It is straightforward to verify that the variables ¢, are mutually independent random variables on the
interval [0, 1]. If g € HO(B) with the Taylor expansion g = )’ b,,w", the randomization of g is defined
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by g.(w) = X 6u(x)b,,w™, Y w € B, x € U. For further information regarding Rademacher functions,

m
readers are referred to the comprehensive exposition in [4].

1
a

For a multi-index m, consider the sequence {g,,} defined by &,, = ( fs 1M dU(f)) (see [5]),
where m € Z}, 1 < a < n. The following theorem provides a sufficient condition for g, for all x € U to
belong to the Ng(p, g)-type spaces.

Theorem 4.3. Suppose that K € RC" satisfy (3.1) and g € HO(B) with the Taylor expansion g =
2bw". Letp > 1,q >0, and d = (p/q)(n + k), where k > g —n > 0. If the sequence {|b,|emalm €

min2d) polds, then g, € Nx(p,q), where €% is the space of convergent sequences.

Proof. In view of Proposition 3.3, because A? . C Nx(p, q), it is enough to prove that g, € Af_l for

k-1 =

almost every x € U; equivalently, it suffices to verify that P(E) = 1, where the event E is defined by
E:={x:g. €A%}

To prove that P(E) = 1, it suffices to show that the random integral

1
f (1 — sy M(s, g)ds
0

is finite for -almost every x. Consider the nonnegative function H(x, s) = (1 — s)"‘le(s, g.) we then

have
1
E:= {x : f H(x, s)ds < 00}.
0

In fact, an application of Khintchine’s inequality and Fubini’s theorem yields

1 1
E( f H(x, s)ds) f (1 — 5)<! f f |gx(s§)|dd0'(§)d?’) ds
0 0 U JS
1
Ja-o L),
0 S JO

| g
1= k-1 f me m2( |1 2lml d ds.
f0< 5) S[;) e Ps| ] a(f)) s

It is clear that for the parameter d, there are two cases.
The first case: If d € (0, 2], that is, d/2 < 1, then we obtain

1 1

E( f H(x,s>ds) f (1= ( f Z|bm|d(|§m||s|""'>dda(§>]ds
0 0 S

D Ibl'ed, < .

The second case: If d/2 > 1, by using Minkowski’s inequality, we obtain

d
dSDdO'(f)) ds

Z S (X)b ™ s

A

A

A
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d
2

2
E(fl H(x, S)dS) < fl(l — ! Z[fIbml"lf'"ldISI""”'dff(f)]d] ds
0 0

1

< f (1= 5" Zw Pl ,’id)
0 g

< (Z bule2 4| < oo,

Thus, the probability P(E) = 1 holds, and then g, € Nx(p, q). O

The beta function B(a, b) for positive constants a and b is defined as the integral

1
B(a,b) = f (1 — s)P71s* s,
0

Theorem 4.4. Suppose that K € RC" satisfy (3.1) and g € HOB) with the Taylor expansion
g = Xbw" Forp > 1,k = q—n, and q > 0, if there exist positive constants oy and T such

m

that the decay condition P(E) < 1/67! holds, where E := {x : ||g.llx > 6} for all § > &,
l (o)
{Ibuleno[B(plml, )17} € €.

Proof. In light of the second part of Proposition 3.3, if k = g — n,n < ¢, then A” | C N(p,q); it is
known that H(x, s) = (1 — s)*~ lMﬁ (s, gx).- We then have g, € AK_1 for almost every x € O.

Thus, for each 6 > §,, we obtain
1
= {x : f H(x, s)ds > 6}.
0

This immediately implies that E( fol H(x, s)ds) < oco. Thus, for any ¢, by Minkowski’s inequality, we

obtain
1 1
E(f Hi(x, s)ds) f(l—s)“‘l fflgx(sf)lpd(r(f)dp)ds
0 0
1
Ja=o [ L2
0

1 2
1-— k—1 f me m2| o12lm| d d
f0< 5) S[Zml' Plem sl ] rf(f)] s
1
f (1 - sy f Ibmlplfml”ISI”"”'dcT(f))dS
0 S

b, I”ade(plml K] < ]E(f H(x, s)ds)

()b, &M s

dSDda'(f)) ds

1%

1%

which implies that

Thus, {IbulenB(plml )17} € €. D
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5. Conclusions

In this paper, the weighted function class Ng(p, g) of Mobius invariants on the unit ball of C" was
investigated through the characterization of their associated Carleson measures and the derivation of
embedding theorems linking these spaces with weighted Hardy and Bergman spaces. The obtained
results clarify the position of Ng(p, g)-type spaces within the global function space framework and
provide effective criteria for the boundedness of various operators acting on them. Furthermore,
applications to Hadamard products and random power series were developed, illustrating how the
structure of Nk(p, g)-type spaces can be exploited to study coefficient multipliers and probabilistic
behavior of holomorphic functions. These findings not only extend existing results for related Mobius
invariant spaces but also indicate several directions for further research, including the analysis of
composition and integral operators and multiplier spaces as well as more refined probabilistic models
associated with Nx(p, g)-type spaces, composition and integral operators, multiplier spaces, and more
refined probabilistic models associated with Nx(p, g)-type spaces.
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