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Abstract: The viscous-plastic momentum equations for sea-ice dynamics are a model for the time
evolution of the horizontal velocity field of a vertically homogeneous column of ice-pack continuum
whose thickness and ice concentration vary in time and space. They constitute a highly nonlinear
system of partial differential equations, and as such, both the mathematical analysis and numerical
solution of its solution remain a challenge. To shed some light on this problem, we compared the
performance of two known time discretization methods: the backward Euler (BE) and the Crank-
Nicolson (CN) methods. Both methods are in theory unconditionally stable, but Euler’s method is only
first-order accurate while Crank-Nicolson is second-order. Centered finite differences were used for
the spatial derivatives. This led to a nonlinear system of algebraic equations which was then solved
using a Jacobian-free Newton-Krylov approach.  First, the two methods were compared in terms
of their ability to reproduce a synthetic solution to the viscous-plastic momentum equations when an
artificial forcing is applied. The convergence of the two methods is assessed for a short time integration
period of 12 hours and grid resolutions of dx = 5, 10,20 km and dt = 20, 10,5 minutes. While both
methods showed an overall second-order convergence in space, only the BE method displayed the
expected first-order convergence in timestep refinement. The CN’s errors didn’t decrease under time
refinement, although they are consistently twice as small as the BE’s errors. This behaviour persisted
in longer 4-day runs, where the BE method displayed a more stable solution overall, especially at the
coarse resolution with df = 80 minutes, where the CN failed to converge. The two methods are then
compared in a 1-year climatic simulation with realistic wind and ocean forcings, using a grid resolution
of 20 km where both methods performed fairly well. However, after 1 year the two solutions diverged
somewhat significantly from one-another, providing hard evidence that climate models are sensitive to
the underlying numerical methods.

Keywords: viscous-plastic sea-ice equations; Jacobian-free Newton-Krylov; numerical solutions;
Crank-Nicolson; backward Euler; numerical stability


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2026329

7981

Mathematics Subject Classification: 35Q74, 35Q86, 65M06

1. Introduction

Sea ice is a material composed of ice floes of various sizes and shapes. It plays a significant role
in the climate-earth system, particularly in the Arctic and Antarctic regions. Sea ice albedo affects
how much sunlight is absorbed by the ocean, forming a partially insulating layer that decouples the
thermodynamic exchange between the ocean and atmosphere. Additionally, sea ice melt in the summer
months constitutes an important source of freshwater in the upper ocean, which in turn influences
the global overturning circulation of the ocean [19]. Furthermore, as sea ice cover diminishes, the
ocean surface temperature rises due to the diminished albedo, which may in turn accelerate the melting
process. In this sense, sea ice is known as a positive feedback parameter of global warming, which
is not only an indicator of the effect on anthropogenic climatic forcing but also part of the equation
towards understanding this forcing and its consequences for the earth system.

The earliest mathematical models of sea ice internal forces emerged in the early 1960s, presented as
a two-dimensional, thin-layer model with linear-viscous dynamics. For example, in 1965 Campbell [3]
presented a steady circulation model of ice and water for the whole Arctic Basin based on this concept.
However, these ideas were quickly abandoned in favour of more complex, nonlinear processes. Sea ice
is now viewed more as a granular material, similar to the flow of some clay fields and rocks. This major
leap was due to the findings of the Arctic Ice Dynamics Joint Experiment (AIDJEX) in the 1970s. This
international consortium led the first comprehensive field experiment in the Arctic to understand sea
ice physics and dynamics. They proposed an elastic-plastic rtheology for sea ice internal deformations
and the concept of thickness distribution, as outlined in [7].

The numerical complexity of elastic-plastic rheology, coupled with the difficulty in determining
the exact shape of the yield curve, led Hibler to propose a viscous-plastic (VP) rheology based on an
elliptic yield curve in 1979 as a compromise [12]. The mushiness of sea ice on large horizontal scales
of 100 km and larger, which can contain many ice floes, and especially during the melt season, was
used to justify the viscous behaviour when the internal stress is below the plastic yield threshold. The
VP model of sea ice has become one of the most successful ones in terms of its applicability today, as
it has been adopted by most of the existing operational earth-system models [9]. However, limitations
of the Hilber model in accurate representation on linear kinematic features that appear to characterize
sea-ice dynamics have been reported in the literature, and brittle rheologies have been proposed as an
alternative. See [29,30] and references therein.

Despite the sea ice momentum equations (SIME), with a VP formulation remaining intrinsically
difficult to solve numerically due to their nonlinear nature, significant research has been dedicated
to developing efficient numerical methods over the past decades. Hibler et al. [12,36] used a multi-
time level method to solve the VP momentum equations. Their method is based on a modified Euler
time step, where the solution is first advanced to the middle of the time step by solving the linearized
system implicitly via a successive over relaxation (SOR) solver. Zheng and Hibler [36] found that the
underlying pseudo time stepping failed to produce a realistic VP solution and Hunke and Zhang [16]
showed that this approach resulted in a very slow transient response to forcing unless small time steps,
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relative to the time-scale of the changing forcing, were used.

An implicit time stepping is often used for stability reasons because an explicit scheme for the
SIME with VP rheology requires a very small time step, similar to the heat equation with a large heat
conductivity parameter. To avoid the difficulty of inverting the highly nonlinear rheology functions
associated with implicit time stepping, Hunke and collaborators introduced the elastic-viscous-plastic
(EVP) model in [15, 17]. This model includes a relaxation equation for the internal stress tensor,
allowing for an explicit scheme with large time steps. In essence, this adds an artificial elastic term
to the VP constitutive law to become the EVP model. However, recently, Losch and Danilov [24]
showed that the EVP model can also result in notably different solutions from the fully VP approach,
which may be deemed unphysical. Additionally, the EVP model is known to produce artificial elastic
waves that may pollute the numerical solution. Nonetheless, approximations that provide stabilized
approximations for the Newton solver have been introduced and used in [25,26,35].

For a better solution maintaining the original VP rheology, Lemieux et al. [21, 22] proposed a
Jacobian-free Newton-Krylov (JFNK) solver for the discretized SIME with VP formulation, utilizing
the backward Euler (BE) time stepping. This method comprises two distinct stages. Initially, Newton’s
method is formulated to solve the nonlinear system. Subsequently, a Krylov subspace method is
employed to solve the linear system without explicitly computing the Jacobian matrix. A first-order
approximation of the Gateaux derivative, based on a small parameter €, is utilized to approximate
the action of the Jacobian matrix on the Newton iterations’ increments. Seinen and Khouider [32]
focused on Lemieux and collaborators” work [21,22] and proposed the Crank-Nicolson (CN) scheme,
specifically the trapezoidal or the second Adams-Moulton scheme, instead of the BE method. In
addition, they improved the Gateaux derivative approximation of the Jacobian matrix by combining
a closed-form differentiation for all linear and nearly linear terms with a second-order approximation
for the remaining nonlinear terms. Numerical simulations of a synthetic test problem demonstrated
that this improved approximation, with an error value between 10~ and 107, significantly improved
the performance of the JENK solver. They also empirically determined an optimal tolerance for the
conditional termination parameter of JFNK based on efficiency and accuracy. Building on this work,
we propose and test the first-order BE scheme in comparison to the second-order CN scheme on the
same synthetic problem while maintaining the improved approximation of the Jacobian matrix. As
in the work of Lemieux and collaborators, Seinen and Khouider used second-order centered finite
differences based on the Arakawa C-grid for the spatial discretization of the SIME-VP model.

The scientific motivation behind this work stems from a practical consideration. While both the
BE and CN schemes are unconditionally stable and well-suited for the SIME-VP, the former has a
formal first-order accuracy, while the second is second-order. Additionally, the BE method is known
to have better A-stability properties than the trapezoidal method, making it more adaptable for stiff
problems. Therefore, it is desirable to determine whether the second-order accuracy of the CN scheme
outweighs the better stability properties of the BE scheme. Stable and accurate time-stepping schemes
for nonlinear parabolic problems, some of which include stochastic elements, have been successfully
used in several studies [1,2,18,27].

