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Abstract: This paper presents a comprehensive investigation into the complex behavior of the
Kuralay-II equation. We begin by analyzing the bifurcation structure and corresponding phase portraits
of the equation to gain insight into the underlying dynamical transitions. Next, we examine the chaotic
behavior of the governing system through a Lyapunov stability analysis, which provides valuable
insights into the sensitivity and stability characteristics of the model. Additionally, we derive several
explicit solutions to the equation using an exact analytical method and visualize some of these solutions
to highlight their structural properties and dynamical implications. The findings provide a solid
framework for future research aimed at understanding the complex behavior of nonlinear systems.
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1. Introduction

In recent years, many scientists have been studying nonlinear partial differential equations (NPDEs),
which can describe a wide range of physical and natural phenomena in our environment [1].
Understanding the dynamic behavior of these phenomena is crucial for improving our quality of life
and making informed, accurate, and timely decisions in various fields. By examining NPDEs, we
not only enhance our theoretical understanding of their nonlinear behaviors but also gain practical
insights that help interpret the solutions in different applications. In physics, (NPDEs) play a crucial
role in describing complex dynamical behaviors, such as soliton formation, bifurcation phenomena,
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and chaotic dynamics. These equations are widely used across various fields, including optics, plasma
physics, fluid dynamics, and quantum mechanics, where they model key processes such as nonlinear
wave propagation, fluid instabilities, plasma turbulence, and quantum field interactions. NPDEs
also provide essential frameworks for understanding soliton interactions, equilibrium bifurcations,
and the emergence of chaos in nonlinear and multiscale physical systems. Significant progress has
been made in the solutions of NPDEs using a variety of analytical and numerical methods. Among
these techniques, several have proven to be particularly effective and reliable. Notable methods
include the Cham method [2], the improved Cham method [3], the cotha(ξ) expansion method [4],
the tanh(ξ) expansion method [5], and the improved modified extended tanh function technique [6].
Other important approaches are the new (Ǵ/G) expansion technique [7], the generalized exp(−φ(ξ))
expansion method [8], the double auxiliary equation method [9], the generalized double auxiliary
equation method [10], the modified extended direct algebraic method [11], and the modified extended
mapping method [12]. Additionally, techniques such as the generalized Kudryashov method [13],
the Hirota bilinear form [14], the modified Sardar subequation method [15], and the modified
extended direct algebraic method [16] have also made significant contributions. Finally, Darboux
transformations and related analytical techniques [19], similarity transformations [17], and the radial
basis functions technique [18] are also important tools in this area of research.

This study focuses on the Kuralay-II equation. The objective is to investigate the bifurcation, chaotic
behavior, and soliton solutions of this equation through analytical methods. The Kuralay-II equation is
defined in Eq (1.1). 

iΞt − Ξxt − ΞΛ = 0,
iRt + Rxt + ΞΛ = 0,
Λx + 2k2(RΞ)t = 0,

(1.1)

where Ξ(x, t) and R(x, t) denote unknown complex functions, and Λ(x, t) is referred to as the real
function, with k being a standard constant.

The Kuralay-II equation is essential in various fields, such as engineering, mechanics, quantum
mechanics, and other areas of nonlinear science. It serves as a versatile model for describing complex
nonlinear phenomena and exhibits rich dynamical behavior such as equilibrium bifurcations, sensitivity
to perturbations, and the coexistence of solitary, periodic, and chaotic wave regimes. Several exact
methods have been proposed to solve this equation. In [20], the authors employed the extended
auxiliary equation method along with the modified expansion method to derive solutions and analyze
modulation instability. The authors in [21] utilized the improved F-expansion method, and the Hirota
bilinear method was applied in [22, 23]. In [24], both the extended hyperbolic functions method and
the improved F-expansion method were used. Furthermore, [25] employed the expa function, the
extended sine-Gordon equation expansion scheme, and generalized Kudryashov schemes. The Jacobi
elliptic function expansion method was implemented in [26], and the new auxiliary equation method
was applied in [27].

Although significant progress has been made in solving the Kuralay-II equation, several challenges
still require further investigation. In particular, additional families of solutions need to be derived
to improve the understanding of the complex dynamical behaviors associated with the Kuralay-II
equation. Moreover, it is important to examine how its integrable soliton structures transition into
chaotic states when subjected to external periodic forcing. The precise bifurcation mechanisms
that lead to temporal complexity also remain largely unexplored. This work aims to address these
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gaps by conducting a systematic dynamical analysis, including global bifurcation mapping and the
identification of routes to chaos. Additionally, the study proposes a new approach to find novel explicit
solutions to the equation. The remainder of this paper is organized as follows. Section 2 explores
the application of bifurcation theory to identify equilibrium points within the associated Hamiltonian
system and analyze their stability characteristics. Section 3 investigates the chaotic dynamics exhibited
by the system. Section 4 introduces a novel approach to derive new analytical solutions for the Kuralay-
II equation. Section 5 presents 3D graphical representations that illustrate the real and absolute parts
of some selected solutions. Section 6 is devoted to the physical analysis and comparative study of
the obtained wave solutions. Finally, Section 7 summarizes the main findings and outlines potential
directions for future research.

