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1. Background on classical integral inequalities

Convexity is a fundamental concept that significantly enhances the derivation of error bounds in
quadrature formulas, offering a structured approach to refining numerical integration accuracy. Its
inherent properties, such as predictable behavior under interpolation and the ability to define precise
curvature, enable the formulation of sharper error estimates. These estimates are critical in numerical
analysis, where the effectiveness of quadrature rules hinges on minimizing approximation errors. By
integrating convexity into the analysis, researchers can exploit optimization techniques and functional
inequalities to design algorithms with improved stability and convergence. Consequently, convexity
not only strengthens the theoretical underpinnings of quadrature methods but also drives innovations
in their practical implementation, ensuring more reliable computational outcomes.

Definition 1.1. /1] A function V' : & — R is expressed as convex, if the inequality
V(1 +(1=09) <V () +(1 =07 (v2)
holds for all € € [0, 1] and v,,9, € Z.

Among the fundamental results related to the concept of convexity, one of the most notable is the
Hermite-Hadamard inequality, which plays a pivotal role in theory and applications. The inequality in
question characterizes the convexity of a function. Specifically, if 7 is a convex function defined on
the interval [cy, ¢;], then the following holds:

%(Cl-i-(z)s C 1 f”//(l)dlg V(Cl);/y/(tz).

2 2— 0

We refer interested readers to [2, 3] for results involving Hermite-Hadamard inequalities and related
literature.

Several generalizations of the concept of convexity have been introduced with the aim of broadening
the class of functions that exhibit properties similar to those of convex functions. Among these
extensions, we highlight the notion of s-convexity in the second sense, defined by Hudzik and
Maligranda [4] in the following manner:

Definition 1.2. [4] A function V' : 9 C [0,00) — R* is called s-convex in the second sense, for a
fixed s € (0, 1], if the inequality

V(o + (1 =0Ony) <OV )+ =0V ()
holds for all v,,v, € ¥ and € € [0, 1].

Hermite-Hadamard inequality for s-convex functions was provided by Dragomir and Fitzpatrick [5]
in the following manner:

2S_1/1/(C1+C2)S 1 fﬂj/([)d[s w
¢ s+

2 2 — (1 1

Among the integral inequalities, one of the most celebrated is the Ostrowski inequality, which is
stated as follows:
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Theorem 1.1. [6] Let 7V : [¢1, o] = R be a mapping that is differentiable on (cy, ;) with V' €
L([¢1, ©2]). Then, for all % € [¢i, ¢z], we have

1
0—0

2
C1+Cp
1+(%_ )

[ 47 (G-ay

f"//(l)dl <(e-q) 17 leo,

where ||Vl = sup [V'(?)].
1€fer,e2]

This inequality constitutes a foundational result in mathematical analysis, establishing an upper
bound on the deviation of a function from its integral mean over a specified interval. Since
its introduction by Alexander Ostrowski in 1938, this inequality has become a cornerstone in
approximation theory, numerical integration, and probability theory, offering valuable insights into
the behavior of functions and their integrals. Its significance lies in its ability to quantify the error in
approximating a function’s integral using its values at specific points, making it particularly useful in
the development of quadrature rules and error estimations. Over the years, researchers have devoted
considerable attention to generalizing and extending the Ostrowski inequality to various settings,
including higher dimensions, fractional calculus, and time scales. These extensions not only enrich
the theoretical framework of mathematical inequalities but also broaden their applicability to diverse
fields such as optimization, signal processing, and stochastic processes. As a result, the Ostrowski
inequality continues to be a subject of active research, with ongoing efforts to explore its connections
with other inequalities and its potential applications in emerging areas of science and engineering.

In [7], Alomari and Darus studied Ostrowski’s inequality for the class of differentiable convex
functions and provided the following result:

Theorem 1.2. [7] Let V' : [¢1, o] — R be a mapping that is differentiable on (¢, ;) with V' €
L([c1, ). If|V'] is convex, then for all x € [¢, ¢;], we have

: ]%<I>d1< L= e [L e (229 |
G — 16 3 G — ‘l 6 3 G — 2

Alomari et al. [8] established Ostrowski-type inequalities for quasi-convex functions and,
subsequently, for functions whose derivatives are s-convex in the second sense [9]. In [10], Meftah
derived Ostrowski inequalities for functions possessing logarithmically preinvex first derivatives, while
Meftah and Azaizia [11] obtained fractional Ostrowski-type inequalities for functions whose first
derivatives are MT-preinvex. For further works on Ostrowski-type inequalities, the reader is referred
to [12—14], where generalizations and applications of these inequalities have been extensively studied.

Set et al. [15] provided the following Ostrowski’s inequality for differentiable s-convex functions:

V(%) -

Theorem 1.3. [15] Let ¥ : [¢,¢;] — R be a mapping that is differentiable on (¢, ¢;) with V' €
L([¢1, ©o]). If|V] is s-convex, then for all x € [¢1, ¢;], we have

(%) s+2 s+1
V(%) — lclf”//(l)dr S(CZ;CI[(HS+1)(C2_%) —(s+2)(cz_%) +1)|“I/’(c1)|

0 — s+ D(s+2) G- -0
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s+2 s+1
+ (2(s+ 1)(% —a ) - (s+2)(% —a ) + 1)|7/'(c2)|l.

