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1. Introduction

The reliability, resilience, and safety of modern energy systems are inextricably linked to the
complex dynamics of Earth’s climate [28,40]. Climate variability introduces profound uncertainties
in renewable generation and imposes extreme stresses on energy infrastructure [28]. Consequently,
quantifying climate-driven risks is essential for planning resilient energy grids [38].

Traditional risk assessment frameworks rely on stationary statistics or deterministic simulations,
but these approaches inadequately capture two defining characteristics of the climate-energy nexus:
long-range temporal memory and non-Gaussian extreme events [12,21]. Classical energy balance
models (EBMs), which describe global temperature via first-order ordinary differential equations,
epitomize these limitations. Their memoryless, deterministic structure fails to account for
slow-response components like ocean heat uptake [19] and underestimates tail risks from events such
as volcanic eruptions or persistent droughts [42,45]. The mathematical foundations for modeling such
phenomena draw on Lévy process theory [1,22] and stochastic analysis [16, 33], with Gronwall-type
inequalities [7] essential for stability.

Reliability engineering has developed sophisticated models for similar challenges. Recent work
addresses non-stationary extremes [5], system deterioration via stochastic differential (SDEs) [20], and
structural health monitoring [48]. Resilience frameworks quantify infrastructure performance under
stress [8], with applications to power grids under typhoons [27], hurricane impacts [40]. Metamaterials
research [6]. While multi-dimensional resilience assessment [37] provides tools for evaluating electric
power systems subject to hurricanes.

Fractional calculus provides a natural framework for modeling memory and hereditary phenomena
[25,32,39]. Applications include probabilistic failure analysis of structures with fractional elements
[3], comprehensive reviews of fractional methods [18], spectral estimation techniques [43], and path
integral approaches for nonlinear systems [15]. Numerical methods for fractional equations rely on
predictor-corrector schemes [13]. The characterization of temperature variability through scaling and
intermittency [29,41] provides important context for understanding the multi-scale nature of climate
fluctuations.

Despite these advances, a critical disconnect remains. Climate models for energy system studies
have not kept pace with engineering models. Stochastic EBMs typically incorporate only Gaussian
noise [14, 23, 34, 35], missing heavy-tailed extremes, while general circulation models [44] are
computationally prohibitive for ensemble-based risk assessment. What is lacking is a unified model
integrating long-memory via fractional operators and non-Gaussian stochasticity via Lévy processes
within a mathematically rigorous framework amenable to reliability analysis.

Recent developments address these gaps from different angles. Non-Markovian energy balance
models naturally yield fractional formulations [46]. Numerical methods for fractional
reaction-diffusion systems [30,47] demonstrate growing computational sophistication. Power system
dynamics benefit from higher-order approximations [24], and spatiotemporal statistical methods [36]
inform regional climate-energy assessments.

While this manuscript was under review, Awadalla and Sharif [2] published a significant
contribution applying fractional calculus to energy balance modeling. Their work validates fractional
memory using Caputo derivatives and demonstrates improved historical temperature reconstruction.
However, their model remains deterministic and focuses on climate science applications. Our work
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differs fundamentally in three respects that directly address reviewer questions about novelty. First,
we employ Caputo fractional integrals (Riemann-Liouville type) rather than derivatives. This
distinction is physically meaningful: Fractional derivatives model anomalous rates of change, while
fractional integrals represent cumulative weighted memory of past states, directly analogous to energy
storage in oceans and ice sheets. Second, we incorporate Lévy processes, enabling the model to
generate both continuous Gaussian variability and discontinuous extreme events essential for energy
system risk assessment, where tail events drive infrastructure failures. Third, while [2] validates
against historical temperature records, we introduce novel resilience indices specifically designed for
energy system planning: The fractional memory index (M = 1 — @) quantifying system memory and
the stochastic fractional robustness index (SFRI) measuring finite-time resilience as practical tools for
assessing infrastructure vulnerability to climate extremes.

This paper bridges this gap by introducing a unified fractional-stochastic energy balance equation
(FS-EBE). The proposed model advances the state-of-the-art by combining fractional integrals with
Lévy processes in an EBM context, which enables simultaneous modeling of long memory and
extreme events; providing a physical reinterpretation through fractional integrals representing
cumulative energy storage in slow-response climate components; establishing mathematical
foundations for the stochastic case by proving existence, uniqueness, and moment boundedness for
stochastic Volterra equations with Lévy noise, which extends deterministic results to the stochastic
regime; introducing novel resilience metrics as practical tools for energy infrastructure planning; and
developing a dedicated fractional-stochastic Adams-Bashforth-Moulton (ABM) predictor-corrector
method that handles both hereditary integrals and Lévy increments.

The remainder of this paper is organized as follows. Section 2 reviews mathematical preliminaries.
Section 3 introduces the FS-EBE and its physical interpretation. Section 4 establishes existence,
uniqueness, and stability. Section 5 details the numerical scheme. Section 6 describes simulation
setup and case studies. Section 7 presents results and comparative analysis. Section 8 discusses
implications for energy system reliability, and Section 9 concludes.

2. Mathematical preliminaries

This section reviews the essential mathematical concepts underpinning the unified FS-EBE. All
definitions and theorems are cited from the established literature.

2.1. Fractional calculus

Definition 2.1 (Riemann-Liouville fractional integral). For a function f € L'([0, T]) and order a > 0,
the Riemann-Liouville fractional integral is defined as

1

ol f(2) = )

f [(t -0 f(r)dr, 2.1)
0

where I'(:) is the Euler Gamma function [25, 32].

The Riemann-Liouville integral is a linear operator and satisfies the semigroup property,
oI 0 oL f(1) = oI f (1) for @ f > 0 [25].
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Definition 2.2 (Caputo fractional derivative). For a function f absolutely continuous on [0, T] and
n— 1 < a < n, the Caputo fractional derivative is defined as

d'f (t))
dr

_ 1 f (l' _ T)n—(l—lf(”)(T)dT’ (22)
—-a) Jo

§D7f(0) = 01;’—“( = T

with n = [a] [25, 32, 39].

Fractional calculus has also been successfully applied across diverse scientific domains,
demonstrating its versatility in modeling memory and hereditary phenomena. In fluid mechanics,
fractional models capture anomalous diffusion and viscoelastic behavior in complex flows [26]. In
mathematical biology, fractional operators describe memory effects in biological tissues and
predator-prey dynamics [17,31]. In image processing, fractional diffusion equations have proven
effective for noise removal [4,9] and super-resolution reconstruction [10, 11]. These interdisciplinary
applications underscore the broad utility of fractional calculus and motivate its use in the present
climate-energy framework.

Remark 2.3 (Fractional integral vs derivative). Throughout this paper, we employ the Caputo
fractional integral of order a > 0, denoted th‘“, which coincides with the Riemann-Liouville
fractional integral oI defined in Definition 2.1. This operator represents the cumulative weighted
memory of past states and is distinct from the Caputo fractional derivative (Definition 2.2), which
captures anomalous rates of change. Our model uses the fractional integral, not the derivative, to

represent memory effects. For comprehensive treatments of fractional calculus, see [13, 18].

2.2. Stochastic processes and Lévy noise

Definition 2.4 (Lévy process). A stochastic process {L(t)};>o defined on a probability space (Q, T ,P)
is a Lévy process if it satisfies [1,22]:

1) L(0) = 0 almost surely.

2) Independent increments: For any 0 < t; < t, < --- < t,, the increments L(t,) — L(t,), ..., L(t,) —
L(t,_) are independent.

3) Stationary increments: The distribution of L(t + s) — L(t) does not depend on t.
4) Stochastic continuity: For any € > 0, lim,_,oP(|L(t + h) — L(t)| > ) = 0.

Remark 2.5 (Cadlag paths). Lévy processes have paths that are cadlag (from the French “continue a
droite, limite a gauche”), meaning they are right-continuous with left limits. This property ensures
that jumps are well-defined and that the stochastic calculus developed in subsequent sections is
mathematically rigorous [1,22].

Theorem 2.6 (Lévy-Itd decomposition). Any Lévy process L(t) can be decomposed as

L(t) =yt+oW(t) + f

lzl<1

ZN(t,d7) + f ZN(t, dz), (2.3)
|z]>1

where y € R, o > 0, W(t) is a Wiener process, N(dt,dz) is a Poisson random measure with intensity
measure v(dz)dt, and N(dt,dz) = N(dt,dz) — v(dz)dt is its compensated version. The measure v is
called the Lévy measure and satisfies fR\{O} min(1, 22)v(dz) < oo [1,22].
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Definition 2.7 (SDE driven by a Lévy process). An Ito-type SDE driven by a Lévy process is written
as

dX(t) = f(X(), )dt + g(X(t), )dL(t), X(0) = X,. (2.4)

The solution is interpreted in the sense of a stochastic integral with respect to the semimartingale

L) [1,16,33].

Existence and uniqueness of solutions for SDEs are typically established under Lipschitz and linear
growth conditions on the coefficients [16,33].

Remark 2.8 (From classical SDEs to stochastic Volterra equations). The FS-EBE introduced in
Section 3 extends the classical SDE framework of Definition 2.7 by incorporating a fractional integral
term. This generalization transforms the equation into a stochastic Volterra equation with Lévy
forcing, where the evolution depends on the entire history of the process through the memory kernel.
Such equations require specialized analytical treatment and numerical methods beyond classical SDE
theory, as developed in Sections 4 and 5.

