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1. Introduction

Tilings have numerous applications in both practical contexts and pure science. Two great books
introduced their modern mathematical theory [1,2]. Open questions like “which tetrahedra fill
space 7 [3] go back to 2300+ years ago and led to the first modern study of spherical tilings
in 1924 [4]. After 100 years, the classification of edge-to-edge monohedral tilings of the sphere has
been carried out recently in a series of works such as [5—7], mainly by two groups in the Hong Kong
University of Science & Technology and Zhejiang Normal University. Our group has also made
progress on non-side-to-side triangular tilings recently. Figure 1 shows six examples of almost
equilateral quadrilateral, or simply a’b-tilings, which, together with a*b-pentagonal tilings [8], are the
hardest cases in the classification program.

An a’b-quadrilateral is given in Figure 2, with three normal edges a, a thick edge b, and angles

@, 3,y and ¢ as indicated. Throughout this paper, an a’b-tiling is always an edge-to-edge tiling of the
sphere by the congruent simple quadrilaterals in Figure 2, such that all vertices have degree > 3.
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Figure 2. Notations for an a’b-quadrilateral.

Instead of very long brute-force case studies of a’b- or a*b-tilings, some powerful algebraic number
theory approach have helped [6, 8] to classify such tilings with all angles being rational in degree
(simply called rational hereafter) very efficiently. Accordingly, the tilings with any irrational angle
must have very limited vertex types and were classified easily in [7].

The cost is to find all rational angle solutions to a key equation ([9, Lemma 3.14]) satisfied by any
a’*b-quadrilateral

sin(a - %) sing = sin% sin(é— g) (1.1)

Note that a similar equation for a*b-pentagons is much more complicated to solve [8]. Using x = e”

for each angle variable, Eq (1.1) changes to polynomial form. Solving for rational angles is then
equivalent to finding root of unity solutions (or cyclotomic points on some algebraic variety).
According to [10], there are two algorithms to solve such trigonometric Diophantine equations; both
have super-exponential complexity-limiting practicality to either < 12 monomials or < 3 variables.

Both previous classifications [6, 9] applied the first algorithm to (1.1) which induces eight
monomials, using many old works of different authors [11-13]. Unfortunately, quite a few errors and
gaps were found in them (see [6, Remark 17], for example), and it is known that there were gaps
in [12]. Moreover, it took a lot of work to translate acute angle solutions to general angles in (0, 27),
as shown in [6].

In this paper, we will apply the other algorithm from [14—16] to get an independent and more
efficient way to find all rational a*b-monotiles for the sphere, thereby supporting our full classification
results more rigorously. Although the equation has four variables, linear angle constraints from
degree 3 or 4 vertices, which must appear in the tilings, can help reduce (1.1) to two or three variables.

Theorem. There are 15 sporadic and 3 infinite sequences of rational a®b-monotiles for the sphere, as
listed in Tables 1 and 2, together with all of their different tilings.

In Tables 1 and 2, the quantity f denotes the total number of tiles in the spherical tiling, the angles
and edge lengths are expressed in units of &, and the last column counts all vertices and also all tilings
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when they are not uniquely determined by the vertices. A rational fraction, such as @ =

1
6,

precise value Z. A decimal expression, such as a ~ 0.391, means an approximate value

0.3917 < a < 0.392r.

Table 1. Fifteen sporadic rational a’b-quadrilaterals and their tilings.

means the

f (a,B,7,9), a, b All vertices and tilings
6 (6,3,4,3)/6, 1/2, 1/6 6036, 2y
6 (1,8,4,3)/6, 0.391, 1 6086, 2y°
6 (12,4,6,2)/9, 0.567, 0.174 6086, 2y*
12 (2,10,3,6)/9, 0.339, 0.532 12086, 2y°
12 (1,21,5,8)/15, 0.424, 0.741 12a86, 2y°
12 4,9,5,17)/15, 0.424, 0.165 12a86, 2y°
12 (9,28,10,23)/30, 0.335, 0.415 12086, 2y°
12 (3,16,10,41)/30, 0.469, 0.146 12086, 2y°
20 (5,32,6,23)/30, 0.335, 0.415 20a86, 2y'°
20 (1,16,6,43)/30, 0.469, 0.273 20a86, 2y'°
30 (1,42,4,17)/30, 0.424, 0.549 30a86, 2y"
18a36, 2y°
18 (3,20,4,13)/18, 0.339, 0.452 1606, 28y*, 2ay’s
14a6, 2a’y6?, 4By*
16 (1,4,2,2)/4, 1/4, 1/2 8602, 8a’By, 2y*: 2 tilings
36 (5,4,7,3)/9, 0.174, 0.258 18B8y?, 6036, 6082, 6apB5°, 26°
36 (15,6,10,7)/18, 0.225, 0.118 14028, 8as?, 108y, 68%ys>

Table 2. Three infinite sequences of rational a’b-quadrilaterals and their tilings.