-0 Q-0

Fractional calculus is a generalization of classical calculus that extends the concepts of
differentiation and integration to non-integer orders. Unlike integer-order derivatives and integrals,
which are local and global operators, respectively, fractional calculus offers a mathematical framework
in which differentiation and integration can be extended to non-integer orders, making it a valuable
tool for modeling systems that exhibit memory effects. In recent decades, this field has attracted
growing interest due to its applicability across domains such as physics, engineering, and economics,
where processes often display behaviors like anomalous diffusion, long-range correlations, or fractal
structures. The most commonly used definitions of fractional operators include the Riemann-Liouville,
Caputo, and Hadamard formulations, among others, each with its own advantages and areas of
application. Fractional calculus not only enriches mathematical theory but also provides a more
accurate and flexible description of real-world processes that cannot be adequately captured by
traditional integer-order models.

In [16], Yildiz et al. explored Ostrowski’s inequality within the context of Riemann-Liouville
fractional integrals and derived the following result:

Theorem 1.4. [16] Let ¥ : [¢,¢;] — R be a mapping that is differentiable on (¢, ¢;) with V' €
L([c1, ©]). If|V] is convex, then for all x € ¢y, ¢;], the following holds:

(= )" + (- %)07/ (o) — Fle+ 1D (V1) + 251V ]1(w)

(2 —cp)* (— )
1 x—0q a+l 1 % - a+2 1 & — % a+2
- i "
(a+1(c2_cl) Oz+2(c2—c1 a+2\a-q 177 (c1)l
+ 1 X —( a+2 . 1 G — % a+l 1 & — % a+2 |7/,(c )|

where 7% and Z " denote the left and right Riemann-Liouville fractional integrals of order a > 0,
respectively.

<(e—¢q)

Tempered fractional integrals represent an important extension of classical fractional calculus,
incorporating an exponential tempering factor to model phenomena with long-range memory effects
that decay at a faster rate. By introducing parameter 6 > 0, these integrals provide a balance
between the power-law behavior characteristic of standard fractional operators and the exponential
decay observed in many physical and financial systems. This makes them particularly suitable for
applications in anomalous diffusion processes, stochastic modeling, and complex systems where
memory effects are significant but not unbounded. The mathematical framework of tempered fractional
calculus not only enriches our understanding of dynamical systems but also offers a versatile tool for
describing real-world phenomena with enhanced accuracy.

In the study of tempered fractional integral inequalities, various contributions have been made. For
instance, Mohammed et al. [17] developed Hermite-Hadamard-type inequalities for convex functions
by incorporating tempered fractional integrals. Moreover, Cao et al. [18] explored parametrized
inequalities using these integrals, and Peng and Du [19] extended this work with a multiparameter
analysis of tempered fractional inequalities. Haider and coauthors studied Milne-type inequality
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in [20, 21], while Lakhdari et al. investigated Bullen’s inequality in [22]. For additional insights
and related studies, readers are encouraged to consult [23,24].

Incorporating tempered fractional integrals, Mohammed and coauthors [17] established the
following Hermite-Hadamard inequality:

Theorem 1.5. Let 7 : [¢1, ;] — R be a positive function such that V' € L([¢1, ¢;]) with ¢; < ¢,. Then,
we have
V() + 7V ()

()] £ 5 ,

1+ 0 2“‘1F(01) 7/((1) + ga(s

v
(2)%Wm@n@ﬁm (Gay (352)°

where V' is convex on [y, 3], and 9 * and 9 *9 are the left and right tempered fractional integrals,
and y,(.) denotes the A-incomplete Gamma functlon

In the same article, the authors provided the following midpoint-type inequality involving tempered
fractional integrals.

Theorem 1.6. Let V' : & — R be a differentiable and V"’ be integrable on (¢, ¢;], where ¢, ¢; € D°
with ¢; < ¢. If|V’| is convex, then we have

O+ 27T (@) ( 5
r(232)- T, V) + T,
l ) ye@a—m |y 0T ey

(¢ — ¢p)*H! [?’g (@, o-a) ysl@+l,o-0q)

T @o-o| @ (-t

7/(C2))

] (7" (Dl + 177 (@)

In [25], Sarikaya and Kiris provided the following Ostrowski’s inequality via tempered fractional
integrals:

Theorem 1.7. Let V" : [¢1,¢;] — R be a differentiable mapping on (¢1, ¢;) with ¢; < ¢ such that
V' e L([c1, Q). If|V'| £ M, x € [¢1, 3], then the following inequality holds:

vaﬁw—ﬁn+ﬂmﬁq—mq

5(1

y@+1,60¢— ) yla+1,8(c—x))
5a/+1 + 5ar+1 ?

V6 =T@( T2 17160+ T2 171 0)

<M

0 0 . . . . .
where T lf and T, ; are the left and right tempered fractional integrals, respectively, and (., .) is the
incomplete gamma function.

Motivated by the aforementioned studies, we generalize Ostrowski’s inequality in this work to the
framework of tempered fractional integrals. To accomplish this, we begin by establishing a new integral
identity, which plays a central role in deriving novel forms of Ostrowski-type inequalities involving
tempered fractional integrals for differentiable functions that are s-convex.

The paper is structured as follows: In Section 2, we provide a concise overview of the essential
definitions and mathematical background required for our analysis, including fundamental concepts
related to fractional calculus. In Section 3, we present an extended version of the Hermite-Hadamard
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inequality tailored to s-convex functions within the tempered fractional calculus setting. In Section 4,
we begin by introducing a key tempered fractional integral identity, which serves as a foundational tool
for developing new Ostrowski-type inequality in the context of tempered fractional integrals under s-
convexity assumptions on the derivatives. In Section 5, we further explore additional Ostrowski-type
inequalities by incorporating Holder’s inequality and the power mean inequality. Some applications
are provided in Section 6. Finally, in Section 7, we conclude the study with a summary of the key
findings and perspectives for future research.

