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1. Introduction

Fractional calculus has played a significant role in many applied fields and has aroused considerable
interest of scientists, and fractional partial differential equations, as generalizations of classical partial
differential equations, have been proposed and investigated in many research fields. In 2014, a new
definition of a fractional derivative, the conformable fractional derivative, was introduced by Khalil
etal. in [1].

The most common way to construct fractional differential equations is to replace some or all of the
derivatives in integer-order differential equations with fractional derivatives. In this work, we replace
the integer-order derivatives of the Burgers’ equation,

ou 0u ou
— = tu—, 1.1
or o "ox (1.h
by the conformable fractional derivatives. That is, we consider the conformable fractional Burgers’
equation
DYu = D°D’u + uD’u, (1.2)
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where u = u(x,t) denotes an unknown function on independent variables x > 0 and ¢ > 0; the fixed
real numbers a, B, v, and ¢ are the orders of conformable derivatives with 0 < @,,7,6 < 1; and DY
and D? stand for the conformable fractional derivatives of order @ and B of u with respect to ¢ and x,
respectively. Here, « is called the order of time derivative, while 8, v, and ¢ are called the orders of
spatial derivatives of Eq (1.2).

First of all, we review the definition of a conformable derivative:

Definition 1.1 ( [1]). Let f : (0, +00) — R be a function, @ € (0, 1], and ¢ € (0, +o0). If the following
limit exists, then it is called the conformable fractional derivative of order @ of f at ¢, and is denoted
by D f(¢):
flt+et'™) = f(0)

. .
In this case, f is said to be conformably differentiable of order « at .

D"/(1) = lim

Note that D'!f(¢) coincides with the classical definition of the first derivative f’(f). But a
conformable derivative does not satisfy D*D? = D% in general, and neither does the Riemann-
Liouville derivative or Caputo derivative. On the other hand, a conformable fractional derivative
satisfies the constant rule, sum rule, product rule, and quotient rule as a classical derivative:

Lemma 1.2 ( [1]). Let @ € (0,1], t € (0,+), ¢,d € R, and f and g be functions conformably
differentiable of order a at t. Then we have

(1) D¢ = 0;

(2) DYt = ct79;

(3) Di(cf +dg)®) = cDf f(1) + d D g(0);

(4) Df(fg)(1) = gDy f(1) + f D g(1);

(5) DY(f/g)(®) = (¢ D] f(r) - f Dig(1)/g(t)*;

(6) If, in addition, f is differentiable at t, then DY = t'= f'(1).

Further properties of the conformable fractional derivative, such as the intermediate value theorem
and extensions to fractional transforms, are explored in [2—4], building on the foundational definition
in [1]. Based on this notion of a fractional derivative, a large number of conformable fractional
differential equations have been proposed and investigated in recent years. Besides the study
of mathematical properties, many researchers focus on the physical significance of conformable
differential equations and applications of conformable models in physical, chemical, and biological
processes and engineering; see, for instance, [5—7] and the references therein. Some of these works
considered conformable Burgers-type equations or their variants, which suggests that equations of the
form (1.2) may possess meaningful physical interpretations.

In this work, we study Eq (1.2) from the perspective of Lie symmetry and the conservation law,
in order to help reveal further structural and physical implications of the model. Lie symmetry
analysis and conservation laws provide fundamental tools for understanding the structure of differential
equations and the physical phenomena described by them. Classical theories of Lie symmetries and
conservation laws can be found in [8,9]. Recently, the extension of Lie group methods to conformable
fractional differential equations has also attracted attention; see, for example, [10, 11].
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The exact and numerical solutions of some special or modified cases of Eq (1.2) or related
Burgers-type equations have been considered in [12-14]. For instance, [12] used the first integral
method to establish the exact solutions for the time-conformable Burgers equation; [13] employed
the generalized Kudryashov method to obtain soliton-type solutions of the time-conformable Burgers
equation; and [14] proposed a fully discrete computational technique involving the implicit finite
difference technique and cubic Hermite splines to numerically solve the conformable damped Burgers
equation with variable coefficients. On the other hand, Lie symmetries and group-invariant solutions
for a more general form of (1.2) have been provided in [15]. These studies further motivate us to
analyze Lie symmetries on (1.2) and construct its group-invariant solutions.

In this work, we study the Lie symmetry structure and conservation laws of the conformable
fractional Burgers equation (1.2), with the aim of clarifying its structural properties and exploring
the possible physical interpretation of this conformable model. The main content is as follows:

(1) First, Theorem 2.1 provides the Lie algebra of infinitesimal point symmetries of (1.2). We see that
if B = y = ¢, then the fractional-order equation (1.2) has an isomorphic Lie algebra of infinitesimal
point symmetries as the integer-order equation (1.1), which is of dimension 5; otherwise, if at least
two of B, v, ¢ are distinct, then the Lie algebra is of dimension 2, i.e., the “quantity” of symmetries
is greatly reduced. Perhaps surprisingly, although Eq (1.2) has four parameters «, g, v, and 6,
its Lie symmetry only falls into the two cases mentioned above. This somewhat aligns with the
intuition that “a is the order of the time derivative, while 8, v, and ¢ are orders of the spatial
derivatives”. We discuss the one-parameter transformation groups generated by these infinitesimal
point symmetries one by one in Remark 2.2, which may help to understand the physical sense of
the conformable Burgers equation or even the conformable derivative.

(2) Second, Theorem 2.5 provides the conservation laws of (1.2). We see that if 6 # S, then (1.2) has
only a trivial conservation law, and if 6 = S, then (1.2) has the same “quantity” of conservation
laws as integer-order equation (1.1). Note that the fractional-order equation (1.2) always has non-
constant characteristics of the conservation laws unless @ = 8 = 6 = 1 (y is arbitrary), which is
different from the integer-order equation (1.1). Also note that the conservation law of (1.2) only
falls into these two cases. Based on this theorem, we define the conformable momentum for the
fluid satisfying the conformable Burgers equation and discuss the potential physical significance
of such hypothetical fluid in Remark 2.6.