Condition on f

All vertices and tilings

Sequence 1: (a,8,7,96) = (;‘7 1- %, %’ 1)
¥Yeven f > 10 faps, 27%
f=4k(k>=3) (f = 2)aBs, 207%—15’ 2,37%1
(f = Daps, 2877%, 4ay*'6: 2 tilings
f=12 6aPBS, 28, 6ays
Sequence 2: (@, 3,7,0) = (% AL, %, %)
Veven f>6 faps, 27g
f=6k+4(k=>=1) (f - 2)aps, zﬁyfﬁﬁ, Za'yf%é
(f - H)aps, 20°y's &, 4By’ : |42 tilings
(f - 6)aps, 2a8°, 2a°By’s, 4By"s : 3 tilings
Sequence 3: (@,8,7,6) = (%, e %, ‘#)

Veven f > 10
f=6k+2(k=>2)

faps, 2yt

(f = 2)as, 2ay’s s, 28y"F

(f - 4)aBs, 4ay'ss, 282y" : |42 ] tilings
(f = 6)aps, 2By, bay's s
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In conclusion, this paper verifies that the list of rational a*h-monotiles in our previous work [6] was
complete, while it was incomplete in [9]. Specifically, the rational solutions for the case of f = 6 were
not identified in their classification.

This paper is organized as follows. Section 2 includes basic facts from [6, 7] and some technical
results specific to a*b. Section 3 introduces the method of solving algebraic equations in roots of unity
with some examples. Section 4 applies this method to all possible degree 3 vertex types, completing
the proof.

2. Basic facts

We will always express angles in & radians for simplicity. So the sum of all angles at a vertex is 2.
We present some basic facts and techniques in this chapter.

Let v,e and f be the numbers of vertices, edges, and tiles in a spherical quadrilateral tiling,
respectively, and let v, be the number of vertices of degree k. By applying Euler’s formula
v —e+ f = 2, one can derive the following fundamental topological bounds (see [6] for detailed
derivations).

Lemma 1. In any spherical quadrilateral tiling, the total number of tiles f satisfies f > 6, and the
number of degree 3 vertices v satisfies v3 > 8.

Lemma 2. [7, Lemma 2.1] If all tiles in a tiling of the sphere by f quadrilaterals have the same four
angles a, 3,7, 6, then

4
a+fB+y+0=2+—,

f

ranging in (2, 8]. In particular, no vertex contains all four angles.
Lemma 3. [5, Lemma 3] If the quadrilateral in Figure 2 is simple, then 8 < 7y is equivalent to a > 9.

Lemma 4. [6, Lemma 3] If the quadrilateral in Figure 2 is simple, then 8 = ¢ if and only if @ = 1.
Furthermore, if it is convex with all angles < 1, then B > ¢ is equivalent to @ < yand f < ¢ is
equivalent to a > .

Lemma S. [6, Lemma 4] If the quadrilateral in Figure 2 is simple and 6 < 1, then 2a + 8 > 1 and
B+2y>1.

Lemma 6. [6, Lemma 8] There is no tiling of the sphere by congruent quadrilaterals with two angles
> 1.

Lemma 7. [7, Lemma 2.9] Any convex spherical a®b-quadrangle with all angles < 1 satisfies
a+0<1+8, a+d<l+y, a+B<1+6, v+i<l+a.

Lemma 8. (parity lemma, [5, Lemma 10]) In an a’b-tiling, the total number of ab-angles (defined as
the angles a and 6 adjacent to the edge b) at any vertex is even.

Lemma 9. (balance lemma, [5, Lemma 11]) In an a’b-tiling by f congruent tiles, each angle of the
tile appears f times in total. If no vertex contains two « or two 9, then any vertex containing « or 6
must be of the form ad - - - with exactly one a and one o.
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Lemma 10. /6, Proposition 10] There is no tiling of the sphere by the congruent symmetric a’b-
quadrilaterals (a = 6 and B = y).

In an a’b-tiling, there are only ten possible degree 3 vertices: four a*-vertices (8%, 8%y, By* and )
and six a’b-vertices (a*B, a*y, 6%, y6%, a3, and ayod).

Lemma 11. [7, Lemma 2.11] In an a’b-tiling, we cannot have three different a*b-vertices. Moreover,
the following are the only possible combinations of two a*b-vertices:

(1) s, yo*;
(2) ays, By
(3) a?B,yd%

When a6 (or ayd) appears as a vertex, we get y = % (or B = %). Such a quadrilateral always
admits the simplest 2-layer earth map tiling. When /35 (or a’yd) never appears as a vertex, we have
the following two lemmas.

