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1. Introduction

Probability distributions are fundamental to model real-world phenomena across diverse fields
including finance, engineering, and medical sciences. Recent advancements in the distribution theory
have focused on developing increasingly flexible models to capture complex data behaviors such as
skewness, heavy tails, and multimodal patterns. The accurate assessment of tail risk in modern datasets,
which often contain extreme outliers, necessitates robust modeling frameworks that surpass traditional
distributions including the Pareto, normal, exponential, and Weibull distributions. This need has driven
the adoption of advanced generalized and composite models.

A major advancement has been the development of generator techniques to extend existing
distributions. Notable frameworks include the following: (1) the T-X family [1], which provides a
generalized approach for distribution generation; (2) the Weibull-G generator [2], which introduces
enhanced flexibility for lifetime data modeling; and (3) the exponentiated half logistic-G (EHL-
G) distribution [3], which offers improved capabilities for skewed data analyses. These generators
significantly expand the statistical modeling capabilities through additional shape and scale parameters
that enhance the adaptability to diverse real-world scenarios.

Particularly relevant to this study is the type I heavy-tailed-G distribution [4], which has
demonstrated a superior performance in modeling heavy-tailed phenomena. Heavy-tailed distributions
have gained prominence due to their ability to model extreme events, which is especially crucial in
risk assessments, reliability engineering, and actuarial science. Recent works highlighting the growing
interest in this area include: the heavy-tailed beta-power transformed Weibull distribution [5], the
Topp-Leone type I heavy-tailed-G power series class [6], the heavy-tailed exponential distribution [7],
the heavy-tailed log-logistic distribution [8], the type I heavy-tailed odd power generalized Weibull-G
family [9], the exponentiated half logistic-type I heavy-tailed-G family [10], the Risti’c-Balakrishnan-
heavy-tailed-type II Topp-Leone-G family [11], and the type I heavy-tailed-odd Burr III-G family [12].
These distributions provide robust frameworks to analyze datasets with rare but high-impact events
such as financial crashes, catastrophic failures, or extreme survival times.

Building on these advancements, we propose the heavy-tailed Weibull flexible-G (HT-WF-G)
family of distributions (FDs), which combines the flexibility of the Weibull flexible-G (WF-G)
framework [13] with the heavy-tailed properties introduced in [4]. This new FDs not only generalizes
several existing models but also offers an enhanced capability to represent diverse hazard rate shapes
including increasing, decreasing, bathtub, and inverted bathtub patterns, thus making it suitable for a
wide range of applications.

The paper proceeds as follows: Section 2 introduces the generalized family, detailing its formulation
and special cases; Section 3 derives key statistical properties including density expansion, quantile
function, and moments; then, the practical aspect of the parameter inference is addressed in Section 4,
which outlines the maximum likelihood estimation framework; Section 5 validates the framework’s
reliability through Monte Carlo simulations across varying sample sizes; a pivotal contribution follows
in Section 6, where the model’s relevance for AN extreme-value analysis is advanced through the
formulation of essential actuarial risk measures, supported by a numerical study to quantify the
tail behavior; Section 7 demonstrates the model’s superiority through empirical cases, including
lung cancer, and acute myeloid leukemia datasets; and finally, Section 8 synthesizes the research
contributions and suggests directions for future research.

AIMS Mathematics Volume 11, Issue 3, 8382-8406.



8384

2. The new family

The new flexible generalized (F-G) FDs [14] has a cumulative distribution function (cdf), which is
given by the following:

F@Y) = 1-Gz¥) o=, 2.1)

where z > 0, and ¥ is a parameter vector from the parent distribution G(-) = 1 — G(-).
A new odd WF-G FDs [13] was developed using the F-G generator. The WF-G FDs generalizes the
Weibull-G FDs [15]. The cdf of the WF-G FDs is given by the following:

F W) = 1-exp{-[Gw)y = -1}, (2.2)

for z > 0, @ > 0 and, parent parameter vector ‘.
The heavy-tailed-G (HT-G) FDs [4] with cdf is as follows:

Gz W) )” 2.3)

F(z;A4,%) =1 _(1 - (1 -DG(z;¥)

where A > 0 is a tilt parameter, z > 0, and Y is the parameter vector from the parent distribution G(.).
By substituting the parent cdf in Eq (2.3) with the WF-G cdf, we obtain the HT-WF-G FDs with cdf
given by the following:
_ a A
exp {_ [G(Z; \P)—G(Z;‘{’) — 1] }
1= =21 -exp{-[Gwyo=n-1|]))

F(z;a,A,¥) = 1- (2.4)

for @, 4 > 0, and parameter vector ¥. Through differentiation of Eq (2.4), we obtain the pdf of the
HT-WF-G FDs given by the following:

f@a, ) = Pagz V)6 ¥) &Y [—ggfii—logé(z;‘l’)]
x (6w 1] exp{-2[G )0 — 1)
x (1= -(1-exp{-[G@ ey 1] ), 2.5)

for @, 4 > 0 and parameter vector V. It is important to note that sub-families of this FDs are obtained
by setting the individual parameters of the HT-WF-G FDs to unit. The hazard rate function (hrf) for
the HT-WF-G FDs is given by the following:

Wz, ,¥) = ag(z;P)G(z;P) oY [gé—fii—logé(zl{')]
x [1=( -0 (1-exp|-[C@wye= - 1], 2.6)

for a, A > 0 and parameter vector V.
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2.1. Particular cases

This subsection presents some particular cases of HT-WF-G FDs by specifying G(z; W) and g(z; V)
in Egs (2.4) and (2.5). The Kumaraswamy, Weibull, and Burr XII distributions serve as baseline
distributions.

2.1.1. Heavy-tailed-Weibull flexible-Kumaraswamy (HT-WF-Kum) distribution

Considering the Kumaraswamy distribution with the cdf G(z;y, b) = 1 —(1—2)” and pdf g(z;y, b) =
ybz?~'(1-2")""" as the baseline distribution, for y, b, z > 0., we have the HT-WF-Kum distribution with
cdf

exp {— [Kumg(z;y,b) — 1]%} )/1
1 - (1= —exp{-[Kumgs(z;y,b) — 1]"})

F(z;a,A4,y,b) = 1-(

and pdf

1-(1=-2)
(1 -2

exp (—A [Kumg(z;y,b) = 11"} [1 = (1 = ) (1 = exp {~ [Kumg(z;y,b) = 11D,

fa,4,y,b)

Layb™' (1 = )" Kumg(z; v, b) [ —log ((1 - zy)b)] [Ko(z:7,b) - 1]

X

for a, A,7v,b,z > 0, where Kumg(z;7y,b) = [(1 — zy)b]_[l_(l_mb]. The hrf is as follows:

1-(1=-2)
(1 -2

X [1=(1=2)(1 —exp{-[KumKg(z;y,b) — 1]°D]"".

hz e, A,7,b) = Aaybz™'(1 —zy)b"lKumc(z;%b)[ log((l—zy)b)} [Kumg(z:y,b) - 1]""!

In Figure 1(a), the distribution demonstrates considerable flexibility in its density profiles, thereby
encompassing unimodal forms with varying peak locations and sharpness, as well as bimodal and
multimodal configurations contingent upon parameter choices. Additionally, it can capture both
symmetric and asymmetric distributional shapes. The hrf plot in Figure 1(b) further underscores
the model’s adaptability, thereby revealing its capacity to represent a wide spectrum of failure
patterns, such as bathtub-shaped, upside-down bathtub, monotonically increasing, and monotonically
decreasing hazard rates.

HT-WF-Kum pdfs HT-WF-Kum hrf patterns
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Figure 1. Plots of pdf and hrf for the HT-WF-Kum distribution.
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Figure 2 presents the HT-WF-Kum distribution’s shape flexibility through 3D and contour analyses
under fixed @ and b, by varying A and y parameters. The study demonstrates the model’s exceptional
flexibility in kurtosis, where synergistic parameter interactions produce a nonlinear increase, thus
allowing precise tail behavior modulation. Additionally, the distribution exhibits a wide skewness
range, thereby transitioning from left to right asymmetry along a diagonal boundary in the A-y plane,
the enabling accurate modeling of the diverse asymmetry patterns.
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Figure 2. HT-WF-Kum kurtosis and skewness plots for selected parameter values.

2.1.2. Heavy-tailed-Weibull flexible-Weibull (HT-WF-W) distribution

The Weibull distribution has cdf G(z; ¢, w) = 1 — exp(—cz®), and pdf g(z; ¢, w) = cwz®™! exp(-cz®),
for c,w,z > 0. If the Weibull distribution is used as the baseline distribution for the HT-WF-G
distribution as the baseline, then we have the HT-WF-W distribution with cdf

exp {_ [[exp(—cz“)]‘“—eXP<—cz“’)] _ 1]‘1}

Fza,4,c,w) = 1- 1—(1-2 (1 _ exp{— [[exp(_czw)]—[1—exp(—cz“’)] _ 1]0‘})

and pdf

AIMS Mathematics Volume 11, Issue 3, 8382-8406.
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1 —exp(—cz®)
exp(—cz®)
X exp{-A[Ws(zc,w) — 171 = (1= ) (1 —exp {~ [Wo(z e, w) — 1)),

][eXP(—CZ“’)]

f(z;a,4,c,w) Aacwz? exp(—cz® — log (exp(—cz)) | [Ws(z; ¢, w) — 1197

for a, A, ¢, w, z > 0, where Wg(z; ¢, w) = exp(—cz®))[exp(—cz®][1=P=Z)] The hrf is as follows:

1 —exp(—cz¥)
exp(—cz?)
X [1=(1=2)(1-exp{—[Wszc,w)—11"D]".