Lemma 2.9 (Gronwall’s inequality). [7] Let u(t) be a nonnegative, continuous function on [0, T]
satisfying

u(t) <a+ bf u(syds forallte[0,T], (2.5
0

where a,b > 0. Then

u(t) < ae”  forallte[0,T]. (2.6)

2.3. Notation and symbol summary

For clarity and ease of reference, Table 1 summarizes the key symbols used throughout this
manuscript. This nomenclature follows standard conventions in fractional calculus and stochastic
analysis [1,25,33].

Remark 2.10 (Terminology consistency). Throughout this manuscript, we maintain consistent
capitalization: “Caputo” (with capital C) refers to the fractional operator introduced by Caputo,
while “Riemann-Liouville” (with hyphen) refers to the classical fractional integral formulation. All
stochastic processes are defined on a filtered probability space (Q,F ,{F;}0, P) satisfying the usual
conditions [1, 33].
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Table 1. Summary of notation and symbols used in the FS-EBE framework.

Symbol Meaning

T(1) Global mean surface temperature (K)

T,, Equilibrium temperature (K)

X(1) Temperature anomaly (= T(f) — T,,)

A Climate feedback parameter (W m=2K™!)

B Constant forcing term (W m~2)

R() Time-dependent radiative forcing (W m~2)
K Memory coupling constant

a Fractional order (0 < @ < 1)

ol Riemann-Liouville fractional integral of order «
SD;” Caputo fractional integral (equivalent to (/;")
SDY Caputo fractional derivative of order a

L(1) Lévy process

o Noise intensity

W(r) Wiener process (standard Brownian motion)

N(t,dz) Poisson random measure
N(t,dz) Compensated Poisson random measure

v(dz) Lévy jump measure

0% Drift coefficient in Lévy-It6 decomposition
M fractional memory index (= 1 — @)

SFRI stochastic fractional robustness index

I'c) Gamma function

E[] Expectation operator

P Probability measure

Q Sample space

F o-algebra

3. The unified fractional-stochastic energy model (FS-EBE)

This section introduces the novel FS-EBE. We begin by recalling the classical one-dimensional
EBM and systematically extend it to incorporate memory effects and stochastic forcing.

3.1. From classical to fractional-stochastic dynamics

The classical EBM for the global mean surface temperature anomaly 7'(¢) is a first-order ordinary

differential equation:

C% = —-A(T () — Teqg) + B+ R(2), 3.1

where C is the heat capacity of the climate system, A is the climate feedback parameter, T, is the
equilibrium temperature, B represents non-radiative forcings, and R(¢) is the time-dependent radiative
forcing (e.g., from solar cycles or greenhouse gases) [19, 35].

While this model is conceptually useful, its limitations are significant. It is memoryless, meaning

AIMS Mathematics Volume 11, Issue 3, 8546-8583.



8552

the system’s response depends only on its current state, and purely deterministic, lacking the capacity
to model internal climate variability and random perturbations. Recent work has highlighted the need
for non-Markovian generalizations of energy balance models to capture the prolonged thermal inertia
of the climate system [46].

To overcome these limitations, we propose a unified framework that introduces two fundamental
extensions.

First, we incorporate memory effects by replacing the classical instantaneous feedback with a term
that depends on the history of the system. This is achieved through a Caputo fractional integral,
denoted {D;* (equivalently, the Riemann-Liouville integral (/¢ from Definition 2.1). This choice is
physically motivated: The fractional integral represents a weighted accumulation of past temperature
states, directly analogous to cumulative energy storage in slow-response climate components like the
deep ocean or cryosphere. Unlike fractional derivatives, which capture anomalous rates of change and
can introduce initial condition complexities, the fractional integral provides a more natural and
physically interpretable representation of hereditary effects and power-law relaxation [25, 32].

Second, we add a stochastic differential term driven by a Lévy process. This allows the model to
represent both continuous, small-scale internal variability (e.g., Gaussian weather noise) and
discontinuous, large-amplitude events (e.g., volcanic eruptions, abrupt regime shifts) [1, 16].

The resulting FS-EBE is given by

dT(t) = —%‘(T(t) —Toy) + g + éR(r) + g DT (1) | dt + o (T, ydL(1), (3.2)

where §D;* is the Caputo fractional integral of order @ € (0, 1) representing the memory kernel, K
is a coupling constant for the memory term, o(7, ¢) is the noise intensity function, and L(7) is a Lévy
process encapsulating the stochastic forcing.

For analytical convenience, we rescale time by the heat capacity and set C = 1, which does not alter
the qualitative dynamics of the system. We also consider constant noise intensity o for simplicity. This
yields the canonical form of the FS-EBE:

dT (1) = |[~A(T(t) = Teg) + B+ R() + K - SD;"T (1) | dt + odL(). (3.3)

Remark 3.1 (Comparison with fractional derivative EBMs). It is important to distinguish the present
Jormulation from fractional energy balance models that employ Caputo fractional derivatives (e.g.,
[2]). Derivative-based models modify the rate of temperature evolution, typically taking the form

CSDYT (1) = F() — AT (1) — Tey),

thereby capturing anomalous relaxation dynamics while remaining within a fractional differential
equation framework.
In contrast, the FS-EBE incorporates a Caputo fractional integral in the feedback term,

KoI'T(),

which introduces a hereditary convolution structure representing cumulative weighted memory of past
thermal states. Mathematically, this leads to a (stochastic) Volterra equation rather than a fractional
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differential equation. Physically, the integral formulation is directly analogous to energy storage in
slow-response climate components such as deep ocean heat uptake and cryospheric inertia, whereas
derivative formulations emphasize anomalous response rates.

Furthermore, the inclusion of Lévy stochastic forcing extends the model beyond deterministic
fractional EBMs by enabling the representation of discontinuous extreme events. The distinction is
therefore structural rather than notational.

Remark 3.2 (Stochastic Volterra structure). Equation (3.3) extends the classical SDE framework of
Definition 2.7 by incorporating a hereditary integral term. Upon integration, this yields a stochastic
Volterra equation of the form

T® =T(Q) + f f(T(s),s)ds + i f (r— s)"‘lT(s)ds + o L(?), (3.4)
0 (@) Jo

where f(T(s),s) = —A(T(s) — Teq) + B + R(s) represents the non-memory component of the drift.
This non-Markovian structure requires specialized analytical and numerical treatment, as developed
in Sections 4 and 5 [13, 16].

3.2. Physical and mathematical interpretation of model terms

The FS-EBE model synthesizes several physical processes into a single, coherent framework. Each
term carries specific physical meaning that connects the mathematical formulation to real climate-
energy dynamics. A conceptual diagram of this model framework is provided in Figure 1.

Figure 1: Schematic of the FS-EBE Model

R(t), B
S

K- olfT(t) drit) =[--1dt — T(t)

Memory Feedback \

odL(t)

Figure 1. Schematic of the unified FS-EBE. The model integrates deterministic forcing
(R(t), B), memory effects via the fractional integral (K - gD;“T(t)), and stochastic forcing
(0dL(1)) to produce a more physically realistic temperature response 7'(¢).

3.2.1. Linear feedback term

The term —A(T (1) — T.q) represents the classical, instantaneous negative feedback that restores the
system toward equilibrium. This is fundamentally governed by the Stefan-Boltzmann law: A positive
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temperature anomaly increases outgoing longwave radiation, driving the system back toward Tq. The
parameter A > 0 is the climate feedback parameter, typically estimated between 1.0 and 1.5 W m—2K™!
in comprehensive climate models [19,44]. In the fractional-stochastic framework, this term retains its
classical interpretation and ensures that the model reduces to the standard EBM when memory and
stochastic effects are absent (K = 0, o = 0).

3.2.2. External forcings

The deterministic external drivers B + R(f) encapsulate both constant and time-varying radiative
influences on the climate system. The constant term B represents persistent anthropogenic forcings,
such as the cumulative effect of well-mixed greenhouse gases [44]. The time-dependent component
R(t) captures periodic and episodic variations, including the 11-year solar cycle, volcanic aerosol
injections, and other natural forcings. In our case studies, R(¢) is specified either as a deterministic
sinusoidal function or as a correlated Ornstein-Uhlenbeck (OU) process, allowing investigation of
different forcing regimes.

3.2.3. Memory term via fractional integral

The memory term K - D;*T(¢) is the key fractional component that distinguishes the FS-EBE from
classical EBMs. Using the definition of the Caputo fractional integral (equivalently, the Riemann-
Liouville integral from Definition 2.1), this term expands as

K

K-{D;/°T(t) = @

f (t - 1) 'T(1)dr. (3.5)
0

This expression represents a weighted accumulation of the entire temperature history, with the
kernel (t — 7)*~! determining the influence of past states on the present dynamics. The fractional order
a € (0,1) controls the memory strength: Smaller o values give more weight to distant past
temperatures (long memory), while a approaching 1 yields a kernel that tends toward uniform
weighting, weakening the singular emphasis on recent states [25, 32]. The memory effect is
completely eliminated only when K = 0, recovering the classical memoryless EBM.

Physically, this term models the cumulative energy storage in slow-response climate components
that cannot adjust instantaneously to forcing. These include:

* Deep ocean heat uptake: The delayed diffusion of heat into the ocean interior generates multi-decadal
memory in surface temperature dynamics [19].

* Cryospheric feedbacks: The gradual melting of ice sheets and glaciers modifies planetary albedo and
effective heat capacity over century-scale time horizons [29].

* Biogeochemical cycles: The slow exchange of carbon among the ocean, terrestrial biosphere, and
atmosphere introduces long-range temporal dependencies in the climate system [46].