Lemma 12. /7, Table 5] Suppose that a36 and ay$ are not vertices in an a’b tiling, and there are,
at most, two different degree 3 vertices. Then these two vertices are one of the following: {*B, 5},
(a?B, B2y}, (@B, Y3}, {a?B, y6%), {82y, Bo6%), {By?, B2}, or {B62,v3), up to the symmetry of interchanging
a e dandf < y.

If there is a unique degree 3 vertex type without @86 and ayd, then it must be o8, 6%, 3%, or By?,
up to the symmetry of interchanging @ <> 6 and 8 < 7.

Lemma 13. [7, Lemmas 5.1 and 5.2] In an a’b-tiling, we have the following:

(1) If all degree 3 vertices are By* or 3, then some degree 4 vertex exists with two b-edges: One of
{a?, &?6, a%82, ad®, 6*} must appear.

(2) If all degree 3 vertices are a’B, then a degree 4 vertex exists without a: One of
B.8%y.8%y. By, B26%, Bys*, v*, y*6%, 6%} must appear.

(3) If all degree 3 vertices are 6%, then a degree 4 vertex exists without 6: One of

{a*, 2B, a2y, &?By. B, By, BY . By, ¥*} must appear.

The angle sums from Lemmas 12 and 13 are linear constraints helping to express four angles in
terms of two angles.

3. An explicit example applying the number theory techniques

To find all rational a*b-monotiles, we will find all reasonable rational angle solutions to (1.1)
under 36 different linear angle constraints in the next chapter. The computations can be done by
SageMath, Maple, or some other symbolic computation software.

As a typical example, we consider Case {3°, a*}]—a case from Section 4.3 (tilings with a unique
degree 3 vertex type excluding af6 and ayd)—and demonstrate explicitly how to resolve it using the
number theory techniques developed by Bradford and Davenport [14] and Beukers and Smyth [15].

First, by solving the linear system of angle sums, we get
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Then the trigonometric Eq (1.1) reduces to

o 2 5 o 2 o 2
Q(5’f)3:251n(;—r+5—7”)—2008(£+§—7ﬂ)+2cos(%+§+77T

2
)+2cos(;—r+%—7"):o.

By setting x = €,y = e%, the equation above is transformed to a polynomial one
P(x,y) = {1 + 0%y = (8 = ()% + (= Dy + Gpx + oy = 0.

Note that the primitive 12-th root of unity ¢, originates from expanding the cos({5) term, with the
full derivation of these cyclotomic coefficients demonstrated in Section 3. If we replace ;, by the other
primitive 12-th roots of unity £ {‘2 for k =5,7,11 in P(x,y), then the product of these four polynomials
will have rational coefficients by Galois theory

P(x,y) = x1? — x1%% + x8y* + 12x10 + 5210 + 43x8y% + 5x%* + 1248y
+48x%y% 4+ 24x® + 24x%y% + 24x*y* + 48x%y + 12x*y + 5x°
+43x% + 5x%y% + 124%° + 2 — 2By +yh

Note that setting x = €?¢,y = e gives a simpler polynomial
L(x,y) := x*y* = Xy + 5% + 2% + 12Xy + 43x%? + 48x%y* + 24x%*
+5x° + 12x*y 4+ 24x°y% + 1227 + 5xy* + 24x* + 48x°y
+ 4335 + 12xy° +y* + 550 — xy? + 42,

which is full (i.e., its monomials’ exponent vectors in Z> generate the full integer lattice Z?).

To find the roots of unity solutions (x, y) or to find all cyclotomic points on this algebraic curve, we
follow [15] to compute the resultants of L(x,y) with L(—x, y), L(x, =y), L(—x, —y), L(x*, y*), L(—x%,¥?),
L(x?,—y?), and L(—x?, —y?). Let R denote the resultant. For example, we have

f(x) := RA(x,y), L(=x,y), x) = 256y°(25y°® +998y° + 1923y" + 998y* + 25)*-
(11y* + 6y — 1217y° — 4182y° — 5112y* — 4182y* — 1217y* + 6y + 11)*.

This is a single-variable polynomial, whose root of unity solutions (or cyclotomic part) can be found
by a recursive algorithm [14] computing ged(f(x), f(=x)), ged(f(x), f(x?)), and ged(f(x), f(—x?)).
Both [14, 15] are based on a key but simple property: For w a root of unity of order k = r (mod 4)
(r = 0,1,2,3), w is conjugate to —w, w?, —w?, and w?, respectively. It turns out that all such gcd for
f(x) are 1, and thus f(x) has no root of unity solution.