2. Bifurcation and phase portraits

A thorough understanding of a system’s intrinsic dynamics is crucial for accurately describing its
long-term behavior across different initial conditions. Soliton behaviors and their dependence on
system parameters play an important role in explaining nonlinear wave phenomena and supporting
applications in optics, plasma physics, and fluid dynamics. In contrast to Gaussian pulse forcing,
our model focuses on periodic excitation and investigates its role in triggering transitions to chaotic
dynamics [28].

In this section, we apply bifurcation theory [29] to analyze the complex dynamics of the Kuralay-II
equation and construct detailed phase portraits.

Setting k = 1 and R = εΞ, where (ε = ±1), Eq (1.1) becomes as follows:{
iΞt − Ξxt − ΞΛ = 0,
Λx − 2ε(|Ξ|2)t = 0.

(2.1)

Using the traveling wave transformation given in (2.2),

Ξ(x, t) = Θ(ξ)eiκ, κ = m1x + m2t,

Λ(x, t) = 2εm2
(1−m1)Θ

2(ξ) + c, c = c1m2
k1(1−m1) , k1 , 0,

ξ =
k1(1−m1)

m2
x + k1t, m1 < {0, 1} ,m2 , 0,

(2.2)

where m1,m2, c1, and k1 are real constants, Eq (2.1) is transformed into the following form:

Θ′′ +
m2(m2(m1 − 1) − c)

k2
1(m1 − 1)

Θ +
2εm2

2

k2
1(m1 − 1)2

Θ3 = 0. (2.3)

The dynamical system derived from Eq (2.3) can be expressed as follows:
dΘ(ξ)

dξ = Φ(ξ),

dΦ(ξ)
dξ = −AΘ(ξ) − BΘ3(ξ),

(2.4)
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where

A =
m2(m2(m1 − 1) − c)

k2
1(m1 − 1)

, B =
2εm2

2

k2
1(m1 − 1)2

.

The parameters A and B play a fundamental role in determining the dynamical behavior of the reduced
system. Specifically, A governs the linear stability of the wave amplitude and acts as an effective linear
restoring coefficient, arising from the balance between the wave propagation parameters introduced
through the traveling wave transformation. In contrast, B characterizes the strength of the nonlinear
interactions within the system. Variations in the signs and magnitudes of A and B significantly influence
the qualitative structure of the phase portraits and can lead to different wave patterns, including periodic
oscillations, solitary waves, and homoclinic trajectories.

The first integral is given by Eq (2.5):

H(Θ,Φ) = 2Φ2 + 2AΘ2 + BΘ4 = h. (2.5)

The equilibrium points of the system are determined by solving the equations dΘ/dξ = 0 and
dΦ/dξ = 0. When AB > 0, there exists a single equilibrium point E1(0, 0). In contrast, when AB < 0,
three equilibrium points emerge: E1(0, 0), E2(

√
−A/B, 0), and E3(−

√
−A/B, 0). The determinant of

the Jacobian matrix at an equilibrium point (Θe,Φe) is given by

J(Θe,Φe) =

∣∣∣∣∣∣∣ 0 1

−A − 3BΘ2
e 0

∣∣∣∣∣∣∣ = A + 3BΘ2
e .

Moreover, the trace of the matrix at each equilibrium point satisfies Trace(Ek) = 0, k = 1, 2, 3.
Building on the previous points, we now examine all possible bifurcation cases of the dynamical
system (2.4) as follows:
Case 1: When A > 0 and B > 0, the system admits a single equilibrium point at E1(0, 0). This point
is identified as a center because J(E1) = A > 0 and Trace(E1) = 0. The phase portrait shows closed
orbits, which correspond to periodic wave solutions of Eq (2.3).
Case 2: When A < 0 and B < 0, the system has a single equilibrium point at E1(0, 0), which is
classified as a saddle point because J(E1) = A < 0. The phase trajectories create homoclinic orbits
around this saddle point, indicating the existence of solitary wave solutions for Eq (2.3).
Case 3: When A > 0 and B < 0, the system exhibits three equilibrium points E1(0, 0), E2