2. Basic notions from fractional calculus

In this section, we recall some fundamental tools from fractional calculus.

Definition 2.1. [26] Let V' € L[c, ¢;]. The fractional Riemann-Liouville integrals #$V and 72V
1 2
of order a > 0 are defined by

1

70 =F o

f(% - Y wdu, x>,

IV () :ﬁ f (w—2)"" Y (wdu, o> x,

respectively, where T(€) is the Gamma function and F2V (x) = F2V (%) = ¥ (%).
1 2

Definition 2.2. [27] Let V' : 9 — R. The left-sided fractional tempered integrals 7 * and the
right-sided one denoted by T * ? of order a > 0 and & > 0 are defined by
2

T ) =ﬁ f (e — O OV (e, x> o,

1

@,0 -
TN =

f (€ = %) ey (0)de, ¢ > n.

Remark 2.1. If we choose 6 = 0, T[] () = R (V) (o) and T2° (V] () = RE (V] o).

Definition 2.3. [17] For a > 0 and A > 0, the incomplete Gamma and A-incomplete Gamma functions
are respectively given by

¢ ¢
y (@, 0) = fu“_le_”du and vy, (a,0) = fu“_le_ﬁudu.
0 0

Definition 2.4. [26] The incomplete beta function is defined for any complex numbers vy, v, such that
Re (vy) > 0 and Re (v,) > 0 by

z

B, (v;,0,) = fun‘_l (1-w?'du, 0<z<1.
0
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It is worth noting that when 7 = 1, the classical beta function is recovered.
3. Tempered fractional Hermite-Hadamard inequality

In this section, we establish a new version of the Hermite-Hadamard inequality using tempered
fractional integrals for s-convex functions.

Theorem 3.1. Let V' : & C [0,+00) — R be a mapping that is differentiable on [cy, ¢;], where
1, ¢ € P° with ¢ < &. If V is s-convex, then the inequality

C1+C2)< I'(@)

2y (@ 1) ¥ ( (9‘“5 1)+ T2 1] (Cz))

2 2(cr — )"
1
S(B(a/,s+1)+ )7/(6‘)”/((2)
a+s 2
holds.
Proof. From the fact that 7 is s-convex, we have
P (2) < LA 0+ 5 ), G3.1)
2 -2 25
Fory, =1 —-0)¢; + € and v, = €y + (1 =€) ¢ with € € [0, 1], (3.1) gives
G+ 0
2S7/( . ) <V (=0 + L)+ ¥ (L, +(1—0)cy). 3.2)

Multiplying both sides of (3.2) by ¢*~'e™®(2=)!_ and then integrating the resulting inequality with
respect to € over [0, 1] yields

1
c1 + c2 ff(z 10—t gp

0
(S )

2

_ M( )mz_q) (@, 1)

1 1
< f el (1 = ) ¢ + €ey) dE + f e temdm by (ol + (1 = €) &) dE
0 0

f(r ) e (rydr + ,f(c =) Y () dr
2—C1) © c)

o 1 a1 =50-q) f ot ot
(Cz - )
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Thus, we have

= (-a)”

2Yitemen @ DY (452) £ 220 (721710 + T 1(@). (3.4)
2 1
On the other hand, from the fact that ¥ is s-convex, we have

/1/((1 - f) G+ f(z) + 7/(€C1 + (1 - 5) Cz)
<A=-0"V()+ V() + YV () + (A =07V (¢n)
=((1=0"+)(V () + 7 (). (3.5)

Multiplying both sides of (3.5) by £*~'e=(2=D!_ and then integrating the resulting inequality with
respect to ¢ over [0, 1], we get

Mo (T2 D@+ T2 1 @)

(=)

1 1

= f 0y (1 = ) ¢ + €0y dE + f e temdlem by (e + (1 = €) &) dE

0 0
1
< f Ve 0@l (1 = o) + ) de|(V (¢) + ¥ (1))
0
1
< [ =0°+)de|(V () + ¥ (&)

(50-1 (1-0) + gaﬂ'—l)df (7 (c) + 7 ()

o%_. o%

=(B(a,s+ 1)+ L) (7 () + 7 (c2), (3.6)
a+s

where we have used the fact that ¢ 792~ < 1. Thus, from (3.4) and (3.6), we have

o+ cz) < I'(a)
2 (=)

s(B(a,s+ 1)+ L)(”//(c1)+”f/(c2)).
a+s

2Yiteren (@ D (72 1@+ T2 1 (@) G3.7)

Multiplying both sides of (3.7) by %, we get the desired result.

Corollary 3.1. By setting s = 1, Theorem 3.1 yields

V() + 7V ()
2a '

c1+c2)< I'(a) (

a,0 .6
2 T 2(c =) yi 71 () + ZT [7] (Cz)) <

C

2 s (@, DY (
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Corollary 3.2. By setting 6 = 0, Theorem 3.1 yields

2317/((:1 + Cz) < F(CZ+ 1)

2 )7 2 —a)” (/j V1) + Fa V] (Cz))
V() + ”//(cz)).

