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Abstract: Rough sets and intuitionistic fuzzy (IF) sets are two separate mathematical frameworks
designed to model and manage incomplete or uncertain knowledge. By integrating these models, an
IF rough framework is constructed, offering enhanced expressiveness and flexibility for representing
and processing incomplete data within information systems. In this paper, we introduce a new hybrid
model utilizing minimal IF neighborhoods. This model, based on any two IF binary relations defined
on a non-empty universe, leads to the development of two novel IF graph approximation spaces
aimed at reducing the boundary region of fuzzy uncertainty and increasing the precision degree of the
fuzzy approximations. Furthermore, key results pertaining to both types of IF graph approximations
are established. The relationships between the existing IF approximation methods are derived, and
comparisons are made to demonstrate that the proposed approaches are more general than previous
models. Finally, we explore an application of these IF graph approximation spaces in decision-making
contexts and propose an algorithm to facilitate solving such problems.
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Symbol Description

G* Simple directed graph

X Set of vertices (nodes) over G*
Y Set of edges over G*

X, X1, X2, X3, . .. Vertices (nods) of G*

Vs V1, Y2, Y35 - - Edges of G*
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XiX; Edge connects the two vertices x; and x; with 7, j € {1,2,3, ...}

Mx, py Fuzzy membership functions of vertices and edges, respectively

R=(R*,R") IF relation on X, where R*, R~ membership and non-membership degree, respectively
W=W"Ww) IF relation on Y, where W*, W~ membership and non-membership degree, respectively

A= (p*,p)and A, = (0*,07) IF sets on X and Y, respectively

Trea), Frea Membership and non-membership degree in R, respectively
Ty Fra Membership and non-membership degree in R, respectively
Tw,s Fwa,) Membership and non-membership degree in W, respectively
Ta,) Fwa,) Membership and non-membership degree in W, respectively
[RA]lG = ([BA]G, [EA]G) IF rough set in X

WA, ]G = ([EAU]G, [WA(T]G) IF rough set in ¥

G = (G,G) = ([RAlG,[WA,]lg)  IF rough graph of G*

G = ([IjA]G, [EAC,]G) Lower approximate IF graph of G
G= ([I_QA]G, [WA(,]G) Upper approximate IF graph of G

1. Introduction

Pawlak [1] established rough set theory as a formal framework for modeling and managing missing
information. A certain topological configuration is required for this theory to work. A topological
rough set is an immensely significant generalization of a rough set since it bridges the gap between
topological academics and those who are interested in the application of topology theory. This theory
extends classical set theory [2,3], particularly to facilitate the study of intelligent systems characterized
by insufficient and uncertain data. In many instances, the equivalence relations present within a
universe are inadequate for defining the upper and lower approximation operators. Since its inception,
numerous mathematicians, logicians, and researchers have shown interest in further developing the
theory, exploring its extensions, and applying it across various fields. Such applications are prevalent
in areas like expert systems, data mining, and machine learning [4-6]. The theory fundamentally
depends on specific topological structures, and because of its ability to connect topological concepts
with practical applications, the notion of a topological rough set constitutes a significant and broader
generalization of the traditional rough set model.

Graph theory is an essential tool for researching various network topologies and analyzing pairwise
interactions between entities [7]. Specifically, considering the connections between options when
addressing decision-making issues yields more useful outcomes. Graph theory and general topology
are closely related mathematical fields. This relationship includes the construction of topologies on
the set of vertices and edges of a graph. Directed and undirected graphs have been used in numerous
studies to design various topologies (see [8—10] ), with many of these constructions rooted in the theory
of simple undirected graphs. A relation defined on a graph acts as a bridge between graph theory
and topological structures, allowing the graph to gain new types of topological structures. Many
set-based decision-making problems utilize concepts like rough sets, rough fuzzy sets, generalized
rough fuzzy sets, soft rough fuzzy sets, and IF soft rough sets [11-13]. Notably, there is a one-to-one
correspondence between the labeled topologies on n points and the labeled transitive directed graph
with n points [14]. The initial definition of a fuzzy graph was presented in [15] using Zadeh’s fuzzy
relations [16]. A more comprehensive explanation and the introduction of fuzzy graph theory, which
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involved studying fuzzy relations on fuzzy sets, is credited to [14] in 1975. This work developed
relationships related to the characteristics of trees, different graphs, and path graphs. The concepts of
fuzzy cut, nodes, and fuzzy bridges were later introduced in [17]. Fuzzy topological analysis of the
pizza graph was discussed in [18]. Furthermore, specific results on rough fuzzy digraphs and their
applications to decision-making problems are available in [11, 19, 20]. It is extremely challenging to
address complicated situations with a single type of uncertainty technique because of the limitations
of human understanding. As a result, creating hybrid models that combine the benefits of several
distinct mathematical models for handling uncertainty is essential. The concept of IF rough graphs
was introduced in [21]. The authors of [22] considered operations on IF graphs. Recently, many
extensions of hybrid models were introduced in [23,24].

The motivation for this paper stems from the need to address limitations in existing IF rough
graph approximation methods [21, 23]. While previous approaches have contributed to handling
uncertainty in graph-based decision-making, they often produce larger boundary regions and lower
accuracy measures, which translates to greater ambiguity in classification and decision outcomes.
The proposed model introduces a novel hybrid framework that leverages minimal IF neighborhoods
derived from two IF binary relations to define new lower and upper approximation operators. This
approach demonstrably minimizes the IF boundary region more effectively than [21, 23], achieving
higher precision in approximations.

This paper is structured as follows: Section 1 presents the introduction, providing the necessary
background on rough sets, IF sets, and their integration into hybrid models, along with a review of
relevant literature and the motivation for this work. Section 2 establishes the foundational preliminaries
and essential definitions related to graphs, IF sets, and approximation spaces. The core of the paper lies
in Section 3, where we introduce our novel hybrid model based on minimal IF neighborhoods; here,
we formally define the new lower and upper approximation operators for IF rough graphs, establish
their fundamental properties, and demonstrate their generality compared with existing approaches.
Section 4 explores fundamental operations on these new IF rough graphs, including complement,
union, intersection, and join, proving that the resulting structures maintain the integrity of the proposed
model. In Section 5, we delve into the structural characteristics of these graphs by defining key
concepts such as order and size and introducing classifications like regular, irregular, and neighborly
irregular IF rough graphs. Section 6 showcases the practical utility of our framework through a detailed
application in decision-making, presenting a real-world example of selecting bridal embroidery and
providing an efficient algorithm to solve such problems. Finally, Section 7 concludes the paper
by summarizing the key contributions, discussing limitations, and outlining promising directions for
future research.

Key contributions and findings of the research include:

(1) Establishing vital results for both types of IF graph approximations.

(2) Inducing the relationships between the present IF approximations.

(3) Presenting comparisons with preceding IF graph approximations [21,23] and demonstrating that
the current approximations are more general.

(4) Inducing IF topologies of rough IF graphs.

(5) Considering applications of IF graph approximation spaces.

(6) Presenting an efficient algorithm to solve decision-making problems.
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2. Preliminaries

The study primarily focuses on simple directed graphs, which may or may not include loops. The
foundational definitions and notations used are:

e The unqualified term “graph” is used as an abbreviation for a “simple undirected graph with or
without loops™.

e X is a non-empty set (the domain), I represents the unit interval [0, 1], /F(X) is the class of all
IF sets in X.

o I¥ is the class of all fuzzy sets in X, IFG(X) is the class of all IF graphs in X.

All other terminology not explicitly defined in the manuscript can be found in external sources [9, 14,
17].

A pair pg» = (ux, py) € 197 is said to be a fuzzy graph over a non-empty set X. Here, uy and juy
are respectively called fuzzy vertex and fuzzy edge membership functions of the fuzzy graph ug+ =
(ux, ny). In the operator uy : X — I, the value ux(x) is called the degree of the membership of a
vertex x in uy for each x € X. Again, in the operator uy : ¥ — I, the value uy(y) is called the
degree of the membership of an edge y in uy for each y € ¥, where ¥ € X X X. AnIF set Bin X is an
object of the form B = {(x, u(x),v(x)) | x € X}, where u : X — I'and v : X — I are membership and
non-membership functions, respectively, and for all x € X, 0 < p(x) + v(x) < 1. The empty and full
IF sets are denoted, respectively by (0, 1), (1,0). Let X, X* be two sets of universes; an IF relation in
X x X* is an IF set R given as R = {((x, x*), R*(x, x*) = u(x, x*), R™(x, x*) = v(x, x*)) | (x,x*) € X X X"}
where u(x, x*) and v(x, x*) are membership and non-membership degrees, such that for all (x, x*) €
X xX*,0 < pu(x, x*) +v(x, x*) < 1. The complement of an IF set B = {(x, u(x), v(x)) | x € X} is denoted
by B¢ = {(x, v(x), u(x)) | x € X}. An IF graph on a non-empty set X is defined to be a pair G = (B, C)
such that

(1) ug : X —» I'and v : X — I denote the degree of membership and non-membership of each
element x € X, respectively, such that ug(x) + vg(x) < 1,

(i1) the functions puc : ¥ € X x X — land ve : ¥ € X XX — I are defined by
Ue(x, x') < min {up(x), up(x)}, ve(x, x') < max {vg(x), vg(x')} such that O < uc(x, x") +ve(x, x') <
1,VY(x,x") € Y. We call B the IF vertex set and C the IF edge set. G = (B, C) is an IF graph.

Let X be a non-empty and finite universe of discourse and R be an IF relation on X; the pair ( X,R ) is
called an IF approximation space. For any A € IF(X), the upper and lower approximations of A w.r.t.
( X,R ), denoted by R(A) and R(A), are two IF sets and are, respectively, defined as follows:

R(A) = {{x. e (09 Yy () | x € X,
R(A) = {{x, o), yray(0) | x € X,

where

Hray(®) = Vvex [ur(x, X) A pa()] s Yy (0) = Awex [yr(x X)) V ya(x)];

Hrey () = Avex [YROG X))V ta(X)] 0 Ve (%) = V wex [r(X, X') A ya(x)].
R(A) and R(A) are respectively called the upper and lower approximations of A w.r.t. (X, R). The pair
(B(A),I_Q(A)) is called the IF rough set of A w.r.t. (X, R), and R,B : IF(X) — IF(X) are referred to
as upper and lower IF rough approximation operators, respectively. Similarly, the lower and upper
approximations of IF sets can be extended to IF graphs (see [21,23]).
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3. IF rough relations

This section introduces the IF rough graph, a new hybrid model that uses minimal IF neighborhoods
and two IF binary relations to define lower and upper approximations. This approach aims to minimize
the boundary region and improve accuracy. The section establishes several properties and demonstrates
that this new model is more generalized and flexible than previous models.

Definition 3.1. Assume that X is a non-empty finite set, and R is an IF relation on X. Then, for any
point x € X, define the fuzzy sets xR*, xR~ and R*x, R"x € I* as follows:

XR* (X)) =R'(x,xX'), xR"(xX) =R (x,x"), and R'x(x)=R"(x,x),R x(x)=R (X', x)Vx € X
Define for any point x € X, the fuzzy sets < x > R*,< x > R",R* < x >,R™ < x >€ IX as follows:

<x>R"= /\ XR" and <x>R = \/ XR™.
x'eX:R*(x',x)>0 x’eX:R~(x',x)>0

Rt <x>= /\ R'x and R < x>= \/ R x.
x'eX,R*(x,x")>0 x'eX,R~(x,x")>0

For any point x € X, define the minimal fuzzy neighborhoods R* < x > R*,R- <x >R : X — las
follows:

Rf<x>R"'=<x>R"AR"<x> and R <x>R =<x>R VR <x>.

For any point x € X, the pair (R* < x> R",R™ < x > R") is said to be the minimal IF neighborhood.

Definition 3.2. Assume that X is a non-empty finite universal set, Y C X X X and W = (W*,W~) an IF
relation on Y. Then, for any point y € Y, define the IF sets yW+,yW=, Wy, W=y € I as follows:

YWI) = W@, y),yW ) =W (,y) and WyQy)=WQ,y),Wyo) =W, n)Wy ey
Define for any y € Y, the fuzzy sets <y > W*, <y>W~, W <y > W~ <y>eI" as follows:

<y>W'= /\ YW" and <y>W~ = \/ YW
yeY:-Wr(y', y)>0 yeY:-W-(y',y)>0

Wr<y>= /\ Wy . and W~ <y >= \/ Wy’
YELW*(3.y)>0 YELW=(y.y)>0

For any y € Y, define the minimal fuzzy neighborhoods W* <y > W*, W~ <y > W~ : Y > las
follows:

Wi<y>Wi=<y>W AW '<y> and W <y>W =<y>W VW <y>.
Foranyy €Y, the pair (W <y > W*, W~ <y > W7) is said to be the minimal IF neighborhood.

Note that: Definition 3.1 focuses on introducing minimal IF neighborhoods on the vertex set X,
while Definition 3.2 extends this concept to the edge set Y.
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Definition 3.3. Assume that X is a non-empty set and R = (R*,R™) an IF relation on X. Assume that
A = (p*,p7) is an IF set in X. The lower and upper IF rough approximations of A are denoted by RA
and RA, respectively. RA and RA are two IF rough sets defined as follows: RA = (TB(A)’ F B(A>) and

RA = (TE(A), FE(A)) are defined as IF sets in X such that, for all x € X,

Tra) (x) = /\ [RT<x>R (X)Vvp (x)], Fra©x) = \/ [R" <x>R'(X)Ap (¥)],

x'eX x'eX

Txa) (X) = \/ [R" <x>R'(X)Ap" (X)], Fru@ = /\ [R-<x>R (X)Vvp (x)].

x'eX x'eX

Definition 3.4. Assume that X is a non-empty set and R = (R*,R™) an IF relation on X. Assume that
A = (p*,p7) is an IF set in X and RA = (BA,RA) an IF rough set. Assume that Y C X X X and
W = (W*, W) an IF relation on Y such that for all x;;, x;y € Y

w* (x,-j, xkl) <R " (x;, x) AR* (xj, xl) , W~ (x,-j, xkl) <R (xi,xx) VR (xj, x,) )
Assume that Ay = (0",07) is an IF set in Y such that for all x;; € Y
o’ (x,-j) < min {p+ (x),p" (xj)} , o (x[j) < max {p‘ (x),p” (x.,-)} .