(3) Finally, we calculate the group invariant solutions corresponding to an optimal system of one-
dimensional subalgebras of the Lie algebra of infinitesimal point symmetries of (1.2) in §3 under
the condition that the three spatial derivative orders are consistent, i.e., 5 =y = 0.

2. Point symmetry and conservation law

A point symmetry (i.e., geometric symmetry) group of a given differential equation is defined to be a
local transformation group whose elements transform a smooth solution of this equation to another, and
a conservation law of a differential equation is defined to be a divergence expression which vanishes
for all smooth solutions of this equation. Thus, we can focus on the smooth solutions of (1.2) when
we study its point symmetries and conservation laws. We conclude from Lemma 1.2 that a smooth
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function u(x, t) is a solution of (1.2) if and only if it is a solution of the following equation:

ou ou *u
1-2 0% (1B 1-5 \OU _ 25,0 U _
(s = (L =y P ) — 2 =0, 2.1)
Hence, a local transformation group is a point symmetry group of (1.2) if and only if it is that of (2.1).
The following theorem provides the Lie algebra of infinitesimal point symmetries (i.e., geometric
symmetries) of the conformable fractional Burgers equation (1.2). The proof of the theorem is quite

standard, so we put it in Appendix A.

Theorem 2.1. (1) When at least two of B,v,0 are distinct (i.e., B # 7y, ory # 0, or B # 0), the Lie
algebra g of infinitesimal symmetries of Eq (1.2) is spanned by the following vector fields:

v l—aﬁ
1 — 81"
0 0 0
vy = ozxa + (6 + y)ta—t + a(d —ﬁ—y)ua.

(2) When B = y = 0, the Lie algebra g of infinitesimal symmetries of Eq (1.2) is spanned by the
following vector fields:

vy = l_aﬁ
1=
vy = a/x% + ZﬂIE - aﬁu%,
V3 = xl_ﬁ%,
vy = xl_ﬁt“a - a%,
Vs = axt“% +/3t‘”lg - a(axﬂ +,8t“u) %

We see that when @ = 8 =y = § = 1, the theorem coincides with the classical result of the integral
order Burgers equation. Moreover, Eq (1.2) has more symmetries when S = y = ¢, which accords with
the intuition because S, v, and ¢ are all the orders of conformable derivatives on the spatial variable x.
On the other hand, the order « of the conformable derivative on the time variable ¢ does not affect the
amount of symmetries.

Remark 2.2. We consider the point symmetry groups generated by the v;’s one by one, which may
help us to understand the physical sense of the conformable Burgers equation or even the conformable
derivative:

(1) The group G, generated by v; transforms (x, ¢, u) to (x, 1t + ae)'/?, u) for £ € R and || sufficiently
small. If we write 7 = ¢, then the action of G; on the new coordinate system (x, 7,u) is given
by (x,7,u) — (x,7 + ae,u). Hence, the symmetry generated by v, may be interpreted as an a-
order conformable time-translation invariance, reflecting the invariance of the equation under
translations in the transformed time variable 7*. Similarly, when 8 = y = ¢, the group Gj
generated by v; transforms (x, ¢, u) to ((xﬁ + Be)lB ¢, u) for € € R and |g| sufficiently small.
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If we write & = xP, then the action of G is given by (&,t,u) — (€ + Be,t,u). Hence,
the symmetry generated by v; may be interpreted as a S-order conformable space-translation
invariance, reflecting the invariance of the equation under translations in the transformed spatial
variable x°.

(2) The group G, generated by v, transforms (x, 1, u) to (xe®, te®*V% ye=*6+7-9¢) for £ € R. We
write A = e®. Then the action of G, is given by

(x, 1, u) > (1%, P, 170B=0y).

Hence, G, is a scaling transformation group, and it reflects a scale invariance of the conformable
Burgers equation as it does that of the integer-order Burgers equation, but the scales are influenced
by the parameters «, 3, v, and 6. The scaling symmetry indicates that the relative scaling behavior
of u depends on the relation between 8 + v and 9.

(3) Whena = 8 =y = ¢ = 1, the group G, generated by v, reflects the Galilean invariance of the
integer-order Burgers equation. That is, the map (x, ¢, u) — (x+vt, t, u+v) transforms solutions of
the integer-order Burgers equation to other solutions, where v denotes the velocity of the system.
For general values of @ and § = y = ¢, the group G, generated by v, transforms (x, ¢, u) to
((xﬂ + Bet)VP t,u — a/e) for £ € R and |¢| sufficiently small. We write v = &. Then under the new
coordinate system (&, 7, u) defined above, the action of G5 is given by (¢, 7, u) — (£+BvT, T, u—av).
This is almost entirely consistent with the form of the Galilean invariance, and the only difference
is that the velocities of the response in the & component and the # component have a ratio of 5 : a.
In particular, when @ = 8 = y = § (not equal to 1 necessarily), viewed from a reference (&, 7, u)-
frame moving at a constant velocity, the conformable Burgers equation remains unchanged. We
may consider G4 as reflecting a conformable Galilean-type invariance of the conformable Burgers
equation.

(4) When @ = 8 =y = 6 = 1, the group G5 generated by vs reflects a special projective symmetry of
the integer-order Burgers equation, which transforms (x, #, u) to

(1 icst’ 1 _t st’u_ s(tu+x)).
It can be interpreted as a transformation to a uniformly accelerated reference frame. While
Galilean invariance deals with constant velocity, the invariance generalizes this to constant
acceleration. For general values of @ and 8 = y = ¢, the group Gs generated by vs transforms
(x,t,u) to

(x(l — aBet®) P 1 (1 — aBet®) ™V u — ae(Btu + cmﬂ)) ,

for £ € R and |¢| sufficiently small. We write s = ae. Then under the new coordinate system
(&, 7, u) defined above, the action of G5 is given by

& T

€T (1 —Bst’ 1 - Bst

,u— s(Bru+ af)).