2

1
Sa(B(a/,s+1)+a+s)(

Remark 3.1. The result obtained in Theorem 3.1 represents a generalization of several results in the
literature. Specifically, it encompasses the following special cases:

(1) For 6 = 0 and s = 1, our result aligns with the findings in [28, Theorem 2].
(2) In the absence of fractional operators (&« = 1 and 6 = 0), the inequality reduces to the result by
Dragomir and Fitzpatrick in [5, Theorem 2.1].

This highlights the versatility and generality of Theorem 3.1, which unifies and extends these particular
cases into a broader framework.

To confirm the correctness of Theorem 3.1, we present the following illustrative example:

Example 3.1. Consider the function ¥ defined on [¢y, c;] = [0, 1] by #'(1) = I°.
By invoking Theorem 3.1, we obtain

+5,0 Bla,s+ 1)+ L
NOH50) | pio s+ I Fr(@ats+1:-6)| < ( ) ars - (3.8)
or+s 2ys(a, 1)

2S—l (1) < 1
2 2ys(a, 1)

where B(-,-) and | F(-,,) represent the Beta and the Kummer’s confluent hypergeometric function,
respectively.

To provide a comprehensive numerical validation of inequality (3.8), we present three-dimensional
graphical representations of the three members of the inequality across parameter domains. In all
figures, the red surface represents the left-hand side (lower bound), the green surface illustrates the
middle member involving tempered fractional integrals, and the blue surface depicts the right-hand
side (upper bound).

e Figure 1(a) illustrates the behavior of the inequality as a function of the power s € (0, 1] and
the fractional order @ € (0,5], while keeping the tempering parameter fixed at 6 = 0.5. It
is observed that the functional values increase as a grows, with the middle term consistently
remaining between the two bounds.

e Figure 1(b) explores the relationship between the tempering parameter ¢ € [0, 1] and the fractional
order a € (0, 5] for a fixed value of s = 1. This visualization highlights how the “tempering” effect
influences the growth of the fractional integrals, showing a smooth transition as the decay factor
varies.

e Figure 1(c) depicts the inequality by varying s € (0, 1] and 6 € [0, 1] at a constant fractional order
a = 2. This perspective confirms the stability of the bounds regardless of the specific combination
of the exponent and the tempering scale.

AIMS Mathematics Volume 11, Issue 3, 8467-8491.



8476

Variation of§ and «v (Fixed s = 1.0)
Variation of s anda (Fixed 6 = 0.5)

I Left Side
I Left Side Middle Side
Middle Side I Right Side
I Right Side 5

@ 0 0 s « 0 0 5
(a) Fixed 6 = 0.5 (b) Fixed s = 1.0
Variation of s and/ (Fixed a = 2.0)
I L eft Side
Middle Side
I Right Side

(c) Fixeda = 2.0

Figure 1. 3D numerical representation of the Hermite-Hadamard inequality (3.8).

Based on these graphical representations, we observe that the green surface is strictly confined
between the red and blue surfaces across all tested intervals. Therefore, these numerical simulations
confirm the correctness and validity of the results presented in Theorem 3.1.

4. Tempered Ostrowski-type inequalities

In this section, we establish a new version of Ostrowski-type inequality involving tempered
fractional integrals for differentiable s-convex functions.

We begin by introducing a key tool in the form of an identity involving tempered fractional integrals,

which is essential for establishing our major results.

AIMS Mathematics Volume 11, Issue 3, 8467-8491.



8477

Lemma 4.1. Let ¥V : 9 — R be a differentiable function. If V' is integrable on [cy, ¢;], where
(1, ¢ € P° with ¢| < ¢, then the following equality holds:

- - r
[mcz_q) (a, Z . ) - (a, u)] ¥ () - % (72171 + T2 171 ()

Y| O -0 2~
=(a— 1) f Ystr—en (@, O) V' (1 = O) ¢ + £r) dl — f sty (@, 1= O) V' (1 =€) ¢ + £cr) dE|.
0 xmu
-0
Proof. Let
S = f Fster—cp) (@, 0) V' (1 = ) ¢ + £0r) dE,
0

1
jz = f (’)/5((2_“) (a/, 1- 5)) v’ ((1 - 5) G+ f(z) de.

x—C(1
02—

Integrating by parts .%;, we get

H—C]
H—C1 —C]
o 1
I = oterepy (@, O) ¥ (1 = £) ¢; + £cy) -~ (ot e 0l (1 = ) ¢y + Ley) dl
G —( 0 GQ—q
1 s T .
— e , /7/ _ _ @ (u (1)7/ d
— ()’5( 2=c1) (CV s )) (%) —(Cz I f(u ) e (u) du
1 H—C F(a’) 1%
= (yé(cz—c]) (01, 1 )) V(%) - —(mez-’& [V (c1). 4.1)
G — ¢ G —C (¢ =)

Similarly, we obtain

1 1
jz = (75((2—(1) ((Y, 1- f)) v ((1 - f) G+ f(z)’ e
e =
| 1
T f (1 =0 eIy (1 — ) ¢ + Cey) dE
20
1 1 “
= L-* a—1 ,—6(cx—u)
- o-c , v _ - 2= gy d
S (76(2 1)(0/ P— )) () + . c1)0&1[((2 u' e (u) du
1 O —X I'(@) s
== - ’ ,V _— Cf’ ’V . 4.2
0O—-0 (%( ) (a/ -0 )) () + (cy — ¢))**! Zf [71(c2) (4.2)
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By subtracting equality (4.2) from (4.1), and then multiplying the resulting equality by (¢; — ¢;), the
desired outcome is obtained.