] [exp(—cz)] Jo 1

h(a, A, ¢, w) Aacwz’ exp(—cz? —log (exp(—cz)) | [Ws(z; ¢, w) — 1

The density plots in Figure 3 demonstrate the adaptability of the HT-WF-W distribution in
accommodating diverse datasets, including those that are positively skewed, negatively skewed, nearly
symmetric, J shaped, and reversed-J shaped. Similarly, the hrf plot demonstrates its effectiveness in
capturing patterns such as decreasing, increasing, and inverted bathtub patterns.
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HT-WF-W hrf patterns
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(a) pdf plots (b) hrf plots

Figure 3. Plots showing the pdf and hrf for the HT-WF-W distribution.

In Figure 4, a set of 3D and contour plots illustrates the variability in skewness and kurtosis
characteristics of the HT-WF-W distribution. The kurtosis exhibits significant flexibility, indicating
that the distribution can model both moderate and extreme tail heaviness. Kurtosis decreases as
a and w increase. Additionally, the skewness of the HT-WF-W distribution varies flexibly with
parameters @ and w. As a increases, skewness decreases, while an increasing w enhances the skewness,
thereby extending the tail. The distribution exhibits a range of positive skewness values, indicating its
adaptability to different asymmetric data shapes.
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HT-WF-W(a, 2.2, 4.6, w) Kurtosis Contours for HT-WF-W(alpha, 2.2, 4.6, omega)
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Figure 4. HT-WF-W distribution’s kurtosis and skewness plots for selected parameters.

2.1.3. Heavy-tailed-Weibull flexible-Burr XII (HT-WF-BXII) distribution
The Burr XII distribution is defined by the cdf G(z; 8, k) = 1 — (1 +2£)~ and pdf g(z; 8, k) = 22

(1 +Z,8)k+1 ’

where z,5,k > 0. Employing the Burr XII pioneered by Burr [16] as the baseline distribution to the
HT-WEF-G FDs yields the HT-WF-BXII. The HT-WF-BXII distribution has the cdf

exp{—[Bgs(z; 8, k) — 1]} )A
1-(1 -1 —exp{—[Bsz:B.k)—1]"H]

F(z;a,A,B,k) = 1—(

and pdf

Aafk?! [1 —(1+2)*

(1 + Pyl Bo@p. b (1+ )+

X exp{-A[Bg(z:B.k) = 1]°}[1 = (1 = 1) (1 —exp{— [Bs(z: 8. k) — 1]V,

[z, 4,,k) — log[(1 + zﬁ)_k]] [Bo(z: 8.k - 11"

for @, A, B, k,z > 0, where Bg(z;8,k) = [(1 + 22)*]11-0+"™ The hrf is as follows:

AafkP! 1-(1+#)*
h(za,4,B,k) = WBG(Z;B’ k)[ (1+28)*k

X [1=(1=2)(1-exp{-[Bsp k) —11"D".

—logl(1 + )| [Bo(z: 8, k) — 1]*
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A particularly compelling feature of the HT-WF-BXII distribution is its ability to generate special
distributions through parameter simplification. Specifically, when k = 1, the heavy-tailed-Weibull
flexible-log-logistic (HT-WF-LLoG) distribution emerges as a special case, while setting 8 = 1 yields
the heavy-tailed-Weibull flexible-Lomax (HT-WF-Lom) distribution. These derivations elegantly
demonstrate the flexibility of the HT-WF-G framework, thereby enabling tailored modeling for distinct
data behaviors and expanding its applicability to diverse statistical scenarios.

The density plots in Figure 5 illustrate the HT-WF-BXII distribution’s capacity to model a broad
spectrum of data configurations, including positively skewed, negatively skewed, approximately
symmetric, J shaped, and reversed-J-shaped probability structures. This highlights its robust flexibility
for empirical applications. The hrf plots exhibit its dynamic adaptability in characterizing complex

failure rate behaviors, such as monotonically decreasing, monotonically increasing, bathtub, and
inverted bathtub shapes.

HT-WF-BXII pdfs HT-WF-BXII hrf patterns
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Figure 5. Density and hrf plots for the HT-WF-BXII distribution.

Figure 6 provides a joint analysis of skewness and kurtosis for the HT-WF-BXII distribution through
3D and contour plots. The analysis, conducted with fixed values of A and k, reveals a consistent trend:
both kurtosis and skewness exhibit a decreasing relationship with the parameters « and 3. Specifically,
higher values of @ and 8 correspond to a reduction in the kurtosis, thus indicating lighter tails. Similarly,

increasing these parameters also leads to a decrease in skewness, resulting in a more symmetrical
distribution.
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Figure 6. Kurtosis and skewness plots for the HT-WF-BXII distribution.