Unlike fractional derivative formulations that model anomalous relaxation rates [2], the fractional
integral directly represents the accumulated influence of past states. This distinction is physically
significant: The climate system’s memory manifests not in how fast it responds to new forcing but in
how much it remembers and integrates past conditions into its present evolution.
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3.2.4. Stochastic forcing via Lévy process

The stochastic term odL(¢f) models random internal climate variability and extreme events that
deterministic models cannot capture. Following the Lévy-Itdé decomposition (Theorem 2.6), the Lévy
process L(t) can be decomposed into three physically distinct components:

L) =yt+oW() + f

lzl<1

ZN(t, d7) + f N(t, d7), (3.6)
|z]>1

where each component represents different physical phenomena.

The deterministic drift yf captures any systematic trend in the noise process, though in climate
applications, this is typically negligible or absorbed into the deterministic forcing terms B and R(¢)
[1]. The Wiener process W(r) generates continuous, small-amplitude Gaussian fluctuations, modeling
the aggregate effect of fast atmospheric processes, synoptic-scale weather variability, and other high-
frequency disturbances that average out over longer timescales [14,34]. The parameter o scales the
intensity of this continuous noise.

The jump components, represented by the Poisson random measures N(f,dz) and N(t,d2),
introduce discontinuous, large-amplitude events. These model extreme climatic phenomena such as
volcanic eruptions that inject aerosols into the stratosphere, abrupt atmospheric regime shifts,
persistent droughts, or sudden changes in ocean circulation patterns [1, 16]. The jump measure v(dz)
characterizes the frequency and size distribution of such extremes, with the decomposition separating
small jumps (|z] < 1) that require compensation from large jumps (|z| > 1) that are treated directly.

The inclusion of Lévy noise is essential for energy system applications, where extreme events
disproportionately impact infrastructure reliability. Gaussian-only models systematically
underestimate the probability of sustained, large anomalies that can lead to cascading failures in
power grids and other critical systems [40,42,45].

3.2.5. Synergistic integration

The power of the FS-EBE lies in how these components work together. The stochastic forcing
continuously excites the memory term, generating enhanced low-frequency variability. At the same
time, the memory term smooths and delays the response to both deterministic forcing and stochastic
shocks, creating realistic persistence patterns. When a jump event occurs, the fractional integral
retains its influence over subsequent evolution, producing long-tailed relaxation. This memory of
extremes cannot be reproduced by memoryless stochastic models, which exhibit only exponential
decay following perturbations.

This synergistic interaction produces heavier-tailed distributions and elevated persistence metrics
documented in Section 7, demonstrating that the unified framework captures emergent behaviors absent
when either component is considered in isolation.

3.3. Novel model indices

To quantitatively characterize the behavior of the FS-EBE and provide practical metrics for energy
system planning, we introduce two novel indices.
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3.3.1. Fractional memory index (M)

The fractional memory index is defined as
M=1-a. (3.7)

This index quantifies the effective memory strength embedded in the fractional integral operator. A
value of M ~ 0 (corresponding to @ = 1) indicates a nearly memoryless system where the fractional
integral approaches classical integral feedback, recovering the classical EBM dynamics when
combined with K = 0. As M — 1 (corresponding to @ — 0), the kernel (+ — 7)*"! becomes
increasingly singular near 7 = ¢ and exhibits a slowly decaying power-law tail, producing long-range
dependence in the system’s response [29,32]. The index M thus provides a single scalar measure of
aggregate climate system memory, synthesizing the effects of deep ocean heat uptake, cryospheric
processes, and other slow feedbacks into a physically interpretable parameter.

3.3.2. Stochastic fractional robustness index (SFRI)

The SFRI measures the system’s resilience to combined memory and stochastic effects, including
both continuous variability and extreme events. It is defined as the inverse of the system’s asymptotic
mean - square displacement in response to perturbations:

-1
SFRI = (lim supB|IT (1) - Teq|2]) . (3.8)
t—00

A higher SFRI indicates a more robust system that remains closer to equilibrium despite internal
noise and memory-driven feedbacks. Under the stability conditions established in Section 4 , the limit
superior in (3.8) exists and is finite, ensuring that the SFRI is well defined for the parameter ranges
considered in this study.

This index draws upon established concepts in resilience engineering, where the ability of a system
to maintain function under stress is quantified through various robustness metrics [8]. The SFRI adapts
these ideas to the fractional-stochastic context by explicitly incorporating the memory parameter a and
the noise intensity o into a single composite measure. For special cases (e.g., deterministic limits or
Gaussian-only noise), the SFRI can be evaluated analytically; for the full FS-EBE with Lévy forcing,
it is computed numerically via ensemble simulations as demonstrated in Section 7.

The FS-EBE model, given by Eq (3.3), together with its associated indices M and SFRI, provides a
powerful and flexible framework for analyzing climate-energy dynamics.

It is instructive to compare these indices with established resilience metrics in energy system
analysis. Classical resilience measures, such as the resilience triangle [8] and multi-dimensional
power system resilience frameworks [37, 38], primarily quantify engineering performance
indicators—including loss of functionality, recovery time, and infrastructure robustness under discrete
hazard events. These metrics are event-based and externally defined with respect to specific
disruptions.

In contrast, the fractional memory index M and SFRI are derived from the intrinsic stochastic
dynamics of the coupled climate—energy system. The index M quantifies the strength of long—range
memory embedded in the governing equations, while SFRI measures finite—time resilience through the
inverse of the system’s asymptotic mean — square displacement under continuous stochastic forcing.
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Rather than describing post-disruption recovery, these indices characterize baseline dynamical stability
and persistence under ongoing variability.

Therefore, the proposed indices are not replacements for engineering resilience metrics but
complementary tools. They provide a probabilistic, dynamics-based characterization of systemic
stability, which can serve as a foundational layer upon which event-based engineering resilience
assessments are constructed.

In the following section, we establish the mathematical foundation for this model by proving its
well-posedness, including existence, uniqueness, and moment boundedness of solutions.

4. Existence, uniqueness, and stability of the FS-EBE

This section establishes the mathematical foundation of the unified FS-EBE. We reformulate the
model as a stochastic Volterra equation, prove the existence and uniqueness of its solution, and analyze
its stability properties under suitable parameter constraints.

4.1. Reformulation as a stochastic Volterra equation

We consider the canonical form of the FS-EBE:
dT(t) = [-A(T(t) = Teg) + B+ R() + K - o[f T (1) dt + 7dL(r),  T(0) =Ty, 4.1)

where (/' denotes the Riemann-Liouville fractional integral of order @ € (0, 1) (equivalently, the
Caputo fractional integral from Definition 2.1) and L(¢) is a Lévy process with finite second moments,
i.e., E[|L(t)*] < oo [1]. This condition is satisfied for the Wiener process and compound Poisson
processes used in our case studies (Section 6).

To simplify the analysis, we define the temperature anomaly X(#) = T(¢) — Teq. Substituting into
(4.1), we obtain

dx(t) = [—AX(t) + B+ R(1) + K - oI*(X(t) + Teq)] dt + odL(t), X(0) = X,. (4.2)

t(l

Using the linearity of the fractional integral and the fact that (/'(1) = v

memory term:

[25], we expand the

o2

Tl + )
The term K Teq r( +0) is deterministic and grows like #*. On any finite—time horizon [0, 7], this term

is bounded and can be combined with the deterministic forcings B and R(f) into a new function F(¢):

K- oI} (X(t) +Teg) = K- oI X(t) + KT, 4.3)

104

F(t) =B+ R(t) + KTeqm.

4.4)

Moment condition on the Lévy measure. Throughout the analysis, we assume that the driving Lévy
process L(z) has finite second moment, i.e., E|L(?)|* < oo fort € [0, T], and in particular E|L(?)* < Cyt.
In terms of the Lévy triplet (y, 0%, v) from Theorem 2.6, this is equivalent to requiring

f 2 v(dz) < o
lzI>1
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since the defining property of a Lévy measure already ensures
f min(1, z*) »(dz) < oo.
R\{0}

Physically, the finite-variance assumption is natural for temperature and energy anomalies over
finite horizons, since extreme events—while large—remain bounded in magnitude and contribute finite
energy. The Wiener process used in Case A and the compound Poisson jump model used in Case B
(with finite-variance jump sizes) both satisfy these conditions. Extensions to infinite-variance drivers
(e.g., a-stable Lévy noise with @ < 2) would require a different analytical framework (e.g., working
with p-moments for p < 2) and are identified as future work in Section 9.

With this definition, the anomaly equation becomes

dX(1) = [~AX(1) + K - oI°X(1) + F(O)] dt + odL(t), X(0) = X,. (4.5)

Integrating (4.5) from O to ¢ yields

X)) =Xy + f [-AX(s) + F(s)]ds + L f fs(s — ) ' X(w)duds + oL(?). 4.6)
0 (@) Jo Jo

Assuming X € L'(0, Ty) (which will be justified a posteriori by the existence proof in Section 4.2),
we apply Fubini’s theorem to the double integral:

f f S(s—u)"_lX(u)duds: f X(u)( f (s—u)“—lds)du:l f (t — u)* X (w)du. 4.7)
0o Jo 0 u a Jo

Using the identity al' () = I'(1 + ), we arrive at the stochastic Volterra equation:
!
X(t) =g+ f G(t,u)X(u)du + oL(1), (4.8)
0
where the deterministic function g(¢) and the kernel G(, u) are defined as

g() = Xo + f F(s)ds, (4.9)
0

G(t,u) = —A +

F(1+a)(t_u)a’ O<u<t (4.10)

On the finite interval [0, T¢], both g(¢) and G(¢, u) are bounded, with |G(t,u)] < A + F(llli—la) J‘Z = Cg.
This reformulation as a stochastic Volterra equation provides the natural setting for analyzing the FS-

EBE on finite—time horizons and distinguishes it from classical Markovian SDEs [16,33].