Similarly, the following resultant produces two root of unity solutions y = £, for i = 1, 3 as follows

R(L(x,y), L(x, —y), x) = 247669456896y'*(4y® + 67y° + 114y* + 67y* + 4)
0% +72y° + 110y* + 72y* + D + 12

After computation of all seven resultants, we get six root of unity solutions y = ¢!, for
i=2,3,4,8910 Byy= eT, we get f=12,8,6,3,%, and 2. Since f must be an even integer > 6,
we only need to consider i = 2,3, 4.

AIMS Mathematics Volume 11, Issue 3, 8225-8241.
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For f = 12, substitute y = e% in P(x,y) =0, and we get x = {{2 fori =2,3,4,8,9,10 in a similar
way. This implies that (a,8,v,0) = (3,4,2,5)/6, (3,4,3,4)/6, (3,4,4,3)/6, (3,4,-4,11)/6,
(3,4,-3,10)/6 or (3,4,-2,9)/6. The last three solutions are dismissed, since they have negative
angles. The first solution is dismissed, since it does not satisfy (1.1) and is a fake solution. The second
and third solutions are dismissed since they violate Lemmas 4 and 10, respectively.

Similarly, for f = 6, we get (a,5,v,0) = (3,4,8,1)/6, and for f = 8§, we get
(a,B,v,0) = (3,4,6,2)/6. Only these two good solutions satisfying (1.1) and Lemmas 2—7 are shown
in Table 3.

Table 3. Tilings with a unique degree 3 vertex type (excluding 36 and ay9d).

Vertex 1 Vertex 2 (a,B,7,9), f Contradiction
at, a?8? No solution
) a8 (5,4,7,3)/9, 36
by s> (1,6,2,3)/5. 10 In Table 4
5 (1,4,2,2)/4, 16 In Table 5
\ (3,4.8,1)/6, 6 In Table 4 (@ & 6, B & 7)
B « (3,4,6,2)/6, 8 No tiling by the balance lemma
a’s, a?6%, ad’, & No solution
i 9,6,12,5)/12, 6 No tiling by the balance lemma
B By (15.6,10,7)/18, 36
By, B, B6%, By, No solution
V4 282, 6
at, 2B, B, By, B BY’ No solution
B> By, v* (1,4,2,2)/4, 16 In Table 5
a?y? (2,6,4,3)/6, 8 No tiling by the balance lemma

It turns out that (a,8,7y,6) = (3,4,8,1)/6 is a monotile admitting the standard 2-layer earth map
tiling, and it also appears in Table 4 given the symmetry a < 9, 8 < .

Table 4. Tilings with 0.

Vertex (a,B,7,90), f (,B,7,0), f
(6,3,4,3)/6, 6 (1,8,4,3)/6, 6
(12,4,6,2)/9, 6 (2,10,3,6)/9, 12
(1,21,5,8)/15, 12 4,9,5,17)/15, 12

ops (9,28,10,23)/30, 12 (3,16,10,41)/30, 12
(3,20,4,13)/18, 18 (5,32,6,23)/30, 20
(1,16,6,43)/30, 20 (1,42,4,17)/30, 30
G4 f-44.N/f (6,4f -4,12,2f -2)/3f

(6,2 —-4,12,4f -2)/3f

However, (a,8,7,0) = (3,4,6,2)/6 does not admit any tiling of the sphere. Otherwise, the parity
lemma implies that y - - - = a?y. Consequently, we have #o = 2#y = 2f, a contradiction to the balance
lemma. Similarly, the following two cases in Table 3 produce no monotiles either:

(1) Case {a?B,*,(9,6,12,5)/12,6}.
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(2) Case {86%,a*y*,(2,6,4,3)/6,8).

The discussion above resolves Case {5°, a*} completely. For more details or more examples, we
refer to our work [8] on rational a*b-tilings.

4. All rational ¢’b-monotiles

By Lemma 10, we only need to consider non-symmetric a’b-quadrilaterals (a # &, B # y) with
even f > 6 and all rational angles in (0, 2r) satisfying (1.1) and Lemmas 2—7 (simply called “good”
hereafter). By Lemmas 11-13, there are 36 vertex combinations to help simplify (1.1), which induce
all rational a*b-monotiles summarized in Tables 35 in the following subsections.

4.1. Tilings with a6 or ayd as a vertex

By symmetry, it is enough to consider ¢f6. By Lemma 2, we get
a=2n—-p-6, y= 4—;.
The trigonometric Eq (1.1) reduces to

0,0, f) = 2005(%8 +0+ zf—’.r)—Zcos(g +0+ 27”)+2COS('§ - zf—” —6)—2005(§ -0+ 27”) =0.