The remainder of this paper is divided into eight sections. Section 2 describes the viscous-plastic
sea ice model. Section 3 introduces the Arakawa C-grid and the numerical methods used to discretize
and solve the SIME equations. Section 4 presents the synthetic test problem, and Sections 5, 6, and 7
summarize the comparison of the performance of the two schemes, respectively, in terms of their
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behaviour under grid refinement, their performance at coarse resolution, and the overall fidelity for
climatic scale simulation under prescribed realistic wind and ocean current forcings. Finally, Section 8
concludes the paper.

2. The viscous-plastic sea ice model

The Hibler model of sea ice dynamics consists of two main components: the viscous-plastic sea ice
momentum equations (Eq (2.1)) and the continuity equations (2.2) and (2.3) for the ice thickness /4 and
the area concentration A of sea ice [13]:

Du

ph Di =-—phf(kxu)+71,—71,+V.o—phgVH,, (2.1)
Oh
5 + V.(ha) = S, (2.2)
0A
5, HVAw =S, (2.3)

Here, p is the density of the ice, 4 the sea ice thickness, f the Coriolis parameter, D% = % + u% + Va%
is the advective derivative (although the nonlinear advection terms are neglected in practice), u = ui+vj
the horizontal sea ice velocity, and i, j, and k are the Cartesian unit vectors. We denote by x and y the
coordinates in the east, west, or zonal direction i and in the north, south, or meridional direction j,
respectively, while t is time. 7, is the wind stress, 7,, the water drag, o the internal ice stress tensor,
and V.o is known as the rheology term. H, is the sea surface height, and g is the acceleration due to

gravity. Further, the sea surface tilt is given in terms of the geostrophic ocean current [34]:
gVH,; = —fk x ué, (2.4)

where u, is the geostrophic ocean current. Also, following [22], the air and water drag terms
are expressed via an empirical quadratic law with constant turning angles and constant drag
coefficients [21]:

Ty = PaCaq | US| (W cos O, + (k X us)sinéb,), (2.5)
7, = Cy((w—ué)cos b, + (kX (u—ud)siné,), (2.6)
Cw = Pdew | u-— uﬁ; |a (27)

where u is the geostrophic wind and p, and p,, represent the air and water densities, respectively, while
C,. and Cy, are the air and water drag coeflicients. Because u is much smaller than u$, u is neglected
in the expression for the wind stress [21]. The VP constitutive law, relating internal stresses and strain
rates reads [12]

oij = 2n&; + [{ — nléudi; — Po;;/2, i,j=1,2, (2.8)

where o is the i, j component of the internal stress tensor, { and i are the bulk and shear viscosities,
respectively, and ¢;; is the Kronecker delta. The strain rates, €;;, are defined as [21,31]

ou ov 1 ou ov
€n1=—, =", €n=6; = =(—+ ), & = &1+én. (2.9)
0x ay 2

(9_y(9x
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The parameterization of the ice strength or pressure, P, is given by [13]
P = Phexp[-C(1 - A)], (2.10)

where P* = 27.5 x 10° N m™2 is the ice strength parameter, and C = 20 is the ice concentration
parameter. Lemieux et al. [20] define the bulk and shear viscosities by these formulas:

1
= KPtanh(—), 2.11
¢ an (2 - K) (2.11)
n={e?, (2.12)
where K = 2.5 x 10® s, e = 2 is the principal axis ratio of the elliptical yield curve, and
A=[(& + &)1 +e?) +4e?é, +26,6,(1 — e )]V, (2.13)

The standard approach for solving the sea ice dynamics model (Egs (2.1)—(2.3)) is a time splitting
method. In this part, we focus only on solving Eq (2.1); we neglected the momentum advection term
in (2.1); because this term is very small compared to the other ones in the SIME, according to [36]
and [17], we write the u and v components of (2.1) as;

ou doy Oop 0H,
— ph— + ph s — T + —— — phg—= =0, 2.14
pat+pr+T T+8x+6y phg— (2.14)
ov doy  doo OH,
— ph— — ph v — Ty + —— — phg—= =0, 2.15
ph— phfu+t T+6x+8y pPhs= (2.15)

where 7, and 7, represent the u-components of the air and water drag, likewise for the v-components,
and the rheology terms are given by

ooy dop, 0 ou 0 ov 0 Ou 0 _ Ov 10P
—_— = — —]+=—n-)=]+=In—]1+=—In—]-=— 2.16
Fra o ax[(n+§)ax]+ax[(n g)ay”ay[”ay”ay["ax] ST (2.16)
and
0oy 0oy 0 ou 0 ov 0 Ou 0 Ov 10P
— = — —]+=[n-=]1+=—[—]+=—[n—]-=—. 2.17
Fra o ay[(n+§)ay]+ ay[(" é)ax] + ax[nay] * o nax] 23y (2.17)

Additionally, as done in [32], to get d.n and 0., we differentiate (3.3) to produce

1 P 5, 1
(9*(: = ktanh(m)()*P - E X [1 — tanh (m)]a*A, (218)
and for mathematical convenience, we use 0. A = 6*2(—22) to get our final form for the viscosity parameter
9. = ktanh( ! )0, P P x [1 — tanh?( ! )]0.(A?) (2.19)
€= 20T 23 20K '

and calculate 8,(A?) according to

0.(A?) = (1 — e )[26110.€1) + 2600.6x] + 8e 26120612 + 2(1 — e D) [énd.é) + é10.6n].  (2.20)

AIMS Mathematics Volume 11, Issue 3, 7980-8013.



7985

3. The numerical method

The VP-SIMEs are discretized on the Arakawa C-grid. In this grid, the cell centres are known as
tracer points, while the corner points are the node points. The ice velocities, u and v, are anchored at
the centres of the vertical (along the y-coordinate) and horizontal (along the x-coordinate) edges. To
evaluate the x- and y-derivatives, the middle of the horizontal and vertical interfaces are used. This
results in a second-order approximation of mixed derivatives at the cell centres, which are also used
as anchor points for the thickness and ice area tracers that define the pressure or ice strength field P.
The u and v derivatives are linearly interpolated in the perpendicular direction to obtain the viscosity
coefficients ¢ and 7 at the cell centres. For more details on the spatial discretization using the C-grid,
refer to [32].

For convenience, we denote by U-grid the set of grid points at which the velocity component u is
defined and by V-grid for points at which the v-velocity is defined.

Many considerations towards the minimization of apparent numerical errors have been taken care
of in [32]. For instance, to limit the level of numerical truncations, the rheology terms in (2.16)
and (2.17) and the water drag terms in (2.14) and (2.15), have been rearranged accordingly, prior
to their discretization. In the case of the implementation of the BE scheme, for example the time-
discretized SIME, are first written in component-wise form as:

o+ ot + o 05|+ [ + e -]

d a
’ aﬁy[n%] ) Cfvu(un c0S by — Vng sind,,)
n—1
= —ph”dz - C:lvu(ufv cos0,, — V‘fVan $in6,) + r.. »
and
Y 0 ov1t 0 M1t 9 S
—oh bt 9 v o ) .
P dt P fuavg + (9))[(77 + {)ay] + 3x[ﬂax] + ay[(é/ n)ax]

o[ oul"
+ a[na—;t] - C,,(V'cos b, — qug sin@,,)
n—1
=— ptht - C,,(vi, cos 0, — uy,,, 8in6,) + 1, (3.2)

on the U- and V-grids, respectively. Here, r, and r, include all the terms that do not depend on u
and v, i.e., the pressure gradient term, the sea surface tilt and the wind stress. Moreover v,,, is the
average of the four v components of velocity surrounding a u location on the C-grid (same idea for
Uaye). The same idea applies for ufmvg and vfmvg for the ocean currents. For boundary conditions, we
apply homogeneous Dirichlet conditions at land boundaries, u = 0.