Then the upper and lower approximations of A,, denoted by WA, = (TW( 4, Fw A”)) and WA, =
(TMAU)’ F E(Aa))’ respectively, are defined as IF sets in Y such that, for all x;; € Y,

TW(AU) (X,'j) = \/ [W+ < Xij > W (xkl) o ()Ck[)] s FW(A(r) (X,'j) = /\ [W_ < Xij > W~ (xkl) Voo ()Ck[)] s

Xu€Y xueYy
TE(AU) (X,'j) = /\ [W_ < Xj; > W~ (xy) V o’ (Xk])] , FE(A,T) (xij> = \/ [W+ < Xi; > w* () Ao~ (xkl)] .
Xu€Y xueY

A pair WA, = (EAG,WAU) is called an IF rough relation on an IF rough set RA = (BA,I_QA) if and
only if T,y # Twan» Fpa,) # Fwan):

Example 3.5. Assume that A = {(x,0.3,0.1),(x,,0.9,0.1), (x3,0.7,0.0)} is an IF set on X =
{x1, X2, x3} and R an IF relation on X given in Table 1.

Table 1. The IF relation R on X in Example 3.5.

R X1 X X3

X (1.0,0.0) (0.3,0.4) (0.6,0.2)
X2 (0.3,0.4) (1.0,0.0) (0.5,0.5)
X3 (0.6,0.2) (0.5,0.5) (1.0,0.0)

By computing, x;R* = {1.0,0.3,0.6}, x,R* = {0.3,1.0,0.5}, xsR* = {0.6,0.5,1.0}, xyR~ =
{0.0,0.4,0.2}, xo,R~ = {0.4,0.0,0.5}, x3R~ = {0.2,0.5,0.0}. So, < x; > R* =< x», > R" =< x3 >
Rt ={0.3,0.3,0.5}, < x; >R =1{0.4,0.5,0.5}, < x, >R =1{0.4,0.5,0.5}, < x3 > R~ ={0.4,0.5,0.5}.
Similarly, R*x; = {1.0,0.3,0.6}, R*x, = {0.3,1.0,0.5}, R*x3 = {0.6,0.5,1.0}, R"x; = {0.0,0.4,0.2},
R x;, ={0.4,0.0,0.5}, R x3 = {0.2,0.5,0.0}. Thus, R* < x; >= R* < x; >= R* < x3 >=1{0.3,0.3,0.5},
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R™ < x; >= {04,05,05}), R~ < x, >= {04,05,0.5}, R < x3 >= {04,0.5,0.5}). Therefore,
R*<x>R"=R"<x>R"=R"<x3>R" ={03,03,05}, R < x; >R ={04,0.5,0.5},
R™ < x> R =1{05,05,05), R” < x3 > R" = {0.4,0.5,0.5). This implies that RA = (RA,RA) is
an IF rough set, where RA and RA are lower and upper approximations of A, respectively, as given

below:
RA ={(x,0.4,0.1),(x,,0.4,0.1),(x3,0.4,0.1)},

RA = {(x1,0.5,0.4), (x,,0.5,0.4), (x3,0.5,0.4)} .

Assume that Y = {x12, X13, X23, X31, X32, X33} © X X X. Assume that W is an IF relation on Y defined in
Table 2.

Table 2. The IF relation W on X in Example 3.5.

w X12 X13 X23 X31 X32 X33

X12 (0.0, 0.0) (0.5,0.4) (0.1, 0.3) (0.2,0.2) (0.0, 0.3) (0.1, 0.1)
X13 0.2,0.4) (0.0, 0.0 (0.1,0.2) (0.0,0.4) (0.0, 0.2) (0.0, 0.3)
X3 (0.1,0.4) (0.1,0.1) (0.0, 0.0) (0.5,0.3) (0.5,0.4) (0.5,0.5)
X3 (0.1, 0.3) (0.5,0.2) 0.2,0.1) (0.0, 0.0) (0.0, 0.0) (0.1, 0.2)
X33 (0.0, 0.0 (0.0, 0.0 (0.0, 0.0) (0.0, 0.0) (1.0, 0.0) (0.5,0.5)
X33 0.4, 0.0 (0.3,0.0) 0.4, 0.0 (0.01, 0.0) 0.4,0.5) (1.0, 0.0)

Assume that A, = {(x12,0.2,0.01), (x13,0.1,0.02) , (x23,0.2,0.02) , (x31,0.0,0.0) , (x3,,
0.0,0.1), (x33,0.1,0.1)} is an IF set on Y. By computing,

xpW* = 1{0.0,0.5,0.1,0.2,0.0,0.1}, xxW* = {0.2,0.0,0.1,0.0,0.0,0.0}, xsW* =
{0.1,0.1,0.0,0.5,0.5,0.5}, x5 W* = {0.1,0.5,0.2,0.0,0.0,0.1}, x3,W* = {0.0,0.0,0.0,0.0,1.0,0.5},
x3Wt = {04,0.3,0.4,0.01,0.4,1.0}, xp,W- = 1{0.0,04,0.3,0.2,0.3,0.1}, xsW~ =
{0.4,0.0,0.2,0.4,0.2,0.3}, xpW~ = {0.4,0.1,0.0,0.3,0.4,0.5}, x5 W~ = {0.3,0.2,
0.1,0.0,0.0,0.2}, x3xW~ = {0.0,0.0,0.0,0.0,0.0,0.5}, x33sW~ = {0.0,0.0, 0.0,0.0,0.5,0.0}.

So, < x;p > W" = {0.1,0.0,0.0,0.0,0.0,0.0}, < x5 > W* = {0.0,0.1,0.0,0.0,0.0,0.0},
< x3 > W' = {0.0,0.0,0.1,0.0,0.0,0.0}, < x3;3 > W* = {0.0,0.0,0.0,0.0.1,0.0,0.0},

< xp > Wt = {0.0,0.0,0.0,0.0,04,0.0}, < x33 > W* = {0.0,0.0,0.0,0.0,0.0,0.1},
< xp > W = {04,04,03,04,0.5,05}), < x3 > W = {04,04,0.3, 04,0.5,0.5},
< x3 > W = {04,04,03,04,0505}, < x3 > W = {04,04,03,04,0.5,0.5},

<x3p>W ={04,04,0.3,04,0.5,0.5}, < x33 > W~ ={0.4,0.4,0.3,0.4,0.5,0.5}. Similarly, W*x, =
{0.0,0.2,0.1,0.1,0.0,0.4}, W x;3 = {0.5,0.0,0.1,0.5,0.0,0.3}, W¥x,; = {0.1,0.1,0.0,0.2,0.0,0.4},
Wrxy = {0.2,0.0,0.5,0.0,0.0,0.01}, W'xs, = {0.0,0.0,0.5,0.0,1.0,0.4}, W'x3;3 =
{0.1,0.0,0.5,0.1,0.5,1.0}, Wx;, = {0.0,0.4,0.4,0.3,0.0,0.0}, W™x;3 = {0.4,0.0,0.1,0.2,0.0,0.0},
W™ x; = {0.3,0.2, 0.0,0.1,0.0,0.0}, W™x3; = {0.2,0.4, 0.3,0.0,0.0,0.0}, W™x3, = {0.3,0.2,
0.4,0.0,0.0,0.5}, W™x33 = {0.1,0.3, 0.5,0.2,0.5,0.0}. So, W* < x;, >= {0.1,0.0,0.0,0.0,0.0,0.01},
w* < x5 >= {0.0,0.1,0.0,0.0,0.0,0.01}, W* < x5 >= 1{0.0,0.0,0.1,0.0,0.0,0.01},
W* < x3 >= {0.0,0.0,0.0,0.1,0.0,0.01}, W* < x3, >= {0.0,0.0,0.0,0.0,0.5,0.01}, W* < x33 >=
{0.0,0.0,0.0,0.0,0.0,0.01}, W~ < xj» >={0.4,0.4,0.5,0.3, 0.5,0.5}, W~ < xy3 >={0.4,0.4,0.5,0.3,
0.5,0.5}), W= < xp3 >= {04,04,0.5,0.3, 05,05}, W= < x3 >= {04,04,0.5,0.3, 0.5,0.5},
W= < x3 >= {04,0.4,05,0.3, 0.5,0.5}, W= < x33 >= {04,0.4,0.5,0.3, 0.5,0.5}. Therefore,
W+ < xp > W' = {0.1,0.0,0.0,0.0,0.0,0.0}, W* < x;3 > W* = {0.0,0.1,0.0,0.0,0.0,0.0},
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< x3 > W' = {0.0,0.0,0.1,0.0,0.0,0.0}, W* < x33 > W* = {0.0,0.0,0.0,0.1,0.0,0.0},
W* < x5, > W' = {0.0,0.0,0.0,0.0,0.4,0.0}, W* < x33 > W* = {0.0,0.0,0.0,0.0, 0.0,0.01},

< xp > W~ = {04,04,03,03,0.5,0.5}, W~ < x3 > W~ = {04,04,0.3,0.3,0.5,0.5},
W~ < x3 > W™ = {04,04,03,0.3,0.5,0.5}, W= < x33 > W~ = {04,04,0.3,0.3,0.5,0.5},
W~ < x3 > W ={04,04,0.3,0.3,0.5,0.5}, W~ < x335 > W~ ={04,0.4,0.5,0.4,0.5,0.5}. Then by
definition, we have

Twa,) (x12) =04V 0.2) A(04V0.1) A(0.5V0.2) A(0.4V0.0) A(0.5V0.0) A(0.5V0.1)
=04A04A05A04A05A05=04,

Fwa,) (x12) =(0.1 A 0.01) v (0.0 A 0.02) v (0.0 A 0.02) v (0.0 A 0.0) vV (0.0 A 0.1) V (0.0 A 0.1)
=0.01v0.0v0.0v0.0v0.0vO0.01=0.01,

Ta,) (x12) =(0.1 A0.2) v (0.0 A 0.1) vV (0.0 A 0.2) v (0.0 A 0.0) V (0.0 A 0.0) v (0.0 A 0.1)
=0.1v0.0v0.0v00Vv0.0Vv00=0.1,

Fa,) (x12) =(0.4 v 0.01) A (0.4 v 0.02) A (0.5 Vv 0.02) A (0.4 v 0.0) A 0.5V 0.1) A (0.5 Vv 0.1)
=04A04A05A04A05A05=04.

Similarly,

WA, (x13) = (0.4,0.02), WA, (x13) = (0.1,0.4), WA, (x23) = (0.4,0.02), WA, (x23) = (0.1,0.4),
WA, (x31) = (0.4,0.0), WA, (x31) = (0.0,0.4), WA, (x3) = (0.4,0.1), WA, (x3,) = (0.0,0.4),
WA, (x33) = (0.4,0.01), WA, (x33) = (0.01,0.4).

Therefore,

WA, = {(x12,0.4,0.01), (x13,0.3,0.02) , (x23,0.4,0.02) , (x31,0.4,0.0), (x31,0.4,0.1), (x33,0.4,0.01)},

WA, = {(x12,0.1,0.4), (x13,0.1,0.4) , (x23,0.1,0.4), (x31,0.0,0.4), (x32,0.0,0.4), (x33,0.01,0.4)} .

Hence, WA, = (KAU,WAU) is an IF rough relation on X.

Lemma 3.6. Assume that (X, R) is called an IF approximation space and WA, = (EAU, WAU) is an
IF rough relation on the IF rough set RA = (I_QA,I_QA). Then, the following properties hold:
(1) RA = (RA®)" and WA, = (WAS),
(2) R(©0.1) = (0.1) and W(0, 1) = (0, 1),
(3) R(1,0) = (1,0) and W(1,0) = (1,0),
(4) A <A, and A, < A, implies that §A < §A1 and 1‘4‘7 < 1‘4(’1’
(5) é <A and AE < Ag. implies_that RA < RAl_and W.i, < WA,
(6) RANA) <RAANRA, and WA, NAyy) < WA, AN WA,
(7) RAV A)) 2 RAV RA, and WA, V Ay,) =2 WA, V WA,
(8) R(ANA) <RANRA  and W(As NAg)) < WA, N WA,
(9) RCAV A)) 2 RAV RA,, and W(A, V Ay,) = WA, V WA,,.

Proof. We only prove the first part of property (1), and the remaining properties directly follow from
Definitions 3.3 and 3.4:
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(1) The lower and upper IF rough approximations of A, RA = (TE(A), F B(A)) and RA = (TE( A Fre A)) ,

are defined by:
Ton (@ = \ [R <x>R )V ()], Fan@=\/[R" <x>R'@) Ap” ()],
x'eX xex
Txa) (X) = \/ [RT <x>R'(X)Ap*(x)], Fr () = /\ [R-<x>R (X)Vvp (¥)].
x'eX xex

The UP IF rough approximations of A with respect to R are defined by

RA(x) = (TR(A) (x) = \/ [R" < x>R'(X)Ap" (X)), Friy (%) = /\ [R-<x>R (X)Vp (x’)]]

x'eX x'eX

Taking the complement yields

(RA)" () = (Fr (0, Ten()

= (FR(A) (x) = /\ [R™<x>R (X)Vp ()], Tgy () = \/ [R" <x>R'(X)Ap* (x’)]]

x'eX x'eX

Now consider A° = (p~,p*). The lower IF rough approximations of A with respect to R are
defined by

RA“(x) = (TB(Av)(X), F B(A")(x))

= (TR(AC) (x) = /\ [R™ <x>R (X)Vp~ (X)], Fra (x) = \/ [R" <x>R'(xX)Ap" (X')])

x'eX x'eX

Hence, RA = (RA).

3.1. IF rough graphs

Definition 3.7. An IF rough graph G on a non-empty set X is a 4-ordered tuple ( R, [RA]g, W, [WA]c
) such that

(1) R is an IF relation on the set X,

(2) [RAlg = ([RAlg. [RAlg) = (RA A A,RAV A) is an IF rough set in X,

(3) Wisan IF relationon Y C X X X,

(4) [WAslg = (IWAsl6. [WA,lg) = (WAs A Ay, WA, V A, ) is an IF rough set in Y.