(√
−A/B, 0

)
,

and E3

(
−
√
−A/B, 0

)
. The point E1(0, 0) behaves as a center because J(E1) = A > 0 and Trace(E1) = 0,

and the points E2 and E3 are saddle points as, J(E2,3) = −2A < 0. Accordingly, periodic wave solutions
are associated with closed orbits surrounding the center, whereas solitary wave solutions correspond to
homoclinic orbits around the saddle points.
Case 4: When A < 0 and B > 0, the system has three equilibrium points: E1(0, 0), E2

(√
−A/B, 0

)
,

and E3

(
−
√
−A/B, 0

)
. The point E1(0, 0) is a saddle point given that J(E1) = A < 0. The points

E2 and E3 act as centers because J(E2,3) = −2A > 0 and Trace(E2,3) = 0. Thus, solitary wave
solutions are associated with the saddle point, whereas periodic wave solutions arise around the centers.
Figures 1 and 2 present graphical representations of the dynamical behavior of the system for the four
aforementioned cases, using selected values of A and B. Figure 1 shows the bifurcation of the phase
portraits for Cases 1 and 2, whereas Figure 2 corresponds to Cases 3 and 4.
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Figure 1. The left (resp. right) shows the bifurcation of phase portraits for system (2.4) with
A = 2 and B = 3 (resp. A = −2 and B = −3).

Figure 2. The left (resp. right) shows the bifurcation of phase portraits for system (2.4) with
A = 2 and B = −3 (resp. A = −2 and B = 3).

3. Chaotic behavior and Lyapunov stability analysis

Some studies on chaotic behavior have investigated the interaction of solitary waves with external
forcing using bifurcation analysis [31], whereas other works have examined nonlinear dynamical
responses and transition mechanisms in similar forced systems [32]. In contrast to the chaotic
transitions induced by Gaussian pulse forcing reported in [31], the analysis of this section demonstrates
that continuous periodic excitation leads to a distinct period-doubling route to chaos, resulting in a
different evolution of the Lyapunov spectra. The aim is to identify transitions among stable, periodic,
and chaotic regimes while offering insights into the bifurcation structure and the overall dynamics of
the system.
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3.1. Chaotic behavior

We introduce a periodic perturbation term a cos(bξ), where a represents the perturbation amplitude
and b denotes its frequency. Such perturbations are commonly observed in real-world physical
systems [33]. Building on this, we investigate the presence of chaos by analyzing 2D and 3D phase
portraits. Accordingly, the perturbed system takes the following form:


dΘ(ξ)

dξ = Φ(ξ),

dΦ(ξ)
dξ = −AΘ(ξ) − BΘ3(ξ) + a cos (bξ),

(3.1)

where

A =
m2(m2(m1 − 1) − c)

k2
1(m1 − 1)

, B =
2εm2

2

k2
1(m1 − 1)2

.

Figure 3 analyzes the unperturbed scenario by setting a = 0, corresponding to the original system
described in Eq (2.4). The figure presents phase portraits for A = 2, B = 3, and initial conditions Θ(0) =

0.02, Φ(0) = 0.03, illustrating the onset of chaotic behavior in the nonlinear dynamical system (3.1).

Figure 4 demonstrates that the system retains quasi-periodic behavior as the perturbation amplitude
a increases from 0 to 0.001, with b = 0.002 and other parameters unchanged. This indicates that
the system is largely insensitive to small perturbations, as its trajectories closely resemble those of
the unperturbed case. Therefore, the system displays robustness and dynamical stability under weak
external disturbances.

(a) 2D phase portraits (b) 3D phase portraits (c) Time series

Figure 3. The behavior of the dynamical system (3.1) without a perturbation term.

AIMS Mathematics Volume 11, Issue 3, 7910–7933.



7916

(a) 2D phase portraits (b) 3D phase portraits (c) Time series

Figure 4. The behavior of the dynamical system (3.1) with a perturbation term
0.001 cos (0.002ξ).

Figure 5 illustrates a transition in the dynamical system as the perturbation amplitude a increases
from 0.001 to 0.01 and the frequency parameter b increases from 0.002 to 0.02. These parameter
changes cause a loss of stability and the onset of chaotic dynamics, as evidenced by the 2D and 3D
phase portraits. The corresponding time series displays a shift from regular to chaotic patterns.

(a) 2D phase portraits (b) 3D phase portraits (c) Time series

Figure 5. The behavior of the dynamical system (3.1) with a perturbation term
0.01 cos (0.02ξ).