The spatial discretization of Eqs (3.1) and (3.2) uses centred finite differences along the U- and
V-grids, respectively. The details are found in [32]. This leads to a system of N nonlinear equations
with N unknowns, which can be concisely written as

A" =b"), (3.3)
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where u” is the N-dimensional solution vector. This vector is created by first stacking all U points in
our computational domain into an array and then all the V points. A(u”") is an N X N matrix containing
all the necessary coefficients (both linear and nonlinear) from the left-hand side of Eqgs (3.1) and (3.2).
b(u") is an N-dimensional vector containing the right-hand side of Eqgs (3.1) and (3.2). The dependency
of b and u" accounts for the presence of the nonlinear coeflicient Cj.

To solve (3.3), we use a Jacobian free Newton—Krylov (JENK) iterative-approach. Letting u* be the
kth iterate, its associated residual is:

F(u") = A@“)u* — bub). (3.4)

Taking a first order multivariate Taylor expansion about F(u*) and setting the left hand side to zero
gives us the linear system:

JWhHou' = —F(*) where u**! = u* + suf,

which is solved, for the increment du® using the generalized minimum residual (GMRES) method.
This solver does not require the calculation of the Jacobian matrix. It needs only the calculation of the
its action on a given vector.

Lemieux et al. [22] use the first-order Gateaux derivative to estimate this action, based on the
following approximation:

_ F@" + ew) -F(u')

JWhHw ~ (3.5)

€

Seinen and Khouider [32] improved this approximation of the Jacobian by combining an exact
calculation of all derivatives associated with term b(u) and centered finite differences to approximate
the Gateaux derivate of the highly nonlinear part of J, involving the rheology terms. They get the
following form of the Jacobian approximation:

k K Kk k
Jubyw ~ AW+ ewu 2€A(“ WU Awb)w — Db(ub)w. (3.6)

Here, D denotes the Jacobian differential operator of b(u) evaluated at u = u¥, as described in [32].
The final step is to provide stopping criteria for both the nonlinear and linear solvers. We follow a
procedure introduced and used in [32]. For the linear solver, the stopping criterion is given by

17" Heu* ™" + FhI < y(k = DIF@H]L.

Here, 6u*~! is the approximate solution to (3.24), ||.|| represents the L, functional norm, and y(k — 1) is
given by

Yini if IF@*N > res;,
k-=1) = . ; _ 3.7
b { min(y,. I/ if IF@)] < res, G7
where y;,; = 0.99 and res, = 0.625.
For the nonlinear solver (Newton iterations), the stopping criterion used is given by
I B 1< pho fuo€ior, (3.8)
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where 1 is a typical sea ice velocity, chosen to be 0.1 m/s, iy = 1 m is a reference ice thickness, the
ice density is set to p = 900 kg m~>, and

dx
€0l = Vnz(L—x)z’ (3.9)

where L, is the length scale of our domain, chosen to be the domain extent in the x-direction, and vy,
is a tolerance coefficient parameter whose default value is y,; = 10.

In the case of the CN time discretization, the equations in (3.1) and (3.2) are replaced by their
equivalent when the trapezoidal method is used for the time derivative. Simply put, this amounts to
multiplying all terms of the left hand sides of these equations, other than those divided by dft, by half
and then adding the exact same terms but evaluated at the current time step, i.e, n — 1, to the right of
the equations.

4. Set up and synthetic solution

The ideal situation for validating and assessing the performance the numerical scheme is to test it
on a known (exact) solution. Unfortunately, the SIME does not have any known analytical solutions.
Nevertheless, we can slightly modify the governing equations by adding a prescribed forcing on the
right hand side of (2.1) so the resulting system has an exact solution, and then test the solver’s ability
to approximate that solution. We call this solution a synthetic solution. Specifically, we consider the
forced SIME system

ou

‘phE —phf(kxw) + 71, -7, + V.o —phgVH; = L(W), (4.1)

where £(w) is produced by replacing u in (2.1) with the 2-D propagating sine wave [32]:
Loainf(® 2\ 4 (2 _9)2

w 1 o 4 2 4y 2
2 Es,m(L—f—z) +(2-2) +ct)

where L, = L, = 2000 km are the extents of our domain in the x- and y-directions, and ¢ = 5x 107%s7!
is a phase parameter.

Here, we focus on comparing the accuracy of the two methods in reproducing this synthetic solution.
In terms of efficiency, the two methods are expected to behave similarly because they share the same
overall structure. They both amount to solving the same nonlinear equations at every time step,
although the BE method is expected to be a little faster because it has a less complicated right-hand
side.

To add some realism, the computational domain is divided into two ice-covered regions, consisting
of two 750 x 750 km?-squares located at two opposite corners, and a contiguous region of open water.
This is illustrated in Figure 1. The open water region is masked during the numerical simulations.

Figure 2a and 2b show the u and v velocity components of this solution at time ¢ = 0 on the u-grid
and v-grid, respectively, over the entire domain. Figure 2c and 2d overlay the velocity field (arrows) on
the u-velocity contours at times # = 0 and ¢ = 4 days in part of the ice-covered domain as per Figure 1.
The flow structure in Figure 2¢ and 2d, particularly, depicts large-scale features such as strong shearing
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and vorticity that are relevant to sea ice flows in nature. We note that the time variation merely induces
a phase shift of this basic structure.

From Figure 1, land boundaries are located along the north, south, east, and west edges of the grid.
Inside the domain, the blue cells represent water, while the white cells represent ice. Two ice patches
are placed within the water region as shown in the figure. Dirichlet boundary conditions are applied
on land boundaries, while Neumann conditions are applied on water boundaries. To obtain the correct
test solution, we set

u =a(x,t) atland boundaries, 4.3)
and

ou .

on = [B(x,t) at water boundaries, “4.4)

where @ and 8 are given respectively by the known solution and its derivatives determined from (4.2).

Figure 1. Schematic representation of the computational domain with land, water, and ice
regions.
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Figure 2. Combined visualization showing: (a) and (b) the structure of the synthetic test
solution on the U- and V—grids; (c) and (d): contours of the u-velocity component and flow

field arrows, in the ice-covered part of the domain as per Figure 1, at t = Os and ¢ = 4 days,
respectively.

It remains to define the forcing terms due to wind stress and water drag, although these terms may
not significantly impact the numerical scheme’s performance. For completeness, we follow [17,32]
and set u®, and u® to

C[ug] [ 0.1@y-Ly)/L
u, = [vi] ) [—0.1(2x - Lx)/zx] "

and

8 —
u, =

(4.6)

va

[ug] 5+ (sin(30) - 3)sin()sin(E)
- s 2n ST ol 2 ’

5+ (sm(Tt) - 3) sin(7) sm(L—”yy)
where 6 is the wind forcing period, set to 4 days.
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5. Performance under grid refinement

In this section, we present our numerical results and assess the performance of the two methods for
the synthetic solution presented in the previous section. To streamline the analysis, we summarize the
physical parameters used in those simulations in Table 1.

Table 1. Numerical parameters for validation simulation.

Symbol Definition Value

dx spatial resolution 20 (km)

dt Temporal resolution 10 (min)

L, X-extent 2000 (km)

L, Y-extent 2000 (km)

T Final time 12 (hours)

€ Gateaux derivative approximation parameter 10°6

res; Residual transition 0.625

Kux Maximum number of nonlinear iterations 200

f Coriolis parameter 1.46 x10™* sec™!

For the sake of simplicity, we chose an integration time of twelve hours to test our solver. However,
it’s important to note that Earth system models are typically run on much longer time scales, ranging
from a few months to many years.