Thus, the pair G = (G, G) = ([RAlg, [WA, 1) is an IF rough graph, where G = ([EA]G, [EA(T]G) and
G= ([EA]G, [WA(,]G) are lower and upper approximate IF graphs of G such that Vx;, x; € X,

Tiwan (x,-j) < min {T@(A)]G (x2)  Tiraaye (xj)}’ Flwanie (xij) < max {F Rl (%) > Flrag (xj)},

Twan (xif) = min{T[ﬁ(AnG ) T, (xj)}’ Fiiamns (xii) < max {F Rae %0 Firang (xf)}-
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Example 3.8. Assume that A = {(x1,0.6,0.1),(x,,0.3,0.3), (x3,0.5,0.4), (x4,0.4,0.5), (x5, 0.2,0.2)}
is an IF set on X = {x1, X2, X3, X4, X5}, and R is an IF relation on X given in Table 3.

Table 3. The IF relation R on X in Example 3.8.

R X1 X X3 X4 X5

X (0.6, 0.1) (0.5,0.2) (0.4,0.3) (0.3,0.2) (0.9,0.1)
X2 (0.4,0.2) (0.9,0.1) (1.0, 0.0) (0.7,0.1) (0.1, 0.1)
X3 (0.8,0.1) (0.1, 0.8) (0.0, 0.0) (0.2, 0.0) (0.3,0.3)
X4 (0.5,0.1) (0.6, 0.2) (0.6,0.4) (0.0,0.4) (0.0,0.9)
Xs (0.3,0.4) (0.1, 0.0) (0.2,0.3) (0.6, 0.1) (0.0, 1.0)

Assume that Y = {x12, X25, X31, X43, Xs4} € X X X, and W is an IF relation on Y given in Table 4.

Table 4. The IF relation W on X in Example 3.8.

w X12 X25 X31 X43 Xs4

X12 (0.4, 0.0 (0.1, 0.1) 04,0.2) (0.3,0.2) (0.7, 0.1)
X5 (0.1,0.0) (0.0, 0.6) (0.3,0.3) (0.1, 0.0 (0.1, 0.0)
X31 (0.3,0.1) (0.1,0.1) (0.0, 0.0) (0.2,0.0) (0.3,0.1)
X43 (0.1, 0.0) (0.0,0.3) (0.3,0.2) (0.0,0.2) (0.0, 0.0)
Xs4 (0.3,0.0) (0.0, 0.0) (0.2,0.1) (0.6, 0.3) (0.0, 1.0)

Assume that A, = {(x12,0.3,0.1), (x25,0.2,0.3), (x31,0.5,0.1) , (x43,0.4,0.1) , (x54,0.1, 0.3)} is an
IF set on Y. Then, the upper and lower approximation relations are calculated as:

By computing, < x;, > R* =< x, > R* = {0.3,0.1,0.0,0.0,0.0},< x3 > R =
{0.3,0.1,0.2,0.0,0.0}, < x4, > R* = {0.3,0.1,0.0,0.2,0.0}, < x5 > R* = {0.3,0.1,0.0,0.0,0.1},
< x > R = {04,08,04,04,10}, < x, > R = {04,08,04,04,1.0}, < x3 > R =
{0.4,0.8,0.4,04,1.0}, < x4, > R~ = {04,0.8,04,04,1.0}, < x5 > R~ = {04,0.8,0.4,0.4,1.0}.
Similarly, R* < x; >= {0.3,0.1,0.0,0.0,0.0}, R* < x, >= {0.3,0.1,0.0,0.0,0.0}, R* < x3 >=
{0.3,0.1,0.1,0.0,0.0}, R* < x4 >= {0.3,0.1,0.0,0.5,0.0}, R* < x5 >= {0.3,0.1,0.0,0.0,0.1}, R~ <
x; >={0.3,0.2,0.8,0.9,1.0}, R~ < x, > {0.3,0.2,0.8,0.9,1.0}, R~ < x3 >= {0.3,0.2,0.8,0.9, 1.0},
R~ < x4 >= {0.3,0.2,0.8,0.9,1.0}, R© < x5 >= {0.3,0.2,0.8,0.9,1.0}. Therefore, R* < x; >
R* = R" < x, > R* = {03,0.1,0.0,0.0,0.0}, R* < x3 > R* = {0.3,0.1,0.1,0.0,0.0}, R* <
x4 > R* = {0.3,0.1,0.0,0.2,0.0}, R* < xs > R* = {0.3,0.1,0.0,0.0,0.1}, R~ < x; > R~ =
{0.4,0.8,0.8,09,1.0}, R- < x; >R ={0.4,0.8,0.8,09,1.0}, R~ < x3 >R~ ={0.4,0.8,0.8,0.9, 1.0},
R < x4 > R = {04,08,0.8,09,1.0}, R < xs > R~ = {0.4,0.8,0.8,0.9,1.0}. This implies
that [RA]; = ([EA]G, [EA]G) is an IF rough set, where [R(A)lg and [RAlg are lower and upper
approximations of X, respectively, given below:

[RA]G = {(x1,0.6,0.1), (x2,0.3,0.3),(x3,0.5,0.4) , (x4,0.4,0.5) , (x5,0.2,0.2)},
[RA]l = {(x1,0.6,0.1), (x2,0.3,0.3), (x3,0.5,0.4), (x4,0.4,0.4), (x5,0.2,0.2)} .

By computing, < x, > W* = {0.1,0.0,0.0,0.0,0.0}, < x5 > W* = {0.1,0.1,0.0,0.0,0.0},
< x33 > W' = 1{0.1,0.0,0.2,0.0,0.0}, < x43 > W* = {0.1,0.0,0.0,0.0.1,0.0}, < x50 > W* =
{0.1,0.0,0.0,0.0,0.1}, < x;, > W~ = {0.1,0.6,0.3,0.3,0.1}, < x5 > W~ = {0.1,0.6,0.3,0.3,0.1},
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< x33 > W = {0.1,0.6,0.3,0.3,0.1}, < xs35 > W~ = {0.1,0.6,0.3,0.3,0.1}, < x54 >
W~ = {0.1,0.6,0.3,0.3,0.1}. Similarly, W* < x;, >= {0.1,0.0,0.0,0.0,0.0}, W* < x5 >=
{0.1,0.1,0.0,0.0,0.0}, W* < x3; >= {0.1,0.0,0.1,0.0,0.0}, W* < x4 >= {0.1,0.0,0.0,0.1,0.0},
Wt < x4 >= {0.1,0.0,0.0,0.0,0.2}, W= < x5 >= {0.2,0.6,0.1,0.3,0.3}, W= < x5 >=
{0.2,0.6,0.1,0.3,0.3}, W= < x3; >= {0.2,0.6,0.1,0.3,0.3}, W= < x43 >= {0.2,0.6,0.1,0.3,0.3},
W~ < xs54 >= {0.2,0.6,0.1,0.3,0.3}. Therefore, W* < x;, > W* = {0.1,0.0,0.0,0.0,0.0},
Wt < xs > W" = {0.1,0.1,0.0,0.0,0.0}, W* < x3; > W* = {0.1,0.0,0.1,0.0,0.0},
Wt < xy3 > Wt = {0.1,0.0,0.0,0.1,0.0}, W* < x5, > W* = {0.1,0.0,0.0,0.0,0.1}, W~
xp > W = {02,0.6,0.3,0.3,0.3}, W= < x5 > W~ = {0.2,0.6,0.3,0.3,0.3}, W= < x3
W- = {0.2,0.6,0.3,0.3,0.3}, W= < xy3 > W~ {0.2,0.6,0.3,0.3,0.3}, W~ < x54 > W™ =
{0.2,0.6,0.3,0.3,0.3}. Then, we have

<
>

T, (¥12) = 0.3 V [(0.1 A0.3) V (0.0 A 0.2) V (0.0 A 0.5) V (0.0 A 0.4) V (0.0 A 0.1)]
=03V [0.1V0.0Vv0.0V0.0V00VO0.0]=0.3,

Fvn. ®12) = 0.1 AT02V 0.1) A (0.6 vV 0.3) A (0.3 V 0.1) A (0.3 V 0.1) A (0.3 V 0.3)]
=0.1A[02A0.6A03A03A03]=0.1,

Tiwinte (¥12) = 0.3 A[(0.2V 0.3) A (0.6 V 0.2) A (0.3 V 0.5) A (0.3 V 0.4) A (0.3 v 0.1)]
=03A[03A0.6A05A04A03]=023,

Frwue (x12) = 0.1 V(0.1 A 0.1) vV (0.0 A 0.3) V (0.0 A 0.1) V (0.0 A 0.1) v (0.0 A 0.3)]
= 0.1V [0.1V0.0Vv0.0VO0.0V0.0]=0.1.

Similarly,
[WA;]G (x25) = (0.2,0.3), [EA(T]G (x25) = (0.2,0.2),
[WAglg (x31) = (0.3,0.1), [WAs]g (x31) = (0.5,0.1),
[WAglg (xs4) = (0.3,0.1), [WAs]g (x54) = (0.4,0.1),
[WA ]G (x43) = (0.1,0.3), [WA,]s (x43) = (0.1,0.2).
Therefore,

[WA,lg = {(x12,0.3,0.1), (x25,0.2,0.2), (x31,0.5,0.1) , (xts3,0.4,0.1) , (x54,0.1,0.2)} ,
[EAU']G = {(x12,0.3,0.1), (x25,0.2,0.3) , (x31,0.3,0.1) , (x43,0.3,0.1) , (x54,0.1,0.3)} .

As a result, ( [WAs]g, (WA, ) is an IF rough relation on the set X. This implies that G =
([I_QA]G, [E’A(,]G) and G = ([EA]G, [WA,T]G) are IF graphs, as shown in Table 5.
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Table 5. IF rough graph G = (G, G) in Example 3.8.

The IF lower approximation G The IF upper approximation G

03()1) \ 0401) \
x54,0.1,0. x54,0.1,0.

Lemma 3.9. Assume that G = (G, G) is an IF rough graph. The lower approximation G =
([BA]G, [E’AU]G) and the upper approximation G = ([I_QA]G, [WAU]G) of the IF graph G such that

(1) ([RAJG)" = [R(A%)]G and ([WA.16) = [W (Ao,
(2) (IRAlG)" = [R(A)]g and ([WA,)6) = [W (A%)]e,
(3) [RAlg < A < [RA]g and [WA, ¢ < As < [WA,]G,
(4) [RO, Dlg = [RO, Dlg = (0, 1) and [W(0, D] = [W(0, D]¢ = (0, 1),
(5) [R(1, 0] = [R(L,0)1 = (1,0) and [W(1,0)]¢ = [W(L,0)l = (1,0),
(6) [RAAV AD]g = [RAlg V [RAlg and [W(A, V Ay)]g 2 [WAS1G V WA 6,
(7) [R(A A AD]g < [RAlG A [RA 16 and [W(As A Ag)6 < (WALl V [WAA G,
(8) A <A, and A, < Ay, implies that [RA]g < [RA ]l and [WA]c < [WA]6,
(9) A< A, and A, < Ay, implies that [RA]g < [RA]g and [WA]c < [WAs 6,
(10) [R(AV A > [RAlG V [RA g and [W(A, V Ay)]G = (WALl V [WAg ]G,
(11) [R(A A AD]g < [RAlG A [RA(1G and [W(Ay A A6 < [WAGLG A WA ]G,
(12) [R(IRAlc)le = [RAlG = [R([RAlc)lg and [R(IWA,lc)le = [WAslG = [W (IWA,16)l,
(13) [R([RAlq)lo < [RAlg < [R(IRAlG)lg and [R (IWA,lc)lo < [WAle < [W (IWAslc)lo-

Proof. The proof is straightforward from Definitions 3.3, 3.4, 3.7, and Lemma 3.6. m]

Lemma 3.10. Assume that G = (G, 5) is an IF rough graph and G = ([BA]G, [EAU]G), G =

([EA]G, [WAU]G) are the lower and upper approximations of the IF graph G, respectively. For G
and G*, we have

(1) G<G<G,

(2) 0y =0,=0y and 1, =1, =1,

3) GVG)=2GVG,

(4) (GAG*) <G AG,

(5) G < G* implies that G < G* and G <G,
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(6) (GVG)=>GVG

(7) (GAG") <G NG,

(8) (6)6 = (G°) and (C_})C = (G°),
)

Proof. The proof is straightforward from Definition 3.7 and Lemma 3.9. O

Remark 3.11. It is important to note that the proposed IF lower and upper approximations preserve
almost all fundamental properties of classical rough sets. In particular, they satisfy key characteristics
such as inclusion, monotonicity, boundary consistency, and the relationships between lower, upper,
and boundary regions. This demonstrates that our model remains theoretically consistent with the
classical rough set framework while providing a more flexible representation of uncertainty through IF
information.

Now we define the IF boundary region and accuracy measure in direct analogy with their classical
rough set counterparts. Consequentially, we can obtain high accuracy and the best possible decisions.

Definition 3.12. Assume that G = (G, 5) is an IF rough graph and G = ([BA]G, [EAU]G), G =

([EA]G, [WA(,]G) are the lower and upper approximations of the IF graph G, respectively. Then,
we define the vertex IF boundary region BND(V)g and the edge IF boundary region BND(E)g by
BND(V)¢ = [RAlg — [RA]g and BND(E) = [RA,)¢ — [RA,]G, where the operation [RA]g — [RA]G is
given by using the ordinary difference between their membership values. In this case, the membership
degree of an element in BND(V)g is determined by subtracting the membership value of that element
in [RA]g from its membership value in [RA]G. Similarly, the non-membership degree can be adjusted
consistently so that the basic condition of intuitionistic fuzzy sets is preserved. The same applies when
calculating BND(E)g.