Theorem 4.1. Let V' : & C [0, +00) — R be a differentiable mapping and V" is integrable on [¢1, ¢,],
where ¢, ¢; € D° with ¢ < &,. If |V'] is s-convex, then the following inequality holds:

- - r
Hmz-q) (a, — ) + Votama) (a, u)] ¥ 60 - — (75 () + T2 1 (@)

9 -0 (2 —cp)”
<(@-0) [(‘Y’l (a, 5,5, — ) + 1 (a, 55,2~ )) 17" (c1)l
=0 GQ—q
+ (TZ (a’ 6’ S, i 1 ) + Tl (Gf, 6’ S, 2 ? )) |/V/(C2)|:| s
=0 GQ—-q

where (' and Y, are defined as in (4.3) and (4.4), respectively.

Proof. Using Lemma 4.1, and the fact that |#”| is s-convex, we deduce

- - r
H)’&Q—ﬂ) (a/’ Z _ L ) + Vs(a-a1) (a’ ;22%)] v (%) (;l) ('Zﬁé [a//] (Cl) + ‘Zﬁé [4//] (CZ))

(o] (5] - (CZ - cl)a
<(a-o) f stren (@, 0|17 (1 = ) ¢t + o)l de
0

1
+ f st (@ 1= OV (1 = O) ¢ + €ey)| de

< (6 —¢) f [Ystr—en (@, O| (1 = O [V ()l + €17 (02)]) dE
0

1

+ f oea (@ 1= O] (1= 0 [7/(c)] + € [V (e)l) de

x=a
=0
= (o — )| () f Vst (@, O| (1 = 0 dE + ¥ (c)] f Yot (@, O)| €°dE
0 0

t’de

1 1
17 | o (@ 1= 0|1 =0 dl+ 7 (cr) f s (@, 1= 0)

X x—C]

=0 =0

AIMS Mathematics Volume 11, Issue 3, 8467-8491.



8479

x—C =X
02— -0

= (6 — )| () f Vst (@, O (1 = 0)° d + f [ysa—cn) (@, O] €dt
0 0

X—C1 (=X
=0 0=

+ 7" () f [Ysrc (@, O] €°dt + f s (@, O (1 = €)° dt
0

—C

:(cz—cl)[(Tl (a,d,s,% 1)+T2(01,6,s 2 ))I”// (cp)|
-0

G-
+(T2tL6w&zz:it)+YH(aﬂis ;__1)y7/(qﬂ]
where
Tmma&ryifhwﬁomxﬂu—&%w (4.3)
and .
nm@&ﬂifmwm@@wﬂ. (4.4)
0

This completes the proof.

C1+0

Corollary 4.1. By setting x = =52, Theorem 4.1 yields the following midpoint inequality via tempered

fractional integrals:

7/(q+c2)_ 27T (@)
2 ys (@, 6 — )
20—1 (CZ _ cl)a+1

B Vs (@, ¢ —¢1)

(9( AN 9‘(%;12) 7/(cz>)

|71 (@.6.5.2) + T2 (2. 6,5, 1) [ (17 (Ol + 177 (@), (4.5)

where (' and Y are defined as in (4.3) and (4.4), respectively, and we have used the fact that

Ys (@, B) = B%ep(a, 1), for > 0.

Moreover, by setting s = 1, one can recover Theorem 1.6 as provided by Mohammed et al. in [17].

Furthermore, when 6 = 0 and s = 1, inequality (4.5) leads to the classical result found in [29,
Theorem 5] (with g = 1).

Additionally, choosing 6 = 0, = 1, and s = 1 yields the classical midpoint inequality as stated
in [30, Theorem 2.2].

Corollary 4.2. By setting 6 = 0 in Theorem 4.1, we obtain

(¢ — ) + (620— %)‘17/(%) F+)) 1) (/w [V1(c1) + 225 [V]1(2))
(¢, — 1) (- )"
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a+s+1

=X
<(¢) — B I,s+1 ’
<(c cl)[(”ﬂ(a+ s+ 1)+ +S+1(c2_c1) )l”f/(ﬁ)l

1 % - a+s+1 ,
+ +Box (a+ 1, s+ D7'(0)I],
(2*[1

a+s+1\o-—q

where B,(.,.) is the incomplete beta function.

Corollary 4.3. By setting s = 1 in Theorem 4.1, we obtain

[m_q) (a, i_ o ) Yot (a/, il )] ¥ 00) - 2 (20 1) + T2 V1 ()

- G —

s@—a)[f(” )r//'( 1>|+§( )rf/ ((2)|]
G- Q-0
where
zz 1
é: (Z) 76(c2 1) (a/ Z) 75((2—(1) (a + 1’ Z) + _7/6((2—(1) (a/ + 27 Z)

2
1
_(1 _Z) 76(cz q)(a 1_1) 76((2 cl)(a+2 1_Z)

Remark 4.1. Theorem 4.1 generalizes several results in the literature, as detailed below:

(1) When the tempered fractional integral reduces to the classical Riemann-Liouville fractional
integral (6 = 0) and by considering classical convexity (s = 1), Theorem 4.1 aligns with the
findings presented by Yildiz and coauthors in [16, Theorem 2.1].

(2) For 6 =0 and a = 1, Theorem 4.1 will be reduced to Theorem 7 from [15].

(3) By setting 6 = 0 and a = s = 1, Theorem 4.1 coincides with Corollary 3.3 from [31].

5. Further results

In this section, we provide further interpretations and extensions of the results presented in
Section 4.