3. Statistical properties

A series expansion of the density function provides powerful techniques to approximate, estimate,
and compute complex distributions. Additionally, statistical properties such as the quantile function
(QF), moments, moment generating functions (mgfs), and incomplete moments are fundamental tools
to characterize, analyze, and compare probability distributions.

3.1. Quantile function

The quantile function is obtained by inverting the cdf given in Eq (2.4) so that
A1 — w)l? Ve
—1In .
(1 -1 -2 - u)l/ﬂ)]

Consequently, the quantiles can be obtained from the following:

] Ad—w't A\
O;,u)=G 1[1 —exp(W[l; ln{1+(—ln1_(1_/l)(1 —u)W) , 3.1

where W(a; b) is the generalized Lambert W function satisfying We" = aW + b for a specified baseline
G(.)and u € [0, 1].

G_(Z, \P)—G(Z;"P) =1+
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3.2. Density expansion

Using the series expansions (1 — y)™ = X7, (”+§_l)yj and (1 —y)" = Z;-’io(—l)"(’l.’)yi, and e =

!
Yo (_l—f), we get the following:

(o] ._ _ . l @
F(z;a, A, ‘P) = 1= Z (n +j_ 1)(1 _ /l)j(_l)i(’z)@ [G'(Z;\P)—G(z;‘l‘) _ 1] 1'

[

i,j1=0

For 0 <y < 1, we define a convergent power series (PS) as follows:
pO) ==y~ = 1=y &,
k=0

where &y = 1,6, = 1/2,&, =5/6, & = 3/4, etc. Applying the PS raised to a positive integer

(G o 1] = Gew) ) &6 @Y
k=0

= W) ) G Y),
k=0

where

, k=0

O = O = { Thcolkal = h(al + D1g,® i k> 0.

= —

Therefore, we have the following:
> (n+j-1 o n\ (= + D)
Faaaw = 1- > (" Na—ayen () S De, gt w,
i, j. k=0 J ! I

Differentiating Eq (3.2), we get the following:

f(za,4,Y) T
i, . Lk=0 :

Z ;.04 82014k (z;'P),

i, k=0

00 . _ N
-, (n +j‘ 1)0 - ﬂ>f<—1)i(’z)( Do, 2a + kg G ¥)

(3.2)

where g, .. (z;'¥) is an exponentiated-G (exp-G), with parameter (2al + k) and, 7, ,, is the linear

iJil.k

component. The infinite series expansion of the density given in Eq (3.2) absolutely converges for

all z > 0 provided that @ > 0, A > 0, and the baseline survival function satisfies 0 < G(z; ¥) < 1.

3.3. Moments and incomplete moments

Moments including the mean, variance, skewness, and kurtosis quantify a distribution’s central
tendency, dispersion, asymmetry, and tail behavior, respectively. Additionally, they are useful in

AIMS Mathematics Volume 11, Issue 3, 8382-8406.
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parameter estimation, hypothesis testing, and comparative analyses across distributions in fields such
as engineering and physics. Let f(z; @, A4, '¥) be denoted by f(z). Suppose Wy,1i represents an exp-G
distributed random variable with a power parameter (2a/ + k); then, the " moment of the HT-WF-G
FDs can be expressed as follows:

(o)

E (Zr) = f er(Z)dZ = Z ni,j,l,kE(Wgafl+k)’

00 i,jl k=0

where E(WJ_,.,) represents the r" moment of W41, and 1, 18 defined in Eq (3.2). The r" moment
E(Z") of the HT-WF-G distribution exists and is finite if and only if the corresponding moment exists
for the exponentiated baseline variable Wy, for all [,k > 0 in the sum. For a baseline distribution
G(z; W) whose survival function decays as G(z;'¥) ~ z7¥ as z — oo, a sufficient condition for the
existence of E(Z") is r < v - min(a, A).

The ™" incomplete moment can be derived as follows:

! (o)
I;() = f 7 f(2)dz = Z M0 eteia (8 1, Y),
0

=

where Ly (t;r,'P) = fo ' 7' 8,0.:.(23 W)dz defines the incomplete moment of Wo,.ki. Additionally, the
mgf of Zis

(o0
Waa,
MZ([) = Z ni,j,l,kE(et 2[+k1),
i, k=0

with E(e"2i+1) representing the mgf of Wy, and 1. 18 specified in Eq (3.2). The derivation of
incomplete moments is integral to the formulation of Bonferroni and Lorenz curves, which serve as
foundational instruments to examine the income disparity, social welfare, and financial risk across
diverse disciplines.

(1) Moment existence: The r-th moment E(Z") of the HT-WF-G distribution exists and is finite if
and only if the corresponding moment exists for the exponentiated baseline variable W, for
all Lk > 0 in the sum. For a baseline distribution G(z;'¥) whose survival function decays as
G(z;P) ~ 77 as 7 — oo, a sufficient condition for the existence of E(Z") is r < v - min(a, A).

In practice, the finiteness of moments depends on the tail behavior of G and the parameters o and
A; users should verify the moment existence for their specific baseline choice.