Definition 3.13. Assume that G = (G, G) is an IF rough graph and G = ([I_i’A]G, [EAU]G), G =

([I_QA]G, [WA(T]G) are the lower and upper approximations of the IF graph G, respectively. Then, we
define the vertex accuracy measure ACC(V)s and the edge accuracy measure ACC(E)¢ by:

(erx {T[BA]G (x) + (1 = Flray, (X)})
(2 eex {Tigar, @ + (1 = Figu, @)

ACC(V)g =

(Sjer {Tiraie 0 + (1 = Frea, i (3)))

(sz-jEY {T[TeA(r]G (xif) + (1= Fira, (xij)})
where 0 < ACC(V)g < 1 and 0 < ACC(E)g < 1. In the case that the IF lower approximation is
greater than the IF upper approximation, we consider the accuracy measure equal to zero. Therefore,

the accuracy value remains positive, indicating that there is always at least some degree of certainty
in describing the IF rough set, even in the presence of uncertainty and vagueness.

ACC(E)¢ =
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Example 3.14. Consider the IF relations R on a set X = {x1, X, X3} as given in Table 6.

Table 6. The IF relation R on X in Example 3.5.

R X1 X2 X3

X1 (0.7,0.3) (0.3,0.4) (0.6,0.2)
X (0.3,0.4) (0.6,0.4) (0.5,0.5)
X3 (0.6,0.2) (0.5,0.5) (0.8,0.5)

By computing, x,R* = {7.0,0.3,0.6}, x,R* = {0.3,6.0,0.5}, x3R* = {0.6,0.5,8.0}, xR~ =
{0.3,0.4,0.2}, x,R™ = {0.4,0.4,0.5}, x3R~ = {0.2,0.5,0.5}. So, < x; > R* =< x, > R* =< x3 >
R* =1{0.3,0.3,0.5}, < x; > R~ ={0.4,0.5,0.5}, < x, > R~ ={0.4,0.5,0.5}, < x3 > R~ ={0.4,0.5,0.5}.
Similarly, R*x; = {0.7,0.3,0.6}, R"x, = {0.3,0.6,0.5}, R*x3 = {0.6,0.5,0.8}, R"x; = {0.3,0.4,0.2},
R x, ={0.4,0.4,0.5}, R"x3 = {0.2,0.5,0.5}. Thus, R* < x; >= R* <x, >=R" < x3 >={0.3,0.3,0.5},
R~ < x; >= {0.4,05,0.5}, R~ < x, >= {0.4,0.5,0.5}, R~ < x3 >= {0.4,0.5,0.5}. Therefore,
Rt <x>R"=R"<x>R"=R"<x3>R"=1{03,03,05}, R < x; >R =1{0.4,0.5,0.5},
R <x; >R =1{0.5,05,0.5}, R~ <x3 >R ={04,0.5,0.5}.

Table 7 is presented to compare the IF boundary regions and the accuracy measures obtained by
our method with those produced by previous approaches [21,23].

Table 7. Comparison of IF boundary and accuracy measures.

Previous techniques [21,23] Our proposed technique in Definition 3.7
A=(p*.p7) BND(V)g ACC(V)g BND(V)g ACC(V)g
{(x1,0.1,0.1), (x2,0.1,0.1), (x3,0.1,0.1)} {(x1,0.0,0.1), (x2,0.0,0.1), (x3,0.0,0.1)} 0.0 {(x1,0.0,0.0), (x2,0.0,0.0), (x3,0.0,0.0)} 1.0
{(x1,0.2,0.1),(x2,0.2,0.1), (x3,0.2,0.1)} {(x1,0.0,0.1), (x2,0.0,0.1), (x3,0.0,0.1)} 0.0 {(x1,0.0,0.0), (x2,0.0,0.0), (x3,0.0,0.0)} 1.0
{(x1,0.3,0.1), (x2,0.3,0.1), (x3,0.3,0.1)} {(x1,0.0,0.1), (x2,0.0,0.1), (x3,0.0,0.1)} 0.0 {(x1,0.0,0.0), (x2,0.0,0.0), (x3,0.0,0.0)} 1.0
{(x1,0.4,0.1),(x2,0.4,0.1), (x3,0.4,0.1)} {(x1,0.0,0.1), (x2,0.0,0.1), (x3,0.0,0.1)} 0.0 {(x1,0.0,0.0), (x2,0.0,0.0), (x3,0.0,0.0)} 1.0
{(x1,0.5,0.1), (x2,0.5,0.1), (x3,0.5,0.1)} {(x1,0.0,0.1), (x2,0.0,0.1) , (x3,0.0,0.1)} 0.0 {(x1,0.0,0.0), (x2,0.0,0.0), (x3,0.0,0.0)} 1.0
{(x1,0.6,0.1), (x2,0.6,0.1), (x3,0.6,0.1)} {(x1,0.0,0.1), (x2,0.0,0.1), (x3,0.0,0.1)} 0.0 {(x1,0.0,0.0), (x2,0.0,0.0), (x3,0.0,0.0)} 1.0
{(x1,0.7,0.1), (x2,0.7,0.1), (x3,0.7,0.1)} {(x1,0.0,0.1), (x2,0.0,0.1) , (x3,0.0,0.1)} 0.0 {(x1,0.0,0.0), (x2,0.0,0.0), (x3,0.0,0.0)} 1.0
{(x1,0.8,0.1), (x2,0.8,0.1), (x3,0.0,0.1)} {(x1,0.0,0.1), (x2,0.0,0.1), (x3,0.0,0.0)} 0.0 {(x1,0.0,0.0), (x2,0.0,0.0), (x3,0.0,0.0)} 1.0
{(x1,0.9,0.1),(x2,0.9,0.1), (x3,0.9,0.1)} {(x1,0.0,0.1), (x2,0.0,0.1) , (x3,0.0,0.1)} 0.0 {(x1,0.0,0.0), (x2,0.0,0.0), (x3,0.0,0.0)} 1.0

The comparison in Table 7 shows that our method yields an IF boundary region
equal to {(x,0.0,0.0),(x,,0.0,0.0),(x3,0.0,0.0)} for every IF set in the table, whereas
the previous method produces {(x,0.0,0.1),(x;,0.0,0.1),(x3,0.0,0.1)}. A boundary of
{(x1,0.0,0.0), (x,,0.0,0.0), (x3,0.0,0.0)} indicates that the lower and upper approximations
coincide, meaning that the classification is exact and free from uncertainty. In contrast, the boundary
value {(x,0.0,0.1),(x;,0.0,0.1), (x3,0.0,0.1)} reflects the presence of a small degree of residual
uncertainty between the approximations. Therefore, our method achieves higher precision and clearer
decision boundaries, demonstrating its superiority over the existing approach in reducing ambiguity
within IF rough set analysis. Similarly, Table 7 indicates that our technique achieves an IF accuracy
value of 1.0, while the previous methods [21, 23] yield an accuracy of 0.0. An accuracy equal to 1.0
signifies perfect classification, meaning that all elements are assigned to their appropriate regions
without any misclassifications or uncertainty. In contrast, an accuracy of 0.0 reflects a complete
inability of the previous methods [21, 23] to correctly approximate the set. This clearly demonstrates
that our technique provides significantly more reliable, precise, and effective results than the existing
approaches. It is worth noting that a similar table can be easily constructed to compare the IF
boundary regions and accuracy measures for the set of edges.
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Remark 3.15. Assume that G = (G, G)isanIF rough graph on an IF set X and G = ([I_QA]G, [EA(T]G),
G = ([I_QA]G, [WAU]G) are the lower and upper approximations of the IF graph G, respectively. Then
(1) As in the usual case, whenever R and W are reflexive IF relations on G, then the equality holds in

both (10) and (11) in Lemma 3.9, and thus the equality holds in both (6) and (7) in Lemma 3.10.
(2) As in the usual case, if R and W are reflexive and transitive IF relations, then (Q) = (Q) and

(6) = (5) Then, an IF topology T on an IF set X is generated by the following:

1 ={GeIFGX):G=G} or 1¢x={GelFGX):[GI =(GI)}.
In the following, weaker definitions than Definitions 3.3 and 3.4 will be defined.

Definition 3.16. Assume that X is a non-empty set and R = (R*,R") an IF relation on X. Assume
that A = (p*,p7) is an IF set in X. The lower and upper IF rough approximations of A are denoted
by (RA)* and (RA)*, respectively. (RA)* and (RA)* are two IF rough sets defined as follows: (RA)* =
(T@(A))*, F (B(A))*) and (RA)* = (T(E( ay F e A))*) , defined as IF sets in X such that, for all x € X,

T(B(A))* (X) = /\ [< X > R_(X,) Vv O'+ (X’)] .
x'eX

F(B(A))* (X) = \/ [< X > R+()C/) Noo (.X/)] .

x'eX

T &y (X) = \/ [<x>R'(X)Ao" (X)],

x'eX

F gy (X) = /\ [<x>R (X)Vvo (X)].

x'eX
Definition 3.17. Assume that X is a non-empty set and R = (R*, R™) an IF relation on X. Assume that

A = (p*,p7) is an IF set in X and RA = ((I_?A)*, (I_QA)*) an IF rough set. Assume that Y C X X X and
W = (W*, W) an IF relation on Y such that for all x;;, x;; € Y

w* (xij, xkl) <R (x;,x) AR" (xj, xl) , W (xij, xkl) <R (x;,x) VR (xj, x,) )
Assume that Ay = (0",07) is an IF set in Y such that for all x;; € Y
o’ (x,-j) < min {p+ (x;),p" (xj)} , O (xij) < max {p‘ (x),p~ (xj)} .
Then the upper and lower approximations of A,, denoted by (W (A,)" = (T(W(A”))*,F (W(A(r))*) and
WA, = (T(MAU))*, Fwany ), respectively, are defined as IF sets in Y such that, for all x;; € Y,

T,y (xij) = \/ [< xij > W () Aot (xkz)],

xp €Y

F i,y ( ) /\ [< xij>W () Voo (Xkl)] ,
XY

Tway (ij) /\ [< xij > W () Vo' (sz)] ;
XY

Faap)y (xl]) [< xij > W (xu) Ao (sz)] .
xp€eY
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A pair (WA,)* = ((EA(,)*,(W (A(,))*) is called an IF rough relation on an IF rough set (RA)" =

((BA)*,(EA)*) if and only if Tgayy # Tovanys Fawa,y # Fwayy:- All the results given in this
section are satisfied exactly; the only main difference comes from the fact that R* < x > R* < < x >
RPRT <x>R 2<x>R and W <x> W' <<x>W' W <x>W >2<x> W forall
vertexes and edges of the produced graphs on the set X.

Lemma 3.18. Assume that (X, R) is an IF approximation space, and WA, = (EAU,WAU) is an IF
rough relation on the IF rough set RA = (I_QA, I_QA). Then,

(1) [RA]" < RA, [WA,]" < WA, and so ([RA]s)" < [RA]lg, ([WA,l6)" < [WA:]G.
(2) RA < [RA]*, WA, < [WA,I* and so [RAl; < ([RAlg)", [WA,1g < (WA, )"

Proof. The proof is straightforward from the fact that R* < x > R* << x>R",R" <x>R <<x>
R andWr<x>W<<x>W W <x>W<<x>W. O

Example 3.19. In Example 3.8, [RAlg = ([RAlg. [RAlg) is given by:

[RA]G = {(x1,0.6,0.1), (x2,0.3,0.3),(x3,0.5,0.4) , (x4,0.4,0.5) , (x5,0.2,0.2)},
[RA]l = {(x1,0.6,0.1), (x2,0.3,0.3), (x3,0.5,0.4), (x4,0.4,0.4), (x5,0.2,0.2)} .

On the other hand, ([RAlg)" = ((IRAle)", (IRAlg)") is given by:

([RAl)" = {(x1,04,0.1),(x2,0.3,0.3),, (x3,0.4,0.4) , (x4,0.4,0.5), (x5,0.2,0.2)} ,
([RAl)" = {(x1,0.6,0.1), (x2,0.3,0.3), (x3,0.5,0.4) , (x4,0.4,0.4) , (x5,0.3,0.2)} .

Hence, ([RA]s)" < [RAlg ([EA]G)* ¢ [RA]c. Any one can add similar examples to illustrate
Lemma 3.18.

Remark 3.20. Let ( R,[RA]g, W,[WA,lc ) be an IF rough graph on G. It should be noted from
Lemma 3.18 that Definitions 3.3, 3.4 decrease the upper approximation and increase the lower
approximation. This new approach is more general than many previous approaches. As a special
case:

(1) If we have equivalence IF relation on the set X, then Definition 3.3 will be the IF of the main
definition given by Pawlak [1].

(2) If we have symmetric IF relations R on the set X, then Definition 3.3 will be the IF of the definition
given by Allam [25].

(3) If we have reflexive and symmetric IF relation R on the set X, then Definition 3.3 will be the IF of
the definition given by Kandil [26].

(4) If every IF set B = {(x,u(x),v(x)) | x € X}isequal to {(x,u(x),1 — u(x)) | x € X} and every
IF relation R is equal to {((x, x*), u(x, x*), 1 — u(x, x*)) | (x,x") € X X X}, the same for W, then
Definitions 3.3, 3.4 will coincide with the definition given in [11] in the case of the trivial fuzzy
ideal £ = L.
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4. Certain operations on IF rough graphs

This section focuses on defining fundamental operations for IF rough graphs, including the
complement, union, intersection, and join, and establishes that the resulting structures are also IF
rough graphs.

Definition 4.1. Assume that G = (G,G) is an IF rough graph. The u complement of G, denoted by
G' = (Q“,Eﬂ), is an IF rough graph, where G* = ([I_QA]G”, [EAU_]G”) and G' = ([I_?A]Gﬂ, [WAU_]G”) are
IF graphs such that

(i) Vx € [RAlo
Tirane () = Tirale (0, Flraie(0) = Flrae (1),
Trans" ) = Tirane s Firan () = Firay, (),
(ll) Vx,-j € [WA g

Tiwa,ie* (%) = min {Tigar, () Tiraro ()} = Twa, 16 (i)
Fiwaie" (%) = max {Figai, (5, Figaio (6} = Fiwa, 1o (%i7)
) mm{ [RAlg (xi)’T[EAJG(xJ)}‘T[WAU]G (xif)’

Fivai, (Xij) = max {F Rate (X F [EAJG(XJ')} ~ Fiwa i (xij)~

u
T wane (xu

Example 4.2. Consider the IF rough graph G as shown in Table 5. Thus, u-complement of G is
Gt = (Q”, Gu), where G = ([IjA]G”, [KAU]G”) and G = ([RA]Gﬂ, [WAU]G") are IF graphs as shown
in Table 8.

