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1. Introduction

In the literature [1], Lyapunov proved that if the second-order Dirichlet problem

(1.1)

xX"() +q()x() =0, t € (a,b),
x(a) = x(b) = 0,

admits a nontrivial solution x(z), then the function g(¢) € Cl[a, b] satisfies

b
4
flq(s)lds>b .
a —-a

The Lyapunov inequalities and their generalizations provide key tools for studying differential
equations, with applications in stability criteria, asymptotic theory, and a priori estimates [2—4]. The
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advantages of fractional calculus in modeling have spurred the extension of this theory from integer
order systems to fractional systems, attracting growing interest from researchers in this field.

In [5], Ferreira first established the Lyapunov type inequality for the following Riemann-Liouville
fractional boundary value problem (BVP):

(Dg.x)(@) + q(0)x(1) = 0, 1 € (a,b),
x(a) = x(b) =0,

where 1 < a < 2, ¢g(¢) € Cla, b]. If the BVP (1.2) admits a nontrivial solution, then

b 4@—11“((1,)
j; |q(S)|dS > W.

In [6], Ferreira applied a similar methodology to the Caputo fractional derivative, obtaining the

inequality ,
f Ig(s)lds > (@) —
a [ - a)(@ - D)]

Building on these foundations, the research of Lyapunov type inequalities for fractional BVPs has
become an important field. The results on fractional Lyapunov type inequalities fall into two major
categories: Generalizations based on various fractional derivatives (e.g., Caputo [7], Caputo-Hadamard
[8,9], Hilfer [10], Hilfer-Katugampola [11], Katugampola [12,13], Caputo-Fabrizio [14]), and different
types of nonlocal boundary conditions, such as multi-point [15] and integral [16,17] boundary value
problems.

Beyond these developments, specific to Lyapunov type inequalities, the study of other fundamental
fractional inequalities, such as Hadamard-type inequalities [18,19] and Hermite-Hadamard-type
inequalities [20,21], has also seen significant progress. For instance, Ma and Yang [18] established
Hadamard-type inequalities via fractional calculus in the framework of exp-convex functions,
providing new tools and insights for analyzing the properties of solutions to fractional systems.

As the theory of fractional calculus continues to evolve, researchers have increasingly turned
their attention to the qualitative analysis of fractional differential systems, investigating fundamental
aspects such as the existence, uniqueness, and stability of solutions [22—-24], as well as more advanced
dynamical behaviors like center manifold reduction [25]. These diverse lines of inquiry collectively
enrich our understanding of fractional models and their applications. In this paper, we aim to contribute
to this growing body of knowledge by extending the classical Lyapunov inequality to a general class
of coupled fractional differential systems.

The Lyapunov type inequality for fractional coupled systems has also drawn much attention. In
[26], Jleli et al. considered the following coupled system:

D x(0) + fi(t, x(1), (1)) = 0, t € (a,b),
DLy + f(t, x(D),y(®) = 0, t € (a,b), (1.3)
x(a) = x(b) = 0, y(a) = y(b) =0,
where 1 < a,f8 < 2, CDZH and CDg . denote the Caputo fractional derivatives, the nonlinearities f; :
[a,b] x R? — R (i = 1,2) are given functions. Let

, _ (a/ _ 1)(1—1([9 _ a)(l—l
Ia(a/’ g) - aal—-(a/)

(1.2)

b
f g(s)ds, for g € Cla,b]
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and positive functions p;;(¢) for x;,y; € R, such that

Ifi(t, x1,y1) = fit, X2, y2)| < pin(Olxy — x2| + pia(@)yr —yal, i=1,2.

If system (1.3) admits a nontrivial solution, then

12 pun) + 1206, p) + 2@, p1y) = 1206, pa))’ + 41 pi)I2(B, pon) = 2
Zou and Cui [27] considered the following fractional system:
Dg.x() + fi(1, x(1), y()) = 0, 1 € (a, D),
D2y + folt, x(1), () = 0, t € (a, D),

X(@ =0, x(b) = ¥ aux(@) + 3 axyp() (14
= ]:

Y@ =0, y(b) = 3 axx(&) + 3 asy(n)).
i= Jj=

where 1 < a,p < 2, D7, and Dg . are Riemann-Liouville fractional derivatives, the constants a;; >
0G=1234,j=12,....n,a<(, <L <<y <ba<n<m<--<n, <b,and the
nonlinearities f; : [a, b] X R> — R (i = 1,2) are given functions. Following the notation in [27], let

b b
-]ij(plj,ij):/lilf plj(S)dS‘F/lizf p2j(s)ds, i,j=1,2,

where the constants A;;, A;; are positive and depend on the parameters of system (1.4). Moreover, let
positive functions p;;(¢) for x;,y; € R, such that

|fi(2, xi, y)I < pia@)|xi| + po(Dlyil, 1= 1,2.

If system (1.4) has a nontrivial solution, then

Jii(pi1, p21) + Ja(pi2, po) + \/(111(1911, P21) = (P12, p22))* + 4J12(p12s p22)da(pi1s par) = 2.

Motivated by the above cited works, we study the following system:

CD2X(D) + L, DL x(D) + fi(t, x(1), y() = 0, t € (0, 1),
CDEY(H) + LDy + folt, x(2), y(1) = 0, t € (0, 1),

x(0) = 0, x(1) = ial,-x@,-w zl a;y()).
i= Jj=

YO =0, (1) = 3 axx@)+ 3 aspi)
i= j=

(1.5)

where 1 < @; < 2,0 <8 <1 3G =1,2), CDgi, and CDgi are the Caputo fractional derivatives,
A eRGE=1,2),a;>00=1234,=12,....,n),0<{1 <L < <L<1,0<y <y, <

.-+ < m, < 1, and fi, f> are given functions. The Lyapunov type inequalities for (1.5) are proved via
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two distinct approaches: One is based on matrix spectral analysis and the other utilizing Perov’s fixed
point theorem.