This is almost entirely consistent with the form of the special projective invariance of the integer-
order Burgers equation, and the only difference is that the parameters occur in ¥ component. In
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particular, when @ = 8 = vy = ¢ (not equal to 1 necessarily), viewed from a reference (&, 7, u)-
frame moving at a constant acceleration, the conformable Burgers equation satisfies a similar
invariance as the integer-order Burgers equation. We may consider G5 as reflecting a conformable
special projective symmetry of the conformable Burgers equation.

The commutator table of v;, v, in the case where at least two of 3, vy, ¢ are distinct is given in Table 1,
and that of vy, ..., vs in the case where 8 = y = ¢ is given in Table 2. That is, the entries in row i and
column j of these tables represent the Lie bracket [v;, v;] = v;v; — v;v;. The adjoint tables of v, v, and
vi,...,Vs are given in Tables 3 and 4, respectively. That is, the entries in row i and column j of these
tables represent the adjoint representation Ad,,,(v;).

Table 1. Commutator table of Lie algebra of point symmetries when at least two of 5,7y, 6
are distinct.

Vi V2
Vi 0 a(B +y)vi
Vo —aB+y)v 0

Table 2. Commutator table of Lie algebra of point symmetries when 8 =y = 6.

141 Vo V3 V4 Vs
Vi 0 2 affv, 0 avs avy
V) —2afvy 0 —afv; affvy 2afvs
V3 0 affvs 0 0 affvy
V4 —avs —afvy 0 0 0
Vs —avy —2afvs —afvy 0 0

Table 3. Adjoint table of Lie algebra of point symmetries when at least two of 5,7, are

distinct.
141 Vo
Vi Vi —a(B+7y)ev, + v,
V2 e“(ﬂ”)svl V2
Table 4. Adjoint table of Lie algebra of point symmetries when 8 =y = 6.
Vi 1% V3 V4 Vs
Vi oV —2aPBev, + vy V3 —agvs +vy  a?BePV) — asvy + Vs
Vs eZaﬁsvl Vs east3 e—wﬁav4 e—2aﬁavs
V3V vy — afevs V3 Va4 —afevy + vs
V4 VI + a&evs vy + afevy V3 V4 Vs
Vs Vi +aevy +a?Be?Vs vy +2aBevs  vi+afevs vy Vs

Remark 2.3. In this remark, we assume that 5 = y = ¢, and let g be the Lie algebra spanned by
Vi,...,vs defined in Theorem 2.1. We also write § for the Lie algebra of point symmetries of the
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integer-order Burgers equation (1.1) and write uy, . . ., us for the classical basis of §. That is,
0 0 iy 0 0 0
= -, Uy = Xx— — —u—, U3 = —,
"o S o ou > ox
t o _20 — + 1 0 (x + tu)
Uy =t— — —, us = xt— — —(x+tu)—
YT 0x ou T ox 8 P

We define a linear map ¢ : § — g by letting

1 1
o(uy) = 5" e(ur) = —vo, @u3) =vs, @us) = aPfvs, @Us) =vs.

B aB
Then we check that ¢ is an isomorphism of Lie algebras.

The following corollary provides an optimal system of one-dimensional subalgebras of the Lie
algebra spanned by the vector fields v; and v, (when at least two of 3,7y, are distinct) or vy, ..., Vs
(when B8 =y = ¢6) in Theorem 2.1. The proof of the theorem is quite standard, so we put the proof in
Appendix B.

Theorem 2.4. Let g be the Lie algebra spanned by the vector fields v\ and v, (when at least two of
B,7v,0 are distinct) or vy, ...,vs (wWhen 8 =7y = 6) in Theorem 2.1.

(1) When at least two of B,v, 6 are distinct, an optimal system of one-dimensional subalgebras of g is
given by
Vi, %R

(2) When 8 =y = 6, an optimal system of one-dimensional subalgebras of g is given by

viEtVs, V3, V3, V3zEVs, Vi

Now we consider the conservation law of (1.2). By the conservation law of (1.2), we mean a pair
(p, q) of functions on the variables x,f, u, u,, u,, u,, ... of the jet space such that the restriction of
D,p + D,q on any smooth solution of (1.2) vanishes, where D, and D, denote the total derivatives on ¢
and x, respectively. In this case, p and g are called the conserved density and flux of the conservation
law. The conservation law plays an important role in the study of differential equations. We take two
subintervals [#, #,] and [x;, x,] of (0, +o0). For a fixed conservation law (p, g¢) of (1.2), we have

X2 X2 5] 12
f Plics, dx - f Pl dx = f Gy d1 - f Gl d1. (2.2)
X X 1 il

In particular, if g|,-,, = 0 for i = 1 and 2, then the value fx Tz p dx is a constant independent of .

A conservation law (p, g) is called trivial, if p and g both vanish on any smooth solution of (1.2),
or if D,p + D.q itself (not the restriction) always vanishes, or if (p, g) is a linear combination of the
two cases above. Two conservation laws (p, ¢) and (p’, q’) are called equivalent if (p — p’,q — ¢’) is
trivial. In most applications, we are only interested in studying conservation laws up to equivalence.
The following theorem provides all the equivalence classes of conservation laws of (1.2). We put the
proof in Appendix C.
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Theorem 2.5. (1) When 6 # B, Eq (1.2) has only a trivial conservation law. That is, an arbitrary
conservation law of (1.2) has an equivalent conservation law whose conserved density p and flux
q are both (.