Table 8. IF rough graph G* = (Q”, 5“) in Example 4.2.

The IF lower approximation G* The IF upper approximation G

Definition 4.3. Assume that G = (G, G) is an IF rough graph. The complement of G, denoted by
G = (Q’,E’), is an IF rough graph, where G’ = ([R_’A]G, [MA(,]G) and G = ([EIA]G, [W’AU]G) are
IF graphs such that

AIMS Mathematics Volume 11, Issue 3, 8065-8103.
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(i) Vx € [RA]g

(ii) Yx;, x; € [RA]g

Tirra16(X) = Tirane (), Firaig (%) = Flrae (%),
T 4150 = Tirane (0> Fii g, () = Fian, (%),

T, (xij

Fiwae (xi/) = max {F Rae (i) > F [EA]G(X./')} = Fiwae (xl;,-).

Example 4.4. Consider the IF rough graph G as shown in Table 9.

Table 9. IF rough graph G = (Q, 5) in Example 4.4.

The IF lower approximation G

The IF upper approximation G

(x33,0.0,0.1)

(x33,0.1,0.0)

(x12.0.1,0.1)

Table 10. IF rough graph G' = (Q’El) in Example 4.4.

The IF lower approximation G’

The IF upper approximation G

(x33,0.0,0.1)

(1'0 %70 “cx)

(x12,0.2,0.0)
(x21,0.3,0.1)

(x33,0.6,0.0)
(x12,0.5,0.0)

(x1,0.3,0.1)

(100 11x)

(x21,0.6,0.1)

(1'0°6°0 “%ex)

(1°0°9°0°1x)

AIMS Mathematics

Volume 11, Issue 3, 8065-8103.



8083

The complement of G, denoted by G' = (Q',E/), is an IF rough graph, where G' =

(IR Alo, [WA,¢) and G =

([E,A]G, [W’AU]G) are IF graphs, as shown in Table 10.

Remark 4.5. In Definition 4.1, in case there is an edge x;; between two vertices “x;” and “x;”, there
must be an edge between “x;” and “x;” in each approximation graph of G. Whereas in Definition 4.3,
in case there is an edge x;;j between two vertices “x;” and “x;”, then there may or may not be an edge
between “x;” and “x;” in any approximation graph of G.

Definition 4.6. Assume that G| = (Q 1> 61) and G, = (Qz,éz) IF rough graphs on X. The union of G,

and G, is an IF rough graph G = Gy U G, = (Q1 U Q2,61 U 62), where
G, UG, = (IRAlg, U [RAloy, [WAS, 16, U [WAS,1g,)

and

G UG, = ([EAI]GI U [RA2]62s [WA(TI]Gl U [WA(rz]Gz)
are IF graphs, respectively, such that
(i) if x € [RA1]g, but x ¢ [RAz]c,
T1R(A 16, VIR (A)le, () = TrcApIG, (1)
Frae, UiR(AI6, (X) = Flrapie, (X)s
T iAo, uiRAnie, X = Tirae,
Fireas, uiRaie, ) = Firanis, (9
(ii) if x € [RAz]gs but x ¢ [RA1]G,
TR 16, VIR, (A2)16, () = TiR(AL)16, (%),
Frae, UiR@Ax)I6, (X) = Flraie, (X)s
TiReaie, uiRaie, @ = Tiraye, (),
Fireae, uiRaie, ) = Firame, X
(iii) if x € [RAlg, and x € [RAlg»

TrA 16, VIRA)G, (X) = max {T[R<A1>]G. (), TirA1G, (X1 5

TR, )io, UiRADIG, X) = X{T[R(An (s Tireays, (0] -
FiRanie, iR, X = mm{F &anls, O Firanie, (0] »

(lv) l:fxl'j € [WAO'1]G1 but -xij ¢ [WAO'2]G2

Firayie, uir@e, (X) = mln{F (RADIG, (X, Fir(Ale, (X)},

[W(A'Tl ), (xij) ’
F[W(A<f| )e, xij) ’

T[E(A'Tl )]Gl U[E(sz)]cz (X,])

Flw(a, Yoy ()i, (557) = (

T[W(AUZ)]GIU[W(AQ)]Gz (xl]) [W(AUZ)]Gl (xij) >
)=

F 70, Yoy o (4 )ion (317) = Fiiv(ayio, (317)-
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(v) if x;j € [WAq,lg, but x;; ¢ [WAs ],

T[K(Aal e, VIW(Ac, )G, (le) [W(A(,Z)]G2 (xi j) ,

F[W(Avl N6, VIW(Ary )G, (xl]) [W(A(Tz)](;2 (Xi j) )
) [W(Ath o, (xij) ’
)=

Fir(ae e, (%)

T[W(Af,1 Y6, UIW(Ary ), (xu

F W(Ae, )6, UIW(Any o, (xlj
(vi) if x;; € [WAq I, and x;j € [WAS,]c,

T[E(Agl)1<;1LM(AQ)]G2 (xu max T[W(A(rl)lgl Xij »T[W(A(rz)hz Xij

) = max | () ()}
Fuw(az, o, uw(ar)ic, (i) = min {F W (Ac, Yla, (x3;) . F (Ao, e, (x31)} -
) = max {7 (i) T E )}

max

T (A0, Yo, UT (Ao, )lc, (xu W(Ae e, \Xid) > L (W (Ag, )6, \Nid

F (A, i, U (Acy e, (x,-,) = mm{ (W(As,)la, (x,-,), W(Ax,)lc, XU)}
Example 4.7. Assume that X = {x1, X2, X3, X4} is a set. Consider G| = (Ql,Gl) and G, = (Qz’ 62)

are two IF rough graphs on X, where G, = ([BAI]Gl, [EAUI]GI) and G, = ([EAI]GI, [WAUI]GI) are IF
graphs, as shown in Table 11.

Table 11. IF rough graph G, = (gl,él) in Example 4.7.

The IF lower approximation G, The IF upper approximation G,

(x21,0.2,0.1) (x21,0.0,0.1)

S,
«@
=

S
=2

o
o

s
2

(x43,0.3,0.5)

(x43,0.5,0.2)

(x3,0.5,0.4) (x3,0.6,0.3) (x4,0.8,0.1)

G, = ([BA2]02, [EAﬁz]Gz) and G, = ([EAZ]GZ, [WAGZ]GQ) are also IF graphs as shown in Table 12.

Table 12. IF rough graph G, = (QZ,EZ) in Example 4.7.

The IF lower approximation G, The IF upper approximation G,

(x21,0.2,0.1)
5,0.3,0.01)

(x4,0.8,02)
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The wunion of Gy and G, is a G = G, U Gy = (QIUQZ,EIUEZ),
where G, U G, = ([RAilg, U[RAslgy WAl UIWAs]G,) and Gy U Gy =
(IRA 161 U [RA2l6a, [WA,, lg, U [WA,, l,) are IF graphs as shown in Table 13.

Table 13. IF rough graph G, U G, = (Ql U Qz,al U 52) in Example 4.7.
Ql U Qz 6] U 62

(x21,0.2,0.1) (x21,0.0,0.1)

(x24,0.2,0.5)

(x13,0.3,0.1)
(x13,0.2,0.0)

(x3,1.0,0.0) (x3,9.0,0.1) (x4,0.8,0.1)

Definition 4.8. Assume that G; = (QI,EI) and G, = (QZ,EZ) IF  rough graphs
on X.  The intersection of Gy and Gy is an IF rough graph G = G; N Gy =
(G, N G,.GiNGy), where G, N G, = (IRAlg, N [RAlg,, WA, lg, N [WAy,16,) and Gy 0 G, =
([EA g1 N [EAZ]Gz, [WA(TI]G1 N [WA(,Z]GZ) are IF graphs, respectively, such that

(i) if x € [RA ]G, but x ¢ [RAs]g,

TR 6, MR (416, (¥) = Tireapis, (X),
Firais, niraie, () = Firag, (%),
TiRea o, riRAnie, ) = g, (9
Firane, nfanis, ) = Firapg, (%),
(ii) if x € [RAs]Go but x & [RA ]G,
TR 6, MR (416, (¥) = TR(A2)16, (X),
Franic, nR@)le, (X) = Firianis, (%)
Tirea o, riAnie, X = Tirayg,
FiRanie, nikanie, ® = Firae, %),

(iii) if x € [RA]g, and x € [RA]g»

T Rian)is, NiRA1G, (X) = min {T[E(Al)]al (%), Trcar)i, (x)} )
Franis, nirAlg, (X) = max {F (RAnls, (X, Flraig, (x)} )
TiRea o, R, () = Min {T[E(A.)]G1 ), Tirane, (x)} ;

FiRanie, nRanie, X = maX{F Rante, s Fireae, (x)}’
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(iv) if x;j € [WAq g, but x;j ¢ [WA.,l6,

Tiw(a,, )i, 0w (A, e, (xi7) =
Fw(ar o, 0¥ (A, e, (i) =
T (0 (40y oy 07 (A0 )l (xl])
F W(Ac )6, "W (Ao, e, (xu)

(v) if x;j € [WAq,lg, but x;; ¢ [WAs ],

T, Yoy (0 (Ao, () =
Fw(ar, o, 0¥ (Any e, (xij) =
T[W(Afrl Y6, W (Ac, )a, (xu)
F )=

W(Aq, )6, "W (Acy o, (xu

(vi) if x;; € [WAq I, and x;j € [WA, lc,

Tiw(ar e, (x,-]-) ’
Fiay(an, o, (%ii)
T )i, (¥i1)
Fiw(an e, (x"f') ’

[W(A'Tz o, (xij) ’
Fiw(as, o, (1)
T % (40, Y16, (x,-j) ’

[W(Alfz)]Gz (xij) ?

Ty o (A ), (¥17) =
Fiw(ae, Yoy (A )iy (317) =
T (A0, Yo, N (A o (xw)

F W(As, )6, NW(Acy e, (xii)

= max {Fiia,, i, () F

mm{ W(Ar, o, (xij) ’ T[W(AGZ)]GZ (Xij)} ’
ma {F W(Ae))lo, (XU) Frw(as, e, (x”)} ’
mln{ W(As )6, (x’f) W(As,)lo, (xij)} ’

W(As,y)la, (xij )} ’

Example 4.9. Consider the two IF rough graphs G, and G, as sh@vn in Tables 11 and 12,
respectively. The intersection of Gy and G, is G = Gy N G, = (Q1 nNG,,Gi N Gz), where G, NG, =

(IRAl, N [RAlg,. WA, N WA,,) and Gy N G, = ([RAlg, N [RAly. WA, N WA,,) is an IF rough

graph as shown in Table 14.

Table 14. IF rough graph G, N G, = (Ql N QZ’EI N 52) in Example 4.9.

G NG,

51 052

(x21,0.2,0.1)

(x13,0.3,0.1)
(x24,0.2,0.5)

(x21,0.0,0.1)

(x13,0.2,0.0)
(x24,0.3,0.4)

Definition 4.10. Assume that G, = (Q1,61) and G, = (QZ,EZ) IF rough graphs on
X. The join of G, and G, is an IF rough graph G = G, + G, = (Ql +Q2,61 +62),

AIMS Mathematics
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where G, + G, =

(IRA\lg, + [RAs)Gy. (WA, Ig, + (WA, )a,) and Gy + G, =

([EAl]GI + [EAz]GZ, [WA(T,]G1 + [WAUZ]GZ) are IF graphs, respectively, such that

(i) if x € [RA ]G, but x ¢ [RA;]6,

TR 16, +R (4216, (X) =
Firanis, +[Ranle, (X) =
TR 16, HRA1G, (X =

Firaie, +Ranlg, ¥) =

(ll) ifx S [RAZ]GZ but x ¢ [RAI]GI

TG, +R (4216, (X) =
Firaie, +RA)IG, (¥) =
TR, yi6, +HRAx1G, () =

FiRais, +Ranlg, ¥) =

(iii) if x € [RAlg, and x € [RA]g,

Tirea g, (%),

Firae, (1),

Tireae, (s

Firang, X

Tira)16, (%),
Firiame, (%),
TiReaq, (%),

FiRanig, X

TR )16, +[R(A2)Ig, (X) = max {T[R(Al)]cl (1), Tira1G, (X)

FiRa e, +RA)1G, (*) = min

TiRea, 6, +RAIG, ) = maX{T[ @ante, s Tireaze, X »

J
Fireanio, (95 Firuaie, (9}
}
}

Firae, +Ranis, *) = mm{F Reanis, O Firagig, X)) »

(iv) if x;j € [WAq g, but x;j ¢ [WA.,l6,

TM(AU. )6, +[W(As, )], (xu

T[W(Afrz)]c1 +W(Axy)lc, (xw

)=
F[K(Arrl e, +HW(Acr,)la, (x”)
)=
)=

F W(Awy )6, +HW(Any )6, (xu

(v) if xij € [WAG, 1, but x;; ¢ [WA,, 6,

TM(AUl )le, +[W(Ar, )lc, (xu)
Flw(aq, Yo, +W(Ar, o, (i) =
T (ay, Yo, +W (A0, Ylc, (xw)

F W(Ac, )6, +HW (Ao, e, (xu

AIMS Mathematics

Tiw(ar 1o, (xw) )
[W(A”'l )]Gl (x’j) ’
[W(Aaz)]c;1 (xu')’

[W(Anz)]cl (x,j) ,

[W(A<72 )]Gz (xij) ?
Fiw(ao, i, (%)
T (a0, )1oy (401)

[W(AQ)]GZ (x,-j) ,
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(vi) if x;; € [WAq, lg, and x;j € [WA,]c,

max

[W(A‘Tl)]01+[W(A”2)]Gz (x” [W(A‘Tl)]Gl Xij T

T (Ar ) )io, +[W(Ao, )lg, \Xij) = MaX Xij)» T,

F min xij), F

) = max{T (1) Towa, i, (1)

Fiw(an, o, +w(ar, )lo, (xu) mm{ W(Ar )G, (xij)’F W(Ao, )16, (xij)}’
(xiz) = max { T, o, (360) Ty, (7))

) = min {Fa,, o, (33) (1)}

[W(Ar, Yo, +HW(Acy o, (x,j
(vii) if x;; €Y

) = min (T, i, (45)> Tiwan, i, (55))

Flw(as, Yo, +W(As, o, (xu) ma {[E(Aal)]cl (xij) (Ao, )a, (x,,)

) = min{7 e lo, (357) > T (a0, ()}

FW(a0, oy +W ()l () = max {F (W(Ac, o, () [W(Aaz)loz( i)

where Y is the set of edges connecting vertices of [RAlg, and [RA]g,

b

J
J

Tiw(as) o, +IW(Aay 1o, (xu

T[W(A(r1 Ve, +HW(Ary ), (xu

Example 4.11. Assume that X = {xi, X2, X3, X4} is a set. Consider G| = (gl,él) and G, = (Qz’ 62)

are two IF rough graphs on X, where G, = ([IjAl]Gl, [EAUI]GI) and G, = ([EAI]GI, [WAm]G]) are IF
graphs as shown in Table 15.