Theorem 5.1. Let V' : & C [0, +00) — R be a differentiable mapping and V" is integrable on (¢, ¢,],
where ¢, ¢ € 2° with ¢; < . If |V'|? is s-convex for q > 1 with pq = p + g, then the following
inequality holds:

- - r
H?’é(n—n) (a/, i ) T Yo(-a1) (a, Cz_%)] V(%) - i (9?6 [V1(c)) + 9 [V] (Cz))
() — (%) (C

0 -0 2 — )"

1

H—C]
= b 1
2—C] =

s+1 s+1
G —¢ G — X X —C g
<= f st (@ O dt ((1 - ( : ) }rfﬂ(cl)ﬂ ¥ ( ! ) rf/'(cz)rf)
(s+ 1)9 f Q-0 Q-0
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1

=X ;
e ¢ x s+1 5 ¢ s+1 cl]
2 - ’ - 1 i
f Vst (@, O dt (( ) 17 ()l + [1 - ( ) ]I"I/ (Cz)|q)
| =0 =0

Proof. Using Lemma 4.1, and the fact that | #”|? is s-convex along with Holder’s inequality, we deduce

- - r
Hm_q)( Z 4 )  Yito- q) ‘2—” ¥ 0 - — D (751 (@) + T2 ()

G- c1 (¢ —¢p)
1
x—C] n—C] q
(—C —C

<(2—-0q) f Yitme (. 0)| dt I”f/' (=0 + Loy dl

]
|

1
1 q
f Watome (@ 1 - 0 de f 97 (= £ + el de
t—C1 =0
1 1
x=a p (¥4 q
—C] =

<(o-0) f st (@ 0 dt f (A= O 1Vl + €1 (e)|7) dl
0 0
[ 1

q
f Vs (@, 1= 0 ae f (A =017 + 1V ()" dl
=0 =0
xH—C]
=] l
CZ_C1 oy — s+1 %—Cl s+1 q
- : f Yoo (@ 0)| dt ) )|7/'(c1>|‘f+( ) |"//’<c2)|q]
(s+ 1)« =0 Q=0
o ‘” 1
r p =X s+l —0q s+l [_1
f [Vsa-e (. O] dt ((cz_cl) |7/'(c1)|q+(1 —(cz_cl) ]W'(cz)r’)
0

The proof is completed.

AIMS Mathematics Volume 11, Issue 3, 8467-8491.



8482

Corollary 5.1. In Theorem 5.1, if we attempt to take 6 = 0, we obtain

(% — )" + (ca — %)”7/(%) Fla+D 1) (/a [V1(c) + 25 [7]1()

(=) (- )

1 1 1 1

1 Z] 1 ; _ (1+; _ s+1 _ s+1 q

o) ) | ”) (-(E=2) s fi=2) )
s+1 ap +1 0O—q -0 G — ¢

a+l s+1 s+1 Ll]
B b e
G —0 0= 20

Corollary 5.2. If we attempt to take « = 1 and 6 = 0, Theorem 5.1 yields

1

1+l s+1
e (- (e=2) om0 ]

0O —0q G—0q

1

1
1 \¢ 1 \r
S(Cz_cl)(s+ l)q (p+ 1)p
1

1+l s+1 s+1 q
ez (=) - () )
G- Q= 2=

Corollary 5.3. If we attempt to take s = 1, Theorem 5.1 gives

- - r
[m_q) o c11)+y5((2_q)(a,;2¥)]”//(%) L@ (geoyye)+ 720 1 @)

—¢ 5] (cp — )"
1
2—C1 -
0= g 1 1
G —C p X—C 9 (200 —¢ —x X - q
< 1 f |')/6(c2—c1) (Q’, £)| dt ( ) ( |7/,(C1)|q + ’ 2
(s+ 1)« 0 Q=0 Q=0 =0

1
1 =

OO—X )4
00— 1
Q-x\d({o-x =20 +x
+ f [Yacrmcn (. O (2 )(2 Sl Wu)r’”
1 2

Q-0 (%

0

Corollary 5.4. By taking 6 = 0 and s = 1, Theorem 5.1 yields

(¢ — )" + (¢ —2) '+ 1)

G =) V() - ———— (6 = (/a [V1(c)+ 25 [V](2))
1 1
e :cl ( 1 )P (% - )a (2c2 - - Pl + x—c¢ 2)|q)q
2y ap+1 = = =
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a+1 1
+(C2_”) (CZ 7l + —_z“ww/'(c»W)q].

—0 0O—0q 0Q—0q

Corollary 5.5. By taking 6 = 0 and s = @ = 1, Theorem 5.1 gives

©Q
1
f”f/(l)dl
Q-0
G
1 2
Scz—ltl( 1 )p (%—c]) (2c2— |7/(C)|q
X p+1 (%S| 0 — 0

1
+(°2_ )(” el + %W'(z)ﬂ

V(%) —

-0 G —

which is the same result provided in [31, Corollary 3.9].

Theorem 5.2. Let V' : & C [0,+00) — R be a differentiable mapping and V" is integrable on [¢i, ¢;],
where ¢, ¢, € D° with ¢; < &. If |V'|? is s-convex for q > 1, then the following inequality holds:

H)’a(cz—c.) (CY’ Zicl ) + Yo(e-a) (a, z%x)] V() (cz ~ 1) (7“6 (V1) + T2 [V1()

(1 (1

= X - -
<(cp—c¢ _o |, a+1,
(€2 v [( G —C Yola-a) ( G — c1) Vit (1)( =0 ))
)IV'(Cz)Iq)
0 —0q
1L
=% =% =% q
+ _ a, - _ a + 1,
(c2 _ clyé(cz c1)( ¢ — (1) Ys(e Cl)( G- ))

1
<[ foa 22 fosa 2] |
G —( 0=

X (T1 (01, 5,5, —— 1 ) 17 (e)? + T (a, S, s,

-0

where 'y and (', are defined as in (4.3) and (4.4), respectively.