(2) Series convergence: The infinite series expansion of the density given in Eq (3.2) absolutely
converges for all z > 0 provided that @« > 0, 4 > 0, and the baseline survival function satisfies
0 < G(z;'¥) < 1. Convergence follows from the fact that the coefficients ; ;;x decay sufficiently
fast; a sufficient condition is that 4 < 1 and the series 7; j;x is absolutely summable, which
holds under mild restrictions on G.

4. Maximum likelihood estimation

Let zy, ...., z, be a set of observations from the HT-WF-G distribution given by Eq (2.5). The total
log-likelihood function for A = (a, A, W) is given by the following:

AIMS Mathematics Volume 11, Issue 3, 8382-8406.
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¢ = U(A)

Z log (f(zi; @, 4,'P))
i=1

nlog a + Zn: log (g(z;; V) — Zn:
(@-1) Z log |Gz ¥) O — 1] - A Z |G wy o -]
i=1 i=1

A+1) Z log[1—(1 - ) (1 - exp{-[-Gi: ¥) %= —1]"})].
i=1

i=1

i=1

[—G(z,»; ) log G(z;; ‘I’)] + i log
i=1

G(zi;'P)
G(z;;¥)

—1log G(z;;'P)

“4.n

We estimated the maximum likelihood estimation (MLE) by maximizing Eq (4.1) using the optim
function and the maxLik library [17] in R (v4.1.1).

5. Simulation study

We conducted a simulation study to evaluate the efficiency of maximum likelihood estimates. The
simulation study results are shown in Table 1. We set the parameter 4 = 1 in the HT-WF-BXII pdf.
A simulation study was conducted for sample sizes n= 20, 40, 80, 160, 360, and 720 for N=1000
repetitions from the HT-WF-BXII distribution. The average bias (AB) and root mean square error
(RMSE) for an estimated parameter, say (@), is calculated using the following formulae:

Table 1. Monte Carlo simulation results for the HT-WF-BXII distribution: mean, RMSE,

AB(&) = % -

N &

a;

and RMSE(a)=

and AB.
a=09,=1.1,k=0.5 a=0.8,8=0.8,k=0.75
n Mean RMSE AB Mean RMSE AB
20 2.0261 3.8281 1.1261 3.0635 6.4149 2.2635
40 1.9384 3.4930 1.0384 2.4853 5.9550 1.6853
80 1.0524 0.7404 0.1524 1.1474 1.6356 0.3474
1% 160 0.9250 0.1750 0.0250 0.8894 0.4768 0.0894
360 0.9124 0.0932 0.0124 0.8270 0.1619 0.0270
720 0.9067 0.0722 0.0067 0.8148 0.1101 0.0148
20 1.4225 1.3767 0.3225 0.9849 1.2344 0.1849
40 1.2305 0.9671 0.1305 0.9320 0.6106 0.1320
80 1.1590 0.4413 0.0590 0.8426 0.3813 0.0426
B 160 1.1445 0.3673 0.0445 0.8069 0.2433 0.0069
360 1.1279 0.1732 0.0021 0.7930 0.1567 -0.0070
720 1.1013 0.1401 0.0013 0.7998 0.1312 -0.0002
20 0.6087 0.3540 0.1087 0.8705 0.3596 0.1205
40 0.6004 0.3482 0.1004 0.7863 0.3150 0.0363
80 0.5131 0.1813 0.0131 0.7721 0.2096 0.0221
k 160 0.5011 0.1105 0.0011 0.7635 0.1445 0.0135
360 0.5006 0.0638 0.0006 0.7572 0.0858 0.0072
720 0.4963 0.0476 -0.0037 0.7497 0.0675 -0.0003
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respectively. The results in Table 1 demonstrate that the mean values approximate the true parameter
values, and the RMSE and bias decrease toward zero for all parameters as the sample size increases.
This implies that the HT-WF-BXII distribution generates consistent parameter estimates.

6. Risk measures

Risk measures are statistical tools utilized by actuaries to assess the market risk. This section
focuses on some of the key risk measures.

6.1. Value at risk

The value at risk (VaR) measures the potential financial losses that a firm, portfolio, or position may
experience within a defined time period. Note that VaR,, equates to the quantile function; hence, VaR,
for the HT-WF-G FDs is calculated from the following:

; . Ad—w't "
VaR, = Gl[l—exp(W[l, ln[1+(—ln1_(1_/1)(1_@1/)) , 6.1

where u € (0, 1) represents the significance level, G(.) is the baseline cdf, and W(a; b) is the generalized
Lambert W function.

6.2. Tail value at risk

The tail Value at Risk (7' VaR,) quantifies the anticipated magnitude of losses in the scenario where
an outcome materializes that surpasses a predetermined probability threshold. The TVaR, for the
HT-WEF-G FDs is as follows:

1 00
TVaR, = E(Z|Z >7z,) = _f Zf(Z)dZ
1- VaR,
1 - 0
- Z 21 148 2014k (z; P)dz, (6.2)
T jlk=0 Y VaRy

where 7, ,,, 1s as given in Eq (3.2), and g,,,,,(z; 'P) is the exp-G with parameter (2a/ + k).