We outline the principal contributions of this study as follows: First, our primary contribution is the
extension of the traditional Lyapunov inequality theory from single equations to a coupled system
framework. Second, we introduce system (1.5), a novel framework that generalizes prior models
(1.3)—(1.4) via two crucial innovations: Internal coupling through a differential operator and external
coupling via multi-point boundary conditions. In contrast to the Riemann-Liouville type system (1.4),
our model employs Caputo fractional derivatives. It is motivated by the fact that Caputo derivatives
enable the inclusion of lower-order derivative terms. However, this generalization introduces additional
complexity, as the presence of the lower-order terms fundamentally alters the structure of the associated
Green’s function and its integral estimates. Third, a comprehensive analytical framework is developed
for such systems, which is centered on the construction of the associated Green’s function. In particular,
for different intervals of parameter §; (e.g., 0 < 8; < @;—1 and a;—1 < ; < 1), precise estimates for the
integral bounds of the functions K;;(z, s) (see Lemma 2.5 and Lemma 2.6) are rigorously established.
Finally, we perform a classification analysis according to the parameter ranges of the lower order
derivatives, leading to a series of Lyapunov type inequalities with a unified formulation.

Beyond their theoretical significance, the obtained Lyapunov type inequalities have potential
applications in several related areas. For instance, they can provide explicit lower bounds for the
eigenvalues of the corresponding fractional differential operators, thereby offering insights into the
spectral properties of such coupled systems. Moreover, these inequalities serve as effective tools
for establishing uniqueness or non-existence results for solutions when specific nonlinear terms are
present; if the inequality is violated, one can immediately conclude the absence of nontrivial solutions.
Such applications are particularly relevant in the qualitative analysis of fractional boundary value
problems arising in physics and engineering, where understanding solution behavior is of practical
importance.

The paper is structured as follows: In Section 2, we introduce fundamental concepts and essential
lemmas for the following text. In Section 3, we focuse on establishing Lyapunov type inequalities via
matrix analysis. In Section 4, we present the derivation of Lyapunov type inequalities via Perov’s fixed
point theorem. Finally, two concrete examples are presented to validate the major results.

2. Preliminaries

Definition 2.1. ([28]) The Riemann-Liouville fractional integral operator of order @ > 0 for a function
f :10,1] — R is defined as

1 !
B0 = fo (t = 9" f(s)ds,

where I'(.) represents the Euler gamma function.

Definition 2.2. ([28]) The left-sided Caputo fractional derivative of order @ > 0 for a function f €
([0, 1]), where n = [a] + 1, 1s given by

_ \yn—a-1
°Dy.f(1) = f o f(”)(s)ds
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Lemma 2.1. ([29]) Let f € L'(0,1), and @ > 0, n = [a] + 1, then
n—1

ISCDS.f(1) = f(1) + Z crt”.
%=0

We give the following formal assumptions, which underlie our subsequent analysis:
(Hl) Tij >0 (l,] = 1,2) and o = 011022 — 012021 > 0, where

n n n n

on=1- Zali{i» o1 = ZaZjnj’ o2 = Zaﬁ{i, opn=1- Za4j77j-

i=1 j=1 i=1 j=1
Lemma 2.2. Let a; € (1,2], 8; € (0, 1), ¢;(¢) € C[0, 1] for i = 1, 2, then the fractional BVPs
CD‘“x(t) + LD x(t) + ¢1(1) = 0, £ € (0, 1),
CDGEy(1) + DR y(0) + ¢a(H) = 0, 1 € (0, 1)
x(0) =0, x(1) = Z] aix(g)+ Zl az,y(1;)
= J=

YO =0, (1) = 3 ax@)+ 3 asyi)
i= Jj=

admits a solution (x(¢), y(¢)) if and only if it satisfies

1 1 1 1
X(t)=f0 Ku(t,S)X(S)dS+fo Klz(t,S)¢1(S)dS+fo K13(t,S)y(S)dS+f0 Ki4(1, $)ga(s)dss,

1

1 1
Y(t)=‘[O Kzl(f,S)X(S)dS‘FL Kzg(l,S)¢1(S)dS+f

0

where

t n
K (t,8) =Gi(t,s) + — E (0na1i+012a3)G11(L, $),
o

Kix(t,8) = Gao(t, 5) + — Z (02na1i+012a31)G12(L;, 5),

i=1

Ky(t,5) = Goy(t, 8) + — Z (02102j+011a4))G21 (1), 5),

j=1

Kau(t, 5) = Gno(t, 5) + — Z (021G2j+071104))G2 (11 ),

Kis(t,5) = Z(O'zzazj+0'1za4,)G21(77p S) Ki4(t, 5) = Z(O'zzazj+0'1za4j)G22(77p s),

Ky (t,5) = — Z (o21a1+011a3)G11(C, 8), Ko(t, s) = — Z (onaii+o1a3)Gi2(8, $).
0= i)

1
Kas(t, s)y(s)ds + L Kou(1, $)po(s)dss,

2.1)
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Proof. Applying Lemma 2.1 yields that
x(t) = =I5 P x(0) = I 1 (1) + e1 + o,
W) = =l y(8) = I ga(t) + et + ca,

for some cy, 3, c3, ¢4 € R. By Definition 2.1, we can derive

—_L [ _ ya-pi-1 _ 1 ft _ a1
x(t) = F(al_ﬁl)f(;(t s) x(s8)ds ) O(t )" Pi(s)ds + ¢t + ¢, 2.2)

1
['(as)

/1 ! !
y(t) = _F@Tiﬁz) fo (t — 5)2 P y(s)ds — fo (t — 5) ' py(5)ds + c3t + cy. (2.3)

Substituting x(0) = y(0) = 0 into (2.2) and (2.3), we get ¢; = ¢4 = 0. Letting A = x(1) and B = y(1)
yields

_ /11 1 1811 1 1 o
V=, 0 s ¢ s [ s
I S PR ! fl o
C3 _F(az—ﬁg)fo(l s) y(s)ds+r(a2) ; (1 =" ¢r(s)ds + B.