Proof. Using Lemma 4.1, and the fact that [#”|? is s-convex along with power mean inequality, we
deduce

- - r
l?’é(cz—q) (a’ o ) + Yot (CY, Cz—%)] V(%) - o) (72207 1() + 72 1V1(w)
(= () (C

(%] -0 ) — )"

1
n—C] l_q X—C]
—C(] 0—C

<(0-0) f s (@, O] de f e (@ O[17 (1 = £) ¢, + el de
0 0

Q=
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1-1
q

1
q

1 1
+ f [Ystr—en (@, 1 = 0)| dl f Vst (@, 1= O| [V (1 = O) ¢ + o)l de

%=1
Q-9

H—C|
-

(9]

%=1
Q-9

1

q x—C1

=0

< (6 —¢) f [Ystca—er) (@, 0)| dC f [Ysta—en (@ O (1= O 17 () + €17 (e)]7) de
0 0

1

+ f |75(Cz—c1) (a, 1 - 5)| dt

x—(] x=a
—C1 =0
P l‘é
=0
=(—q) f [ys-c (@, )] dt
0
2 =
—C] Q=0
x| [V ()l f [Ystcrmen (@, O (1 = O dE + [V ()] f
0 0
=X l_é
=0
X f [Ystr—e (@, ©)| dC
0
(o =%
—C(] 0Q—=C
x |17 ()| f [Vstr—e (@, 0| €dL + ¥ ()
0 0
x—( x—0(
=(¢h — ¢ _ —c s — r—¢ + 1,
(e 1)[((2__c17%<2 1)01 C2—-c1) Yot 1>(a
X —C X —C
X (Tl (a, d, s, ! ) |7 ()| + T2 (a, J, s, !
O -0 O -0

+ =X G —X +1 =X
d(cr— a, - Vo(er— a s
& — 617 (c2—c1) G- Vé(e—cr) G-
AIMS Mathematics

) |"f/'<c2>|‘f)q

)

x—(

Q-0

1
q

f oea (@ 1= O] (1= 0 7))l + € |7 ()l de

Q=

t’dt

Vso-en) (@, 0)

2=

f |76(c2—c1) (a, f)| (1-0°dt

q

)

1
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27—t -

1
—_ — q
x(T2@u1&52 f)W”aoW+wa&na&§2 ”)%«qnﬂ],
2 1

where we have used (4.3) and (4.4),

H—C(] x—C H—C(] H—C(]
00— =0 t 00— 00—
5 df _ a—1 —6((2—c1)ud df _ a—1 —6(cz—c|)ud€ d
Vst (@, 0| de = ue u|dt = e u
0 0 0 0 u
= Cl
a—1,—6(co—cu [ x—c
f T (22— ) d
0
H—C]
0—C] Q- fl
_xX~a (ua/ RS cl)u du — a+1—le—5(cz—c1)u) du
-0
0 0
X —( —0q +1%—C1
= _ a, - _ (04 s
S Yo(e—c1) & — ¢ Ys(ea—c1) G-
and
Q=X
=0
=% =%
f |75(C2 ) (a, f)|d€ - 75(C2 —c1) R ICE [ 1,
G- Cz -0 =0

0
The proof is completed.

Corollary 5.6. By setting 6 = 0 in Theorem 5.2, we obtain
(=) + (g =) @+ 1)

(G —)" V() - G- (/a [V]1(c) + 25 [V] ()
1
_ _ (a+1)(1—;) ~ whsrl 1
(a/ + 1)]_5 Q-0 27 a+s+1 G —(

1

G — % (a+l)(l—$) 1 & — % a+s+1 q
+( ) ( ( ) V()" + Bor (@ + 1,5+ 1)|7/'(c2)|")

0 —( a+s+1\e—¢

Corollary 5.7. If we attempt to take @ = 1 and 6 = 0 in Theorem 5.2, we obtain

(2 —¢p) (% -0 )2(1_
1

=0

1 s+1 s+2
‘)Kl_®+2%%_ﬁ)(%_%) —(Q_”) }%«qw
-0 0O -0 GQ—q
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o — o\ é o — % 2(1-1) 6 — 5\
+<s+1>( 1) |7/'(Cz)|q} +(2 ) {<s+1)(2 c) 17 ()|

0—0q 0O —0q 0O —0q
1

s+1 s+2 q
_ =X ’—( _ x—( , q
+ (1 (s+2)(c2—c1)(cz—cl) (Cz—C1) )|7/(C2)|} ,

where B.(.,.) is the incomplete beta function.