Table 15. IF rough graph G| = (Ql, 61) in Example 4.11.

The IF lower approximation G, The IF upper approximation G,

(x2,0.3,0.4) (x2,0.4,0.3)

G, = ([BAZ]Gz’ [EAGZ]GZ) and G, = ([I_QAZ]Gz, [WA(TZ]GQ) are also IF graphs as shown in Table 16.

Table 16. IF rough graph G, = (Qz, 62) in Example 4.11.

The IF lower approximation G, The IF upper approximation G,

(x3,0.4,03)

(x4, 1.0,0.0)
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where G

The join of G, and G, is a

R €2 =

G1+G2 =

Table 17. IF rough graph G, + G, = (G, + G, G\ + G) in Example 4.11.

(Ql + QZ,EI ) 52),
(IRA 116, + [RA2)Gy. [WAG o, + (WA, lg,) and Gy + G,
(IRA1l61 + [RA31G2. (WA, Ig, + [WAy,)a,) are IF graphs as shown in Table 17.

G +G,

61 +62

(x12,0.2,0.2)

(x1,0.4,0.1)

(12,0.3,0.3)

o)
Q-
o>

(x13,0.4,0.3)
(x24,0.3,0.3)

(x34,04,0.3)

(43,04,0.3) J¢

(x4,0.5,0.0)

(x12,0.4,0.2)

(x1,0.4,0.3)

(42,0.4,0.3)

)
&

(x13,0.4,0.3)

(x24,0.4,0.3)

(x34,04,0.2)

(x3,04,03) J¢

(x4,1.0,0.0)

5. Regular and irregular IF rough graphs

Remark 4.12. For any two IF rough graphs G, and G, the union, intersection, and join are IF rough
graphs.

This section defines key structural metrics, specifically the order and size of an IF rough graph. It

0(G) = (Z {T[BA]G () + Tigay, (x)} . Z {F (Rl (X) + Fiay, (x)})

xeX

and the size of G is given by

Z {T[MAJ)JG (Xij) + Tiwa, e (xij)} ; Z {F WAl (x,-,-) + Frpa (xi,-)}] :

x;j€Y

S(G) =

x;j€Y

V)CjEX

xeX

VXjEX

od (x;) = [ Z {T[MAJHG (xij) + Tiwapie (xij)}’ Z {F WAo)ls (xif') T W (x"j)}]'

AIMS Mathematics

also introduces the concept of an effective edge, defined by the condition that the edge’s membership
and non- membership values in the upper approximation equal the minimum of the respective values
of its incident vertices in the lower approximation.

Definition 5.1. Let G = (G, G) = ([RAlg, [WA,lg) be an IF rough graph on a non-empty set X, where

G = ([I_QA]G, [EA(,]G) and G = ([I_QA]G, [WAU]G) are lower and upper approximate IF graphs of G.
The order of G is given by

Definition 5.2. In an IF rough graph G = (G, G) = ([RAlg, [WA, ), the sum of upper and lower
approximations of arcs directed away from the vertex x; is said to be the out degree of vertex x; € X,
and is denoted by
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Definition 5.3. In an IF rough graph G = (G, G) = ([RAlg, [WA,lG), the sum of upper and lower
approximations of arcs directed to the vertex x; is called indegree of vertex x; € X and is defined by

id (x;) = [ Z {T[E(AU)JG (xj,-) + T, (xj,-)}, Z {F (WAl (xj,-) + Fivane (xﬁ)}]-

VXjGX V)CjEX

Definition 5.4. In an IF rough graph G = (G, G) = ([RAlg, [WA,1c), the degree of a vertex x; € X is
defined as

d (x;) =od (x;) + id (x;)

= { Z {T[K(Aa)](; ()Cij) + T[W(Aa)]c (xij) + T[K(Aa)]c (Xj,') + T[W(Aa)]c (xji)} N
VxieX

Z {F WAoo (x,-,-) + Frpuo (Xz‘j) + Flwagie (Xﬁ) + Fiwane (x ji)} .
VxieX
The ordered pair (od( x; ), id( x; )) is called the degree pair of x;.
Definition 5.5. In an IF rough graph G = (G, G) = ([RAlg, [WA,lg), the total degree of a vertex
x; € X is defined as

td (x;) =d (x;) + [RA]g (x;) + [RA]g (x)

= Z {T[MA(»]G (x,-j) + T (x,-,-) + Tiwans (xji) + T, (xji)}
VxieX

+ Tirane (i) + Tiras (X0, Z {F (WAoo (xij) + Fiane (xi j)

in,XjEX
+Fwanie (X5) + Fapane (Xﬁ)} + Firayie (5) + Firay, ().

Definition 5.6. In an IF rough graph G = (G, 5) = ([RAlg, (WA, ]G), the minimum degree of G is
0(G) = min,.ex {d (x;)}, that is,

6(G) =|min Z (T[MAmG (x,-,-) + T (x,-,-) + Tiwanie (xji) + T (xji)) ;

x;eX
VXjEX

max Z (F[E(Ag)](; (Xij) + F[W(Ag)]c (X,‘j) + F[K(A(r)]c (Xﬁ) + T[W(Aa)](; (Xﬁ)) ] .

x;eX
Vx;eX

The maximum degree of G is 9(G) = max,ex {d (x;)}, that is,

HG) = [ma}} Z (T[MAUHG (Xij) + T, (Xij) + Tiwans (in) + T, (xji)) ,

Xi€
VX_,'GX

min Z (F WAl (Xij) + Frga (xi,-) + Fwagie (xj,-) + Tiwa, e (xj,-)) ]

x;eX
VXjEX
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Definition 5.7. In an IF rough graph G = (G, G) = ([RAlg, [WA,1g), an edge x;; € Y is called an
effective edge if

) = Tigans (5) A Tigaan (xj),
Fiwanis (%i7) = Fiane () A Firas (%)
Twamne (xu) Tigan ) A Tiruyg (xf)’
%ij) = Fira @) A Figa, (%)

Tiwanne (xu

[W(A(r)](;

Definition 5.8. In an IF rough graph G = (G ,5) = ([RA]g, [WA,]l), a node x; € X is called a busy
node if

Tiraye (x;) < min T[W(Arr)]o xi7). Z Twanis (%)
VxjeX VxjeX
Firay, (xi) = max Z Fiwaio (%) Z Fiwia i (%5i)
VxjeX Vx;eX
TRy, (Xi) < min Z T xu Z T[W(A(r)]G xﬂ
Vx;eX Yx;eX
FRaye (x0) 2 max Z Fwame xu Z Fiwame xﬂ)

VxjeX VxjeX
Otherwise, it is called a free node.

Definition 5.9. In an IF rough graph G = (Q,E) = ([RA]g, [WA,]lc) is called regular if each
approximation graph is regular IF graph. Equivalently, G is said to be regular IF rough graph if in
each approximation graph, each vertex has the same indegree and out degree. G is called a k-regular
IF rough graph if each vertex in G and G has the same indegree k and out degree k.

Z Tiwans (%) = ki = Z T (%)
Vx;eX Vx;eX

Z Fiwa i (¥5) = ko = Z Fiwia o (%51
VxjeX Vx;eX

Z T (XU) = ks = Z T (xﬂ ’
Vx;eX Vx;eX

Z Fame (xu) ky = Z Fiame (x,, ’
VxjeX Vx;eX

where k; are constants Vi = 1,2, 3, 4.

Example 5.10. Assume that A = {(x1,0.2,0.2),(x,,0.2,0.2),(x3,0.2,0.2)} is an IF set on X =
{x1, X2, x3}, and R is an IF relation on X as given in Table 18.
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Table 18. The IF relation R on X in Example 5.10.

R X1 X2 X3

X1 (0.5,0.3) (0.5,0.3) (0.5,0.3)
X2 (0.5,0.3) (0.5,0.3) (0.5,0.3)
X3 (0.5,0.3) (0.5,0.3) (0.5,0.3)

By computing, < x; > R* =< x, > R* =< x3 > R = {0.5,0.5,0.5}, < x; > R~ =< x, >
R™ =< x3 > R~ = {0.3,0.3,0.3}, Similarly, R* < x; >= R* < x, >= R* < x;3 >= {0.5,0.5,0.5},
R < x; >=R < x, > R < x3 >={0.3,0.3,0.3}. Therefore, R* < x; > R* = R* < x, > Rt =
R* <x3>R"={05,0505,R <xi>R =R <x >R =R <x3>R =1{0.3,0.3,0.3}. This
implies that [RA]g = ([EA]G, [EA]G) is an IF rough set, where [RA]; and [RA]; are lower and upper
approximations of A, respectively, given below:

[RA]lg = {(x1,0.2,0.2),(x,,0.2,0.2),(x3,0.2,0.2)},
[RA]g = {(x1,0.2,0.2),(x2,0.2,0.2),(x3,0.2,0.2)}.

Assume that Y = {x12, X23, x31} € X X X. Assume that W is an IF relation on Y given in Table 19.

Table 19. The IF relation W on X in Example 5.10.

w X1 X2 X2 X3 X3X]

X1X2 (0.5,0.3) (0.5,0.3) (0.5,0.3)
X2 X3 (0.5,0.3) (0.5,0.3) (0.5,0.3)
X3X1 (0.5,0.3) (0.5,0.3) (0.5,0.3)

By computing, < x;x, > R" =< xx3 > R* =< x3x; > R* = {0.5,0.5,0.5}, < x;x, > R~ =<
Xx3 > R =< x3x; > R~ ={0.3,0.3,0.3}, Similarly, R* < x1x, >= R* < xpx3 >= R" < x3x; >=
{0.5,0.5,0.5}, R~ < x1x, >= R™ < xpx3 >= R~ < x3x1 >={0.3,0.3,0.3}. Therefore, R* < x;x, > R* =
RY <xx3 >R"=R" <x3x1 >R"={0.5,05,05}L, R <xix >R =R <xx3>R =R < x3x1 >
R~ =1{0.3,0.3,0.3}. Assume that A, = {(x1x2,0.2,0.1), (x2x3,0.2,0.1), (x3x7,0.2,0.1)} is an IF set on
Y. Then, by definition, the upper and lower approximation relations are calculated as

[WA,l = {(x1x2,0.2,0.1), (x2x3,0.2,0.1), (x3x1,0.2,0.1)},,
[WA, o = {(x1%2,0.2,0.1), (x2x3,0.2,0.1), (x3x;,0.2,0.1)} .

As a result, ( (WA ]G, (WA, g ) is an IF rough relation on the set X. This implies that G =

([EA]G,ZiA(,) and G = ([EA]G, [E/AU]G) are IF graphs as shown in Table 20. It is a regular and
total regular IF rough graph.
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Table 20. IF rough graph G| = (Q, 6) in Example 5.10.

The IF lower approximation G The IF upper approximation G

(x2x3,0.2,0.1) (x2x3,0.2,0.1)
(x2,0.2,0.2) > (x3,0.2,0.2) (x2,0.2,0.2) > (x3,0.2,0.2)

Definition 5.11. An IF rough graph G = (G,G) = ([RAlg.[WA,c) is called totally regular if each
approximation graph is an IF graph with the same total degree. Equivalently, if each approximation
graph is a totally regular IF graph, then,

Z Twaans (%) + Tirens (06) = 11 = Z Tiweano (%) + T (50

Vx;eX VxeX
Z Fiwioto (%i7) + Firone () = 1 = Z Fiwiaoto (%) + Fireans (),
Yx;eX Yx;eX

Z T (xij) + Tigay, (%) =13 = Z Twae (xﬁ) + Tra) (Xi) 5

VXjGX VXjEX
Z Fvaie (xij) + Firiay, (X50) = 14 = Z Fivae (xﬁ) + Freay (i) 5
VXjEX VXJ'EX

where t; are constants ¥i = 1,2,3, 4.

Theorem 5.12. Assume that G = (G, G) = ([RAlg, [WA,lg) is an IF rough graph. If G is a regular
(totally regular) and [RA)g = ([BA]G, [EA]G) is a constant function, then G is a totally regular (regular)
IF rough graph.

Proof. Assume that G = (G, G) is an IF rough graph, where G = ([I_QA]G, [E/Aa]c) and G =
([FA]G, [WA(,]G). If G is regular and [RA]g is constant, then for any x € [RA]g, (xij> e [WA,]g,

Z T (%i7) = ki = Z Tiwiaono (%)
Yx;eX Yx;eX
Z Fiwao (%)) = k2 = Z Fiwaio (%5)
Vx;eX Vx;eX
Z T, (1) = ks = Z Tva e (1)
Yx;eX Yx;eX
Z Fame (xu) ky = Z Fiwame (xﬂ)’
Vx;eX Vx;eX
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and
Tiraye (i) =my,  Filraye () = ma, Ty, (50 =ms, Figay, (X50) = ma,

where k; and m; are constants Vi = 1,2,3,4. As aresult,

Z Tiwiano (%) + Tirans (5) = ki +my = Z Tiweano (%) + Tirans (%)
VxjeX VxjeX
Z Fiwaoto (%7) + Fircne (6) = ko +ms = Z Fiwioto (%i) + Firens (05,
Vx;eX Vx;eX
Z Twae (xu) + Tigay, (i) = ks +my = Z Twane (xﬂ) + Ty, (X »
Vx;eX Vx;eX
Z Fians (xu) + Firuy, (i) = ko +my = Z Fiiamns (xﬂ) + Firoayg (%) »

Vx;eX VxjeX

Hence, G is totally regular. O

Theorem 5.13. If an IF rough graph G is regular and [RA]g = ([BA]G, [EA]G) is a constant function,
then G' and G* are regular.