6.3. Tail variance

The tail Variance (T'V,) measures the conditional variance of losses under the assumption that they
exceed the VaR with a specified probability threshold. For the HT-WF-G FDs, the expression for 7'V,
is as follows:

TV,

E(Z’|Z>z,) - (T'VaRy’

f 2f()dz — (TVaR.)
VaR,

1-u

1 0
e Yt [ Pe@d- VAR (6.3)
- VaR,

i.jLk=0
Hence, the TV, of the HT-WF-G FDs can be derived from those of the exp-G distribution.
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6.4. Tail variance premium

Risk professionals are focused on situations where risks surpass specific thresholds. These
scenarios frequently occur in insurance, particularly in policies that include deductibles and reinsurance
agreements. The tail variance premium (7' VaP,) addresses these needs. The (T'VaP,) of the HT-WF-G
FDs is expressed as follows:

TVaP,=TVaR, + {(TV,), (6.4)

for 0 < ¢ < 1. The (TVaP,) of the HT-WF-G FDs is found by incorporating 7VaR, and TV, into
Eq (6.4).

6.5. Numerical study

In this subsection, we present an analysis that utilizes numerical simulations to assess the VaR,
TVaR, TV, and TVP as risk measures. The risk measures of the HT-WF-BXII distribution are compared
to those of the TIHT-W distribution [4], OEHL-BXII distribution [18], and the BXII distribution [16].
The simulation results are obtained by randomly generating samples of size 100 from the specified
distributions and estimating the parameters using the ML estimation technique to ensure accurate
estimations across different distributions. The calculations are iteratively performed 1000 times to
enhance the precision in the estimations across the various distributions.

Table 2 presents the outcomes of numerical simulations carried out to assess the risk measures for
the selected four distributions. A model that exhibits higher risk measure values indicates a more
significant heavy-tail. Therefore, we can confidently conclude that the HT-WF-BXII distribution has a
heavier tail compared to the contending distributions. Consequently, the HT-WF-BXII distribution is
well-suited to model heavy-tailed data.

Table 2. Numerical simulation results for risk measures.

Significance level Risk measure 0.75 0.80 0.85 0.90 0.95 0.99
HT-WE-BXII(e = 0.2,4=0.1,=0.3,k = 0.2) VaR 17.922 21929 27398 35.627 50939  91.504
TVaR 20.379 24888 32.113 45785 83.143  321.816
TV 3566.9 43467 5563.8 7721.2 123582 10356.5
TVP 28739 35022 4483.1 62227 9969.7 113247
TI-HT-W(@ = 0.5,24 = 0.1,y = 1.5) VaR 1.10 1.72 2.81 4.99 10.93 39.29
TVaR 9.20 11.15 14.13 19.32 31.27 77.91
TV 37434 448.84 562.89 763.45 1238.58 3257.37
TVP 308.67 370.23 46445 630.08 1022.13 2683.80
OEHL-BXII(e = 2.0,4=1.0,8= 0.3,k =0.2) VaR 5.76 7.79 10.48 18.96 21.04 23.19
TVaR 15.62 16.51 17.10 19.43 26.15 31.21
TV 190.20 219.12 24520 2673 288.4 312.40
TVP 415.81 452.01 46290 5563 666.91 765.12
BXII (8=0.3,k=0.2) VaR 0.87 1.36 2.21 3.95 8.67 31.31
TVaR 7.32 8.87 11.24 15.38 24.92 62.24
TV 239.55 28734 360.53 489.34  794.84  2095.73
TVP 198.95 23874 299.66 406.85 660.80  1738.82
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7. Applications

This section presents an empirical evaluation of the HT-WF-BXII distribution to justify the utility
of the proposed FDs. We conduct a comparative analysis against competing heavy-tailed distributions
that extend the Burr and Weibull distributions, including the following:

e The Topp-Leone Odd Burr III log-logistic Weibull (TL-OBIII-LLOG) [19] with pdf

. b. A = 2aB8bl1 1 1 1_(1+W/1)—1 - —ﬁz b-1 ] | 1_(1+W/1)_] s
A (W) i +(W)

A1+ wh) 2 [1 N (1 — (1 +wh! )]“ (1 —(1+wh! )1

(1 +whH! 1+ w1 1+ w1

where «,3,b,4 > 0, and w > 0.
e The type I heavy-tailed Weibull distribution (TI-HT-W) [4], with the pdf

a?yx* ! exp(—Ayx®)
[1-(1 =) (1 = exp—yx) "