By setting x = e,y = e2%, 7 = e/, Q(8, 6, f) is transformed to a polynomial
P(x,y,2) i= X'yz = X’yz— X’z +xyz+ x> —xy—x+ 1 =0.

This is the only case inducing a 3-variable polynomial equation. Following the algorithm in [16], we
compute 15 resultants to get all good rational angle solutions shown below:

Case 1. R(P(x,y,z2), P(—x,,2), X)
z-D*G+1D*(z-1>*=0.

| f]@By.0) | f](@By.d) |
16](6,3,4,3)/6 |6 ](1,8,4,3)/6 |

Case 2. R(P(x,y,z), P(x, -y, 2), X)
(2+1)@-D*=0.

@By |
|8 ](3,14,6,7)/12 |

Case 3. R(P(x,y,z), P(x,y,-2), X)
-1+ 1*=0.

AIMS Mathematics Volume 11, Issue 3, 8225-8241.
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[ @B.y.8) | f| @By |f]|@By.9)
16]6,3,43)/6[6]1.,843)/6] |@&4f-44N/f]

We explain how f appears in the last solution g8 = %ﬂ. When y = 1, P(x,y,z) = 0 reduces to

(x — 1)*(xz + 1) = 0. Recall that x = €# and z = ¢*"//, and thus (xz + 1) = 0 gives

ﬁ+§7r:71 == ﬁ:%ﬂ'.

Case 4. R(P(%,¥,2), P(—X,-¥,2), %), (x = X,y = g)
(=D +1)=0.

[ @By.8) | f| @By |f]|@By.9)
16 ]6,3,43)/6]6]1,843)/6] |@&f-44N/f]

Case 5. R(P(%,y,z), P(-%,y,-2), %), (x = )
G+ D} (2+1) -1 =0.

[ @By.8 | f](@By.6) [f] @By  |f](@By.9)
16]6,3,43)/6]6]1,84,3)/6|8]3,14,6,N/12] | @ f-44N/f]

Case 6. R(P(x,y,z), P(x, -y, —2), X)
(=D + D +yz+2)=0.

[ @By.8) | fl@pBy.d |f| @By |f]@B70)
16](6,3,43)/6]6]1,84,3)/6|8]3,14,6,D/12] | @ f-44N/f]

Case 7. R(P(%,§,2), P(-%, -3, —2), %), (x = X,y = %)

(Z+1)(’z-1)0z-D=0.

[ @By.6) | f|@By.6) |[f](B7.06) | [ ] (@.B.7.6) |
16](12,4,6,2)/9[8 | (3.14,6,1D/12| [ (6,4f -4,12,2f-2)/f | [ (6,2f -4,12,4f -2)/f |

Case 8. R(P(x,y,z), P(x*,¥%,7%), X)
@-D'oz-D' -1 (Yz-1)=0.

Sl @By.9) | f](@B.7y.9) | f | (@.B,7,6) | /| (@.B,7.6) |
16](12,4,6,2)/9] |4 f-44.N/f] [6,4f-4122f-2)/f| [(6,2f-4,12,4f-2)/f]

AIMS Mathematics Volume 11, Issue 3, 8225-8241.
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Case 9. R(P(x,y,z), P(=x*,¥%,7%), x)
G+ D =D’ - D +yz+2)0z- 1’ =0.

[ @By.8 | f]|(@By.6) [f]@B7y.9) | f] @B,7.0) |
16 ](6,3,43)/6[6](1,8,43)/6[8](3,146,1/12| | @& f-440/f]

Case 10. R(P(x,y,z), P(x*, =%, 7%), x)

(Z _ 1)2(y _ 1)0} + 1)(y6 4 _ 2y6Z3 _ 2y5Z4 +y6ZZ _y4Z4 + 4y5Z2 + 7y4z3 + 2y3Z4 _ 2y5Z _y4Z2 +y3Z3 +
V¥ =5y - 10y’ = 59’2 + v + V2 =y 2 = 292 + 20 + Yz + Ay -y + 2 -2y -2z + 1) = 0.

| f | @By.0) [f |(@pB.y.0) | f | (@.B8.7.,6) | f | @B,y.0) |
6 |(6,3,4,3)/6 |6 |(1,8,4,3)/6 8| @(3,14,6,7)/12 16 | (1,3,1,4)/4
16 | (1,10,2,5)/8 | 16 | (3,14,6,31)/24 @, f-4,4,H/f

Case 11. R(P(x,y,z), P(x%, %, —7), x)

(y _ 1)3(y + 1)(}7426 _ 3y4Z5 + 4y4z4 _ 4y3z5 _ 2))423 + 10y3Z4 _ yZZS + y422 _ 9y3z3 + 8_)’224 _ yZS +
4372 —129°8 + 4yt =V 2+ 8?2 — Oy + 2 — V22 + 10y22 =22 —dyz+ 4722 -3z + 1) = 0.