By substituting c¢; and c3 into equations (2.2) and (2.3), one has

— — L ' _ Ql—ﬂl_l _ 1 ! _ (ll—l
0= s J e s = s |- o aiods
At 1 - ‘ 1 .
+ T —B) j(; (1-1s) x(s)ds + M) j; (1 —s5)""'¢1(s)ds + At

! 1
:—r(al/ll_ﬂl)lL [Z(l - s)(ll—ﬂl—l —(t— S)al—ﬂl—l]x(s)ds +]; (1 - S)al_ﬁl_lx(s)ds]

! 1
+ F(LI)[L [l(l - s)(Yl—l —(t- S)al_l](ﬁ](S)dS +‘[ (1 - s)al—l¢l(s)ds

1 1
= f G (1, $)x(s)ds + f G1(t, )P (s)ds + At,
0 0

+ At

—_L t _ -1 _ 1 ' a1
70 == s [ = s = s [ s

Ayt 1 - " 1 i
+ —F(a’z N ﬁ (1-1) y(s)ds + (@) L (1-1) ¢>(s)ds + Bt

! 1
:—r(ajz_lgz)[j(; [Z(l - s)(lz—ﬂz—l —(t— S)az—ﬂz—l]x(s)ds " jt‘ (1 - S)az_ﬁz_lx(s)ds]

! 1
r<<1z2>[fo 1= o7 ‘("S)“2_1]¢1(S’ds+f, (1 - 952 (s)ds

1 1
= f Gy (t, s)y(s)ds + f G (t, s)po(s)ds + Bt.
0 0

+

+ Bt
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Therefore, the above equations can be expressed as
1 1
x(t) = f Gii(t, s)x(s)ds + f Go(t, s)p1(s)ds + At,
0 0

1 1
) = f G (2, 5)y(s)ds + f Gu(t, )¢2(s)ds + B,
0 0

where

Gi(t,s) = 2~

(s gl 0<s<r<],
F(a/il_ﬁi)

(1-s)% Pl 0<t<s<l,

(=)' =@-5)"", 0<s<r<l,

GiZ(t, S) = @ {

(1-95)", 0<t<s<l.

To determine A and B, the functions (2.4) and (2.5) satisfy the boundary conditions of (2.1):

n n

A=x(1)= Z arx(4i+ Z a2;y(11;)

i=1 j=1

n 1 1
= Z ay; [f G11(Zi» s)x(s)ds + fo G12(gi, )1 (s)ds + A
i=1 0

o

n 1 1
Y ay [ [ Gutmesisds+ [ Gutnysi1ds + B,
j=1 0 0

n

B=y()= ) ax(@)+ ), asy(n))

i=1 j=1

n 1 1
= > a [ f Gi(&i, $)x(s)ds + f Gro(&is )1 ()ds + A
i=1 0 0

n 1 1
+ Y ay [ [ Gutmesmds+ [ Gty si0ds + B,
j=1 0 0

The above expressions are equivalent to
011 —0 12 A _ C
—071 (0o B - D]

n 1 1
C= Zau [fo Gu(&s S)X(S)dS+f0 G (& S)¢1(S)dS]

i=1

n 1 1
Y ay [ [ Gumsmsas+ | G22<nj,s>¢z<s>ds],
j=1 0 0

where

AIMS Mathematics Volume 11, Issue 3, 8202-8224.
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n

1 1
D = Z as; [f G11(gi, 9)x(s)ds + f G2, s)¢1(s)ds]
0 0

i=1
n 1 1

+Za4,[ [ Gumomsras+ | G22(77j,5)¢2(5)d5]~
j=1 0 0

Since o = 071102 — 01207 # 0, it follows that

1 n 1
x(1) = f Gu(t, )x(s)ds + é Z (opai; + o12a3) f G11(&;, s)x(s)ds
0 P, 0

n

; 1
+ — O 0y + 01204 f G (nj, $)y(s)ds
o ;( J ]) o j

1 n 1
+ f Gia(t, $)p1(s)ds + L Z (opay; + 0'12613i)f G12(gi, )¢1(s)ds
0 0o 0

n

, i
+ p Z (0'22(12,/ + 0'12614‘/) f Go(mj, $)Pa(s)ds

j=1 0

1 1
:f K, S)X(S)dS+f Ky3(t, s)y(s)ds
0 0

1 1
+ f Ko (t, s)p1(s)ds + f Ki4(t, 5)p2(s)ds,
0 0

1 1
NOE fo G, s)y(s)ds+§Z(amj+aua4,) f Ga1(17;, $)¥(s)ds

j=1 0

I o !
+ p Z (o101 + 0 11a3;) f G11(&, s)x(s)ds
i=1 0

[ o :
+ p Z (02141 + o 11a3;) f G12(gi, $)pi1(s)ds
i=1 0

n

1 1
+ [) Ga(t, 5)p2(s)ds + OL_ Z (0'21d2j + 0'1la4j)f Gn(nj, S)pa(s)ds

j=1 0

1 1
= f K21(t, S)X(S)ds + f K23(t7 S))’(S)ds
0 0

1 1
+f Kxn(t, s)¢1(s)ds+f Ko4(t, s)pa(s)dss.
0 0

Thus, the proof is finished. O

Lemma 2.3. ([6]) Assume that 8; € (0, a;—1). Then the functions G;;(z, s) and G;»(t, s) from Lemma 2.2
can be bounded as follows:

; [l(@i—gi— D i .
@) 1G9 < C5Fra gy (=12

(i) |Ga(t, s)) < @ j=1,2.