(2) When 6 = B, we write
_ a1{ 1— 1
po=x"u, qo=—t l(xl Yu, + Euz)

Then the pair (po, qo) forms the conserved density and flux of a conservation law of (1.2), and
every conservation law of (1.2) has an equivalent conservation law whose conserved density is
cpo and flux is coq for some constant c,.

Remark 2.6. To consider the physical meaning of Theorem 2.5, we assume that 6 = § in this remark,
and let x; > xop > O and #; > #, > 0. For a smooth function u(x, t) defined on a neighborhood W of
[x0, x1] X [#0, 11], we regard u(x, t) as the velocity function of some one-dimensional fluid. We call

Mp(t) = f ) Flu(x, 1) dx

the B-order conformable momentum of the fluid on [xo, x;] at time #, which generalizes the classical
momentum in the framework of conformable calculus. Then for any smooth solution u(x, f) of (1.2),
we deduce from (2.2) and Theorem 2.5 that

t

! _ 1 _ 1
Mg(t) — Mg(t) = — f s“_l[xé Tu(xa, 8) + Eu(xz, s)z] ds + f s“_l[x} Tu(xy, s) + Eu(xl, s)z] ds

To To
t

! 1 1
= f s“‘l[D”;u(xl, s) — DYu(x,, s)] ds + f s“_l[zu(xl, D 51/!()62, s)z] ds,
o 1o

for any ¢ € [t, t;]. In particular, if
Dzu(xht) = DIM(XQ, t) = M(X1, t) = M(X2, t) = 0’ Vt € [tO’ tl]a

then the B-order conformable momentum Mj is a constant, independent of . Whena ==y =06 =1,
this is just the conservation of momentum of the integer-order Burgers equation. That is, the rate of
change of the total momentum on the interval [xy, x;] is determined solely by the difference in the total
flux at the boundaries, and the total flux is the sum of the convective (inertial) momentum flux u*/2
and the diffusive (viscous) momentum flux u, across the boundaries. For general values of «, 3, and
v = 0, the original convective and diffusive fluxes both need to be multiplied by an additional factor
1*~!: moreover, the diffusive momentum flux u, should be replaced with DYu. In particular, assume
that the velocity field u of a certain hypothetical one-dimensional fluid satisfies the following spatial

conformable Burgers equation:

% =DD"u + uD’u,

at X X X

and then the conformable momentum density of this hypothetical fluid involves both the velocity
field u and a spatial weight x’~!, which reflects the influence of the conformable structure on the
momentum distribution; and the diffusive momentum flux of this hypothetical fluid is determined by
the conformable acceleration D,u (not only the normal acceleration u, like ordinary fluid). On the

other hand, the convective flux of this hypothetical fluid is exactly the same as ordinary fluid.
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3. Group invariant solutions

Most interesting group-invariant solutions of (1.2) occur in the case where § = y = ¢. Hence, in this
section we always assume that 8 = y = ¢ and hence all of vy, ..., vs in Theorem 2.1 are well-defined.
We calculate the group-invariant solutions corresponding to the optimal system of one-dimensional
subalgebras provided in Theorem 2.4. Any other group-invariant solutions can be obtained from
these solutions by point transformations. Since a group-invariant solution corresponding to v; must
be constant, it remains to consider those corresponding to v; + vs, v,, v3 = vs, and v4. Using the
global invariants of these infinitesimal Lie symmetries, the conformable fractional Burgers equation
can be reduced to several ordinary differential equations. Since these reduced equations are generally
nonlinear and complicated, their analytical solutions are obtained with the assistance of symbolic
computation using the computer algebra system Mathematica.

3.1. Group-invariant solution of vi + vs

In this subsection, we let G be the one-parameter symmetry group of (1.2) generated by the
infinitesimal generator v; + vs. From the characteristic equation

dx dr du

axt® Bt 41l g (axP + Brou)

of vi + vs, we see that G has two functionally independent invariants

L
y= x(a + aﬁtza) P oand v =uqJa (B + 1) + Pt

Regarding y, v, and ¢ as independent, dependent, and parametric variables, respectively, we deduce
from (2.1) that

d2

d2+y(vy5+1 ﬂ)—y+ozy =0.

By using the computer algebra system Mathematica, we see that its general solution is

ia?y?

v(y) = - e =
\/B [L (_Cl’ é’ 2ﬁ3/2 ) C2U (Cl’ é» 2,33/2 )]
1 ia?y? 3 la2y2/5
x{Cz[U(Cl,z 2ﬁ3/2)+2C1U(C1+1 > 2,83/2 3.1

1 a7y 1 1%y
T R i RYACTOR. A zﬁm)}

where U(a, b, x) denotes the Tricomi confluent hypergeometric function, L(n,,x) denotes the
generalized Laguerre polynomial, and C; and C, are arbitrary constants. Therefore, the G-invariant
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solution of (1.2) is given by

—ax 1 AT
S (Y D
VBB + 1) 2 2

3 1
X {2 iC1C2U(C1 +1, 5,w) + Co(\Bt" + i)U(Cl, E,w) (3.2)

u(x,t) =

+ 21L(—c1 -1, %w) + (Bt + i)L(—Cl,—%,w) }

where
iax?

T BB+ 2)
In general, v(y) defined in (3.1) and u(x, t) defined in (3.2) are complex-valued functions. When

1
C = Z +iCy, C, =0, CpelR, 3.3)

u and v are real-valued for any x > 0, ¢ > 0, and 0 < @, B < 1. We cannot find any other conditions for
C, and C, to make u and v real-valued for all possible variables and parameters. In the case of (3.3),

w

we have o
iy [ 2L(-iCo- 3.3, 57)
v(y) = — 7 1+ . o | (3.4)
ﬁ L(_ 1C0 - Z’ _E’ 2ﬁ3/2 )
and
2 | 2iL(-iCo - 3. 3. w)
ul(x,t):——2 — + "+
a+aft* | \B \/BL(—iCo—l,—l,w)
3.5

372
__ ¥ {fwx[ 2iL(=iCo - .5, w)

T a+apre

where R(z) denotes the real part of z.