Srimr-w(x; @, A,y) =

where @, 4,y > 0 and x > 0.
e The odd exponentiated half logistic Burr XII (OEHL-BXII) [18] whose pdf is as follows:

fornpxu(x;a, .8, k) = 2aABkx*Texp A[1 — (1 + %) ]
(1 —expA[1 = (1 + XPye-!
(1 + x8) 11 + exp A[1 = (1 + xB) e+’

where a, 4,8,k > 0, and x > 0.
e Kumaraswamy Weibull distribution (KW) [20] with the pdf

few(xia,b,e.B) = aba’x exp (—CM'B)(l - exp(—axﬁ))a_] [1 - (1 — exp —(a/x)ﬁ)a]b_1 ,

where a, b, a,8 > 0, and x > 0.
e The Topp-Leone type I heavy-tail log-logistic Poisson (TL-HT-LLOGP) [6] with the pdf

b-1

. , ) 1 26
Jri-wr-LL0GP(X; b, 6,6, 3) 2b6 9[1 ([1 T A0 --6)(1—-[1+ xﬁ]‘l))) l

BRI+ X172 (1+ xﬁ)‘l]w_l
[1-(1-8)1-[1+x]H*"

] 25\b
exp(Q(l—(l‘[Wx—ﬁglwcﬂ]-')] )))

exp(d) — 1

where b, 0,6,b > 0.
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e The exponentiated half logistic odd Burr III log-logistic (EHL-OBIII-LLoG) [21] with pdf

a—-1

1= 1+ =1+
2aab [(1 + (—(1 ) ) ) ] (1 + (—(1 ) ) )
_ —(a+1)
1—(1+xH"\ "
(1+ 1_(1+(—(1+x’1)‘1 ) ) D
(1 ~(1+ xﬂ)—l)“"1 A1+ )2
(1 + xYH)~! ((1 + x1)~1)>? ’

SenL-oBi-LL0G(X;a, b, a, ©)

X

where a,a,b, 1 > 0.

The comparative performance of the candidate models is evaluated using a suite of six goodness-of-
fit (GoF) measures. The foundational measure is the log-likelihood value, -2log(L), which quantifies
the overall fit to the data. To account for model parsimony and to mitigate overfitting, we employ
four information criteria that penalize model complexity: the Akaike Information Criterion (AIC),
the Bayesian Information Criterion (BIC), the Consistent Akaike Information Criterion (CAIC) with
its more severe penalty, and the Hannan-Quinn Criterion (HQIC), which seeks a balance between
the consistency of the BIC and finite-sample performance. Finally, the Kolmogorov-Smirnov (K-S)
test statistic and its associated p-value are used to assess the distributional adequacy by measuring
the supremum distance between the empirical and the modeled cumulative distribution functions. To
estimate the parameters of the HT-WF-BXII model, the non-linear minimization function (nlm) in the
R software was utilized. Parameter estimates accompanied by their respective standard errors (SEs),
are indicated within the parentheses. To verify the identifiability of the parameter estimates, profile log-
likelihood plots were constructed for all analyzed datasets. The model validation was further supported
through multi-faceted graphical diagnostics, including the following: (i) fitted probability density
curves, (i1) probability-probability (P-P) plots with sum of squares in parentheses, (iii) empirical
cumulative distribution functions (ECDFs), (iv) Kaplan-Meier (K-M) survival curves, (v) scaled total
time on test (TTT) transformations, and (vi) hrf plots.

7.1. Lung cancer data

This dataset presents information on advanced lung cancer patients sourced from a study referenced
in [22]. These patients were randomly allocated to receive standard chemotherapy treatments. The
survival times (t) were recorded from the initiation of treatment for each individual in the study. The
dataset is as follows: 411, 126, 118, 82, 8, 25, 11, 54, 153, 16, 56, 21, 287, 10, 8, 12, 177, 12, 200,
250, and 100.

The MLEs along with their corresponding SEs (shown in parentheses) are displayed in Table 3.
The GoF results from Table 3 show that the HT-WF-BXII model fits the data better compared to its
competitors. The 95% asymptotic confidence intervals (ACI) for the parameters of the HT-WF-BXII
distribution are as follows: « € (1.6311 + 0.6138), A € (1.0025 + 0.4220), 8 € (5.9767 + 5.02 x 1075),
and k € (0.0402 + 8.84 x 107%). The parameters of the HI-WF-BXII model on lung cancer data are
uniquely identifiable, as depicted in Figure 7.
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Figure 7. Profile log-likelihood plots for lung cancer data.

The plots illustrated in Figure 8 indicate that the HT-WF-BXII distribution demonstrates a superior
performance compared to the non-nested models when applied to the lung cancer data. The graphical
representation depicted in Figure 9 illustrates the observed and fitted ECDF as well as the K-M survival
curves for the lung cancer data. The plots demonstrate that the HT-WF-BXII distribution closely aligns
with the observed ECDF and K-M survival curves.