;% (a;)
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Lemma 2.4. Assume that 8; € [a; — 1, 1), then the function G; (¢, s) satisfies the following estimate:

34 .
Git,9)ds £ ———— =1,2.
fl 1(t, 9)lds N~ B+ 1) i
Proof. On the basis of Lemma 2.2, one finds that

1 ! 1
|/ll| —B:—1 —B:—1 —B:—1
Gau(t, $)lds :—( f (1= "B g1 — PN dsy | (1 = )n ds)
fo 1 (e - B \Jo ,

:F(OJ%,ZBKH) |t (=" = 1) + 11 = ]
:W%,;Jrl)(tai_ﬁi +26(1 = 1)~ 1)
3|4l

<L—
@, -Bi+ 1)

The proof is complete. ]

Lemma 2.5. The functions K;;(z, s) (j = 1,3) given in Lemma 2.2 satisfy the following conditions:

_ Ail(@i-g-D A R .7 ) VAN 17 .
L= (B Pl (i) Wi = ai%iT(a) ° Vi= Ta-p 1= 1.2,

Tl( 41 2(0'226111+0'12613;)) i€ 0ar—1),

kK@ 9)lds <
(1 + = Z (0'22611;"'0'126131)) , Brefa —1,1),

. 4 Z (onaii+onaz), pr € (0,a1 — 1),
o 1K@t 9)lds <3 5!
4 Z (onantonas), pr € lag -1, 1),

| Z (0naxj+opa4)), B € (0,7 — 1),
[ K olds <{

; '21 (Onayj+o2a4j), P2 € [an —1,1),
j:

Tz(l + (%_ Z:l (0'21(12J'+0'11(l4j)), ﬁz € (O, as — l),
[ 1Kaste, 9lds < :

V2(1 + i Zl (0'21612j+0'11(14j)), ﬁz €la,—1,1).
j:

Proof. Applying Lemma 2.3 with the assumption 8; € (0,a; — 1), we have

n

t
IK1(2, 8)| = 'Gn(t, §)+ — § (onaii+o12a3)G11(L, )
o

i=1

AIMS Mathematics Volume 11, Issue 3, 8202-8224.
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n

t
= |G11(f, S)| +— Z (0'22611i+0'12613i)|611(§i, S)|
alir=
— B, — 1u-Bi-1 n
clle -gi -1 [ 1

~ (a1 =B P (ay - B1) I+ P ; (0-22a1i+0'12613i)]

1 n
= Tl[l + ; ; (0'226111""0'126131')]-
Thus,

ds

1 1 n
t
f |Kii(t, 9)|ds = f 'Gn(l, s) + = Z (022a1+012a31)G11(&is $)
0 0 i=1

1 n
1
Sf T1[1+;§ (0pa1i+012a3:)
0 i=1

1 n
= T [1 + — i+ i ]
1 o E (opaji+oas;)

i=1

ds

n

Combining Lemma 2.4 with the assumption 8, € [@; — 1, 1), we obtain
t
Gt 8)+— Z (022a1+012a31)G11(S;» 5)
o

1 1
f |K11(l, S)|dS = f
0 0 i=1

1 1 n
1
< f |G11(f, S)|dS + f ‘; Z (0na1i+012031)G11(, 5)
0 0 i=1

ds

ds

34 [ 1 © ]
<—mM|1+ — E i+ i
- F(m _Bl + 1) o P (0-22611 0']203)

1 n
= Vl[l + — Z (0'22611i+0'12613i)]~
0=

The other inequalities mentioned above can be proven in a similar manner.

O

Lemma 2.6. The functions K;;(t,s) (i = 1,2; j = 2,4) introduced in Lemma 2.2 can be

bounded as follows:

1 n
|K2(t, 5)| < Wl(l + — Z (0'226lli+0'12613i)),
i)

W
|Kn(t, 5)| < — Z (onaji+oas), pBi € 0,ay),
g 3

Wy <
|K14(2, 5)| < - Z (0nazjt+opa4)),
=

1 n
Kn(t, gw(1+— + )
|K24(1, 5)| p U;(O-ZlaZJ O 1144;)
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where W; (i = 1, 2) are defined in Lemma 2.5.
Proof. Substituting Lemma 2.2 and Lemma 2.3 into K;,(¢, 5), we get

‘Klz(f, S)‘ =

l’ n
G, s) + — Z (onaii+012a3)G12(L:, 5)
Sy
1 n
S|G12(l, S)| + — Z (0'226lli+0'12613i)|G12(§i, S)|
0=

1 n
SWl(l + — Z (0'22611i+0'12613i))-
i)

The other inequalities mentioned above can be proven in a similar manner. O

Let X = CJO0, 1] be equipped with the norm ||x]| = max,ejo; [x(?)|, and let X = X X X denote the
product space. Define the operator £ : X — X by

L(x,y) = (Li(x,y), L(x,Y)),

where
1

1
Ll(x,y)(t)=f0 Ku(t,S)X(S)dS+fo Kio(1, 9) f1 (s, x(s), y(5)) ds

1 1
+f Kis(t, S)y(s)ds+f Ki4(1, 5) f2(s, x(s), y(s5)) ds,
0 0

1

1
Lz(X,}’)(f)Zf Kzl(f,S)X(S)dS+f K (t, 5) fi(s, x(s), y(s)) ds
0 0

1 1
+ f Kos(1, $)y(s) ds + f Ko4(t, 5) fo (s, x(s), y(5)) dss,
0 0
for (x,y) € Xand K;;(¢,s) i = 1,2; j=1,2,3,4) are defined in Lemma 2.2.