Using the default time step of df = 10 minutes and default spatial resolution dx = 20 km, as listed
in Table 1, we plot in Figure 3a the number of nonlinear iterations at each time step throughout the
simulation period. Figure 3b shows the typical evolution of the residual associated with the JFNK
(nonlinear) solver at the last time step for both the CN and BE methods. As can be seen, both methods
converged in a reasonable number of iterations (8 to 10) based on the imposed tolerance error, as
per (3.8). Note that this corresponds to a numerical value of €, = 0.0602 in the non-dimensional
units of the nonlinear functional F. The average number of nonlinear iterations for the CN method
was 9.65, while for the BE method, it was 9.75. Although the CN method suggests faster convergence,
its gain isn’t significant. In terms of computational complexity, the CN method has a slightly more
complex right-hand side. Figure 3b illustrates the residual evolution throughout the iterative process,
confirming that the CN method has a smaller residual from the beginning, giving it an advantage.
This could be explained by the fact that the CN method is second-order accurate in time, providing a
better starting point for the JFNK iteration (which is set to the numerical solution at the previous time
step). The numerical solution is saved every two hours during the simulation. The error with respect
to the synthetic solution in Figure 2 is evaluated and simultaneously outputted at both the U-grid and
V-grid points. The spatial distribution of the absolute error at the end of the simulation is shown in
Figure 4 for both the CN and BE methods, using the default time step and spatial grid size of dt = 10
minutes and dx = 20 km. Compared to the exact solution in Figure 2, the maximum absolute error
for both methods varies between 1% to 5%, which is deemed acceptable given the high complexity of
the system of equations. We also note that the error maxima are located in regions on large gradients
away from the boundaries, which indicates that the boundary conditions are adequately implemented.
The maximum error for the CN scheme is smaller, but the two errors remain on the same order of
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magnitude. This is somewhat expected since the two methods share the same grid stencil in the spatial
coordinates. For sufficiently small time steps, the error will be dominated by the spatial resolution.
However, the main interest here is to determine whether the method with higher-order time accuracy
will be beneficial when the time step is kept relatively large, potentially leading to overall efficiency
during long-climatic simulations.

To explore this issue, we start by examining the behaviour of the numerical error, which is the
difference between the exact and numerical solutions, evaluated at all spatial grid points at a given time
t during the integration period. As we vary the resolution parameters df and dx, we assess the actual
rate of convergence, which is the rate at which this error decreases.

We report in Tables 2 through 3 the L, and L., norm errors between the numerical and exact velocity
vectors, evaluated on both the U-grid and the V-grid, for different time steps and spatial resolutions.
The associated effective convergence rates are estimated based on Eqgs (5.1) and (5.2).

Assuming that for a given dx and dt, the error norm (L, or L, for example) takes the form
I[E(dx, dt)|| = O(dx”) + O(dt?), we can estimate the effective rate of convergence in the corresponding
discretization (time or space) by dividing the grid parameters, dx and dt, in half and comparing the
successive errors.

The formula for the effective rate of convergence in the time discretization is given by:

I[E(dx, d)|
(dx,dt) = lo (—)/10 Q), (5.1)
1 S\IE@x, a2y 8
and for the space discretization, it is:
IIE(dx, dt)||
(dx,dt) = 1o (—)/ log(2). (5.2)
b S\IE@x/2,ann) 8

Here, E = |u,u — u|, where u,,,, and u are the exact and numerical solutions, respectively. As
can be seen from Tables 2 and 3, while the L, errors are significantly smaller than those associated
with the L, norm, they both decrease with decreasing spatial grid size (dx). This suggests that both
methods are effective for the test case. However, there are differences in their behaviour under time step
and spatial grid refinements. For instance, for all grid and time step configurations, the CN method
consistently produces smaller errors than the BE method, except in rare cases. For example, on the
V-grid at 10 hours with dx = 10 km and df = 5 minutes, the BE method achieves an L., norm error
of 1.81x107*, while the CN method achieves 2.08x10~*. Furthermore, the error discrepancies between
the BE and CN methods are particularly high at coarse resolution in the time step, reaching an order
of magnitude difference, especially when dr = 20 minutes. However, these discrepancies diminish
significantly and become negligible when the time resolution is the highest (df = 5 minutes). This is
because, typically for numerical solutions of partial differential equations, for a fixed spatial resolution,
the time discretization errors dominate when the time step is relatively large. However, when the
time resolution is refined enough, the opposite happens, i.e., the spatial discretization dominates. The
resolution threshold at which this transition occurs depends on the method used. In our case, while
for the BE method, the time resolution error diminishes with the time step, as shown in Table 4, when
the time step is varied from dt = 20 minutes to dt = 5 minutes, the error almost linearly decreases.
This is expected for a first-order method. The near-linear convergence with dt of the BE can be indeed
inferred from just looking at the results in Table 2. However, the equivalent errors reported in Table 3,
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corresponding to the CN method, do not seem to significantly change with the time step. The time
resolution errors seem to rather stagnate. See also Table 5. This error stagnation is due to the fact that
even with Ax = 5 km, the error is dominated by the spatial contribution because unlike the BE method,
the CN method is second-order accurate in time. The second-order convergence in space for both BE
and CN is confirmed by the overall spatial convergence rates reported in Tables 6 and 7, respectively.
However, the convergence rate varies non-monotonically throughout the grid refinement process, for
both methods. For example, large error gains, made during the first grid refinement (going from coarse
to moderate resolution), with p > 7, are often compensated by slower convergence and even stagnation
of errors (p < 0) in the subsequent grid refinement (going from moderate to fine resolution), and vice
versa. To confirm this trend, we report in Tables 8 to 11 the mean rate of convergence over the three
successive grids. With average rates varying between 2.80 and up 4. these tables basically confirm an
overall convergence rate that exceeds the theoretically expected second order rate.
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Figure 3. (a) Number of non-linear iterations associated with the JFNK solver for Crank-
Nicolson and Backward Euler methods. (b) Corresponding evolution with the progression of
the iteration at the last time step. The residual is measured using the L2 norm, and its units

are kg-m/(m?-s?). The residual norm is expressed in units of the quantity phg fuq.
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Figure 4. Absolute error for Crank-Nicolson (a and b) and the BE (¢ and d) methods at the
end of simulation (i.e a 12 hours) for the u (a and c¢) and v (b and d) velocity components, as
computed on the U-grid and V-grid, respectively. dx = 20 km, dt = 10 minutes.
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Table 2. L, and L., nrom errors for the u and v velocities obtained with the BE method,

with respect to both the U-grid and V-grid.