3.2. Group-invariant solution of vi — vs

In this subsection, we let G be the one-parameter symmetry group of (1.2) generated by the
infinitesimal generator v; — vs. From the characteristic equation

dx dt du

—axt® 70— Bl T o (axf + Brou)

of vi —vs, we see that G has two functionally independent invariants

y = x(a (ﬁtza - 1))_ﬁ and v= \/E(u VB =1+ a/3/2t“y5).

Regarding y, v, and ¢ as independent, dependent, and parametric variables, respectively, we deduce

from (2.1) that
d?v dv
2T _ V438
ydy2+y(y3v ﬁ+1)dy a’y” =0.
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By using the computer algebra system Mathematica, we see that its general solution is

ayP?

v(y) =-— —= —
\/B [L (_Cla _%a 2[3?/2) + CZU (Cl, %, 2,B+/2):|
1 a2y25 3 szzﬁ
X{C2 [U(CI’E’W)-FzCIU(CI + 1,5, 2ﬁ3/2) (36)
1 a?y* 1 %y
+ ZL(_Cl -1, 3 2,83/2) + L(—Cl, ~5 W) },

where U(a, b, x) denotes the Tricomi confluent hypergeometric function, L(n,,x) denotes the
generalized Laguerre polynomial, and C, and C, are arbitrary constants. Therefore, the G-invariant
solution of (1.2) is given by

o 1 1\
l/tz(.x, t) = - Wa_l) L(—Cl, —E,W) + CQU(Cl, E,W)]
X{ZCICZU(C1+1,%,W)+C2(\/,Eta+1)U Cl,%,w) 3.7

+ 2L(—C1 ~1, %w) + (B + I)L(—Cl,—%,w)},

where
(04 )C2’B

= 2832 (B2 — 1)

In general, v(y) defined in (3.6) and u;(x, f) defined in (3.7) are complex-valued functions. When

w

Ci=-2,-3,-4,..., and GC;€R, (3.8)

u and v are real-valued for any x > 0,7 > 0,and 0 < o, < 1.

3.3. Group-invariant solution of v,

In this subsection, we let G be the one-parameter symmetry group of (1.2) generated by the
infinitesimal generator v,. From the characteristic equation

dx dr du

ax 2_,Bt - —afu

of v,, we see that G has two functionally independent invariants

y=xt% and v=1"u.
Regarding y, v, and ¢ as independent, dependent, and parametric variables, respectively, we deduce
from (2.1) that

d?v dv
2,8y2—2 +y (ayzﬁ +2BY%v - 2(6 —ﬁ)) — +apfy*v =0.
dy dy
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By using the computer algebra system Mathematica, we see that its general solution is

1
AlCM (€~ 55 -0) + e M (€1 52

2B
><{ayg[(1—2cl)c2 (c1 ;; ‘:22) 2\/_C1yBM(C1+1§ %)] (3.9)

3 ¥
o)

v(y) =

where M(a, b, x) denotes the Kummer confluent hypergeometric function, and C; and C, are arbitrary
constants. Therefore, the G-invariant solution of (1.2) is given by

—

-1
us(x, 1) = tﬁ [C2t"’/2M(C1 —% % )+3\/ExﬂM(C1,§,w)]

X {axﬁ [(1 - 2C1)C2to‘/2M(C1 + % %w) —2C,; Vax*M (cl +1, gw)] (3.10)
+6VaB M (Cl, %W) }

where
(04 XZ’B

4[321—(2 :
When Cy, C; € R, v(y) defined in (3.9) and u3(x, ¢) defined in (3.10) are real-valued functions.

3.4. Group-invariant solution of vz + vs

In this subsection, we let G be the one-parameter symmetry group of (1.2) generated by the
infinitesimal generator v; + vs. From the characteristic equation of v; + vs, we see that G has two
functionally independent invariants

2Pt + 1 2But*® + 2ayt*® + 1
y=———— and v= .
2ar? 2Bt

Regarding y, v, and ¢ as independent, dependent, and parametric variables, respectively, we deduce
from (2.1) that

B— ﬁv——oz 0.
dy? dy

By using the computer algebra system Mathematica, we see that its general solution is

34a ya—Ci/2 [ ya—Cy/2
Vi {eoar (355 + B (3555}

ya—Cy/2 <[ ya=Ci1/2
& Al( Pa 2/334/3) + Bl( %@12/3@/3)

v(y) = (3.11)
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where Ai(z) and Bi(z) denote the Airy functions, Ai’(z) and Bi’(z) denote their derivatives, and C; and
C, are arbitrary constants. Therefore, the G-invariant solution of (1.2) is given by

r 2a

U5 1) = e A T Biow) {C2 | Vdapr® Ai'(w) = (a1"2® + 1) Ai(w)|

(3.12)
— (at®¥* + 1) Bi(w) + 4aBt° Bi'(w)},
where
_ 2axPt* - Ci* + 1

2 3/20'2,342‘2“

When Cy, C; € R, v(y) defined in (3.9) and u3(x, ¢) defined in (3.10) are real-valued functions.

w

3.5. Group-invariant solution of vz — vs

In this subsection, we let G be the one-parameter symmetry group of (1.2) generated by the
infinitesimal generator v; — vs. From the characteristic equation of v; — vs, we see that G has two
functionally independent invariants

2axPt — 1 2But®® + 2ayt*® — 1
:a— and v:'Bu *oay .