| f [ (@.B.y.9) | f [ (@B.7.9) | f [ (@.B.7.9) | f [ (@.B.y.9) |
6 (6,3,4,3)/6 6 (1,8,4,3)/6 8 (3,14,6,7)/12 12 | (2,10,3,6)/9
12 | (1,21,5,8)/15 12 | 4,9,5,17)/15 12 | (9,28,10,23)/30 | 12 | (3,16,10,41)/30
12 ] (1,2,1,3)/3 12 | (3,22,6,11)/18 12 | (3,10,6,23)/18 24 | (1,5,1,6)/6
24 | (3,46,6,23)/36 | 24 | (3,22,6,47)/36 | 36 | (1,8,1,9)/9 36 | (3,70,6,35)/54
36 | (3,37,6,71)/54 @ f-4,4,N/f

Case 12. R(P(x,y,2), P(—x*, =y*,2%), x)

y8Z6+y7Z7+y6Z8_2y8Z5 —y6z7 +y8z4—4y7z5 _y6Z6+6y7Z4+3y6Z5+y5Z6+y4Z7_3y7Z3+2y6Z4+3y5Z5_
3y4z6—y3z7—6y623—6y5z4+5y4z5+y3z6+3y6z2+4y5z3—4y4z4+4y3z5+3yzz6+y5z2+5y4z3—6y3z4—6y2z5—
y5z_3y4z2+3y3z3+2y2z4_3yz5 +y4z+y3z2+3y2Z3+6yZ4—y2Z2—4yZ3 +Z4_y2Z_2ZS +y2 +yz+z2 =0.

[/ [ @B.7.9) [/ [ @B.7,9 [/ [ @B, [/ [ @B.7,9

8 | (3,14,6,7)/12 | 16 | (1,3,1,4)/4 16 | (1,10,2,5)/8 16 | (3,14,6,31)/24
30 | (1,42,4,17)/30 | 30 | (2,13,2,15)/15 | 30 | (3,58,6,29)/45 | 30 | (3,28,6,59)/45
42 [ (2,19,2,21)/21 | 42 | (3,82,6,41)/63 | 42 | (3,40,6,83)/63

Case 13. R(P(x,y,z), P(=x%,y*, =2, x)
P+ DO+ 120+ 2 +y* 20 =03 =3y =2 D + 02+ 3y 2+ 3y e =y V2 +y P + 4yt +
zyZZS_2y4z2_6y3z3_2y2Z4+2y4Z+4y3Z2+y2Z3_yZ4_y3Z+3y2Z2+3yZ3+Z4_2y2Z_3yZ2_Z3+y2+yz+z2) =0.
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[ @B.7.0) [ f [@B%0 |7 | @Br0 [ [ @B.7,0) |
6 | (6,3,4,3)/6 6 | (1,8,4,3)/6 8 |(3,14,6,7)/12 | 12 | (2,10,3,6)/9
12 | (1,21,5,8)/15 12 | 4,9,5,17)/15 | 12 | (9,28,10,23)/30 | 12 | (3,16, 10,41)/30
12| (1,2,1,3)/3 12| 3,22,6,11)/18 | 12 | (3,10,6,23)/18 | 16 | (1,3,1,4)/4
16 | (1,10,2,5)/8 16 | (3,14,6,31)/24 | 60 | (1,14,1,15)/15 | 60 | (3,118,6,59)/90
60 | (3,58,6,119)/90

Case 14. R(P(x,y,z), P(x*, =y*, —=7%), X)

y8Z8 _ 4}78Z7 _ 2)77Z8 + 8)7826 + 5y7z7 —y6Z8 _ 9y8Z5 _ 5y7z6 + 9}76Z7 + 2y5z8 + 7y8Z4 _ 24)76Z6 _ 8)7527 +
y4z8 _ 3)7823 + 4y7z4 + 35)7625 + 12}7526 _ 7y4Z7 +y8Z2 _ 3)’723 _ 30)7624 _ 5)7525 + 23)7426 + 3y3Z7 +y7Z2 +
18y6z3 _4y5Z4 _41y4z5 _ 6y3Z6 + 2y2Z7 _ 8y6z2 + 8}7523 +48y4z4 + 8y3z5 _ 8y2Z6 + 2y6z— 6y522 _ 41y4z3 _
A3+ 18y%2 +yz28 + 372+ 23y* 2 = 5y° 23 = 30?2t = 3y’ + 28 — Tytz + 129322 + 3523 + 4yt - 32 +
Y =8y e =24y + T+ 2 + 92— 5y22 =922 — P + Syz + 822 -2y —4z+ 1 = 0.