U-grid V-grid
Time IEll, IE|lL., IEll, IE||..,
dx=5 km and dt= 5 min
2 hours 5.61 x 107> 3.38 x 107 431 x 107 3.27 x 107
4 hours 5.80 x 1073 3.61 x 10 4.05 x 107 3.13 x 107
6 hours 5.71 x 1073 3.51 x 10 3.86 x 107 2.96 x 10
8 hours 5.48 x 1073 3.20 x 107 3.67 x 107 2.70 x 107
10 hours 524 x 1073 3.16 x 107 3.44 x 107 2.45 % 107
12 hours 5.05 x 1073 3.16 x 10 3.17 x 107 2.17 x 107
dx=5 km and dt= 10 min
2 hours 9.49 x 1073 7.27 x 1074 7.88 x 1073 6.49 x 10~
4 hours 1.01 x 1074 7.95 x 1074 7.29 x 1073 6.24 x 10
6 hours 9.78 x 1073 7.53 x 1074 6.94 x 107 5.87 x 10
8 hours 9.36 x 1073 7.18 x 1074 6.49 x 107 5.47 x 107
10 hours 8.71 x 107 6.54 x 10 5.96 x 1073 491 x 1074
12 hours 7.89 x 1073 5.70 x 107 5.40 x 107 431 x 1074
dx= 5 km and dt=20 min
2 hours 1.82 x 1074 1.84 x 1073 1.50 x 107* 1.28 x 1074
4 hours 2.00 x 107 1.65 x 1073 1.41 x 107* 1.25 x 1073
6 hours 1.93 x 107* 1.58 x 1073 1.33x 107 1.18 x 1073
8 hours 1.81 x 1074 1.48 x 1073 1.25 x 1074 1.09 x 1073
10 hours 1.67 x 1074 1.35x 1073 1.15x 1074 991 x 1074
12 hours 1.50 x 107* 1.20 x 1073 1.03 x 107* 8.71 x 107*
dx=10 km and dt= 5 min
2 hours 1.55x 1074 1.21 x 1073 7.88 x 107> 5.60 x 107
4 hours 5.89 x 1074 1.68 x 1072 7.53 x 1074 6.62 x 1072
6 hours 1.28 x 1074 2.57 x 1072 9.58 x 1074 2.72 x 1072
8 hours 1.93 x 1073 441 x 1072 1.29 x 1073 2.83 x 1072
10 hours 1.92 x 1073 441 %1072 1.24 x 1073 2.39 x 1072
12 hours 2.94 x 1073 520 x 1072 1.36 x 1073 3.03 x 1072
dx=20 km and dt= 5 min
2 hours 512 x 1073 6.98 x 1072 3.01 x 1073 4.12 x 1072
4 hours 477 x 1073 6.39 x 1072 3.76 x 1073 4.58 x 1072
6 hours 3.44 x 1073 471 x 1072 4.17 x 1073 4.99 x 1072
8 hours 3.37x 1073 4.04 x 1072 518 x 1073 5.64 x 1072
10 hours 3.07 x 1073 3.81 x 1072 5.67 x 1073 6.15 x 1072
12 hours 3.53x 1073 3.83 x 1072 5.35x 1073 5.93 x 1072
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Table 3. Same as Table 2, but for the CN method.

U-grid V-grid
Time IEllL, IIElL., IEllL, IIElL.,
dx=20 km and dt= 5 min
2 hours 2.74 x 1073 3.25 x 1072 2.35%x 1073 3.39 x 1072
4 hours 4.00 x 1073 4.13 x 1072 3.50 x 1073 5.16 x 1072
6 hours 3.29 x 1073 3.70 x 1072 3.66 x 1073 5.39 x 1072
8 hours 3.42 %1073 4.01 x 1072 473 x 1073 5.95 x 1072
10 hours 3.44 x 1073 4.05 x 1072 5.07 x 1073 6.19 x 1072
12 hours 3.79 x 1073 4.29 x 1072 525%x 1073 6.14 x 1072
dx=10 km and dt=5 min
2 hours 1.61 x 107* 1.21 x 1073 6.48 x 107 5.54 x 10
4 hours 1.02 x 1073 2.16 x 1072 1.30 x 1073 3.56 x 1072
6 hours 2.94 x 1073 5.79 x 1072 1.09 x 1073 2.85 x 1072
8 hours 321 x 1073 6.33 x 1072 1.05 x 1073 2.50 x 1072
10 hours 3.50 x 1073 6.47 x 1072 1.44 x 1073 2.12 x 1072
12 hours 2.88 x 1073 5.82 x 1072 1.11 x 1073 2.17 x 1072
dx=5 km and dt=5 min
2 hours 5.09 x 107> 3.26 x 107 2.09 x 1072 1.78 x 107#
4 hours 5.12x 1073 3.26 x 1073 2.12 x 107 1.89 x 107*
6 hours 5.14 x 1073 3.24 x 107 213 x 107 1.98 x 107*
8 hours 5.17 x 1073 3.23x 10 2.15%x 107 2.06 x 10
10 hours 5.20 x 1073 3.19 x 10 2.15x 1073 211 x 10
12 hours 522 %1073 3.18 x 107 2.17 x 107 2.15%x 107
dx=5 km and dt=20 min
2 hours 4.19 x 107 3.30 x 107 1.70 x 1073 1.80 x 107*
4 hours 425 %107 3.28 x 107 1.73 x 1073 1.89 x 107*
6 hours 427 x 107 3.26 x 107 1.74 x 1073 1.97 x 107*
8 hours 424 x 107 3.25%x 107 1.76 x 1073 2.04 x 107
10 hours 427 x 107 3.20 x 107 1.76 x 1073 2.10 x 107
12 hours 432 %107 3.18 x 107 1.76 x 1073 2.10 x 107
dx=5 km and dt=10 min
2 hours 421 %107 3.27 x 107 1.73 x 1073 1.79 x 107*
4 hours 425 %107 3.27 x 107 1.75 x 1073 1.89 x 107*
6 hours 425 %107 3.24 x 107 1.76 x 1073 1.98 x 107*
8 hours 428 x 107 3.23 x 107 1.78 x 1073 2.06 x 10~
10 hours 429 x 107 3.19 x 107 1.78 x 1073 2.10 x 107
12 hours 432 %107 3.18 x 107 1.78 x 1073 2.15%x 107
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Table 4. Estimated convergence rates with respect to time step refinement in the L, and L.,

norm errors in Table 2, for the BE method, with dx = 5 km.

U-grid V-grid
20 min — 10 min 10 min —» 5 min 20 min — 10 min 10 min — 5 min
Time  |[Ellz, [El.. [El, El.,  ElL IIE||., IIE||z, IIE||,
2 hours 0.94 1.00 0.75 1.10 0.94 0.98 0.86 0.98
4 hours 0.97 1.05 0.80 1.13 0.95 1.00 0.84 0.99
6 hours 0.98 1.07 0.77 1.10 0.94 1.00 0.84 0.98
8 hours 0.95 1.04 0.77 1.16 0.95 1.00 0.82 1.00
10 hours 0.94 1.05 0.73 1.04 0.95 1.00 0.78 1.00
12 hours 0.93 1.07 0.65 0.85 0.93 1.00 0.76 0.98

Table 5. Estimated convergence rates with respect to time step refinement in the L, and L.,

norm errors in Table 3, for the CN method, with dx = 5 km.

U-grid V-grid

20min — 10 min 10 min —» Smin 20 min — 10 min 10 min — 5 min

Time IEll, [Elz., [El, |El. [Elf, IIE|l., IIE||L, IIE|lL.,
2hours -0.006 0.009 -0.012 0.008 -0.020 0.003 -0.010 0.008
4 hours 0.001 0.006 -0.007 0.001 -0.020 0.003 -0.015 -0.005
6 hours 0.008 0.009 -0.011 0.00009 -0.016 -0.003 -0.010 -0.006
8 hours -0.01 0.006 -0.009 0.001 -0.017 -0.012 -0.008 0.0008
10 hours -0.007 0.005 -0.010 -0.001 -0.020 0.005 -0.007 -0.006
12 hours 0.0004 0.019 -0.010 0.0001 -0.010 -0.003 -0.020 0.0001

Table 6. Same as Table 4 but for the spatial grid refinement and dt = 5 minutes.

Methods U-grid V-grid
and 20km > 10km 10km —- 5km 20 km — 10 km 10 km — 5 km

Time  |[Ell;, [El.. [El, El., |Elz IIE|lL., IEll,  IEllL,
2 hours 5.03 5.84 1.21 1.84 5.26 6.20 0.60 0.77
4 hours 3.01 1.92 3.01 5.53 2.32 0.80 3.93 6.39
6 hours 1.41 0.87 423 6.19 2.12 0.87 4.36 6.52
8hours 0.80 -0.12 4.87 7.10 2.00 1.00 4.88 6.71
10 hours 0.67 -0.21 4.93 7.12 2.18 1.35 491 6.61
12 hours 0.26 -043 5.61 7.36 1.96 0.94 5.16 7.14
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Table 7. Estimated convergence rates for spatial grid refinement associated with the L, and

L., norm errors in Table 3 for Crank-Nicolson method: dt = 5 minutes.