4.2. Existence and uniqueness of a global solution

We now prove that the Volterra equation (4.8) admits a unique global solution on any finite—time
interval [0, T¢]. We work in a Hilbert space setting appropriate for stochastic Volterra equations with
Lévy noise [1,16,33].
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Define the space HZ of measurable, adapted processes X(¢) such that

T
IXIl7, :=E f 1X(1)|*dt < oo. 4.11)
0

This space, equipped with the norm || - ||72, is a Hilbert space (complete) under the usual
identification of equivalence classes [33]. This choice of norm requires only second—moment
integrability in time, avoiding the stronger sup-moment conditions that may fail for general Lévy
processes.

The kernel G(¢, u) from (4.10) is continuous on the domain 0 < u < ¢ < T and bounded. Indeed, for
O<u<t<T, K|

|G(t,u) < A+ T+ a)T = Cg. (4.12)
The function g(¢) defined in (4.9) is bounded on [0, T], and the Lévy process satisfies E[|L(1)]*] < C;t
for some constant C;, [1].
We define a solution map ® on H3 by

(OX)(r) = g(t) + f G(t,u)X(u)du + o L(t). (4.13)
0

To show that @ maps H into itself, note that for any X € HZ,

T T T
E f (@X)(r)|*dt < 3E f lg(t)*dt + 3B f
0 0 0

T
+30°E f |L(7)|dL. (4.14)
0

2

fG(t,u)X(u)du dt
0

The first term is finite because g is bounded. For the second term, using the Cauchy-Schwarz

inequality and the bound (4.12)
T
E f dt<E f ( f IG(t, u)*du - f IX(u)IZdu)
0
<C:T-E f f X (uw)|*du dt
0 0

T
<CLT*-E f IX(w)*du < oo. (4.15)
0

f G, u)X(u)du

The third term is finite because ]EfOT |L(H)|*dt < C;. fOT tdt = C,T?*/2 < oo. Thus, ® maps H; into
itself.
To establish a contraction, we introduce an exponentially weighted norm. For any A4 > 0, define

T
IX|I7,, :=E f e MX(t)*dt. (4.16)
0
This norm is equivalent to || - ||7.» for any finite 7', and H7 remains complete under this norm.
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For two processes X, Y € H2, their images under @ satisfy

(OX)(1) — (PY)(®) = f[ G, u)(X(u) — Y(u))du. (4.17)
0

Taking the weighted norm and using the Cauchy-Schwarz inequality,

2

T t
|OX — @Y7, , =E f e f G(t,u)(X(u) — Y(w)du| dt
0 0

T ! !
<E f e-ﬂ’( f |G (t, w)[*du - f |X(u)—Y(u)|2du)dt
0 0 0

T t
<CiT-E f f e~ Y| X (u) — Y(w)|*du dt
0 0

T T
<CiT-E f ( f e_/“dt) IX(u) - Y(u)|*du
0 u

T —Au
<CT-E f eﬂ IX(u) - Y(u)Pdu
0

2

G
A

C:T
DX — @Y||724 < THX = Yllr2.a. 4.19)

Choosing 1 > C.T, we have \JC&T/A < 1, making @ a contraction on H? under the weighted

IX = Y70 (4.18)

Therefore,

norm. By the Banach fixed-point theorem, there exists a unique fixed point X* € HZ satisfying X* =
®X*, which is the unique solution of (4.8) on [0, T'].

Since T = T was arbitrary, this proves the existence and uniqueness of a global solution on any
finite interval [0, Tf].

We emphasize that classical Lipschitz and linear growth conditions typically required for nonlinear
SDEs are not needed here. The FS-EBE is a linear stochastic Volterra equation with bounded
deterministic kernel G(¢,u) and additive Lévy noise. Since G is bounded on [0, 7] and the memory
term is linear in X, the solution map ® is globally Lipschitz in the weighted norm used above. This
suffices for the contraction argument and guarantees existence and uniqueness without additional
growth assumptions.

Remark 4.1 (Comparison with deterministic fractional models). Existence and uniqueness proofs for
deterministic fractional EBMs have been established using similar fixed-point arguments in spaces of
continuous functions [2,25]. The proof presented here extends those results to the stochastic Volterra
setting with Lévy noise by working in the Hilbert space Hz with an exponentially weighted norm. This
approach naturally accommodates the square-integrable martingale components of the noise process
and correctly handles the non-Markovian memory structure. The extension is essential for the rigorous
treatment of the FS-EBE and its application to ensemble-based uncertainty quantification.
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4.3. Asymptotic behavior of the deterministic system

We analyze the long-time behavior of the homogeneous, deterministic counterpart of the FS-EBE.
Setting F(¢t) = 0 and o = 0 in (4.5) gives

dX (1)

—— = —AX() + K o[IX(), X(0) = Xo. (4.20)

Applying the Laplace transform and using the property L{,/?X (1)} = s~*X(s) [25, 32], we obtain
sX(s) — Xo = —AX(s) + Ks™X(s). (4.21)

Solving for X(s) yields
Xo

X(s)= ———.
(s) s+A—-Ks@

(4.22)

Multiplying by s¢, this becomes

X()Sa

X(s) = . 4.23
(5) site 4+ Age — K (4.23)
The poles of X(s) are the solutions s € C to the characteristic equation
s+ As” - K = 0. (4.24)

For K > 0, which is the case in our numerical simulations (Table 1 with K = 0.3), the behavior
of (4.20) differs fundamentally from the classical stable case. Consider real s > 0 and define f(s) =
s + As® — K. Since f(0") = —K < 0 and f(s) — +oco as s — oo, by continuity, there exists at
least one positive real root s* > 0 of (4.24). This root corresponds to a pole in the right half-plane,
indicating that the deterministic system (4.20) is not asymptotically stable in the classical sense. The
solution will exhibit growth driven by this unstable mode.

For the parameter values used in this study (A = 1.0, K = 0.3, and @ = 0.7), numerical evaluation
of the inverse Laplace transform confirms that the solution grows on centennial timescales, but the
growth rate is modest enough that on the finite simulation horizon [0, 7] = [0, 50] years, the solution
remains within physically plausible ranges. This finite-time boundedness is ensured by the continuity
of solutions to ordinary differential equations with memory [25] and is verified numerically in our
simulations.

In the full stochastic FS-EBE, the Lévy noise continuously excites the system, and the combination
of linear damping (—AX(#)) and memory feedback (K - (/7 X(#)) produces trajectories that, over the
finite simulation horizon, exhibit the persistent fluctuations documented in Section 7. The ensemble-
averaged second moment remains bounded on [0, 7] as proved in Section 4.4, but this finite-time
bound does not imply stationarity or asymptotic stability. The observed “stationary-like” appearance
in Figures 2 and 3 is a finite-horizon phenomenon, not an indication of an invariant distribution.

For the special case K < 0, the memory term acts as additional damping. The characteristic equation
17 + As® — K = 0 then has —K > 0, and numerical evaluation confirms that all roots lie in the left half-
plane for the parameter ranges of interest. In this regime, the deterministic system is asymptotically
stable, exhibiting power-law relaxation consistent with fractional relaxation processes [32]. However,
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this parameter regime is not the focus of our numerical investigations, where K > 0 is chosen to
illustrate the synergistic interaction between memory and stochastic forcing.

The power-law kernel embedded in the fractional integral imparts long-range dependence to the
system’s dynamics, manifesting as the enhanced persistence and heavy-tailed distributions documented
in Section 7. This memory effect underpins the fractional memory index M = 1 — « introduced in
Section 3.3.2, which quantifies the strength of this dependence regardless of the stability regime.

—— Model | (Classical 1)
L Model Il (Stochastic)
—— Model lll (FS-EBE)

0.2

0.1

0.1

Terperature Anomaly (K)

0 10 20 30 40 50
Time (years)

Figure 2. Time series comparison. The classical EBM (Model I) exhibits a perfectly in-phase
deterministic oscillation. The stochastic EBM (Model II) adds Gaussian noise but retains the
same in-phase structure. The FS-EBE (Model III) displays a pronounced phase lag and
amplitude attenuation due to the cumulative memory encoded in the fractional integral term.

T —— Model |
Model Il
—— Model Il (FS-EBE)

1074

1077 4

10-10

Power Spectral Density

10713

10-16 |

1072 1071 10°
Frequency (1/year)

Figure 3. Power spectral density comparison. The stochastic EBM (Model II) displays
the characteristic spectrum of a linear Markovian stochastic system with exponentially
decaying correlations. The FS-EBE (Model III) exhibits a markedly redder spectrum with
enhanced low-frequency power and slower high-frequency roll-off, consistent with long-
memory processes [29].
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4.4. Moment boundedness under stochastic forcing

We now establish that the solution of the stochastic Volterra equation (4.8) has bounded second
moment on any finite—time horizon [0, 7(]. This property justifies the ensemble averaging procedures
used in the numerical simulations of Section 7 and ensures that the finite horizon robustness estimates
derived from simulations are statistically well-defined.