Figure 6 demonstrates that increasing the perturbation amplitude from 0.01 to 0.1 and the frequency
parameter from 0.02 to 0.2 produces irregular, nonperiodic trajectories. This change indicates a
complete loss of stability. Both the 2D and 3D phase portraits confirm the presence of fully developed
chaotic behavior. The corresponding time series corroborates this result by showing a transition from
order to chaos. These results indicate that the system operates in a fully chaotic regime under intensified
perturbations.
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(a) 2D phase portraits (b) 3D phase portraits (c) Time series

Figure 6. The behavior of the dynamical system (3.1) with a perturbation term 0.1 cos (0.2ξ).

In summary, numerical simulations indicate that periodic perturbations substantially modify the
dynamical behavior of the system. The system transitions from stable to quasi-periodic and ultimately
to chaotic motion as perturbation strength increases. These results confirm the presence of chaos within
specific parameter ranges and demonstrate that minor parameter variations can induce significant
qualitative changes in the system dynamics.

3.2. Lyapunov stability analysis

Before analyzing the chaotic characteristics of the perturbed system, it is essential to establish a
baseline for the unperturbed case (a = 0). In this scenario, the system (3.1) is conservative and exhibits
only periodic behaviors, as indicated by a vanishing maximum Lyapunov exponent (λmax ≈ 0). The
transition to chaotic dynamics is strictly contingent upon the introduction of the periodic forcing term
(a > 0), which breaks the integrability of the system and leads to a positive maximum Lyapunov
exponent.

Lyapunov exponents measure the average exponential rates at which nearby trajectories in a
nonlinear dynamical system diverge or converge. The exponents are determined from the real parts
of the eigenvalues of the system’s differential equations and provide essential information regarding
system stability. Lyapunov exponents are instrumental in identifying transitions among periodic,
period-doubling, and chaotic regimes during bifurcation analysis. A positive largest Lyapunov
exponent indicates chaotic dynamics, whereas a negative value signifies stable behavior.

The Lyapunov exponents for the dynamical system defined in Eq (3.1) were numerically computed
using specialized routines in Mathematica with high-precision settings to ensure the convergence
of the spectral exponents. Figure 7 presents the convergence of these exponents when a weak
perturbation term of 0.001 cos(0.002ξ) is applied. The calculated exponents are λ1 = 0.0109023180,
λ2 = −0.0109023180, and λ3 = 0, represented by blue, orange, and green lines, respectively. These
results demonstrate that the system maintains a stable periodic or quasi-periodic motion for initial
conditions Θ(0) = 0.02 and Φ(0) = 0.03 under weak perturbations. Figure 8 depicts the convergence
of Lyapunov exponents with a stronger perturbation term of 0.1 cos(0.2ξ). Under these conditions,
the exponents are λ1 = 0.0248963470 (blue line), λ2 = −0.0248963470 (orange line), and λ3 = 0
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(green line).

Figure 7. Convergence of Lyapunov exponents of the dynamical system (3.1) with a weak
perturbation term 0.001 cos(0.002ξ).

Figure 8. Convergence of Lyapunov exponents of the dynamical system (3.1) with a stronger
perturbation term 0.1 cos(0.2ξ).

To ensure the reproducibility of the reported Lyapunov exponents, numerical integration was
performed using the Runge–Kutta–Fehlberg algorithm. This computation involved the simultaneous
integration of the dynamical system described in Eq (3.1) and its associated variational equations.
We employed a step size of ∆t = 0.01 over a sufficiently long time interval (T = 50) to achieve
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stable convergence. The relative and absolute error tolerances were set to 10−7 and 10−8, respectively.
Additionally, the Gram–Schmidt reorthonormalization procedure was applied at each integration step
to prevent the alignment of tangent vectors and accurately capture the spectrum of exponents.

3.3. Global bifurcation analysis and the transition to chaos

To provide a deeper understanding of the dynamical transitions within the Kuralay-II system (3.1),
a detailed numerical bifurcation analysis was conducted. Figure 9 illustrates the bifurcation diagram
of the state variable θ as a function of the forcing frequency b, which serves as the primary control
parameter. The diagram reveals a classical period-doubling route to chaos, a fundamental mechanism
in nonautonomous nonlinear oscillators.

Figure 9. Bifurcation diagram of the dynamical system (3.1) for the state variable θ versus
the forcing frequency b, with A = 2, B = 3, and a = 0.1. The plot illustrates the transition
from stable periodic motion to a chaotic regime through a clear period-doubling cascade.