Figure 10 exhibits the TTT scaled plot and HRF plots, which reveal an inverted bathtub-shaped
hazard rate pattern for the lung cancer data.
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Figure 8. Graphical representations of the fitted density functions and probability plots for
the lung cancer data.
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Figure 10. Fitted TTT scaled and hrf plots for the lung cancer data.

7.2. Acute myeloid leukemia data

This dataset contains the survival times in months of 20 patients with acute myeloid leukemia (a
rapid cancer of the bone marrow that crowds out healthy blood cells). The dataset was previously
analyzed by [23, 24]. The values are as follows: 2.226, 2.113, 3.631, 2.473, 2.720, 2.050, 2.061,
3.915,0.871, 1.548, 2.746, 1.972, 2.265, 1.200, 2.967, 2.808, 1.079, 2.353, 0.726, and 1.958.

The MLEs along with their corresponding SEs (shown in parentheses) are displayed in Table 4.
The GoF results show that the HT-WF-BXII model fits the data better compared to its competitors.
The 95% asymptotic confidence intervals (ACI) for the parameters of the HT-WF-BXII distribution
are as follows: @ € (8.2750 + 5.19 x 107%), 1 € (0.9946 + 0.4334), B € (0.2368 + 0.0895), and
k € (1.3183 + 0.1121). The parameters of the HT-WF-BXII model on myeloid leukemia data are
uniquely identifiable, as depicted in Figure 11.
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Figure 11. Profile log-likelihood plots for the myeloid leukemia data.

The plots illustrated in Figure 12 indicate that the HT-WF-BXII distribution demonstrates superior
performance compared to the non-nested models when applied to the myeloid leukemia data. The
graphical representation depicted in Figure 13 illustrates the observed and fitted ECDF as well as the
K-M survival curves for the myeloid leukemia data. The plots demonstrate that the HT-WEF-BXII
distribution closely aligns with the observed ECDF and K-M survival curves.

Figure 14 exhibits the TTT scaled plot and HRF plots, which reveal an increasing hazard rate pattern
for the myeloid leukemia data.
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Figure 12. Graphical representations of the fitted density functions and probability plots for
the myeloid leukemia data.
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Figure 13. Fitted ECDF curve and K-M plots for the myeloid leukemia data.
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Figure 14. Fitted TTT scaled and hrf plots for the myeloid leukemia data.

8. Conclusions and recommendations

This paper introduced the HT-WF-G family of distributions, a robust and highly flexible probability
framework designed to model complex real-world phenomena characterized by heavy tails, skewness,
and non-monotonic hazard rates. By integrating the heavy-tailed-G generator with the Weibull flexible-
G baseline, the proposed family significantly extends the capability to capture diverse data behaviors
that traditional distributions often fail to adequately model. Through rigorous theoretical development,
we derived the fundamental statistical properties of the HT-WF-G family, including its quantile
function, series expansion, and moments.

The MLE procedure was established and validated via comprehensive Monte Carlo simulations,
thus confirming the consistency and efficiency of the parameter estimates. The formulation of key
actuarial risk measures within this framework enhances its applicability in financial and insurance
risk assessments. The practical superiority of the HT-WF-G family, particularly its HT-WF-BXII
special case, was decisively demonstrated through applications in oncology. Using time-to-event data
for lung cancer and acute myeloid leukemia, the model consistently outperformed several prominent
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benchmark distributions across multiple GoF criteria, including AIC, BIC, CAIC, HQIC, and the K-S
test. This empirical validation underscores the model’s utility as a statistical tool for survival analyses
and reliability engineering in heavy-tailed and complex settings.

While the HT-WF-G family demonstrated an enhanced flexibility and superior fit in the
analyzed oncology datasets, its increased parametric complexity raises concerns regarding overfitting,
particularly with limited samples. Furthermore, the presence of extremely small standard errors for
some parameters may indicate numerical rather than substantive precision. Moreover, the model’s
current formulation does not accommodate censored observations—a common feature in survival
data—potentially biasing the estimates. Future work should address these limitations by incorporating
regularization or penalized estimations, validating results via bootstrap and sensitivity analyses,
extending the framework to handle censoring, and assessing the predictive performance through cross-
validation and simulations under realistic conditions. Developing bivariate or multivariate versions of
the HT-WF-G family using copula functions or other multivariate construction methods would allow
for the modeling of complex dependence structures between random variables, with direct applications
in finance, insurance, and multi-state survival analyses. Furthermore, applying the HT-WF-G family
to other domains with heavy-tailed and skewed data, such as climatology (extreme weather events),
econometrics (financial returns), and actuarial science (catastrophic loss modelling), would further
demonstrate its versatility and practical impact.

The HT-WF-G family, with its demonstrated flexibility and superior fit, establishes a substantive
foundation for advanced statistical modeling. Pursuing these future directions will not only extend the
theoretical reach of the family but also broaden its scope to solve complex analytical problems across
diverse scientific and industrial fields.
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