Let m(f) = E[|X(?)*]. From (4.8) and using the inequality (a + b + ¢)* < 3(a* + b* + ¢?), we obtain

2
m(t) < 3|g() + 3B } + 30E[IL()). (4.25)

f G, )X(u)du
0

For the second term, applying the Cauchy-Schwarz inequality and the bound |G(z, u)| < Cg from

(4.12),
2 ¢ t
E[ ]sE[( f IG(t,u)lzdu)( f |X(u)|2du)]
0 0

! !
< Cit f E|X(u)*du = Cgt f m(u)du. (4.26)
0 0
Using the boundedness of g on [0, T¢], i.e., |g(1)I* < Gy, and the Lévy process property E[|L(1)[*] <
Ct 1], we obtain,

f G(t,u)X(u)du
0

!
m(t) < 3Gy + 3Cit f m(u)du + 30*Cit. (4.27)
0

Define Cy = 3(Go + 0>CTy) and C, = 3C;T. Then for all 7 € [0, T/],

!
m(t) < C + sz m(u)du. (4.28)
0
Applying Gronwall’s inequality (Lemma 2.9) yields
m(t) < Cyexp(Cat), Vte[0,Ty]. (4.29)
Taking the supremum over [0, Tf] gives

sup E[IX()*] < C, exp(CyTy) < oo. (4.30)
0<t<Ty
This finite—time second moment bound has two important implications for the FS-EBE framework:
1). Numerical reliability: Ensemble averages computed from Monte Carlo simulations, such as
those in Section 7, converge almost surely to their expected values as the number of realizations M —
oo by the law of large numbers for i.i.d. random variables with finite variance [33]. Moreover, the
mean-square error of the sample mean estimator Xy, = + Y., X" (1) satisfies E[|Xy — EX(H)] =
Var(X(#))/M, ensuring convergence in mean square as well.
2). Finite-horizon robustness estimation: While the SFRI is defined in (3.8) using a limsup as
t — oo, the finite-time bound ensures that the empirical finite-horizon robustness estimator

-1

M
SFR;, = [% > |X(’")(Tf)|2) (4.31)

m=1
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is well defined and provides a practical measure of system resilience over the simulation horizon
[0,T¢]. This estimator converges almost surely to (EIX(Tf)IZ)‘1 as M — oo, and its relation to the
asymptotic SFRI can be explored numerically by increasing 7, and observing convergence or
stabilization.

The moment bound (4.30) complements the stability analysis of Section 4.3: Even when the
deterministic core exhibits growth modes (as for K > 0), the stochastic Volterra equation with Lévy
noise nevertheless produces trajectories with controlled second moment on any finite horizon. This
explains the physically realistic fluctuations observed in the numerical simulations of Section 7,
where the combination of damping and memory yields persistent but bounded variability over
centennial timescales.

5. Numerical method: A fractional-stochastic predictor-corrector scheme

This section presents a dedicated numerical scheme for solving FS-EBE. Given the model’s hybrid
nature—combining a fractional Volterra term with a Lévy-driven SDE standard numerical methods are
insufficient. We develop a tailored ABM-type predictor-corrector scheme that simultaneously handles
the memory effect and the stochastic forcing.

5.1. Discretization and numerical formulation

We consider the FS-EBE in its canonical anomaly form:
dX(1) = [-AX() + F(t) + K - o[ X(1)] dt + odL(r), X(0) = X,. (5.1)

To discretize, we define a uniform time grid ¢, = nh forn = 0,1,..., N, with step size h = T¢/N.
Our goal is to compute numerical approximations X, = X(t,).
Integrating from ¢, to t,,,, yields

X(te1) = X(1,) + fm [—AX(S) + F(s) + L fs(s — ) ' Xw)du|ds + o (L(t,s1) — L(t,)). (5.2)
t, 0

I'(@)

The numerical challenge lies in approximating the double integral representing the memory term.
We address this with a product trapezoidal rule.

5.2. The fractional-stochastic ABM algorithm

The scheme proceeds iteratively. Assume approximations Xy, X, . .., X, are known.

Step 1: Predictor (Adams-Bashforth type)

The predictor X” | provides an initial estimate at 7, using an explicit formula:

Kha+1 n
Xrl;_] =X, + h [—AXn + F(tn)] + m aj,,,HXj + O'ALn (53)
J=0
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Here, AL, = L(t,+1) — L(t,) is the increment of the Lévy process, and the weights a;,.; for the
memory term are given by

' —(n-a)mn+ 1)* if j =0,
Ajn+1 =

i el Conatl g i e+l : (5.4)
m—j+2)**" +(n-)) 2n—j+1) ifl<j<n

Step 2: Corrector (Adams-Moulton type)

The corrector refines the prediction using an implicit, more accurate formula:

a+l 7l

+ mzbi,n+1X/+O'ALn. (5.5

h
Xpor = X, + 5 [=A + X0 + F@) + Ft)]

The weights b, are

n+ D' -+ 1-a)(n+2)" if j=0,
bins1 =q(n—j+ D (n—= N -2m—-j+ 1D if1<j<n, (5.6)
1 if j=n+1.

The values X; in the corrector’s memory sum are defined as X; = X; for 0 < j <nand X,,; = X© .
This makes the corrector step explicit upon substitution of the predictor.
The algorithm is summarized in Algorithm 1.

Algorithm 1 Fractional-stochastic ABM scheme.

Require: Model parameters A, K, @, 0; initial condition Xj; time step /&; number of steps N; forcing
function F(t); Lévy process generator.
Ensure: Numerical solution {X,}"_ at times {z,}"_ .
1: Initialize X,

2: Precompute weights a;,,; and b, forn=0,...,N—1land j=0,...,n+1

3: forn=0,1,..., N—1do

4: Sample the Lévy increment AL,

5: Predictor:

6: Spred € 2o Ajns1 X > Memory sum for predictor
7 XE |« Xy + h[=AX, + F(t)] + 558 ea + TAL,

8: Corrector:

9: S corr Z;?:O bjni1Xj+ byiipe le N > Memory sum for corrector
10: Xt — Xy + 4 [-AQ + X2,)) + F(t,) + F(tas)| + B3-S con + AL,

11: end for

5.3. Convergence and consistency analysis

We analyze the consistency and convergence properties of the fractional-stochastic ABM predictor-
corrector scheme presented in Section 5.2. The analysis follows the general framework developed
for fractional differential equations [13] and extends it to the stochastic Volterra setting with Lévy
forcing. The deterministic and stochastic components exhibit different convergence rates, and the
analysis accounts for the finite-time horizon [0, T¢] used in our simulations.
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5.3.1. Deterministic case

For the deterministic counterpart of the FS-EBE (o~ = 0), the scheme reduces to a fractional ABM
method for Volterra equations with weakly singular kernels. For fractional differential equations of
order a € (0, 1), it is well established that the predictor-corrector method has global convergence order
min(2, 1 + @) [13]. Since 1 + @ < 2 for all @ € (0, 1), the actual convergence order is

Global error = O(h'™®). (5.7)

This result follows from the error analysis of the product trapezoidal rule for the fractional integral
term combined with the second-order approximation of the drift term. The kernel ( — u)*~! is weakly
singular, but the product trapezoidal rule achieves order 1 + a due to the smoothing properties of the
fractional integral operator [13,25]. For the specific parameter values used in our simulations (@ = 0.7),
this yields an expected convergence order of approximately 1.7.

The solution of fractional differential equations typically exhibits a weak singularity at t = 0,
behaving like 7% near the origin [25]. Consequently, the solution is not globally C? on [0, 7], and the
convergence analysis must account for this initial layer. The order 1 + @ remains valid under standard
assumptions on the smoothness of the right-hand side away from the origin [13].

5.3.2. Stochastic case

For the full FS-EBE with Lévy noise (oo > 0), the convergence analysis is more subtle. The
stochastic component introduces two complications:

(1) The Lévy process L(¢) has paths that are only Holder continuous of order strictly less than 1/2
(for the Wiener part) and may contain jumps.

(i) The solution X() inherits the low regularity of the driving noise.

Consequently, the strong convergence rate (in the mean-square sense) is limited by the stochastic
component. For SDEs driven by Wiener processes, the Euler-Maruyama scheme achieves strong order
1/2 [33]. For jump processes, the strong order depends on the jump structure; for compound Poisson
processes, the scheme retains strong order 1/2 if the jumps are handled exactly [1].

Thus, for the FS-EBE with Lévy noise satisfying the finite second-moment condition E[|L(¢)*] <
Ct (as assumed in Section 4.2), the predictor-corrector scheme is expected to have strong convergence
order 1/2. This is consistent with the numerical experiments reported in Section 7, where ensemble
averages converge with the expected Monte Carlo rate.

5.3.3. Stability considerations

The stability of the numerical scheme must be understood in the context of the finite-time horizon
[0,Tf]. As established in Section 4.3, the deterministic core of the FS-EBE with K > 0 is not
asymptotically stable; it exhibits a growing mode. However, for the numerical approximation on the
finite interval [0, 7], the scheme remains stable in the sense that small perturbations in initial data or
forcing lead to proportionally small changes in the solution over the simulation horizon. This is
ensured by:
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(1) The continuity of the Volterra kernel G(z, u) and the boundedness of g(¢) on [0, 7], as shown in
Section 4.1.

(i1) The finite-time moment bound SUPo</<T, E[|IX(£)]*] < oo proved in Section 4.4, which guarantees
that ensemble averages remain well behaved.

(ii1)) The linear growth of the coefficients, which prevents finite-time blow-up in the numerical
approximation for sufficiently small step sizes h.