Proof. Assume that G = (G, 6) is an IF rough graph, where G = ([I_QA]G, [V_VA(,]G) and G =
(IRAlg. [WA,]g). If G is regular and [RA]g is [RA]g, xi; € [WA,]6,

> Twaons (%) = ki = ) Twaaone (%)
VxjeX VxjeX
Z Fiwaoio (%i7) = k2 = Z Fiwiano (%5)
Vx;eX Vx;eX
Z Twame (xu) ks = Z Twme (x,,),
VxjeX Vx;eX
Z Fivan (XU) ky = Z Fiivumn (x],),
Yx;eX Yx;eX
and
Tiraye (i) =mi,  Firaye (6) = ma, Tigay, (50 =ma,  Figay, (5) = ma,
Therefore,
Z Tiwiaone (%is) + Tiweans ) = ki +my = Z Tiwianns (%) + Tiwans (%05
Vx;eX Yx;eX
Z Fiwane (%) + Firane 06) = ko +m; = Z Fiwiots (%i) + Firene ()
VXjEX VXjGX
Z T (xu‘) + Ty (Xi) = ks +my = Z Twam (xﬂ) + Ty, (Xi) s
VX,EX V)CjEX
Z Frwane (xu') + Firoay, (X0) = ko +ma = Z Frwvaie (x,,) + Firag (%)

Vx;eX Vx;eX

where k; and m; are constants Vi = 1,2,3,4. According to Definitions 4.1 and 4.3, G* and G’ are
regular IF rough graphs, respectively. O
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Theorem 5.14. If an IF rough graph G is totally regular and [RA] is a constant function, then G and
G* are totally regular.

Proof. Assume that G = (G, 6) is an IF rough graph, where G = ([EA]G, [EAC,]G) and G =

([I_QA]G, [V_VAU]G). If G is totally regular and [RA]s is constant, then, according to Theorems 5.12
and 5.13, we have G, G’ and G* are regular IF rough graphs. Hence, G’ and G* are totally regular IF
rough graphs. O

Definition 5.15. Assume that G is an IF rough graph. If there is a vertex that is adjacent to vertices
with distinct indegree and out degree in each approximation space, then G is irregular.

Definition 5.16. Suppose that G is a connected rough IF graph. In any approximation graph, G is said
to be a neighborly irregular IF rough graph if each of its two neighboring vertices has a unique degree
pair.

Example 5.17. Assume that X = {x1, X2, X3, X4, X5} is a set. Assume that G = (G, G) is an IF rough
graph on X, where G = ([BA]G, [EAO_]G) and G = ([I_?A]G, [WAU]G) are IF graphs, as shown in
Table 5. This graph is both an irregular IF rough graph and a neighboring irregular IF rough graph.

6. Hybrid models applied to decision-making

Decision-making plays an important role in our daily life. Some choices are so significant that they
have the power to alter our life. The decision-making process results in a selection of several options.
Making decisions is seen to be highly helpful in obtaining as much information as possible from many
sources and weighing all options available to address the issue or circumstance at hand. We come up
with the finest remedy for the issue after going through this entire procedure utilizing left and right
minimal fuzzy neighborhoods. Here, we showcase a real-world example of decision-making in action.
Deep considerations of the problem can be developed by evaluating upper and lower approximations
using the provided decision-making procedure. When working with several objects, the strategies that
have been described can be used to avoid time-consuming calculations. This approach may be used for
multi-criteria object selection in a variety of fields.

Example 6.1. Selection of suitable embroidery: A magnificent assortment of bridal gowns has been
exhibited at numerous fashion shows by leading fashion designers of our nation. Usually, brides show
great interest in different wedding dresses, therefore, this collection also features stunning gowns.
To create these ensembles with diverse design variations, several well-known fashion designers have
participated in wedding-related fashion weeks. These bridal gowns differ significantly from city gowns,
as they possess distinct value. The bridal attire aligns with customs, and this assortment includes
mayoon, mehndi, baraat, and reception attire. Suppose a new fashion designer wants to create a bridal
outfit. Brides tend to prefer more traditional looks through in lehengas and shararas produced with
various types of embroidery, these such as Dabka, Beats, Nagshi, Mukesh, Pearls, Crystals, Studded
Squins, Motifs, and Zari Work; these are available to all females. The designer intends to produce
classic bridal outfits with a contemporary touch. He makes use of a collection X that includes x; =
Dabka, x, = Mukesh, x; = Pearls, x4 = Crystals, and xs = Work of Zari, applied to a traditional red
with coffee color. A = {(x1,0.8,0.1),(x,0.7,0.2),(x3,0.6,0.1), (x4,0.8,0.1), (x5,0.8,0.1)} is an IF
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set on X, representing the quality of the above embroideries. Let R be an IF relation on X, as given in
Table 21.

Table 21. The IF relation R on X in Subsection 6.1.

R X1 X X3 X4 X5

X1 (0.9, 0.0) (0.7, 0.1) (0.6,0.2) (0.5,0.1) (0.3,0.2)
X2 (0.8,0.1) (0.4,0.4) (0.8,0.1) (0.7,0.1) (1.0, 0.0)
X3 (0.7,0.2) (0.3,0.1) (0.0, 0.6) (0.2,0.2) (0.6,0.2)
X4 (0.6, 0.1) (0.5,0.5) 0.4,0.4) (0.7,0.2) (0.3,0.4)
X5 (0.9, 0.0) (0.0, 1.0) (0.1, 0.1) (0.5,0.5) (0.3,0.3)

By computing, < x; > R* = {0.6,0.0,0.0,0.2,0.3}, < x, > R* = {0.6,0.3,0.0,0.2,0.3}, < x3 >
R* =1{0.6,0.0,0.1,0.2,0.3}, < x4, > R* = {0.6,0.0,0.0,0.2,0.3}, < x5 > R* = {0.6,0.0,0.0,0.2,0.3},
< xy > R = {02,1.0,0.6,0.5,04}, < x, > R~ = {0.2,1.0,0.6,0.5,04}, < x3 > R =
{0.2,1.0,0.6,0.5,0.4}, < x4, > R~ = {0.2,1.0,0.6,0.5,0.4}, < x5 > R~ = {0.2,1.0,0.6,0.5,0.4}.
Similarly, R* < x; >= {0.3,0.4,0.0,0.3,0.0}, R* < x, >= {0.3,0.4,0.0,0.3,0.0}, R* < x3 >=
{0.3,0.4,0.2,0.3,0.0}, R* < x4 >= {0.3,0.4,0.0,0.3,0.0}, R* < x5 >= {0.3,0.4,0.0,0.3,0.1}, R~ <
x; >={0.2,0.4,0.6,0.5,1.0}, R~ < x, >= {0.2,0.4,0.6,0.5,1.0}, R~ < x3 >= {0.2,0.4,0.6,0.5, 1.0},
R < x4 >=1{0.2,04,0.6,0.5,1.0}, R~ < x5 >= {0.2,0.4,0.6,0.5, 1.0}. Therefore, R* < x; > R*
{0.3,0.0,0.0,0.2,0.0}, R* < x, > R* ={0.3,0.3,0.0,0.2,0.0}, R* < x3 > R ={0.3,0.0,0.1,0.2,0.0
R* < x4, > R = {0.3,0.0,0.0,0.2,0.0}, R* < x5 > R* = {0.3,0.0,0.0,0.2,0.1}, R~ < x; > R~
{0.2,1.0,0.6,0.5,1.0}, R~ < x, > R~ ={0.2,1.0,0.6,0.5,1.0}, R~ < x3 > R~ ={0.2,1.0,0.6,0.5, 1.0},
R < x4 > R = {02,1.0,0.6,05,1.0}, R© < x5 > R~ = {0.2,1.0,0.6,0.5,1.0}. This implies
that [RAl = ([RAlg.[RAlG) is an IF rough set, where [R(A)lg and [RAlg are lower and upper
approximations of X, respectively, as given below:

[RA]G = {(x1,0.6,0.1), (x2,0.6,0.2),(x3,0.6,0.1), (x4,0.6,0.1) , (x5,0.6,0.1)},
[RA]G = {(x1,0.8,0.1), (x,0.7,0.2), (x3,0.6,0.1) , (x4,0.8,0.1) , (x5,0.8,0.1)} .

——

2

It is clear that A is an IF rough set as [RA]g # [RA]G. Let Y = {x12, X15, X23, X25, X34, X35, X415 X525 Xs4} C
X x X, and W is an IF relation on Y, as given in Table 22.

Table 22. The IF relation W on X in Subsection 6.1.

W x X15 X23 X25 X34 X35 X41 X52 Xs54

xp (04,02) (0.9,0.0) (0.6,0.1) (0.7,0.1) (0.4,0.0) (0.5,0.2) (0.4,0.1) (0.3,04) (0.1,0.1)
x5 (0.0,0.0) (0.3,0.2) (0.0,0.0) (0.3,0.3) (04,0.5) (0.3,0.1) (0.4,0.0) (0.0,0.6) (0.2,04)
x3 (0.3,0.1) (0.5,0.0) (0.0,0.2) (04,0.3) (0.2,0.2) (0.6,0.1) (0.7,0.1) (0.2,0.0) (0.2,0.0)
x5 (0.0,0.3) (0.3,0.0) (0.0,0.4) (0.0,0.3) (0.1,0.1) (0.1,0.1) (0.5,0.1) (0.0,0.3) (0.3,0.3)
x4 (04,0.2) (0.2,0.0) (0.2,04) (0.3,0.1) (0.0,0.1) (0.0,0.1) (0.2,0.1) (0.5,0.1) (04,0.1
x5 (0.0,0.0) (0.2,0.0) (0.1,0.1) (0.1,0.0) (0.0,0.4) (0.0,04) (0.2,0.1) (0.0,1.0) (0.2,0.2)
xy1 (0.6,0.0) (0.2,0.0) (0.5,0.0) (0.2,0.0) (0.4,0.00 (0.3,0.0) (0.7,0.00 (0.3,0.00 (0.3,0.0
x5 (0.0,0.3) (0.3,0.0) (0.0,04) (0.0,0.3) (0.1,0.1) (0.1,0.1) (0.5,0.1) (0.0,0.3) (0.3,0.3)
xs4 (0.5,04) (0.3,0.3) (0.0,09) (0.0,0.8) (0.1,0.1) (0.1,0.3) (0.5,0.00 (0.3,04) (0.3,0.2)

Let A, = {(x12,0.6,0.1), (x5,0.5,0.0) , (x23,0.7,0.0) , (x25,0.7,0.0)
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(x34,0.6.0.1), (x35,0.5,0.2), (x41,0.7,0.0), (x52,0.7,0.0),(x54,0.7,0.1)} be an IF set on Y,
representing the enhancement of beauty in the structure combining different types of different types
of embroidery. By computing, < x;, > W* = {0.3,0.2,0.0,0.0,0.0,0.0,0.2,0.0,0.1}, < x5 > W* =
{0.0,0.2,0.0,0.0,0.0,0.0,0.2,0.0,0.1}, < x5 > W* = {0.0,0.2,0.1,0.0,0.0,0.0,0.2,0.0,0.1}, < x5 >
w* = {0.0,0.2,0.0,0.1,0.0,0.0,0.2,0.0,0.1}, < x34 > W* = {0.0,0.2,0.0,0.0,0.1,0.0,0.2,0.0,0.1},
< X35 > w+ = {0.0,0.2,0.0,0.0,0.0,0.1,0.2,0.0,0.1}, < x4 > w+ =
{0.0,0.2,0.0,0.0,0.0,0.0,0.2,0.0,0.1}, < x5, > W* = {0.0,0.2,0.0,0.0,0.0,0.0,0.2,0.2,0.1}, < xs54 >
w* = {0.0,0.2,0.0,0.0,0.0,0.0,0.2,0.2,0.1}, < x;, > W~ = {0.4,0.3,0.9,0.8,0.5,0.4,0.1,0.6,0.4},
< X5 > w- = {04,0.3,09,0.8,0.5,0.4,0.1,0.6,0.4}, <  xp3 > W~ =
{0.4,0.3,0.9,0.8,0.5,0.4,0.1,0.6,0.4}, < x5 > W~ ={0.4,0.3,0.9,0.8,0.5,0.4,0.1,0.6,0.4}, < x34 >
W~ =1{04,0.3,0.9,0.8,0.5,0.4,0.1,0.6,0.4}, < x35 > W~ = {0.4,0.3,0.9,0.8,0.5,0.4,0.1,0.6, 0.4},
< xa > w- = {04,03,09,0.8,0.5,0.4,0.1,0.6,04}, < x5 > W~ =
{0.4,0.3,0.9,0.8,0.5,0.4,0.1,0.6,0.4}, < xs4 > W~ = {0.4,0.3,0.9,0.8,0.5,0.4,0.1,0.6,0.4}. W* <
x12 >= {0.1,0.0,0.0,0.0,0.0,0.0,0.2,0.0,0.0}, W* < x;5 >= {0.1,0.2,0.0,0.0,0.0,0.0,0.2,0.0, 0.0},
w+ < X3 >= {0.1,0.0,0.2,0.0,0.0,0.0,0.2,0.0,0.0}, W+ < X25 >=
{0.1,0.0,0.0,0.1,0.0,0.0,0.2,0.0,0.0}, W* < x34 >= {0.1,0.0,0.0,0.0,0.2,0.0,0.2,0.0,0.0}, W* <
x35 >= {0.1,0.0,0.0,0.0,0.0,0.1,0.2,0.0,0.0}, W* < x4 >= {0.1,0.0,0.0,0.0,0.0,0.0,0.2,0.0, 0.0},
w* < x, >= {0.1,0.0,0.0,0.0,0.0,0.0,0.2,0.1,0.0}, W* < x4 >= {0.1,0.0,
0.0,0.0,0.0,0.0,0.2,0.0,0.1}, W= < x5 >= {0.4,0.6,0.3,0.4,0.4,0.4,0.0,0.4,0.9}, W~ < xi5 >=
{0.4,0.6,0.3,0.4,