3. Deriving the Lyapunov type inequality for system (1.5) via matrix analysis

In this section, we present the derivation of Lyapunov type inequalities for system (1.5) using
nonnegative matrix analysis. The proof relies primarily on the concept of matrices that converge to
zero. We say that a nonnegative square matrix M converges to zero when M" — 0 as n — oo.

Here, we adopt the following conventions: The real matrix M = (a;j)2x. is termed nonnegative
(denoted M > 0) provided that all its entries satisfy a;; > 0 for all i, j = 1, 2. For two square matrices
M; and M, of the same order, if M; — M, > 0, we write M; > M,. Nonnegativity and order relations
for vectors can be defined similarly.

Let M; denote nonnegative square matrices. For any A € M3, its trace, determinant, and spectral
radius are denoted by trace(A), det(A), and p(A), respectively.

Lemma 3.1. ([30]) If a nonnegative matrix C € Mj satisfies p(C) < 1, then
lim C" = 0.

n—oo

AIMS Mathematics Volume 11, Issue 3, 8202-8224.
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Lemma 3.2. ([26]) Let C € M. Then

trace(C) + \/ [trace(C)]” — 4 det(C)

pC) = >

Throughout this section, we make the following assumptions:
(H,) The functions f;, f> : [0, 1] Xx R? — R are continuous.

(H3) There are positive functions g;;(?), gix(t) € X for all t € [0, 1], such that
£t xi,y9)| < gnOlxil + g (@lyil, (xi,y) €R?, i =1,2.

For g;; € X (i, j = 1,2), we define auxiliary functions

1 1
Fij(quj, q92j) = dilf qy(s)ds + dizf Qj(s)ds + €55, i,j = 1,2,
0 0

where

1 W, v
dy = Wl(l + — Z (opay + 0'1233i)), dy; = —Z (0nas; + T12a4)),
o 4 o 4
i=1 j=1
n

Wi © 1
dy = ?1 ; (onag + onag), dy = Wz(l + p Z (0'2132j + 0'11a4j))-

j=1

Theorem 3.1. Assume that conditions (H;)-(H3) hold. If system (1.5) admits a nontrivial solution,
then the following Lyapunov type inequality is valid:

Fi1(qi1,q21) + F2(q12, 22)

(3.1
+ \/[Fn(fhl, qr1) — F22(412,422)]2 +4F12(q12, g22)F21(q11, g21) = 2.

The constants ¢;; are determined by the parameters 8, and f3,, as specified in the proof.

Proof. We prove the theorem by contradiction. Suppose that system (1.5) admits a nontrivial solution
(x*,y)eXand B, € (0,a; — 1), B> € (0,2, — 1), but inequality (3.1) is false. That is, we assume

F11(qi1,921) + F2(q12, 22)

3.2)
+ \/[Fn((hl, q21) — F»(q2, 422)]2 +4F12(q12, g22)F21(q11, g21) < 2.

According to Lemma 2.2, (x*,y") is a nontrivial fixed point of the operator L. It then follows from
(H3), Lemma 2.5, and Lemma 2.6 that

X0 =L, yH0)

1
< f |K11(l, S)|
0

AIMS Mathematics Volume 11, Issue 3, 8202-8224.
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1 1
+ f |Ki3t, 9)|[y"(9)|ds + f |K1a(t, 9)|| (s, X" (), " (s)|ds
0 0

1 1
< f K112, 5)|||x*||ds + f |Ki2(t, 9)|(qu1()|x" ()] + qra()|y"(9)|)ds
0 0

1 1
+ f |Kua(t, 9)||[*|ds + f |K1a(t, 9)|(g21(8)|x(9)] + g2()]y" ()] )dls
0 0

1 n
ng[l + — Z (a1 + 0 12a3)
g i=1

T) ©
||X*|| +— Z (onasj + 0'12614,/)”)’*”
o

n 1 1
+ Wl[l + Z (onay; + 0'12031')](‘[0 6111(S)ds||x*|| + \fo 6]12(S)ds||y*||)
i=1

n 1 :
¥ % Z (onarj + 0'12a4j)(f g (s)ds||x°[| + L qZZ(S)dS“y*”)
= ’

1 n 1 1
=[T1(1 + = Z (oay; + 0'1za3i)) +dy f gu(s)ds +dy» f 6121(S)ds]
i=1 0 0

x*

T, 1 | i
+ [—2 Z (0'22612j + 0'12614j) +di f G12(s)ds + di f qZZ(S)dS]”y ”
o 0

J=1

=F1(q, Q21)||X*|| + Fia(q12, %2)”)’*”,

thus

||x*|| < Fu(qu, Clzl)”x*” + Fra(qu2, q22)||y*||-

(3.3)

Similarly, using (H3), Lemma 2.5 and Lemma 2.6, we have

”)’*H < F21(Q11,6121)||X*|| + F22(CJ12,6122)||)’*||,

where

(3.4)

T n 1 1
Fy1(qi1,921) = ;1 Z (oo1a1; + on1as) + doy f g (s)ds + dy f g1 (s)ds,
i=1 0 0

| & 1 1
F»(qi2,92) = Tz(l + = Z (oo1azj + 0'11041')) +dyy f qi2(s)ds + do f g2(s)ds.
j=1 0 0

It follows from (3.3) and (3.4) that
(llx*II) < (Fll
[yl F

Hence, for all n € N, we get
(||X*||) < (Fu
[yl Fy

AIMS Mathematics
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For I\l .