2a t2(l 2 ﬁta

Regarding y, v, and ¢ as independent, dependent, and parametric variables, respectively, we deduce

from (2.1) that
d’v dv
S+ fA—+a=0.
p dy? p vdy ¢

By using the computer algebra system Mathematica, we see that its general solution is

g 3[4 {C2 AT (6(ya+C1/2)) + BY (9(ya+C1/2))}

B N2a2/3p4/3 a2l .

v(y) = , 6 = exp(int/3), 313

Y C, Ai [ 2etC2) | gj (f0a+Ci/2 p(in/3) (3.13)
2N g ) TN g

where Ai(z) and Bi(z) denote the Airy functions, Ai’(z) and Bi’(z) denote their derivatives, and C; and
C, are arbitrary constants. Therefore, the G-invariant solution of (1.2) is given by

t—2a

neeh = B(C2 Ai(w) + Bi(w)) * {C2 [9 HAp AT - (a/t“xﬁ B 1) Ai(W)]

(3.14)
— (ar”x® = 1) Bi(w) + 0+/4a 2" Bi’(w)},

where
0(2ax17 + Cy12 - 1)
w= , 0 = exp(in/3).

2aF

In general, v(y) defined in (3.13) and u(x, ¢) defined in (3.14) are complex-valued functions. When

C,eR, C,e{+V3,i-3i), (3.15)
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u and v are real-valued for any x > 0,7 > 0, and O < @, 8 < 1. In the case of (3.15), we have

Qay + C))*F (g, __(2ya+c1)3>

_ 144a28* B
Y= BaF (2, -2 ) . when C; = V3,
307 T 144a2p?
4apF (3. ~Sst)
v(y) = T Gaic\ when C, = — ‘/5,
(20’)’ + CI)F (57_ 144(1254 )
2/3 3la A3/ 2ya+C
223 3 A (——2 %@y}ﬁu/}) .
v(y) = — , when C; =1,
. 2ya+C
Al (_ 5 %@02/3[;4/3 )
2/3 3]e By’ | — —ZtCi
22/3 3 5 Bi ( 2%02/334/3) )
v(y) = - when C, = =31,

and

us(x,t) =

b
. 2ya+C
Bi|-——2"—
2 V223843

2 (1 - at"xﬁ) {5 (C1t2“ + 27X — 1)2F(§,w1)

ug(x,t) =g

wy(x, 1) = B2

MS(X, l) = ﬁ_lt_za

B

4aB*rF (§,w))

aB’F (%,wl)

— P + 1

1 —axP® -

1 — axPr® -

| (C112 + 2axP1” — 1)F(%,w1)

V4aBrt® Ai’ (ws)
Al (Wz) ’

Bi (Wz)

4Bt BY (wz)]

o

b

when C; = \/5,
when C, = — ‘/5,
when C; =1,
when C, = =31,

where F(a,z) = ¢ F'1(a, z) denotes the confluent hypergeometric limit function, and

wp = —

4. Conclusions

((2t"xﬁa - 1) 172+ C1)3

(2t"xﬁa - 1) 172 4+ C,

144023 ’

2\35&2/3,34/3

(3.16)

(3.17)

In this work, we investigated the Lie symmetry and conservation laws of the conformable fractional
Burgers equation. By applying the classical Lie symmetry method to the conformable fractional
framework, the infinitesimal generators of the symmetry group were derived and the corresponding
Lie algebra was obtained. Furthermore, an optimal system of one-dimensional subalgebras was
constructed, which enabled us to perform systematic symmetry reductions of the equation. Based
on these reductions, several group invariant solutions were obtained under the condition that the three
spatial derivative orders are consistent.

In addition, conservation laws associated with the conformable fractional Burgers equation were
derived. These conservation laws provide further insight into the intrinsic structure of the equation

AIMS Mathematics
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and help reveal the physical properties of the fluid system described by the model. This allows us to
define a conformable momentum for hypothetical fluids satisfying the equation, highlighting potential
applications in modeling anomalous diffusion or viscous flows.

The present study demonstrates that Lie symmetry analysis remains an effective tool for
investigating conformable fractional differential equations. The approach used here can also be applied
to other nonlinear conformable fractional models arising in applied mathematics and mathematical
physics. In future work, it would be interesting to explore more general fractional Burgers-
type equations and investigate their symmetry structures, exact solutions, and potential physical
applications.
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A. Proof of Theorem 2.1
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A=~ (1 =YX u, = P uy — xPun, = 0, (A.1)
namely,
u, = t“_l[(l — X", + P+ xl_‘suux]. (A2)
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0 0 0
v=X(x,t, u)a + T(x,t, u)a + U(x, t, u)a. (A.3)
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0 0 0 0 0
@Dy =y + U —+U'— + U — + U — + U"—. A4
Y o, " o, T Guy  Ouy O (A9
If the one-parameter transformation group G, generated by v is a symmetry group of (1.2), then
0A 0A 0A 0A 0A 0A
@DyA) =X —+T —+U—+U" —+ U — + U™ — A5
R R i M PR PR Dty (&.5)
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is identically zero on the hypersurface defined by A = 0 in M®. It is well-known that the functions
U*, U', and U in (A.4) and (A.5) are given by

U =U, + (=X, + UDuy — T, — Xyu* — Tty
U' =U, - X, + (=T, + UDu, — X, — Tt
U™ = Uy + (—Xox + 2U )ty — Tty (A.6)
+(-2X,, + Uuu)ui = 2T . uu; — X,mui - Tuuuiu,
+ (22X, + U uy — 2T uyy — 3X it — 2T ittty — Tt

Step 1. Substituting (A.6) into (A.5) and replacing u,, by (A.2), the restriction of pr'® v(A) on the
hypersurface (A.1) of M® can be regarded as a polynomial on u,, u,,, and u,,, with coefficients of
functions on x, ¢, and u. The coefficients of u,u,,, and u,,, are

221,22~y a_T and 2% 1 2@ A a_T ,

X ou

respectively. It follows that T is a one-variable function of ¢, i.e.,

T =T(@). (A7)
Then the coefficient of wu,u,, is
0X
xR
o ou

It follows that X is a two-variable function of x and ¢, i.e.,
X = X(x,1). (A.8)
Then the coefficient of 2 in pr'® v(A) becomes

#u
ou?’