04,04,0.0,04,09}, W= < x3 >= {04,0.6,0.3,0.4,0.4,0.4,0.0,0.4,0.9}, W= < x5 >=
{0.4,0.6,0.3,0.4,0.4,0.4,

0.0,04,09}, W= < x33 >= 1{04,0.6,03,04,04,04,0.0,04,0.9}, W= < x35 >=
{0.4,0.6,0.3,0.4,0.4,0.4,0.0,0.4,0.9}, W~ < x41 >= {0.4,0.6,0.3,0.4,0.4,0.4,0.0,0.4,0.9}, W~ <
xsp >= {0.4,0.6,0.3,0.4,0.4,0.4,0.0,0.4,0.9}, W~ < x54 >= {0.4,0.6,0.3,0.4,0.4,0.4,0.0,0.4,0.9}.
Therefore, W* < x5, > W* = {0.1,0.0,0.0,0.0,0.0,0.0,0.2,0.0,0.0}, W* < x5 > W*
{0.0,0.2,0.0,0.0,0.0,0.0,0.2,0.0,0.0}, W* < x»3 > W* = {0.0,0.0,0.1,0.0,0.0,0.0,0.2,0.0,0.0

——

)

W* < xs > W° = {0.0,00,0.00.1,0.0,0.0,0.2,0.0,0.0}, W* < x33 > W' =
{0.0,0.0,0.0,0.0,0.1,0.0,0.2,0.0,0.0}, W* < x35 > W* = {0.0,0.0,0.0,0.0,0.0,0.1,0.2,0.0, 0.0},
Wt < xgq > W- = {0.0,0.0,0.0,0.0,0.0,0.0,0.2,0.0,0.0}, W* < x5, > W' =
{0.0,0.0,0.0,0.0,0.0,0.0,0.2,0.1,0.0}, W* < x5, > W* = {0.0,0.0,0.0,0.0,0.0,0.0,0.2,0.0,0.1},
W= < xp > W = {04,06,09,038,05,04,0.1,0.6,09}, W~ < x5 > W =
{0.4,0.6,0.9,0.8,0.5,0.4,0.1,0.6,0.9}, W= < x3 > W~ = {0.4,0.6,0.9,0.8,0.5,0.4,0.1,0.6,0.9},
W= < xs > W = {04,06,09038,0504,0.1,0.6,09}, W= < x3u > W =
{0.4,0.6,0.9,0.8,0.5,0.4,0.1,0.6,0.9}, W= < x35 > W~ = {0.4,0.6,0.9,0.8,0.5,0.4,0.1,0.6,0.9},
W= < xgq > W = {04,06,09028,05,04,0.1,06,09}, W= < x5, > W =

{0.4,0.6,0.9,0.8,0.5, 0.4,0.1, 0.6,09}, W= < xs4 > W= = {04,0.6, 0.9,0.8, 0.5,0.4,0.1,0.6,0.9}.
Then, WA, = (EAU, WA(T) is an IF rough relation on X, where WA, and WA, are lower and upper
approximations of A, respectively, as shown in Table 23.
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Table 23. The IF relation edge set in Subsection 6.1.

WA, xi2 X15 X23 X25 X34 X35 X41 X52 Xs54
WA, (0.5,0.1) (05,0.1) (0.5,0.1) (05,0.1) (0.5,0.1) (0.5,0.1) (0.5,0.2) (0.5,0.1) (0.5,0.1)
WAU (0.6,0.1) (0.5,0.0) (0.7,0.00 (0.7,0.0) (0.6,0.1) (0.5,0.1) (0.7,0.0) (0.7,0.00 (0.7,0.1)

This implies that, G = ([BA]G,EAU) and G = ([I_QA]G, [WAU]G) are IF graphs, as shown in
Table 24.

Table 24. IF rough graph G = (Q, 5) in Subsection 6.1.
G = ([RAlg. ZAo) G = ([RAlg, WA, o)

(x12,0.5,0.1) (x12,0.6,0.1)

(x1,0.6,0.1) > (x2,0.6,0.2)

(x1,0.8,0.1) 3 (x,,0.7,0.2)

(r
/s,
,0{

%

(x5,0.8,0.1)

(x41,0.5,0.2)
(x41,0.7,0.0)
(x23 N 0.7, 00)

(x23,0.5,0.1)

(x34,0.5,0.1) (x34,0.6,0.1)

(x4,0.6,0.1)

(x3,0.6,0.1)

(x4,0.8,0.1)

(x3,0.6,0.1)

To find out the most suitable embroidery, we define the score values (S.V.), which acts as a single,
interpretable score that combines lower and upper evidence to support embroidery design decisions
under uncertainty. It enables ranking and thresholding of options, balances both approximation spaces
for consistent judgments, and improves explainability by linking a scalar value to decision outcomes.
For each embroidery x;, i € {1,2,...,5}, S.V(x;) is given by:

S.V(x) = Z \/ (Tiwa, o (%i7) = Towaio (xij))2 + (Fane (%) = Frwasio (xij))2
7

and the decision is x; if S.V(x;) = max{S.V(x;),i = 1,2...,5}. By calculation, we have

e S.V(x;)) = (0.5 + (0.1)2 + /(0.4)% + (0.1)2 = v0.26 + V0.17 ~ 0.922.
e S.V(x2) = (0.6)> + (0.1 + /(0.6)2 + (0.1)> = 2+0.37 ~ 1.217.

o S.V(x3) = (0.4 + (0.1)2 + /(0.5)2 + (0.1)2 = V0.17 + V0.26 ~ 0.922.
o S.V(x) = 1(0.6)2 + (0.2)2 = V0.40 ~ 0.632.

e S.V(xs5) = 4/(0.6)2 + (0.1)2 + /(0.6)2 + (0.1)2 = 2v0.37 ~ 1.217.

Clearly, x, and x5 have the maximum score. Then candidates x, and x5 are the recommended decision.
This indicates that any of them may be selected without loss of generality. We present our proposed
method as an algorithm. This Algorithm 1 returns the optimal solution for the investment problem.
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Algorithm 1 The algorithm for determining a suitable embroidery

Input: A finite vertex set X of embroidery x, x, .. ., x, and two finite IF relations R, W.

Output: The suitable embroidery x;.

1:

W W W W W W W W N D NN N NN NN = e e e e e e e
NN R R 20 R F DN R RO 0 0NN R RN 2

38:
39:
40:
41:

D AN o

Input the vertex set X = {xy, x2,..., Xn}.
Input an IF relation R on X. (2D matrix to link vertices to their relation values)
Input an IF set A = (p™, p~) on X. ( 2D array or matrix where the first column is p* and the second is p~)
Input the edge set Y of relations yq,y2, ...,y where, y; = x, for some j,k € {1,2,...,n}.
Input an IF relation W on ¥ € X X X. (2D matrix to link edges to their relation values)
Input an IF set A, = (0*,07) on Y. ( 2D array or matrix where the first column is o and the second is 0™)
fori=1:ndo

read* A(x;) (The membership value p*(x;) and the non-membership value p~(x;) of x; in the IF set A)
end for
fori=1:ndo

TR, O = 0, Fireay, (i) =1

Tirane (%) = 1, Firay (i) = 0

for j=1:ndo
Tiray, (xi) = min{TA (x;) (max {R <x; >R (x)),p* (x])})}
Firay, (xi) = max {FA (x;) (mm {R <x;>R* (xj),p~ (x])})}
T &y, (*i) = max {TA (x) (mm {R <x; > R*(x)),p* (xl>}>}
Firae (x;) = min {FA (x) (max {R <x; >R (x)),p” (xj)})}

end for

: end for
:fori=1:rdo

read* A, (y;) (The membership value o (y;) and non-membership value o=~ (y;) of x; in the IF set A,)

: end for
:fori=1:rdo

Tiane 00 =0 Fgzy 5, 00) = 1

Tiwa, 16 00 = 1, Fiwa, 1, 00) = 0

for j=1:rdo
Tiwa, 1o 00) = min {Ta, (), (max {W= < yi > W), 0 (y;)})}
Fiwa, 1, (i) = max {FA i) (mm{W+ <yi>W*y)),o0” (yj)})}
T, O) = max {TA” ) (mln{W’r <yi>WHy),o" (yj)})}
Fia,, O) = min {FAU i) (max{W <yi>W(yj),o" (y]>})}

end for

: end for
:fori=1:ndo

S.V(xi) = 2; \/ (Tawas, (55) = Towasso (50)) + (i, (55) = Fuwanno (x0))

: end for
:if xg = max; x;,i = 1,2,...,]|X| then

Print: The decision is x;.
if s has more than one value then
Print: Any one of x;.
end if
end if
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Comparative analysis

The proposed IF lower and upper approximations based on minimal IF neighborhoods effectively
preserve the fundamental properties of classical rough set theory while enhancing its capabilities for
uncertainty management. By constructing approximation operators through minimal IF neighborhoods
derived from two IF binary relations on directed graphs, this framework maintains essential
characteristics such as duality, inclusion properties, and boundary region definition that are central
to Pawlak’s original theory. Crucially, based on Lemmas 3.9 and 3.10, the proposed model
preserves the monotonic property, which ensures that as input information becomes more refined
or precise, the resulting approximations respond consistently. This monotonicity enables efficient
evaluation of uncertainty in data by providing predictable behavior during computational processes.
Furthermore, the approach demonstrably minimizes the boundary region more effectively than previous
models [21, 23], where these new IF approximation spaces reduce the IF boundary region and
increase the accuracy degree, as illustrated in Definitions 3.12, 3.13, and Example 3.14. This
reduction in the boundary region directly translates to improved decision-making capabilities in
hybrid models represented by directed graphs, since a smaller boundary region indicates less
ambiguity between definable and indefinable sets, leading to more confident and accurate decisions
in applications ranging from expert systems to complex network analysis. In addition, our
model in Definition 3.7 is more general than previous models in [1, 11, 25, 26], as shown in
Remark 3.20. We presented a single hybrid model of directed fuzzy rough graphs in Example 6.1
to demonstrate the practical application of our proposed IF approximations in decision-making
contexts. Specifically, we illustrated our approach through a real-world example involving the selection
of suitable embroidery for bridal fashion design, where the IF lower and upper approximations
based on minimal IF neighborhoods were employed to evaluate alternatives and arrive at an
optimal decision. These IF edges A, = {(x12,0.6,0.1), (x15,0.5,0.0), (x23,0.7,0.0), (x25,0.7,0.0),
(x34,0.6.0.1), (x35,0.5,0.2) , (x41,0.7,0.0) , (x52,0.7,0.0), (x54,0.7,0.1)}, together with the IF vertex
sets A = {(x1,0.8,0.1), (x,,0.7,0.2),(x3,0.6,0.1) , (x4,0.8,0.1), (x5,0.8,0.1)}, define the IF lower
and upper approximations of the graph, which are used to create IF rough graphs. The fuzzy edges
influence these approximations by affecting the minimal IF neighborhoods, which in turn determine
the precision and accuracy of the boundary region that encapsulates uncertainty in the decision-
making process. While this example serves as a concrete validation of our theoretical framework,
it is important to emphasize that the underlying methodology is not limited to this particular scenario.
The same principles utilizing minimal IF neighborhoods derived from two IF binary relations to
construct approximation operators can be readily extended to address a wide range of similar real-
life decision-making problems. Whether in healthcare diagnostics, financial risk assessment, supply
chain optimization, or social network analysis, analogous IF rough graph models can be constructed by
adapting the vertex and edge interpretations to the specific domain, while applying the same efficient
algorithmic procedure as given in Algorithm 1 to compute approximations, reduce boundary regions,
and enhance decision accuracy. Thus, the presented case functions as a representative template,
showcasing a scalable and flexible approach that can be replicated across diverse application areas
characterized by uncertainty and imprecise information.
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7. Conclusions

Rough set theory and IF set theory are distinct mathematical frameworks used to model and address
the challenges of comprehending and working with incomplete knowledge. When integrated, these
two theories form the IF rough framework, which is recognized as a more adaptable and expressive
system for modeling and processing incomplete data. The IF rough model is a broad framework
constructed using the approximation space. This model is considered more compatible, accurate,
and flexible compared to rough fuzzy models and fuzzy rough models, which can be viewed as
specific instances of IF rough sets. To investigate various network models and pairwise interactions
between objects, the research introduces a novel hybrid model. This model defines the IF lower
and upper approximations using the minimal IF neighborhoods. The authors further create two
new types of IF graph approximation spaces, based on any two IF binary relations formed on a
non-empty universe. The purpose of creating these new spaces is to decrease the IF border region
and increase the IF accuracy degree. Several important conclusions are obtained for both types of
IF graph approximations, and the relationships between the current IF approximations are induced.
Furthermore, it is demonstrated that the current IF graph approximations are more generic than the
previous ones. Finally, the applications of IF rough graphs in decision-making problems are described,
and an efficient algorithm is developed to solve these decision-making problems. A noted limitation
of the paper is that the developed IF rough graph models and approximation spaces are confined to
non-empty finite sets and corresponding finite graphs. Throughout the work, the universe of discourse
is explicitly assumed to be finite, which restricts the applicability of the proposed IF rough frameworks
and neighborhood constructions to finite structures only. Future work includes exploring IF topologies
induced by rough IF graphs, leveraging the strong connection between graph theory and general
topology to develop new topological structures based on the defined IF approximations. Additionally,
the study suggests applying graph-theoretical indices such as the Wiener index and Laplacian energy
within IF rough graphs to analyze complex systems like transport networks and decision-making
utilities. Moreover, the efficient decision-making algorithm developed can be extended and applied
to a broader range of real-world multi-criteria selection problems across various domains, enhancing
the model’s applicability and effectiveness in handling uncertainty and incomplete information.
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