Corollary 5.8. By setting s = 1, Theorem 5.2 yields

Vo(ca—c1) (a’ a
H 0O—0 0—0q 2 —¢p)

1
1-=
- x—0q xX—(Q q , , 1
<(=q) ( Ys(ca—c1) (Cl, ) = Vs(cr—c)) (01 +1, )) (AN (DI + LV ()l
G- € — =0
-1 |
h—X G —X G —X q , , i
+ (—75(c2—c1) (af, ) = Vs(e2—c1) (a/ +1, )) (G (D + LV (C2)|q)‘1] ,
= = G0 —0

where L\, 5>, 5 and £, are given by

x—C] x—C]

x—C1
—C] Q=0 | =
Zi= [ hoew@ola-oae= [ | [werena-pa|a
0 0 u
x—C1
-0
= u®Le=d(—cu x—a 1 ("“1 )2 —|u - 1I/tz du
G—¢ 2\27a 2
0
%x—C] n—C1 x—0
—C] —C(1 0—C
- 1(x—c Y 1
_(x-a 1 1 o emote—cu g, _ e I CETI TS LI IS eI
=0 2 =0 2
0 0 0
2
x—¢ 1f({x-—¢q X — +1%—c1 +1 +2%—c1
= - — _ a, - - a 5 ~ - @ ’ ’
G — 2 G — Yotoma) G — Yéto-a) G — 276(C2 @) G —
—x OQ—% [ G—X
—C] Q= | 22—
b = —op (@, 0| tdt = u e upge du
2 y&tz Cl)
0 0 u
2
1{o—x G—x 1 L G—Xx
=— _ a, - = - a > s
2 -0 76(cz ) 0O —0q 2’)/6(62 v 0O —0q
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x—C1 x—C(] x—C1
=0 -0 -0

D% = f |y‘5(cz—fl) (a“,’ £)|£d€ = f fu”—le—é(tz—q)ugdg du
0 0

u

1 %—c12 x— 1 +2%—c1
=— _ a, - = - a ’
2\ —q Yote-a) Q-0 2 Yot Q-0

and
Q- Q7% (on
Zi= [ hoep@ola-ode= [ | [wtereona - oar|d
0 0 u
G — % 1((2_%)2 G —% i1 G —% +1 L9 G —%
= -3 o-0) | & - o-c) | ¥ s ZYs(-c) | X s .
-0 7 \e=q Yé(ea—an) & — PLICERY & — 275( 2—¢1) G-
Corollary 5.9. In Theorem 5.2, if we take 6 = 0 and s = 1, we obtain
(e — )"+ (g —2)° IF'a+1) o N
Y ) - ———= (I V(@) + L)
(¢ —¢1) (¢ —¢p)
1
a+1 Y
Q-G |[{x—q (@+2)(a—c)—(a+1)(x—¢) (@+1) 06— 1) q
< V()| + V' ()|
o+l (cz—cl) ( @+2)(c—) el DGy @)

1
. ( &~ % ) ‘ ((a + D= s @D (@)~ @t Do =% ﬂ//’(czwﬂ .

=0 (@+2)(—¢) (@+2)(a—¢)

Corollary 5.10. By choosing 6 = 0 and s = a = 1, Theorem 5.2 gives

1

(%) ) 1
Y () = — f Va2 l("‘“) (3”‘” — |7/'<c1>|q+Mrf/'<cz>|")q

Q=0 Q= 3(c2—¢1) 3(ca—¢p)

2 1
G —X 2(c— %) ¢ — 3¢ + 2% q
+ o/ 94 £ |y q ,
(cz—cl) (3(c2_c])| (c1)] YOS 17" ()l ) }
which is the same result provided in [31, Corollary 3.16].

6. Applications to special means

In this section, we apply the obtained inequality to the study of special means. We recall that for

0 < ¢; < o, the arithmetic mean is defined by A(cy, ¢;) = “;‘2, the geometric mean G(cy, ¢z) = /¢ ¢a,

+1 +1
PHL_ P

1/p
and the generalized logarithmic mean by L,(¢;, ¢2) = [m] for p e R\ {-1,0}.
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Proposition 6.1. Let ¢;,¢c; € Rwith0 < ¢; < ¢; and 0 < s < 1. Then, the following inequality holds:
(5 +2)(s +3) (A D) = GX(c1, ) A7 (c1, ) + 447 (c1, 00) — A, &)

25¥2 _ g3
2s+1

Proof. The assertion follows from Corollary 4.1 with @ = 2 and § = 0 applied to the function 7 (1) =
[s+1.

(2 — ) (¢ + &)

Proposition 6.2. Let ¢;,c; € Rwith0 < ¢; < ¢ and 0 < s < 1. Then, the following inequality holds:

L(s+ D(s+2) + ¢
(s+2)(s+3)

Proof. The assertion follows from Corollary 4.2 with @ = 2 applied to the function ¥'(I) = I**1.

1 1 2
(62— et =2 (Lt (e, ) + L33, )| < (@ - o)

7. Conclusions

In conclusion, we have successfully explored the application of tempered fractional integrals in
developing novel inequalities for differentiable s-convex functions. By extending classical results to
a generalized fractional framework, we have provided a new version of Hermite-Hadamard inequality
via tempered fractional integrals. Subsequently, we have introduced a new integral identity that
serves as a cornerstone for deriving Ostrowski-type inequalities. This approach not only deepens our
understanding of the properties of s-convex functions but also offers a powerful and flexible tool for
analyzing systems with exponentially decaying memory effects. The findings contribute significantly
to the theoretical advancement of fractional calculus and broaden its scope in mathematical analysis.
Moreover, the practical relevance of these results is highlighted through several illustrative examples
and applications. Researchers could further investigate the extension of these results to other
generalized classes of convexity, such as (7, h)-convexity or harmonic s-convexity, which may yield
even more versatile bounds. Additionally, exploring these inequalities within the framework of
multivariate tempered fractional calculus or applying them to stochastic processes could open new
avenues in optimization and error analysis.
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