Fu)” (ux*u)
Fynl \IVI)
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Next, using Lemmas 3.1 and 3.2, and (3.2) yields that

*

X

*

=0.

Y

This contradicts the nontriviality of (x*,y"), thus establishing the desired result. We note that the
constants ¢;; in the definitions of F;; depend on the parameter ranges of 8, and 3.

Case 1: B € (0,a; — 1)and B, € [ap — 1, 1).

1< V. ©
en=Ti|1+— Z(O'zzali +012a3) ), €2 = — Z(O'zzazj + o 1245),
g3 g =

T: v 1<
en=— Z(O'zlali +onaz), exn = V|1 + P Z(O'zlaZj + onag)) |

i=1 =1

Case2: By €fa;—1,1)and B, € (0, — 1).

1< T, <
en= Vy(1+— Z(O'zzali + 01223) ), €2 = — Z(O'zzazj + o 2ay),
o £ g <
i=1 .]:l
V1 n N
en= — Zizl(o'ﬂali +omnas), ex =Th|1+ > Z(O'ZlaZj +onay)).

j=1

Case 3: ,81 € [a; — 1, 1) and,82 € [ap — 1, 1)

1 n V. o
en= Vl(l + p Zizl(o'zzau + 0'1233i)), e =~ Z(O'zzazj + o 12845),

i=1
V1 n 1 a
€= — Z._ (021a55 + o1183), € = V{1 + — Z(O'zﬁlzj + onag)) |
o i=1 g < 1
J:
The other three cases can be proved analogously. The proof is now complete. O

4. Deriving the Lyapunov type inequality for system (1.5) via Perov’s fixed point theorem

In this section, we establish Lyapunov type inequalities for system (1.5) via Perov’s fixed point
theorem. Next, we recall some concepts that will be used subsequently.

The space R” is endowed with the standard partial order <gv defined component-wise: For vectors
u = (,...,uy)and v = (vy,...,vy), we have u <gv v by definition if and only if y; < v; for each
i=1,...,N. The zero vector in R" is denoted by Ogw.

Definition 4.1. ([26]) Let X be a nonempty set. A mapping d : X — R is called a vector-valued
metric if it satisfies the following axioms for every uy, u,, 3 € X:

(1) d(ui,p2) 2y Opwy;
(11) d(ﬂl’ﬂZ) = d(/JZ’/JI);

AIMS Mathematics Volume 11, Issue 3, 8202-8224.
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(ii1) d(py, 42) = Oy © py = uo;
(v) d(ui, po) <pv d(uy, p3) + d(usz, o).

Then (X, d) is said to be a generalized metric space.

We equip the product space X with the vector-valued metric d : X x X — R? given by

d((u1,v1), (2, v2)) = (lus = paall, vy = all)”

It is straightforward to verify that (X, d) satisfies Definition 4.1 and is a complete generalized metric
space.

Lemma 4.1. ([31]) Let (X, d) be a complete generalized metric space. Suppose a mapping L : X — X
satisfies, for all x;, x, € X
d(‘LXl, Lxr) <pnv Ad(x1,x7),

where A € My(R;) and p(A) < 1, then £ admits a unique fixed point.

The following assumptions are required for our main result.
(Hy) Forallt € [0,1], fi(£,0,0) = f5,(¢,0,0) = O, where O is the zero function.
(Hs) There are positive functions p;;(¢), pi(¢) € X, such as
it X131 = fit, %2, 32| < pan(Oll = xall + p(@lys = yall, i = 1,2,
for all r € [0, 1], ((x1,y1), (x2,¥2)) € X X X.
For p;;(t) € X (i, j = 1, 2), let the auxiliary function
1

1
Jij(Pyj. P2j) = dit f pyj(s)ds + dizf P2i(s)ds + e, i,j =1,2.
0 0

Theorem 4.1. Assume that conditions (H,), (Hy4), and (Hs) hold. If system (1.5) admits a nontrivial
solution, then

Ji(pii, p21) + J22(pi2, p22)

“4.1)
+ \/[Jll(Pll,le) - Jzz(Plz,Pzz)]2 + 4-]12(P12,Pzz)le(Pn,pzl) > 2.

The constants ¢;; in F;; depend on the ranges of 8, and f3,, as detailed in the proof.

Proof. Let (x,y) € X be a nontrivial solution of system (1.5), which by Lemma 2.2 corresponds to a
fixed point of the operator £. Assuming that 8; € (0,a; — 1) (i = 1,2) and (4.1) does not hold, then

Ji(pii, p21) + J22(pi2, p22)

4.2)
+ \/[111(1?11, pa1) — Jzz(Plz,Pzz)]2 + 4J12(p12, p22)Ja1(pir, pa1) < 2.

Using Lemma 2.5 and Lemma 2.6, for all (x;,y;) € X(i = 1,2), we obtain
| L1 G, y0)(8) = L1(e2, y2)(0)|

AIMS Mathematics Volume 11, Issue 3, 8202-8224.
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i i
f Ky (2, )[x1(s) — x2(5)]ds + f Ko (t, 9)[ f1(s, x1(8), y1(8)) = fi(s, x2(8), y2(5))]d's
0 0

1 1
+ f Ki3(t, $)[y1(s) — y2(s)]ds + f Kia(, )| fo(s, x1(5), y1(5)) = fo(s, x2(5), y2(5))]ds
0 0

< fo | K12, 5)|||x1 = x||ds + fo | |Kia(t, 5)|| £ (s, x1(5), y1(5)) = fi(s. x2(5), y2(5))|dls
+ fo | K132, 9)|[[y1 = yal|ds + fo 1 |K1a(t, 9)|| f2(s. x1(5), y1(5)) = fols, x2(), y2(s))|ds