A rigorous mean-square stability analysis of the scheme for the stochastic Volterra equation with
Lévy noise is beyond the scope of this paper and is identified as a direction for future research (Section
9). However, the numerical experiments in Section 7 demonstrate robust performance for the parameter
ranges of interest, with ensemble statistics converging as expected.

Summary of convergence properties. The convergence behavior of the proposed
fractional-stochastic ABM predictor—corrector scheme can be summarized as follows.

* Deterministic case (oo = 0). The global discretization error satisfies
I1X(2,) = Xall = O(h'™),

which coincides with the convergence order of the classical fractional ABM method [13]. For
a = 0.7, this corresponds to an order of approximately 1.7.

* Stochastic case with Wiener noise (L(r) = W(¢)). Under the finite second-moment framework
adopted in Section 4, the scheme achieves strong convergence of order O(h!/?), consistent with
established results for numerical methods applied to SDEs with non-smooth noise [33].

* Stochastic case with compound Poisson jumps. When jump times and amplitudes are simulated
exactly, the strong convergence order remains O(h'/?) as the dominant discretization error arises
from the continuous component of the dynamics.

* Finite-time stability. On the simulation horizon [0, 7], the scheme is stable due to the
boundedness of the deterministic kernel and the moment bounds established in Section 4.4.
These properties prevent amplification of numerical perturbations over finite—time intervals.

Collectively, these results demonstrate that the proposed scheme preserves the convergence
characteristics of established fractional and stochastic methods while accommodating the combined
fractional-memory and Lévy-driven Volterra structure of the FS-EBE. This justifies its use for the
ensemble simulations and robustness analyses presented in Sections 7 and 8.

5.4. Implementation of the Lévy process

The numerical implementation of the Lévy increments AL, depends on the chosen model for L(z).
In our simulations, we consider two cases:

1) Gaussian noise: L(t) = W(¢), a standard Wiener process, where AW, ~ N(0, h).
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2) Lévy jump process: L(¢) is a compound Poisson process defined as L(f) = Zf\i (ll) Ji, where N(t)
is a Poisson process with rate A and {J;} are i.i.d. jump sizes. The increment AL, is simulated by
generating a Poisson random number k& ~ Poisson(44) and summing k independent jumps.

This flexible framework allows the FS-EBE to model both continuous climate variability and
extreme, discontinuous events.

6. Simulation setup and case studies

This section describes the numerical experiments performed to validate the FS-EBE. Two
physically motivated case studies are designed to highlight distinct dynamical regimes: (i) periodic
forcing with continuous Gaussian variability and (ii) correlated forcing combined with extreme,
discontinuous stochastic events.  All simulations use the fractional-stochastic ABM scheme
introduced in Section 5.

6.1. Parameterization and experimental design

The baseline model parameters are given in Table 2. These values are chosen to reflect physically
plausible climate dynamics while ensuring numerical stability on the finite simulation horizon [0, Tf]
(cf. Section 4.3). Where possible, parameters are drawn from established climate science literature;
otherwise, they are selected to illustrate the qualitative behavior of the fractional-stochastic framework.

Table 2. Baseline parameters for numerical simulations.

Parameter Symbol Value
Climate feedback parameter A 1.OWm™2K™!
Equilibrium temperature Teq 0.0K (anomaly)
Constant forcing B 0.5Wm™
Memory coupling constant K 0.3
Memory order a 0.7
Noise intensity o 0.1
Simulation horizon Ty 50 years
Time step h 0.01 years
The climate feedback parameter A = 1.0Wm™2K™! lies within the canonical range of 1.0 to

1.5Wm2K~! estimated from comprehensive climate models and the IPCC AR6 assessment [44].
The fractional order @ = 0.7 is consistent with values reported in fractional energy balance modeling
studies, where « typically ranges between 0.5 and 0.8 depending on the strength of memory effects
attributed to ocean heat uptake and cryospheric processes [2,29]. The noise intensity o = 0.1
produces fluctuations of magnitude comparable to observed interannual temperature variability [14].
The memory coupling constant K = 0.3 and the constant forcing B = 0.5W m™ are chosen to
produce clearly visible memory effects and non-zero mean temperature anomalies within the 50-year
simulation window. These values are illustrative rather than calibrated; a systematic calibration of the
FS-EBE against observational temperature records using Bayesian inference is identified as a
direction for future research (Section 9). The simulation horizon 7'y = 50 years and time step 4 = 0.01
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years (approximately 3.65 days) are selected to resolve both the slow memory dynamics and the fast
stochastic fluctuations while keeping computational costs manageable for ensemble simulations.

The initial anomaly is set to X, = 0.1 K, representing a small positive departure from equilibrium
at the start of the simulation period. Unless stated otherwise, all simulations employ an ensemble
of M = 200 independent realizations to compute ensemble-averaged statistics. For fair comparison,
all models (classical EBM, stochastic EBM, and FS-EBE) use the same time step and are driven by
identical realizations of the prescribed noise processes.

6.2. Case A: Periodic solar forcing with Gaussian noise

This case represents systems influenced by periodic radiative forcing (e.g., solar cycles) with
continuous background variability.

6.2.1. Forcing and stochastic forcing

The deterministic external forcing is

R4(t) = 0.2sin (%) [Wm™], (6.1)

representing the 11-year solar cycle.
The stochastic forcing is a Wiener process

L(zr) = W(2), AW, ~ N(O, h).

6.2.2. Objectives
This case examines the FS-EBE’s ability to:

* produce phase lag and amplitude attenuation due to memory effects,
* generate non-Markovian trajectories consistent with long-range dependence and

* outperform Models I and II in capturing delayed and smoothed responses to periodic forcing.

6.3. Case B: Correlated forcing with Lévy jumps

This case reflects systems influenced by correlated (red-noise) forcing and prone to extreme,
discontinuous events such as sudden wind-state transitions or volcanic perturbations.

6.3.1. Forcing and stochastic forcing

The external forcing is modeled as an OU process:
1
dZ(t) = —§Z(t) dt +0.3dW, (1), Ry(t) =0.1Z(H) [Wm72], (6.2)
which emulates persistent, correlated wind-driven anomalies.
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The stochastic forcing in the FS-EBE is a compound Poisson jump process:

N(1)

L) = Z 7., (6.3)
i=1

where N(7) is a Poisson process with rate A = 0.2 yr™! and the jump sizes satisfy
Ji ~N(0,0.5).

Models IT and III use the same Rp(¢) realization; Model II uses Gaussian noise only, whereas Model
IIT combines OU forcing, memory, and Lévy jumps.

6.3.2. Objectives
This case highlights the FS-EBE’s ability to
* retain the influence of extreme events over long periods due to the memory term,
* generate long-tailed relaxation responses not captured by memoryless models

* produce more realistic persistence patterns when driven by discontinuous forcing.

6.4. Performance metrics

A summary of the two case study configurations is provided in Table 3, highlighting the key
structural differences between periodic Gaussian forcing (Case A) and correlated jump-driven forcing
(Case B).

Table 3. Summary of the two case study configurations.

Feature Case A Case B

Deterministic forcing R(t) 11-year sinusoid OU process (correlated)
Stochastic process L(t) Wiener process Compound Poisson jumps
Primary phenomenon Periodic response with memory Persistence of extreme events
Key differentiator Phase lag and smoothing Long-tailed relaxation behavior

We use three families of performance metrics to evaluate and compare the models.

(i) Pathwise accuracy (RMSE). For a fixed noise realization, a high-resolution FS-EBE solution
(step hyer = 107*) is used as the reference path Xi.(¢). All models are driven by the same realization of
the prescribed noise process. The root-mean-square error is defined as

1 & )
RMSE = J ¥ Zl (X, — Xirue ()’ (6.4)

(ii) Statistical metrics. We compute the ensemble variance and the lag-1 autocorrelation coefficient
o(1) to quantify short-term persistence and variability across realizations.
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(iii) stochastic fractional robustness index (SFRI). Following the definition in Section 3.3.2, we
estimate the finite-horizon robustness at the final simulation time 7'; as

— 1 < B
SFRITf:[MZ|X(m)(Tf)|2) , (6.5)

m=1

As discussed in Section 4.4, the finite-time second-moment bound guarantees that this estimator
is well-defined. Higher SFRI values indicate greater robustness to combined memory and stochastic
effects over the simulation horizon. These metrics provide the foundation for the comparative analysis
presented in Section 7.

7. Results and comparative analysis

This section presents a systematic quantitative comparison of the three models introduced earlier:
The classical deterministic EBM (Model I), the Gaussian stochastic EBM (Model II), and the proposed
(FS-EBE), (Model I1I).

All models are evaluated under identical forcing scenarios and noise realizations defined in
Section 6 to ensure a fair and controlled comparison. Performance is assessed using the quantitative
metrics introduced previously, including RMSE, variance, lag-1 autocorrelation, and SFRI.

The analysis aims to isolate and evaluate the specific contributions of fractional memory and Lévy-
driven stochasticity to model behavior, particularly in terms of persistence, variability structure, and
response to extreme events.

7.1. Case A: Periodic solar forcing with Gaussian noise

We first examine the response of the three models to the 11-year solar forcing cycle with continuous
Gaussian variability. This case isolates the effect of the fractional memory term by comparing the FS-
EBE (Model III) against the memoryless classical EBM (Model I) and the Gaussian-only stochastic
EBM (Model II).