Methods U-grid V-grid
and 20km » 10km 10km - 5km 20km — 10 km 10 km — 5 minkm
Time  |[Elz, |El.. [El, El. Elz IIE||, IE||L, IIE||z,
2 hours 4.08 4.74 1.66 1.89 5.18 5.93 1.62 1.63
4 hours 1.97 0.93 431 6.05 1.40 0.53 5.95 7.55
6hours 0.16 -0.64 5.83 7.48 1.73 0.91 5.68 7.16
8hours 0.09 -0.65 5.95 7.61 2.16 1.25 5.62 6.92
10 hours -0.02 -0.67 6.07 7.66 1.81 1.54 6.06 6.65
12 hours 0.39 -043 5.78 7.51 2.23 1.79 5.67 6.36

Table 8. Average convergence rates for spatial grid refinement based on the L, and L., norm
errors reported in Table 2 for the backward Euler method (At = 5 minutes) on the U-grid.

Methods U-grid Averages
and 20km —- 10km 10km — 5km Mean |E|,, Mean |[E||.,
Time  [[El, [El., |El, [El.,

2hours 5.03 584 1.21 1.84 3.12 3.84
4 hours  3.01 1.92  3.01 5.53 3.01 3.72
6 hours 141 087 423 6.19 2.82 3.53
8hours 0.80 -0.12 487 7.10 2.83 3.49
10 hours 0.67 -0.21 493  7.12 2.80 3.45
12 hours 0.26 -0.43 5.61 7.36 2.93 3.46

Table 9. Average convergence rates for spatial grid refinement based on the L, and L., norm
errors reported in Table 2 for the backward Euler method (At = 5 minutes) on the V-grid.

Methods V-grid Averages
and 20km — 10km 10km — 5km Mean |E|, Mean ||E||._
Time  [[Ell,, [El., [El, [ElL,
2hours 526 6.20 0.60 0.77 2.93 3.48
4hours 2.32 0.80 393 6.39 3.12 3.59
6 hours 2.12 0.87 4.36 6.52 3.24 3.69
8 hours 2.00 1.00 4.88 6.71 3.44 3.85
10 hours 2.18 1.35 491 6.61 3.54 3.98
12hours 1.96 094 5.16 7.14 3.56 4.04
AIMS Mathematics
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Table 10. Average convergence rates for spatial grid refinement based on the L, and L., norm
errors reported in Table 3 for the Crank—Nicolson method (At = 5 minutes) on the U-grid.

Methods U-grid Averages
and 20km — 10km 10km — 5km Mean |[E|,, Mean ||E||,_
Time  |[Ell,, |El., [El, ElL,

2hours 4.08 474 1.66 1.89 2.87 3.31
4hours 197 093 4.3] 6.05 3.14 3.49
6 hours 0.16 -0.64 583 748 3.99 342
8hours 0.09 -0.65 595 7.61 3.02 3.48
10 hours -0.02 -0.67 6.07 7.66 3.03 3.50
12hours 0.39 -043 578  7.51 3.08 3.54

Table 11. Average convergence rates for spatial grid refinement based on the L, and L., norm
errors reported in Table 3 for the Crank—Nicolson method (Af = 5 minutes) on the V-grid.

Methods V-grid Averages
and 20km — 10km 10km — 5km Mean |E|,, Mean |[E||.,
Time  [[Ell,, [El., [El, [ElL,

2hours 5.18 593 162 1.63 3.40 3.78
4hours 140 053 595 755 3.68 4.04
6 hours 1.73 091 5.68 7.16 3.71 4.04
8hours 2.16 1.25 5.62 692 3.89 4.09
10 hours 1.81 1.54 6.06 6.65 3.94 4.10
12hours 223 179 5.67 6.36 3.95 4.08

6. Behaviour at coarse time resolution and long time integration

In this section, we fix the spatial discretization at dx = 10 km and run both methods for up to 4 days,
with increasingly larger and larger time steps. We consider the cases with df = 20 minutes, 40 minutes,
and 80 minutes, that are in the range of time steps used in climate simulations. We note that because
the two methods are in theory conditionally stable, the expectation is that our codes could be run with
an arbitrarily large time step. However, this is only true for linear equations such as the heat equation.
The nonlinearity may lead to surprises as the the Newton iterations may not always converge.

We plot in Figure 5 the number of nonlinear iterations per time step as a function of the integration
time for the aforementioned grid configurations.

Figure 5 shows that both methods run until the end of the simulation (i.e., for 4 days), despite the
fact that the Newton iteration did not always converge, as the maximum iteration number, set to 200
iterations, is reached multiple times. For the backward Euler (BE) method, we observe the following:
With a time step of 20 minutes, the method failed to converge only at the seventh time step; with dt = 40
minutes, it failed to converge at time steps 3, 4, 5, and 6; and with df = 80 minutes, the method did not
converge at the first and second time steps, resumed convergence until time step 14, and then failed to
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converge again until the end of the simulation. For the CN method, at the finest resolution (i.e., df = 20
minutes), the Newton iteration diverges only at the sixth time step. At the moderate resolution (i.e.,
dt = 40 minutes), divergence starts at the third time step and continues until step 15, then convergence
resumes until step 24. The method diverges again at step 25, converges at step 26, and then diverges
once more until the end of the simulation. At the coarse resolution (i.e., dt = 80 minutes), the Newton
iteration starts diverging from the fifth time step and continues to diverge until the end. This suggests
that to guarantee convergence of the JFNK solver, a time step smaller than 20 minutes is needed. To
gain further insight, we plot in Figure 6 the solution at time ¢ = 4 days corresponding to the six cases in
Figure 6. Compared to the exact solution in Figure 2d, we observe that both the BE and CN methods
provide fairly accurate approximations at fine time steps d¢ = 20, 40 minutes (Figure 6a-d). However,
at dt = 80 minutes, the numerical solutions in Figure 6e and 6f show significant degradation, with the
CN solution being particularly poor. In fact, the CN solution exhibits excessive grid-scale oscillation, a
hallmark of numerical instability. Interestingly, the fact that the BE method is L-stable helped maintain
the stability of the numerical solution at coarse time steps.
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f) methods when dx = 10 km and dt = 20,40, 80 minutes, demonstration integration time
until divergence.

AIMS Mathematics

Volume 11, Issue 3, 7980-8013.



8001

2000

1800
1600
_ 1400
£
< 1200
c
S 1000
=
g ool
g oo [SREERRR: R
> 600{
,,,,,
4001 % =
nnnnn
200 -
0 S
© o 0 9 0 o © © @ © o
o o o o o o o o o (=]
R § 88 8] 3 38 & 8
S 838 2R
X position (km)

(a) BE on U-grid: dt = 20 minutes

2000
1800
1600

1400

1200

1000

Y position (km)

o
<3
o
A

1200
~ 1400
1600
1800
2000

=

X position (km

(¢) BE on U-grid: dt = 40 minutes

2000
1800
1600

1400

1200

80l

Y position (km)

60

400

o o
S ©
S N
~

1600
1800
2000

A

X position (km

= 1400

(e) BE on U-grid: dt = 80 minutes

1000 >

Y position (km)

rrrrr

nnnnn

© o o o S o o © o 9
(=] o o o o o o o [=] [=3
R § 88 8] 3 38 8 8
S8 385 2R

X position (km)

(b) CN on U-grid: dt = 20 minutes

2000 _— _
1800
1600

1400

£
X 1200
=
2 1000 w5
=
%) i
S oo0|[RERERRNRN: | B
> 600
4001 %
wof 0000
ol —== | M,
o (=3 o [=] o [=3
o o o o (=] o
o ~ < © © o
2832 2R
X position (km)

(d) CN on U-grid: dt = 40 minutes

2000
1800
1600
1400
1200
1000

800

Y position (km)

600
400

20013

2000

X position (km)

(f) CN on U-grid: dt = 80 minutes

Figure 6. Approximate solutions of the u and v fields computed using the BE and CN
methods for a fixed spatial step dx = 10 km and time steps dz = 20, 40, and 80 minutes at the

end of day 4.