< [ el —sas [ K[ pucl =i+ pais o
[ ool =+ [ e[l =l + pcol o

V2||y1 —y2|| -
||x1 - X2|| L — Z (0'22612]' + 0'12(14,')
o ‘=

1 1
([ pucsrdsler =l + [ pratsrds| -5
0 0
W, & 1 1
+— Z (Uzzazj + 0'12614j)(f le(S)dS”Xl - Xz” + f Pzz(S)dS”)’l - Y2||)

i 0 0

1 n
< Tl[l +— Z (onay; + o12a3)
o i=1

1 n
+ W1[1 +— Z (onay; + o12a3)
o i=1

e =

1 1
= [611 + dnf pu(s)ds + dlzf p21(8)ds
0 0

i 1
+ [612 +dn f pa(s)ds + dlZf Pzz(S)dS]”yl - yz”
0 0
= J11(P11,P21)||X1 - x2|| + 112(P12,P22)||y1 - yz”-

Thus, we have

||£1(xl,y1) - Ll(xz,)h)” < 111(1911,]?21)”361 - Xz” + J12(P12,P22)||y1 —y2||. (4.3)

Similarly, using Lemma 2.5 and Lemma 2.6, for all ¢ € [0, 1], we have

[ L20x1.31) = Lo, y2)|| < Larpirs pan)||x1 = xa| + Jo2(pras poo)||v1 = 32| (4.4)

It follows from (4.3) and (4.4) , we deduce that

(II£1(X1,y1) - £1(x2,y2)||) (J11(P11,P21) le(Plzapzz)) (||x1 - X2||)
|-L2Cx1,y1) = Lo, )l Di(pi, p21) In(piz, p22) ) \llyi = yall)

Let A = (Jij)2x2. Using Lemma 3.2 and (4.2), we deduce that

<

P(A) = Ju(pi1, p21) + Jn(pi2, p22)

+ \/[Jll(pllapﬂ) - J22(P12,P22)]2 + 4J12(p12, p22)J21 (P11, p21) < 1.
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Therefore, Lemma 4.1 combined with p(A) < 1 guarantees that the operator £ admits a unique
nonzero fixed point (x,y). However, the condition (H,) states that (0, 0) is a fixed point of £ as well,
contradicting the above and thereby establishing (4.1).

The constants e;; in the definitions of J;; are determined by the parameter ranges of 5, and B,, as

follows:

Case 1: ,81 S (0,0’1 — 1) and,82 € [ap — 1, 1)

1 V) ©
ey = Tl(l - Zizl(o-Zzali + 0'126131')), € =— Z(O'zzazj + 0 1204)),

J=1

T1 n 1 <
en=— Zl_zl(o'zlau +0ona3), en = V|1 + = Z(O'zlazj + o11a4)) ).

=

Case 2: ﬁl €la; -1, 1) and,82 S (0, ap — 1)

1 n T2 -
e = Vill+ = Zizl(o'zzau +opas)), en = - Z(O'zzazj + 0 12a4)),

J=1

Vl n 1 =
en=— Zizl(o'zlau +0onas), en =151+ = Z(O'zlazj + o11a4)) ).

J=1

Case3: By €la;—1,1)and B; € [ap — 1, 1).

1 o Va <
enn = Vi{1+ = Zizl(o'zzau +opas)), en = - Z(O'zzazj + 0 12a4)),

J=1

V] n 1 -
e =— Zizl(o'zlau +0ona;s), exn = Vo 1 + P Z(O'zlazj + 011a4)) |-

=1

The other three cases can be proved analogously. The proof is now complete.

5. Example

Example 5.1. Consider the following Caputo fractional differential system:

AIMS Mathematics

5 2
3

1, ‘
CDyx(0) = 3 Dy x() + LX) + 530 =0, 1€ (0,1,

7 1 1
D0 - 3 DD + %x(t) + L—i W)=0, 1€(0,1),
L (1\ 1 (2
x(0)=0, x(1)= gx(g) + §Y(§),

1 1 1 2
y0)=0, y)= §x(§)+ E)’(g),

(5.1)

Volume 11, Issue 3, 8202-8224.
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where @y = 5/3,6, =1/2, 4y = -1/3, @, =7/4, 5, = 1/3, and A, = —1/4. The boundary coefficients
areay; = 1/6,a, =1/8,a3 =1/9,and aq; = 1/10 with {; = 1/3, n; = 2/3. By calculation, we obtain

o1 09444, o0, 2 0.08333, 05 = 0.03704, o053 ~0.9333, o0 =0.8784 > 0,
T, ~0.2228, T,=~0.1196, W,; ~0.3610, and W, ~ 0.3294.

Since g1 € (0,a; — 1), B> € (0,a, — 1), the constants ¢;; and d;; appearing in Theorems 3.1 and 4.1
are given by

diy = 04287, djp = 0.04689, dy = 0.04566, d» = 0.3660,
e = 0.2646, e =0.01701, ey = 0.02819, and ey = 0.1331.

Application of Theorem 3.1 (matrix spectral analysis).

Set
2

t t t
1) =t, )= —, t) = —, ) =—.
q11(2) q12() > q21(2) 3 g2(1) )
) 1 1
Using Fii(q1/,q2;) = da fo qj(s)ds +dj fo q2j(s)ds + e;;, we compute

t 2ot
F t,—)z0.4868, FiolZ. L) ~ 0.09432,
“( 3 12(2 4)

F (r t)~01121 Fu (2 1) ~ 0.1865
21 93 ~ U. s 22 2’4 ~ U. .