—x P2

Thus, U has the following form:
U =A(x,Hu+ B(x,1) (A.9)

for some undetermined functions A(x, ¢) and B(x, t).
Step 2. Now the restriction of pr'® v(A) on A = 0 can be regarded as a polynomial on u, u,, and u,,
with coefficients of functions on x and ¢. Then the coefficient of u? is

0A
X

Thus, A has the following form:

A = A@). (A.10)
Then the coefficient of u is

l-a dA 1-6 0B
——x .
dr ox
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Thus, B has the following form:
dA
B:&%V”E;+Hm (A.11)

for some undetermined function F'(¢). Then the coefficient of u,, is

B+l oX AT
al |28 s — )T+ 1By -2)X|.
t Ox dt

Thus, X has the following form:

-2 - dr 3B~
X_Wﬂwim D”U”(m+$+wx me” (A.12)

for some undetermined function G(¢). Then the coefficient of uu, is
x2(By=25+2) By gy (AT
-——— (B + +y=20tG+2B+y)x2tA+2B+y—-0)x 2 [t— + (= DT | .
Gy (B VNB+Y = 200G + 2B+ y)x (B+y =0 (dt (@—1) )}

Case 1: B+ vy # 20.
In this case, we see from the coefficient of uu, that

B+vy-0)(dT
G =0, =—— " |t— + (- DT]. A.13
B+ yit dr (@=1) ( )
Then the coeflicient of u, is
77N B +y —206) 2dzT dr s
t —(a-DI|T —t—||-F( .
x{ 5B +7) [ az ~@- D dr ®)x
Then we obtain
d’T dr
F=0, Z‘ZF—(Q’— 1)(T([)—ta):0 = T:C1I+Cztl_a, (A.14)
and hence
X:cla/x’ U:cla/(é—ﬁ—y)u' (A.15)
B+vy B+vy
Case 2: B+ vy = 20.
In this case, we see from the coeflicient of uu, that
1 (dT
A= ——|t— -DT|. A.16
% ( @D ) (A.16)
Then the coeflicient of u is
Voo % 20|22 dG
- — YOG — 4P 1°F + 1—|].
A [w G T
Thus, we obtain
1-a dG
B-v)G=0, F=-t s (A.17)
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Case2.1: f+y =20and 8 # y.
In this case, we see from the coeflicient of u that

F=G=0. (A.18)
Then the restriction of pr® v(A) on A = 0 becomes

. ar\ LdT [T dr
e A s RO P

201, 5 (-p-)
4B +7y)

Thus, we obtain

dr dr

dr d’T
(a — 1)(T - rE) - r2@ =0 = T=cit+ct™, (A.19)
and hence o o au
x=1 ypy=- A.20
iy 3 ( )

Case2.2: 5=y =06.
In this case, the restriction of pr® v(A) on A = 0 becomes

g2 BT dT , (%G dG
% {x [—t 5—@ - 1)(T(t)—ta)]—2ﬁt (IF—(Q/— 1)5)}.

Thus, we obtain

T =cit+ct™ + 38", G =cat” +cs, (A.21)
and hence v |
- =5+ acst®x + Bx B (cat® + c5)
X B (A22)
a CgXB ac\u o
U=- — —ac3t’u — acy.

B 2

Then we complete the proof of Theorem 2.1.
B. Proof of Theorem 2.4

Case 1: At least two of 3, y, ¢ are distinct.
We write u = a;vy +a,v, for a nonzero vector of g. In particular, at least one of a; and a, is nonzero.
When a, # 0, by taking &; = a,/(a(B + y)a,), we have

Adslvl u = arvy.

That is, by adjoint maps and scale multiplications, we can transform u with a, # 0 to v,. When a, = 0,
we must have a; # 0, so by a scale multiplication, we can transform u with a; = 0 to v;.
Case 2: B =y = 0.

We write u = a;v; + - -+ + asvs for a nonzero vector of g. In particular, at least one of ay,...,as is
nonzero. We see that A = ayas — Ba% is invariant under the adjoint maps of g.
Case 2.1: A < 0.
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We see that
Ad,,, u = (PasBe® — 2aaBe + a))vy + (ay — aase)v, + ways,

where w; 45 denotes a vector spanned by {vs, v4, vs}, and similar notations will be used in the rest of
this section. Since A < 0, there are two distinct &’s vanishing the coefficient of v; and keeping the
coefficient of v, nonzero. Thus, by an adjoint map and a scale multiplication, we may assume that
a; = 0and a, = 1 in u. Then we calculate that
as _ ay _ as
Therefore, by adjoint maps and scale multiplications, we can transform u with A < 0 to v,.
Case2.2: A=0anda; =a, =as; =0.

Then we have

Ad;,y, Ad,,,, Adg,, u = vy, & =

as
Adg,,, u=asvy, & =—, whenay #0,
aday
ay
Adgyysu=azvs, & =-— ,  whenas #0.
\ afas

Therefore, by adjoint maps and scale multiplications, we can transform u with A = 0O and a; = a, =
as = 0to vz or vy.
Case 2.3: A =0 and (a;,ay,as) # (0,0,0).
Since
Ad,,, u = (Pa\Be® + 2aarBe + as)vs + Wia34s

we may always assume that as # 0 in this case. Then by a similar discussion as in Case 2.1, we may
assume that a; = a, = 0 in u. Then we have
ay
afas’
Thus, by an adjoint map and a scale multiplication, we may assume thata; = a; = a4, =0andas = 1
in u. When a; = 0, we have u = vs; and when a3 # 0, we have
In |as|

Ad,,, u = i/az(iv3+v5), e=— 308

Therefore, by adjoint maps and scale multiplications, we can transform u with A = 0 and (a;, a»,as) #
(0,0,0) to vs or vz + vs.
Case 2.4: A > 0.