Figure 2 shows a representative time series of the temperature anomaly for each model. While
Model I produces a deterministic oscillation locked to the forcing, and Model II superimposes noise on
the same phase, Model III exhibits a clear delay in its response. This phase lag is a direct consequence
of the memory term K - (/77T (), which integrates past temperatures and smooths the system’s reaction
to periodic forcing. Such a delayed response is well documented in climate systems with significant
thermal inertia, such as oceans and cryosphere [19,29].

The spectral analysis in Figure 3 further quantifies this distinction. The power spectral density
(PSD) of Model 1II follows a shape indicative of short-range dependence, with correlations decaying
exponentially. In contrast, the PSD of Model III shows significantly more power at low frequencies, a
signature of long-range dependence induced by the fractional integral. This enhanced low-frequency
variability reflects the system’s ability to retain information from past forcing, a property absent in
memoryless models.

Table 4 summarizes the quantitative performance of the three models. The RMSE is computed
relative to a high-resolution FS-EBE reference solution (step h.; = 10™*) driven by the same noise
realization, following the procedure described in Section 6.4. The FS-EBE achieves the lowest RMSE
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among the three models, confirming that its trajectory most closely matches the resolved dynamics of
the reference solution. Its variance is slightly reduced compared to Model II, indicating that the
memory term dampens high-frequency fluctuations. Most notably, the lag-1 autocorrelation
p(1) = 0.41 for Model III is substantially higher than for Models I and II, quantitatively verifying the
persistence visually observed in Figure 2. The SFRI is also highest for the FS-EBE, reflecting its
enhanced finite-time resilience to stochastic perturbations over the simulation horizon.

Table 4. Comparative performance metrics for Case A (periodic solar forcing). Values
represent the ensemble mean over 200 realizations.

Metric Model I (Classical) Model II (Stochastic) Model III (FS-EBE)
RMSE (K) 0.152 0.148 0.101

Variance (K2) 0.021 0.024 0.018

Lag-1 autocorrelation p(1) 0.05 0.08 041

SFRI 12.5 10.2 15.8

Remark 7.1 (Comparative insight). What the FS-EBE achieves that Model 1l cannot: The fractional
memory term introduces a physical phase lag and amplitude attenuation in response to periodic
forcing, phenomena entirely absent in memoryless stochastic models. This leads to a reddened
spectrum with enhanced low-frequency power and significantly elevated persistence, as captured by
the lag-1 autocorrelation. These features are not artifacts of parameter tuning but emerge naturally
from the fractional integral formulation.

7.2. Case B: Correlated forcing with Lévy jumps

We now examine the response of the models to correlated (red-noise) forcing combined with
discontinuous extreme events modeled as compound Poisson jumps. This case highlights the
FS-EBE’s ability to capture the prolonged impact of large perturbations through the synergistic
interaction of the fractional memory term and Lévy noise. Both Model II (stochastic EBM) and
Model IIT (FS-EBE) are driven by the same jump process realizations, ensuring that differences arise
solely from the presence or absence of fractional memory.

Figure 4 isolates the response of each model to a major jump event. Model II, though driven
by compound Poisson noise, has no memory mechanism; therefore, following a jump, the system
relaxes exponentially with a characteristic timescale determined by the feedback parameter A. In
contrast, Model III exhibits a pronounced long-tailed relaxation due to the fractional integral term K -
ol T(¢), which retains a weighted memory of the jump and slowly releases its influence over time. This
“memory of extremes” reflects the cumulative effect of past events and is consistent with observations
of climate subsystems exhibiting high inertia, such as ocean heat content [19,29].

The statistical impact of this memory effect is quantified in Figure 5, which compares the empirical
distributions of temperature anomalies from Models II and III. Both models exhibit non-Gaussian tails
because the driving noise includes jumps. However, Model III displays significantly heavier tails,
reflecting the combined effect of Lévy jumps and fractional memory: The memory term retains the
influence of jumps, prolonging excursions and increasing the likelihood of extended deviations from
equilibrium. For energy system applications, this heavier-tailed structure translates to more realistic
risk assessment for infrastructure exposed to climate extremes [40,42,45].
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—— Model Il (Exponential Decay)
—— Model Il (Power-Law Memory Decay)

Temperature Anomaly
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Figure 4. Jump event response. The stochastic EBM (Model II), despite being jump-
driven, exhibits Markovian relaxation between jump times, with perturbations decaying
exponentially. The FS-EBE (Model III) displays a noticeably slower, long-tailed relaxation,
as the fractional integral retains a weighted memory of the jump and releases its influence
gradually. Log-log inspection (not shown) suggests behavior consistent with power-law
decay.
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Figure 5. Distribution of temperature anomalies. Both models exhibit non-Gaussian tails
due to jump forcing. However, the FS-EBE (Model III) produces visibly heavier tails than
the stochastic EBM (Model 1II), indicating that memory prolongs post-jump excursions and
increases the probability of sustained large anomalies.

Table 5 presents the quantitative performance metrics for Case B. As in Case A, RMSE is
computed relative to a high-resolution FS-EBE reference solution. The FS-EBE again achieves the
lowest RMSE, confirming its superior pathwise accuracy even in the presence of jumps. Its variance
is moderately higher than in Case A, reflecting the impact of extreme events, yet remains comparable
to Model II. Most strikingly, the lag-1 autocorrelation p(1) = 0.52 for Model III is substantially higher
than for Models I and II, quantitatively verifying the enhanced persistence observed in Figure 4. The
SFRI for Model III is more than double that of Model II, demonstrating that the FS-EBE predicts
significantly greater finite-time resilience to combined memory and discontinuous stochastic forcing
over the simulation horizon.
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Table 5. Comparative performance metrics for Case B (correlated forcing with jumps).
Values represent the ensemble mean over 200 realizations.

Metric Model I (Classical) Model II (Stochastic) Model III (FS-EBE)
RMSE (K) 0.238 0.231 0.162

Variance (K?2) 0.035 0.041 0.038

Lag-1 autocorrelation p(1) 0.07 0.09 0.52

SFRI 8.5 6.1 14.3

Remark 7.2 (Comparative insight). What the FS-EBE achieves that Model Il cannot: Even when both
models are driven by identical jump processes, the fractional memory term retains the influence of
extreme events long after they occur, producing power-law relaxation rather than exponential decay.
This “memory of extremes” leads to heavier-tailed anomaly distributions and substantially elevated
persistence, as captured by the lag-1 autocorrelation. These features are essential for realistic risk
assessment in energy systems exposed to climate extremes and cannot be reproduced by memoryless
stochastic models, regardless of the jump structure in the driving noise.

7.3. Advantages over integer-order stochastic models

The results presented in Sections 7.1 and 7.2 demonstrate three fundamental advantages of the
FS-EBE over traditional integer-order stochastic models. These advantages arise not from parametric
tuning but from the structural incorporation of fractional memory and Lévy noise, and they address
directly the questions raised by reviewers regarding the distinctive features of the unified framework.

(1) Phase lag and memory-induced persistence

In Case A, the FS-EBE produces a pronounced phase lag and amplitude attenuation (Figure 2) that
are entirely absent in both the classical EBM and the stochastic EBM. Integer-order models, even
with colored noise, cannot generate such memory effects without introducing multiple ad-hoc
timescales. The fractional integral kernel (f — 7)¢! naturally encodes a continuum of relaxation times,
yielding the observed phase shift and the enhanced low-frequency power visible in the power spectral
density (Figure 3). The lag-1 autocorrelation p(1) = 0.41 for the FS-EBE quantitatively captures this
persistence, compared to p(1) = 0.08 for the memoryless stochastic EBM (Table 4).

(2) Persistence of extremes

In Case B, where both models are driven by identical compound Poisson jump processes, the FS-
EBE exhibits long-tailed relaxation following a jump event (Figure 4), while the stochastic EBM shows
only exponential decay. This “memory of extremes” means that a single large perturbation—such as a
volcanic eruption, a major weather event, or a sudden shift in atmospheric circulation—can influence
the system for years or decades. Memoryless models systematically underestimate both the duration
and the cumulative impact of such events. The elevated lag-1 autocorrelation p(1) = 0.52 for the
FS-EBE (Table 5) quantitatively confirms this prolonged persistence.
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(3) Heavy-tailed anomaly distributions

The FS-EBE produces distributions with visibly heavier tails than the stochastic EBM (Figure 5),
even when both are driven by the same jump process. This reflects the combined effect of Lévy jumps
and fractional memory: Extreme events are not only possible, but their influence persists, leading to
a higher probability of sustained large anomalies. For energy system planning, this translates to more
realistic risk assessment for infrastructure exposed to climate extremes [40,42,45]. Gaussian-based
or short-memory models fundamentally underestimate tail risks, potentially leading to under-designed
systems and inadequate resilience planning.

(4) Quantitative measure of finite-time resilience

The SFRI, introduced in Section 3.3.2, provides a single—scalar measure that encapsulates these
advantages. In both case studies, the FS-EBE achieves consistently higher SFRI values than the
competing models (Tables 4 and 5). For Case B, the SFRI of the FS-EBE (14.3) is more than double
that of the stochastic EBM (6.1), indicating substantially greater finite-time resilience to combined
memory and stochastic perturbations. This index offers a practical tool for comparing system
robustness across different configurations, generation mixes, or storage portfolios in
climate-vulnerable energy systems.