| f | @B.y.6) | f | @B.7.9) | f | @B.7.9) | f | @pB.7.9) |
8 (3,14,6,7)/12 12 | (2,10,3,6)/9 12 | (1,21,5,8)/15 12 | 4,9,5,17)/15
12 | (9,28,10,23)/30 | 12 | (3,16,10,41)/30 | 12 | (1,2,1,3)/3 12 | (3,22,6,11)/18
12 | (3,10,6,23)/18 16 | (1,3,1,4)/4 16 | (1,10,2,5)/8 16 | (3,14,6,31)/24
20 | (5,32,6,23)/30 20 | (1,16,6,43)/30 20 | (1,4,1,5)/5 20 | (3,38,6,19)/30
20 | (1,6,2,13)/10 24 | (1,5,1,6)/6 24 | (3,46,6,23)/36 24 | (3,22,6,47)/36
60 | (1,14,1,15)/15 60 | (3,118,6,59)/90 | 60 | (3,58,6,119)/90

Case 15. R(P(x,y,z), P(—x%,—y*,=7%), x)
(Z+1)0-DE+Doz- D +yz+2)(yz-1)=0.

| f| (@.B.7.6) | f ] (@.B.7.0) | f ] (@.B.7.0) | f](@pB.y.0) |
61(6,3,4,3)/6 61(1,8,4,3)/6 61(12,4,6,2)/9 81(3,14,6,7)/12
A f-440/f] [6,4f-412,2f-2)/f| [(6.2f—4,12,4f -2)/f

In summary, there are three infinite sequences of rational a’b-quadrilaterals, and many sporadic
rational solutions are merged into these three infinite sequences. The following table combines all
the abovementioned solutions, which all admit the simplest 2-layer earth map tilings 7 (faf39, 275) for
some even integers f > 6, together with their various modifications when 3 is an integer multiple of y
(see Tables 1 and 2). The first two images of Figure 1 are two simple examples with just 10 tiles.

4.2. Tilings with two degree 3 vertex types (excluding a6 and ayo).

By Lemmas 11 and 12, we obtain seven distinct cases. We solve them following the typical example
Case {5°, a*} in Section 3.

Case (28,5}, (x =€,y =eT)
G0 =3y = (- 1) +(6-8)w-Gx+y=0.
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This has no good rational angle solution (simply “None” hereafter).

4in

Case {@?B, %y}, (x =¥,y =e¥)
LY = G + Gxy? = 2037 + Py - GxP +yt = 0.
None.

4in

Case {a?B,7%}, x=e®0,y=e7)

O+ (G- 8) Ry -G~ (B - 1)y -G =0,
None.
Case {a/zﬁ, ’)/52}, (x = CZi‘S,y = 34%)
o+ —x =y —xy—y*+y+1=0.
None.
Case {882, B2y}, (x =e%,y=¢7)
X -y - +2x%y - x? —xy+y>=0.
None.

4in

Case {6%,73), (x=e?,y=¢e7T)

—G = (= DXy + Gy + Gx+ (G- 1Dy -3 =0,

None.

4in

Case {862, By*), (x =e?,y=eT)

Xy—xy+ 3y - -+ x> —xy+y=0.
f=16,(a,B,7,0) = (1,4,2,2)/4.

These results are summarized in Table 5, and there is only one rational a®b-monotile admitting two
tilings with 16 tiles, shown in Table 1 and the third and fourth images in Figure 1.

Table 5. Tilings with two degree 3 vertex types (excluding @B and ayd).

Vertex (@,B,7,90), [

Contradiction

Q/Zﬂ’ ﬁ3
@B, By
Q’zﬁ, ,y3
aZB’ ,yé‘Z
B, By
B, vy’

No solution

B8, By (1,4,2,2)/4, 16

AIMS Mathematics
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4.3. Tilings with a unique degree 3 vertex type (excluding aff6 and ayé)

By Lemma 13, we obtain 5 + 5 + 9 + 9 = 28 distinct cases. We solve them following the typical
example Case {3°, a*} in Section 3.

Case {8y?, o}, (x = €V, y:eﬁl)

Oy -y -ty -y + Py +xy+x-1=0.
None.

4in

Case {8y, a6 (x—es,y—ef)

LY+ 00— X080 - OV G - X5yG -y G +xy +x2 = 0.
f=36,(a.pB,7,0) = (5,4,7,3)/9.

4in

Case {8y%, %6}, (x =e*%,y =eT)

X +2y —xy+y*—2x—-y=0.
None.

4in

Case {8y%, a8}, (x = e,y =e7)
P+ 3y -y -2y -y -+ x+y=0.
f=10,(a,B,y,0) =(1,6,2,3)/5,10.