7. Climatic simulation with the coupled system

In this section, we couple the sea ice momentum equations (2.1) with the continuity equations (2.2)
and (2.3), which govern the ice thickness 4 and the ice compactness (or area fraction) A. For the sake
of simplicity, the thermodynamic effects of freezing and melting are ignored. A meaningful approach
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for including these effect would require the inclusion of a heat budget equation.

The continuity equations (2.2) and (2.3) are discretized using a nonoscillatory central differencing
scheme [28], where h and A are forced to satisfy # > 0 and 0 < A < 1 throughout the simulation.
Homogeneous Dirichlet boundary conditions are used at both the open-water and land boundaries for
hand A (h = A = 0). Moreover, the same validation domain in Figure 1, is used, but now the ice is

allowed to move.
A level-set technique, where a distance function ¢(x, y, f) that delimits the ice region, is employed

at every time step:

Vol =1, (x,y,1) € QUQS,
¢(x) = 1,(x,y,1) € Q, — 09,
P(x,y,1) =0, (x,y) € 0,
¢(-x9y’ Z‘) = O(x’y) € Qf - 6Qt,

where ), is the region where ice is present. The distance function ¢ defines our computational domain
with a moving boundary. The details of this technique, including a method of solving it using time
marching to steady steady [33], are found in [31].

In a nutshell, €, is defined as the region where both / and A are positive and can be thought of as the
mask over the region covered by ice. Sea ice models used for climate predictions use discrete masks
based often based on the ice volume threshold. For instance the Los Alamos Sea Ice Model (CICE)
uses a combined mass/area cut-off to set the ice extent region [14]. The distance function allows a more
effective definition of the ice extent region at the subgrid level as moving-boundary domain, which is
extremely useful given that sea ice models are run at coarse resolutions ranging from 10 km to 100
km. This information is then employed to correct the integration volumes and properly enforce the
Neumann boundary condition at the open-water boundary points in (4.2). The level-set method will
also be useful in the future when thermodynamics are included.

Initially, at ¢ = 0, the ice is assumed to be at rest (u = 0 m/s), the concentration is set to A = 1
where ice is present, and the initial thickness field is uniform with 2 = 1 m, over the ice region. The ice
field is then allowed to drift and evolve subject to the wind and ocean stresses defined in Eqs (2.5)—(2.7)

and (4.6). See also Figure 7.
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Figure 7. Geostrophic ocean and wind forcing fields at t = 3 days, showing (a) ocean forcing
and (b) wind forcing.
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In this simulation, we use the same numerical parameters as those reported in Table 1 for the
validation simulation, with some modifications. The simulation is performed over a full year (i.e.,
T = 365 days), with a time resolution of df = 1 hour and a spatial resolution of dx = 20 km.
Additionally, for the nonlinear iteration process, a maximum of 200 iterations is imposed, while a
minimum of 5 iterations is enforced. A new stopping criterion (7.1) is applied because the termination
criterion used in the validation case is not suitable for this simulation [31].

IF @Ol

0997 < ——— < 1.
IF @l

(7.1)

This criterion forces the iteration to stop where the residual stagnates.

The computational performance of this simulation is lower than that of the validation simulation,
mainly due to the additional equations for the conservation of 4 and A and the distance function.
However, the solver demonstrates robust behavior for both the BE and CN methods when accounting
for the added complexity of the full system.

Figure 8 shows the nonlinear iterations for the BE and CN methods. In Figure 8a, the number of
nonlinear iterations for the BE method ranges between 5 and 45, while in Figure 8b, for the CN method,
it ranges between 5 and 60. The average number of iterations is 14.34 for the BE method and 12.83
for the CN method, with standard deviations of 9.20 and 8.20, respectively. This is consistent with
the result in the previous section that showed that overall the CN method has overall less nonlinear
iteration, even though Figure 8b shows that the CN methods has outliers to up to 60 iterations in a time
step.

Figure 9 shows the residuals computed using the L> norm for the BE method Figure 9a and the CN
method Figure 9b. This demonstrates that while the BE method seems to be more stable, both methods
have overall comparable and, so far, acceptable behaviour.

Our solver performs well for both methods, as it consistently produces smooth velocity solutions
at every time step, without any discernible numerical oscillations, as shown in Figure 10. The
figure presents the solution after 4 days, after 140 days, and at the end of the year for both the BE
(Figure 10a,c,e) and CN (Figure 10b,d,f) methods. While the exact solution is not know, it is worth
noting that the two solutions are, to some extent, consistent with one another, and that the velocity field
is overall in agreement with a forced drift resulting from a combination of the wind and ocean current
velocities in Figure 7. While the ocean current is a standing gyre swirling the whole basin, the wind
overall directs the ice towards the upper-right corner of the domain.

Figure 11 shows a 3D-plot of the ice thickness at the end of 4 days (Figure 11a for the BE method
and Figure 11b for the CN method), at the end of 140 days (Figure 11c for the BE method and
Figure 11d for the CN method), and at the end of the year (Figure 11e for the BE method and Figure 11f
for the CN method).

We note that from Figure 11, the two methods remain consistent up to 140 days. At the end of the
year, the CN method displays a more smeared ice field while the BE method’s solution remain mainly
concentrated along the main diagonal. We recall that at the land boundaries, determined by the square
basin extent, the ice velocity is set to zero, so no mass is advected past this boundary. In a more realistic
setting, one could allow ice to tip-over outside the ocean when the ice thickness becomes sufficiently
high near the land boundary.
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day 140, and year-end.

In the current setting, the ice mass is conserved in principle. However, the numerical scheme
employed to advect the ice thickness and ice compactness results in volume loss due in large part to
known diffusivity of the central scheme. To assess the magnitude of the loss, we calculated the total
volume, V' = ¥ orid points i/Aifti> at each time step. Figure 12 shows its progression in all simulations.
While the total loss is substantial, it is worth noting that this occurs over 8,736 time steps, with an
average loss per time step of 0.016% for the BE method and 0.019% for the CN method coupled with

AIMS Mathematics Volume 11, Issue 3, 7980-8013.



8007

the central scheme, i.e.,
n+1 n+1

L = 0.99984, vjN = 0.99981,

n
BE CN

where V" is the total volume at time level n.

We note that because loss of mass is mainly caused by the central scheme, which is common to
both methods, the total loss remains comparable. However, because the CN method tends to smear the
ice field, towards the end of the simulation (Figure 11), the overall volume loss is more significant for
this method, as the area over which numerical dissipation occurs is larger. In fact, the two curves in
Figure 12 remain close to each other until about 100 days (Figure 10).
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Figure 12. Evolution of the total volume at each time step.

A volume loss of nearly 50% due solely to numerical dissipation is indeed enormous, and this issue
must be addressed in sea ice modeling. The transport of tracers in operational models like CICE use
upwind schemes [14] that also have significant numerical dissipation [8], and to the authors knowledge,
the volume loss issue in these models has not been documented. The loss in volume due to numerical
dissipation may have been masked by changes due to melting and freezing. The issue can be addressed
through the use of high-order discretely conservative methods [10].

To assess the fidelity of the tanh regularization in representing the viscous-plastic rheology, we
can verify to what extent the computed stress invariants remain within the elliptic curve. In the ideal
plastic flow regime, the two invariant coordinates must lie on the ellipse while during the purely viscous
regime, the stress point is contained within the ellipse interior.