Evidently, assumptions (H;)—(H3) hold. Then

Fu(it)+ s (.
11 '3 22294
el (nd)-ra (2]

11 '3 22294

Therefore, the only solution to system (5.1) is (0, 0). It can be concluded that the Lyapunov inequality
in Theorem 3.1 holds.

t

+4F5 (t, 3

t
)F21 (:, §) ~1.0372 < 2.

Application of Theorem 4.1 (Perov’s fixed point theorem).

Because fi(¢,0,0) = f5(¢,0,0) = 0, the condition (H,) holds. Moreover, f; and f, are Lipschitz
continuous:

2

|fi(t, x1,31) = fi(t, X2, y2)| < tlx) — xa| + Elyl - »l,
t t

|f2(t, x1,y1) = fot, X2, y2)| < §|x1 — Xo| + Zl))I -yl

AIMS Mathematics Volume 11, Issue 3, 8202-8224.
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which coincide with the g;;(¢) (i, j = 1,2) used above. Consequently,
Ju=Fu, Jio=F, Jo1 = Fo1, Jpo = Fp,

and

I+ o+ UL = In)? + 4J 10y ~ 1.0372 < 2.
Hence, Theorem 4.1 also implies that the only solution of (5.1) is the zero solution.

Remark. In this example, both methods yield exactly the same numerical value for the Lyapunov
type inequality, demonstrating their consistency. The matrix spectral analysis (Theorem 3.1) provides
a direct algebraic criterion, while Perov’s fixed point approach (Theorem 4.1) is based on a contraction
principle in a generalized metric space and can be extended to more general nonlinearities. The
agreement of the two approaches confirms the robustness of the obtained necessary conditions.

Example 5.2. Consider the Caputo fractional coupled system:

3 2 2
2 5

°DEx(r) - %CDmx(t) + 2 arctan(x(0) + 15 sinG(0) =0, 1€ (0,1,

CDi (1) - écDéy(t) + 20+ (0 =0, te(0.1),
1(1\ 1 (3 62
x(0)=0, x(1)= ?x(z) + §y(4—1),

1 1 1 3
y0)=0, y1)= Hx(é_l)+ E)’(z),

where a; = 3/2, 8, = 2/5, 4y = —1/5, @, = 5/3,8, =5/6, 1, = —1/6, and a;; = 1/5, ap; = 1/6,
asy = 1/7,and aq; = 1/8, with {; = 1/4 and ; = 1/2. By calculation, we obtain

o1 = 09643, o0, = 0.08333, 02 = 0.02273, 02 = 0.9423, o = 0.9067 >0,
T, = 0.1505, V,~0.5180, W,;=0.4344, and W, = 0.3610.

Since B € (a; — 1,;), and B, € (@, — 1, @), the constants ¢;; and d,; appearing in Theorems 3.1 and
4.1 are given by

dip = 0.5025, djp = 0.04425, dy = 0.04355, dxp = 0.3914,
enn = 0.1741, ej;p = 0.06348, e = 0.01509, and ey = 0.5618.

Application of Theorem 3.1 (matrix spectral analysis)

Set X
t t t t
)= - ) = — ) == )= —.
qi1 () 5 q12(1) 10’ q21() 7 q22(1) 3
. 1 1
USlIlg Fij(‘]lj’ q2j) = d,'l j(; qu(S)dS + diz j(; qu(S)dS + ¢€;j, We compute

F (t t)~02275 Fo (2 1) ~ 0.08300
11 5’7 ~ . 1) 12 1098 ~ . s

AIMS Mathematics Volume 11, Issue 3, 8202-8224.
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tt 2ot
F21 (— —) = 004741, F22(

5’ 7 E, g) = 0.5877.

Evidently, assumptions (H;)—(H3) hold. Then

ot 2 r\[ 2ot tt
Fuu(z.5) - Fa(1g)| +4Fe(g ¢ ] Fa (5 5) = 11966 <2
”(5 7) 22(10 8)] 12(10 8) 1\5°7 <

Therefore, the only solution to system (5.2) is (0, 0). It can be concluded that the Lyapunov inequality
in Theorem 3.1 holds.

Application of Theorem 4.1 (Perov’s fixed point theorem)
Clearly fi(#,0,0) = f5(¢,0,0) = 0, so (Hy4) holds. Moreover,

t 1?

|f1(t, x1,y1) = fi(t, X2, )| < §|x1 — x| + 1—0|y1 -yl
1t 1

|22, x1,y1) = folt, X0, y2)| < 7|X1 - x| + gb’l -yl

Set
2

t t t t
pu() = 3 pia(t) = 10’ pai(t) = 7 pn(t) = 3

which coincide with the g;;(¢) (i, j = 1,2) used above. Consequently,
Ju=Fu, Jiu=Fn, Ju =Fy, Jn=Fxy,

and

Ju+Jn+ \/(Jll - J22)2 +4J1,J5 =~ 1.1966 < 2.

Hence, Theorem 4.1 also implies that the only solution of (5.1) is the zero solution.
6. Conclusions

In this paper, we study a Caputo fractional differential coupled system with multi-point coupled
boundary conditions. By employing matrix spectral analysis methods and Perov’s fixed point theorem,
we establish Lyapunov type inequalities for this system. To our knowledge, this is the first work to
derive such inequalities for coupled system with multi-term fractional derivatives, thereby extending
the classical theory to a more general framework. Specifically, we address different value ranges of
B; (for instance, 0 < B; < a; — 1l,a; — 1 < B; < 1) and provide the corresponding Lyapunov type
inequalities. Finally, several promising directions remain for future work on fractional Lyapunov type
inequalities for BVPs, such as extensions to Caputo-Fabrizio fractional differential equations under
multi-point coupled boundary conditions, or to equations with anti-periodic boundary conditions.

AIMS Mathematics Volume 11, Issue 3, 8202-8224.
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