In this case, we must have a;as > 0. Then we calculate that

Ad,,, u = azvs +asvs, &=

A ay ay aras — adsds
Ad,,,, Ad,,,, Ad;,,, u = —Vv; +asvs, & =—, & =——, &= —"—"">"=,
as ads aasf alA

Thus, by adjoint maps and scale multiplication, we may assume that a; = 1, as # 0, and a, = a3 =
as = 01n u. Then we have

1
Ad,,, u = vV +vs), =—1 .
u |615|(V1 Vs) & 40 n|as|

Therefore, by adjoint maps and scale multiplications, we can transform u with A > 0 to v; + vs.
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C. Proof of Theorem 2.5

In this section, we write u; and u;, for the variables in the jet space corresponding to the partial
. . k k+1 . . . . . . .
derivatives 37‘,5 and ‘;xk 50 respectlvely. As .m‘entloned at the beginning of §2, a divergence expression is
a conservation law of (1.2) if and only if it is that of (2.1).

First, we see that the Fréchet derivative of A is given by

Dy =t7D, - (x"°u+ (1 - y)x'P)D, - ¥*#7D? - x'u,,

where D, and D, denote the total derivatives on x and ¢, respectively, as we mentioned above. We
calculate that the adjoint operator D}, of D, is given by

Di==(0=-a) =D+ ((1 = )xu+x"u+1-y)(1-8-y)x*7)
+ (X u+ (L =x"P7)D - 2 -B -y = B—y)xF7
-2 -B-y)x"F7D, - X D)ZC - x'0u,
— /D, + (xl—éu ~-3-28- y)xl—ﬁ—y) D, - X2 Py Di
—(l-a)f "+ (1 =-)xCu-1-p1-B-y)x*7.

Since we always have D, # D} no matter what values the parameters a, §, vy, and ¢ take, the
conformable fractional Burgers equation (1.2) is never the Euler-Lagrange equation for any variational
problem.

Lemma C.1. The characteristic r of a conservation law of Eq (1.2) has an equivalent characteristic
of the following form:

= o0l exp( =B -p- Y)fa)’

a/x,B‘W

where c is an arbitrary constant.

Proof. Let r be the characteristic of a conservation law of Eq (1.2). Then r has an equivalent
characteristic of the form r(x,t,u,u,,...,u,) for some non-negative integer n, and the restriction of
D r on any solution of (1.2) is zero.

One checks that D7, r itself (not the restriction) is a polynomial on the variables u,, i1, Uy Of

degree 1 with coefficients of functions on x, ¢, u, uy, . .., u,. The coeflicients of u,,, and u,, of D}r are
2poy OF =g OF
_‘x _, _t _’
ou, ou,,

respectively. Hence, the restriction of D} r on the solution of (1.2) can be regarded as a polynomial
on the variables u,,, u,,, of degree 1 with coeflicients of functions on x,t,u,uy,...,u,, where the
coefficient of u,,, 18

—2x2 By ﬁ

ou,

Then we obtain dr/du, = 0, i.e., r is independent on u,. By induction on n, we conclude that a
characteristic of the conservation law of (2.1) must be a smooth function only on x and ¢.
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For such a characteristic r = r(x, 1), the restriction of D}r on the solution of (1.2) has no other
expression other than D r itself, so we must have Dir = 0. One checks that D r is a polynomial of
degree 1 on u with coefficients of functions on x and #, and the coefficient of u is

S
X (xax ) l)r).

We conclude from the coefficient of u being O that
r=x""s®0),

for some smooth s(¢). Then

6—B—y—1
X

* —

Dyr=

g {[(@ = Dx" = (6= B)S = B =p)i]s(r) - xﬁwl‘%}.

Then we deduce that

6P -B— Y)I“)

s=ct"! exp(

axP+y
and hence ( ) )
R 0—=PB)6 B -yt
_ o—1 a-1 _
r=cx’ 't exp( e )
for an arbitrary constant ¢, which completes the proof. O

Now we begin to prove Theorem 2.5, and suppose that (1.2) has a non-trivial conservation law
(p’,q"). Then there is a conservation law (p, g) equivalent to (p’, q") whose characteristic is given by
Lemma C.1. We may assume that the characteristic of (p, g) is

R 6 -PG—-B—yr*
r=x""t""exp( - pre )- (C.1)
That is,
Dp +Dyq = rA, (C.2)

where A is defined in (A.1). On the right-hand side of (C.2), the only term containing a jet-space
variable involving the derivative on ¢ (i.e., the variables u,, u,,, u,;, and so on) is

oxp(- ETBOB=Dry

axBPry

so we must have

5—B)G— B — i
p= exp( _ 'B);xﬂf i )x‘s_lu. (C.3)
It follows that
Do = — ex (_ (5—,3)(5—3—7)1(’)

X [t"_]uxu + Xy (1 - 7)xa_ﬁ_7t“_lux].
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Then g must be a linear combination of u, and u*> with coefficients of functions on x and f. The
coeflicients of u, and u? in g are determined by the coefficients of u,, and u,u in the right-hand side of
(C.4), respectively, so we obtain

(6 =B)O =B =N\ 146-p—y - 1,
— )[xl IPvly Et ! 2]. (C.5)

q=- exp( T u

Substituting (C.3) and (C.5) into (C.2), we obtain

(B _ 5)ta—1
2ar x2,8+27+1

— 2 [axP —(B+y)B+y - 5)1‘"‘]} =0,

{(ﬂ +v =&)X u[(B + y)tu + 2ax’]

for arbitrary x, ¢, u, and u,. Therefore, we must have 6 = 3, which completes the proof.
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