To plot the VP yield curve (Figure 13), we adopted a method commonly used in the sea ice
community [17,20,31]. In terms of the principle stress, the elliptic yield curve reads as follows:

0'1+O'2+P)2 (0'2—0'1

2
Z - e)—I:Q (5.8)

Y(o1,02) = (
where o7 and o, are the principal components of the stress tensor o. A true VP solution, referred to as
VP convergence, is achieved when stress states lie on or within the yield curve. Stress states inside the
curve correspond to viscous behavior, while those on the curve indicate plastic behavior. States outside
the curve are nonphysical and reflect model inaccuracies [20].
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Figure 13 shows a scatter plot of the stress states for the BE method (a) and the CN method (b).
These stress states were recorded every 91 time steps, at all points in the ice domain where the ice
velocity is non-zero. This is done to avoid points with zero or very weak stresses resulting in round-off
errors when computing the principle components. The counting process results in a total of 836,759
data points for the BE method and 828,302 for the CN method.

VP convergence requires Y(oj,0;) < 0 to account for numerical noise near the yield curve.
Following [20], we use 6 = 0.005, and convergence is achieved when 99% of the stress states satisfy
this condition. In our simulations, the BE method had 786,126 points (93.95%) satisfying the VP
criterion, while 50,633 points (6.05%) did not. For the CN method, 776,016 points (93.69%) met the
criterion, and 52,286 points (6.31%) failed to satisfy it. Once again, while the BE method seem to
present a lower number of stress points outside the yield domain, the two methods remain comparable
and both are acceptable in this regard.

(a) (b)

Figure 13. Stress states obtained using the BE method (a) and the CN method (b).

8. Conclusions

In almost all climate models, sea ice is represented as a viscous-plastic (VP) flow with a highly
nonlinear rheology consisting of an elliptic-yield-curve constitutive law. The dynamics of sea ice
remains one of the most uncertain factors in the ability of the Earth system model to address the
problem of climate change. The difficulty in solving nonlinear partial differential equations accurately
and efficiently is believed to contribute significantly to this uncertainty.

In this study, we investigated the numerical resolution of the sea ice momentum equation. We
tested the first-order implicit scheme BE on a synthetic test problem. We chose the implicit method for
stability reasons, as explicit schemes for the SIME with VP rheology require very small time steps. The
BE methods belongs to the family of backward differentiation formula (BDF) methods. BDF methods
are known to have better A-stability properties than Crank-Nicolson and Range-Kutta type methods
in general. Therefore, the solver presented and validated here aims to find methods with improved
stability compared to the work of [32]. This is particularly important because the sea-ice rheology
makes the equations very stiff and solutions highly irregular.
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The solver performed quite well. When using the default resolutions of 10 km and 5 minutes,
the maximum number of nonlinear iterations per time step did not exceed 11 (the mean is 9.70 with
a standard deviation of 0.56) during a 7-day simulation (results not shown). In contrast, the Crank-
Nicolson scheme converged in a maximum of 10 nonlinear iterations per time step. The mean iteration
count to reach convergence is 9.27, and the standard deviation is 0.45. We note in Figure 4 that the
maximum absolute error is concentrated in regions of large gradients, as expected, contrary to what
was seen in [32], where larger errors occur in the middle of the domain due to the use of ice-water
boundaries.

In Table 4, we observe approximately first-order convergence in time. However, in Tables 6 and 7,
the results are less conclusive, suggesting that second-order convergence is not consistently achieved,
although it remains close to that observed in Tables 8 to 11. This issue is also found in [32] and is due
to the nonlinearity of the SIMEs.

The rate of convergence did not appear to as expected, but it tends to improve with grid resolution,
as shown in Tables 2 and 3. Perhaps the problem is that the resolution is still not fine enough to observe
the expected convergence rate at the early times of the simulation.

The 4-day simulations with dx = 10 km, as reported in Section 6, indicate that the solutions
remained stable for the most part throughout the time period; the CN solution significantly deteriorated
at the coarse timestep dt = 80 minutes. This deterioration is likely caused by numerical oscillation
inherent to the second-order scheme, as seen in Figure 6f. The nonlinear solver stopped to converge
beyond the first 6 hours, as indicated in Figure 5, but this may not be the sole cause. A similar
behaviour is seen in both the BE solution at df = 40 minutes and the CN solution with dtr = 80
minutes, without the same repercussion on the solution at time ¢ = 4 days. While the performance of
the two methods may differ beyond 4 days, the present results suggest that the BE method is preferred
at coarse resolution.

Tables 2 and 3 also show that the overall error decreases when passing from one coarser resolution
to a finer one. However, this peculiar behaviour may be a signature of an ill-posedness of the VP
model of sea ice [11]. Despite the arctan regularization used here, the nonlinear system may remain
ill-posed [5, 6]. As demonstrated in [5], large gradients may result in loss of parabolicity, which
in turn may lead to an ill-conditioned problem. As such, the Jacobian associated with our JFNK
solver is potentially ill-conditioned, which may partly explain the results. Being L-stable, the BE
method is able to artificially restore stability. However, for high-order methods to effectively work,
the JFNK solver many need to be supplemented with a preconditioning step. Unfortunately, attempts
of employing preconditionning to the linear solver didn’t lead to noticeable improvement, and more
elaborate methods of dealing directly with the non-linear solver are needed [4]. The implementation
of a nonlinear preconditioning will be the subject of future research.

In realistic sea ice simulations, the momentum equations in (2.1), the focus of this study, are coupled
to (2.2) and (2.3), which respectively conserve ice thickness and ice area coverage. The methods
discussed here were further compared in terms of their ability to simulate sea ice dynamics when
these three equations are coupled using a time splitting strategy, as outlined in [31]. In these coupled
simulations, the external forcing is applied through wind and ocean stresses, 7, and 7,,, respectively.
The geostrophic ocean and wind currents, u, and ug, in (2.5) and (2.6), respectively, are prescribed
based on observations. The results of these coupled simulations are reported in Section 7.

The two methods are run at a relatively fine resolution of 20 km, for which both methods appeared
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to behave well in Section 6.

The conservation equations (2.2) and (2.3) are handled using a conservative second-order finite
volume method [23], and a level-set method was used to define the ice extent region. The key
advantages of using the level set technique is to be able to define the ice domain at the subgrid level
and establish meaningful definition of the normal boundary conditions at ice-water boundaries. The
simulations in Section 7 demonstrated that the two methods (BE and CN) both provide a well-behaved
sea ice field after a 1 year simulation. The two methods remained consistent with one another up
until roughly 140 days but begin to diverge after 100 days. At the end of the simulations (365 days),
significant differences are apparent. The most noticeable difference is a significant smearing of the ice
extent towards the upper-left corner of the domain for the CN method, which is much less pronounced
in the BE method. However, based on the direction of the wind and ocean current velocities in
this part of the domain (Figure 7), it is tempting to attach a physical attribute for this smearing and
hold the BE method at fault. Further investigation is required to know for sure. Nonetheless, this
result is a clear evidence that climate scale simulations are inevitably dependent on the details of the
numerical methods and modeling errors can sometimes be surprisingly more significant than expected.
Moreover, we demonstrated that numerical dissipation alone can lead to significant ice volume loss
over the course of a climate simulation, even if the loss per time step may appear insignificant. The
use of conservative methods, at the discrete level [10] are thus warranted. We also assessed the impact
of the tanh approximation on the viscous-plastic rheology (3.3). We found that over the course of
the 1 year simulations, the ice stresses remained in an acceptable range of the elliptic yield domain:
Y(oi,05 < 0.005. The BE method remained in this domain 93.95% of the time, while this number
is 93.69% for the CN method. While both methods failed to satisfy the 99% criterion set forward
by [20], they are relatively close.

All computations were performed on a Dell Inc. Latitude 5400 equipped with 8 GB RAM and an
Intel Core 15-8350U CPU @ 1.70 GHz x 8, running Ubuntu 22.04.5 LTS. For a 12 hour-integration
time, with a resolution of df = 20 km and df = 10 minutes, the CN method required 71.14 s of CPU
time, whereas the BDF1 method took 93.55 s.
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