Case {8y, 64, (x=e”,y=¢7)
By -y + Xy -x*+ x> —xy+y-1=0.
f=16,(a,B,y,0) =(1,4,2,2)/4.

Case {5°, a*}, (x = &% ,y—ef)
£ +§12xy—(§12—412)x + (2~ 1) xy+ Gyx + Ly = 0.
f=6,(a,B,7,0) =(3,4,8,1)/6.
f=8,(a,B8,7,0) =(3,4,6,2)/6.

Case {5°, a’6}, (x—e%,y—ef)

Lixt — 3xy+({3—§3)xy—(§32— l)xz—{32x+y:0.
None.

4in

Case {8°,a%6%}, (x =e*®,y =e /)

—(23-1)xy—x+y-1+25=0
None.

Case {8, a0}, (x = e,y =¢e'T)

(G-B)xty -0y + 82y + 82 —x -2+ 1=0.
None.
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Case {8,6%), (x = e,y =e ")
~(@Z-1)F+(6+8)Hy - (6+3)w-U-))y =0

None.

4in

Case (28,8}, (x =€, y=e7)
g’x3 +{§x2y + ({% + 1)x2 + ({g’ + gg)xy +Gx+y=0.
f=6,(a,p,v,0) =(9,6,12,5)/12.

Case {a?B.y), (x = e¥,y = e¥)
52x7y2 _ g1x4y8 + §§x2y7 _ §x4y3 _ 53x3y5 + xSy - {53x3 +y0 = 0.
None.

4in

Case {@8,8%y%), (x =%,y =eT)
Y+ x? +2y° = 2xy -y —x = 0.
None.

Case (0?B,825%), (x = e%,y = &)

Lax! + X0y + X0+ Xt + Ly + Laxy + Lx +y = 0.
None.

4in

Case {@?8,8y%}, (x =e*%,y=e7)

—2y8 910 330 — 327 4 8 430 + a0y + 0y — P — Xyt a0 — 2 = 0.

f=136,(a,B,v,6) = (15,6,10,7)/18.

Case {8, By}, (x = %,y = e4f£)
VxR - - —xy -y +y+1=0.
None.

Case {a?8,7"), (x = ™,y = &)

(42 + 24)y* + 22ux®y + 204xy? + 20y° + (&4 + 1) 2% = 0.
None.

2in

Case {a?B,y*6*}, (x =P,y =e7)
0ty -y -y +xt =y + X2 = 0.
None.
. 2in
Case {a?B,6%), (x =e”,y =e7)
By + x5 —x  +y + X =Py +x? +yP = 0.

None.
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. din
Case {86%,a%}, (x =€,y =e7)

P+xty+ iy -t -+ y+ 0 +yt=0.

None.

2 2 i diz

Case {07, "B}, (x =€V, y=¢e7)

x = x5y = Xy + 2%y + Oy — 2y -1’ +35 = 0.
None.

4in

Case {86%, a’By}, (x =e*’,y =e7)
2y -ty =y -y + P —x+y=0.
f=16,(a,B,y,0) =(1,4,2,2)/4.

Case {86%,a*y%), (x = e,y =¢ 1)
G- DO+ D@ =D+ D(xy—x? +xy—x+y) =0.
f=8,(a,B,7,0) =(2,6,4,3)/6.

Case (8%, "), (x = &,y =)

G+ DX =2x%y+2xy+ (G- 1)y* = 0.
f=8,(a,B,7,6) = (11,6,4,9)/12.

Case {56%, %y}, (x = e%,y = e4.17”)
Gx'y = GxX = Gx'y + 28 + Gxy? = Xy - Gy* + Xy = 0.
None.

Case {562, 82y}, (x = €7,y = 64}4)

x3y+x3—x2y+xy2+x2—xy+y2+y:O.
None.

4in

Case {B6% By}, (x = e,y =)
x=Dx+DEP+x+ D2 —x+ DOy -y + 22 - x> +xy-y)=0.
None.

Case {86%,y*), (x =e?9,y = ef%)

Lxy? — (G- DXy —Lxy* —x+ (G- 1D)y+1=0.
f=16,(a,B,y,0) =(1,4,2,2)/4.

These results are summarized in Table 3. There are only two new rational a’bh-monotiles, each

admitting a unique tiling with 36 tiles, as shown in Table 1 and the last two images in Figure 1.
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5. Conclusions

In conclusion, we have found all rational a*h-monotiles using more efficient new algebraic number
theory tool and verified the previous work [6]. Currently, this method has been applied manually to
individual cases. Developing a fully automated approach—possibly through the integration of artificial
intelligence—would be a valuable next step.
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