Figure 6 synthesizes these findings by comparing the SFRI across all models and both case studies.
The FS-EBE consistently outperforms both the classical and stochastic EBMs, with the most dramatic
improvement occurring in the challenging regime of Case B. These advantages are not incremental;
they represent a qualitative shift in the types of dynamics the model can reproduce. The FS-EBE does
not simply add noise or memory to an existing structure—it fundamentally changes the relationship
between past and present, between typical fluctuations and extreme events, and between forcing and
response. Such behavior is difficult to reproduce within single-timescale integer-order stochastic
frameworks without introducing multiple ad hoc time scales or nonlocal modifications that lack a
clear physical interpretation.

SFRI Value

Model | Model Il Model Iil

Figure 6. SFRI comparison across models and cases. The FS-EBE consistently achieves
the highest SFRI values, with the most significant margin observed in Case B where jump
processes and memory interact. Higher SFRI indicates greater finite-time resilience to
combined memory and stochastic effects over the simulation horizon.
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7.4. Sensitivity analysis

To evaluate the robustness of the FS-EBE predictions, we examine the sensitivity of two key
metrics—the lag-1 autocorrelation p(1) and the SFRI-to moderate variations in the fractional order «
and the jump rate A under the Case B forcing scenario. All other parameters are kept identical to those
in Table 2.

Table 6 reports the computed values of p(1) and SFRI for @ € {0.6,0.7,0.8}, with 4 = 0.2 fixed.
As «a decreases (corresponding to stronger memory, since M = 1 — « increases), both persistence and
robustness increase. Conversely, larger a values weaken memory and reduce persistence.

Table 6. Sensitivity of key metrics to fractional order a (Case B).

1% p(1) SFRI
0.6 0.58 154
0.7 0.52 14.3
0.8 0.45 12.9

Table 7 shows the effect of varying the compound Poisson jump intensity 4 € {0.15, 0.20, 0.25} with
a = 0.7 fixed. Increasing A primarily affects variability and slightly reduces SFRI, while persistence
o(1) remains comparatively stable due to the memory term.

Overall, while quantitative values vary with parameter choices, the qualitative conclusions remain
consistent: Stronger fractional memory enhances persistence and finite-time robustness, whereas
increased jump intensity primarily amplifies variability without eliminating the stabilizing effect of
memory.

Table 7. Sensitivity of key metrics to jump rate A (Case B).

A p(1) SFRI
0.15 0.54 14.9
0.20 0.52 14.3
0.25 0.50 13.8

8. Physical interpretation and implications for clean energy systems
The results of Sections 7.1 and 7.2 have direct implications for the planning and operation of

climate-resilient energy infrastructure. Three aspects are particularly relevant to Sustainable
Development Goal 7 (affordable and clean energy).

Climate inertia and committed warming. The phase lag observed in Case A (Figure 2) quantifies
the delayed response of the climate system to changes in radiative forcing. This inertia, encoded in
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the fractional memory term K - ([T (¢), means that the full climatic benefit of emissions reductions
or clean energy deployment will not be realized instantaneously. For policy planning, this implies
that near-term actions have long-term consequences, and that adaptation measures must account for
committed warming already embedded in the system [19,29].

Persistence of extreme events. The long-tailed relaxation following jumps in Case B (Figure 4)
demonstrates that extreme events can influence the system far beyond their immediate occurrence.
Energy infrastructure designed using Gaussian-based or memoryless models systematically
underestimates both the duration and cumulative impact of such events. For example, a wind drought,
severe heatwave, or sudden shift in atmospheric circulation can induce anomalies that persist for
years, affecting renewable generation, grid stability, and demand patterns. The FS-EBE provides a
framework for stress-testing energy systems against these prolonged perturbations [40,42,45].

Resilience metrics for system planning. The SFRI introduced in Section 3.3.2 and evaluated
numerically in Section 7 offers a quantitative tool for comparing the resilience of different energy
system configurations. Higher SFRI values indicate greater finite-time robustness to combined
memory and stochastic effects. This metric can inform decisions about grid architecture, generation
mix diversification, storage capacity, and backup requirements under climate uncertainty. Unlike
qualitative resilience frameworks, the SFRI provides a directly comparable scalar measure derived
from the system’s dynamical response.

These implications underscore that the FS-EBE is not merely a mathematical extension of classical
EBMs but a framework that captures physically relevant phenomena with direct consequences for
climate-resilient energy infrastructure. By quantifying memory, extremes, and their interaction, it
provides a foundation for more robust planning under deep uncertainty.

9. Conclusion and future work

This paper introduced a unified FS-EBE that addresses critical limitations in classical
climate-energy modeling. By replacing instantaneous feedback with a Caputo fractional integral and
incorporating Lévy-driven stochastic forcing, the model captures two fundamental features of real
climate systems: long-range memory and non-Gaussian extreme events. The work advances the state
of the art in several interconnected directions.

Mathematical foundations. We reformulated the FS-EBE as a stochastic Volterra equation and
established its well-posedness, proving existence, uniqueness, and finite-time moment boundedness
under Lévy noise (Section 4). These results extend existing deterministic fractional EBM theory [2]
to the stochastic regime and provide the rigorous underpinning necessary for reliable ensemble
simulations and uncertainty quantification.

Numerical methodology. A dedicated fractional-stochastic ABM predictor-corrector scheme was
developed to handle the hereditary integral term alongside Lévy increments (Section 5). Convergence
analysis confirmed the expected order O(h'*®) for the deterministic component and O(h'/?) for the
stochastic component, consistent with classical SDE theory [13,33].

Empirical insights from case studies. Two representative scenarios—periodic solar forcing with
Gaussian noise and correlated forcing with compound Poisson jumps—demonstrated the FS-EBE’s
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distinctive capabilities (Section 7). The model produces phase lags, enhances low-frequency power
absent in memoryless systems, and exhibits long-tailed relaxation following extreme events, a
phenomenon we term memory of extremes. These behaviors are quantitatively captured by elevated
lag-1 autocorrelation and heavier-tailed anomaly distributions.

Novel indices for system characterization. The fractional memory index M = 1 — « and the SFRI
were introduced as practical metrics for comparing system behavior (Section 3.3.2). The SFRI,
defined as the inverse of the finite-time second moment, provides a directly comparable measure of
resilience that integrates both memory and stochastic effects. In both case studies, the FS-EBE
achieved consistently higher SFRI values than classical or stochastic EBMs, with the most dramatic
improvement occurring under jump forcing.

Implications for clean energy systems. By quantifying committed warming, persistence of extremes,
and finite-time resilience, the FS-EBE provides input for stress-testing grid configurations, optimizing
generation mixes, and designing storage portfolios under climate uncertainty. These applications align
directly with Sustainable Development Goal 7 (affordable and clean energy).

Limitations and future directions. The present study establishes a unified FS-EBE and demonstrates
its qualitative advantages in capturing memory effects and extreme-event persistence. However, several
directions merit further investigation.

Parameter estimation from observational data. While illustrative parameter values were employed
to demonstrate the qualitative behavior of the FS-EBE, practical deployment in climate and energy
system analysis requires systematic calibration against observational records. The fractional order &
may be inferred from temperature time series exhibiting long-range dependence using spectral
methods, where power-law scaling in the low-frequency regime provides information on memory
strength [29]. Alternatively, detrended fluctuation analysis (DFA) can be used to estimate the Hurst
exponent H, which can be related to the effective fractional memory parameter under appropriate
modeling assumptions [41]. The memory coupling coefficient K can be estimated by fitting the
model’s impulse or step response to documented perturbations (e.g., major volcanic eruptions) using
Bayesian inversion techniques such as Markov chain Monte Carlo (MCMC). The noise intensity o
may be inferred from residual variability after removing deterministic trends, with separation of
continuous (Wiener) and jump components potentially approached using time-frequency or
wavelet-based methods [14]. Developing a statistically consistent calibration framework integrating
these estimation procedures with the FS-EBE structure constitutes an important direction for future
research.

Spatial and regional extensions. The current framework is spatially lumped; extending it to a
fractional stochastic partial differential equation (SPDE) would enable regional climate—energy
assessments and capture teleconnection patterns. However, such a generalization raises several
nontrivial challenges. First, spatial interactions (e.g., heat transport, atmospheric coupling, or grid
interconnections) would need to be modeled through appropriate spatial differential operators,
potentially leading to reaction—diffusion-type formulations. Second, combining fractional memory in
time with spatial derivatives results in fractional SPDEs driven by Lévy noise, requiring
infinite-dimensional stochastic integration frameworks and careful treatment of martingale measures.
Third, well-posedness analysis would likely require working in fractional Sobolev or Besov spaces,
significantly increasing mathematical complexity. Finally, numerical approximation would become
substantially more demanding due to the interaction between spatial discretization, memory
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convolution, and stochastic sampling. While technically challenging, such extensions would provide a
powerful foundation for multi-region climate—energy modeling and represent a promising direction
for future research.

Broader stochastic drivers and model coupling. Third, more general Lévy drivers, such as a-stable
processes with @ < 2, could be explored to model heavier-tailed extremes. Such extensions would
require relaxing the finite second-moment assumption and working in alternative moment or
distributional frameworks. Fourth, coupling the FS-EBE with techno-economic energy system models
would allow integrated assessment of transition pathways under climate uncertainty. Finally,
developing a fractional—stochastic optimal control framework could identify cost-effective adaptation
and mitigation strategies for climate-vulnerable infrastructure.

In summary, the FS-EBE provides a mathematically rigorous, physically interpretable, and
computationally tractable framework for understanding the coupled dynamics of climate and energy
systems. By unifying fractional memory and Lévy stochasticity within a single parsimonious model,
it opens new directions for resilience assessment, risk quantification, and sustainable infrastructure
planning in an era of increasing climate volatility.
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