Initially, for lower frequency regimes, the system’s attractor is a stable limit cycle of period-1. As b
varies, the system undergoes a sequence of period-doubling cascades (flip bifurcations), where the
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stability of the period-n orbit is lost in favor of a stable period-2n orbit. This hierarchical branching
process continues until the onset of a chaotic attractor is observed, where the trajectories become
nonperiodic and highly sensitive to initial conditions. The emergence of these chaotic bands in the
bifurcation diagram is perfectly consistent with the regions of positive Lyapunov exponents (λ > 0)
reported in the previous section. This synergy between qualitative bifurcation mapping and quantitative
Lyapunov analysis provides a solid validation of the complex nonlinear phenomena inherent in the
Kuralay-II equation.

4. Finding exact solutions to the Kuralay-II equation

To solve the Kuralay-II equation, we need to investigate the solutions of Eq (2.3). For this purpose,
we consider the following auxiliary differential equation:(

d
dξ

h (ξ)
)2

= δ1h4 (ξ) + δ2h2 (ξ) + δ0. (4.1)

Equation (4.1) admits several exact solutions, described in the following: Family 1: When δ2
2−4δ0δ1 >

0 and δ0δ1 , 0,

h(ξ) = ±

δ0
√

2 sn


√

2
√
δ2

2−4δ0δ1−2δ2

2 (ξ + ξ0) ,

√
−2

(
δ2

√
δ2

2−4δ0δ1+2δ0δ1−δ
2
2

)
δ0δ1

δ2

√
δ2

2−4δ0δ1+2δ0δ1−δ
2
2

√
δ0

(√
δ2

2 − 4δ0δ1 − δ2

) , ξ0 ∈ R. (4.2)

Family 2: When δ2
2 − 4δ0δ1 = 0, δ1 > 0, and δ2 < 0,

h(ξ) = ±

√
−
δ2

2δ1
tanh

√−δ2

2
(ξ + ξ0)

 , ξ0 ∈ R. (4.3)

h(ξ) = ±

√
−
δ2

2δ1
coth

√−δ2

2
(ξ + ξ0)

 , ξ0 ∈ R. (4.4)

Family 3: When δ2
2 − 4δ0δ1 = 0, δ1 > 0, and δ2 > 0,

h(ξ) = ±

√
δ2

2δ1
tan

√δ2

2
(ξ + ξ0)

 , ξ0 ∈ R. (4.5)

h(ξ) = ±

√
δ2

2δ1
cot

√δ2

2
(ξ + ξ0)

 , ξ0 ∈ R. (4.6)

Family 4: When δ0 > 0, δ1 = 0, and δ2 < 0,

h(ξ) = ±

√
−
δ0

δ2
sin

( √
−δ2 (ξ + ξ0)

)
, ξ0 ∈ R. (4.7)

AIMS Mathematics Volume 11, Issue 3, 7910–7933.



7921

h(ξ) = ±

√
−
δ0

δ2
cos

( √
−δ2 (ξ + ξ0)

)
, ξ0 ∈ R. (4.8)

Family 5: When δ0 > 0, δ1 = 0, and δ2 > 0,

h(ξ) = ±

√
δ0

δ2
sinh

( √
δ2 (ξ + ξ0)

)
, ξ0 ∈ R. (4.9)

h(ξ) = ±i

√
δ0

δ2
cosh

( √
δ2 (ξ + ξ0)

)
, ξ0 ∈ R. (4.10)

Family 6: When δ0 = 0, δ1 ∈ R, and δ2 > 0,

h(ξ) = ±
4δ2e−

√
δ2 (ξ+ξ0)

4δ1δ2e−2
√
δ2 (ξ+ξ0) − 1

, ξ0 ∈ R. (4.11)

Family 7: When δ0 = 0, delta1 > 0, and δ2 > 0,

h(ξ) = ±

√
δ2

δ1
csch

( √
δ2 (ξ + ξ0)

)
, ξ0 ∈ R. (4.12)

Family 8: When δ0 = 0, δ1 > 0, and δ2 < 0,

h(ξ) = ±

√
−
δ2

δ1
csc

( √
−δ2 (ξ + ξ0)

)
, ξ0 ∈ R. (4.13)

h(ξ) = ±

√
−
δ2

δ1
sec

( √
−δ2 (ξ + ξ0)

)
, ξ0 ∈ R. (4.14)

Family 9: When δ0 = 0, δ1 < 0, and δ2 > 0,

h(ξ) = ±

√
−
δ2

δ1
sech

( √
δ2 (ξ + ξ0)

)
, ξ0 ∈ R. (4.15)

Family 10: When δ0 = 0, δ1 > 0, and δ2 = 0,

h(ξ) = ±
1

√
δ1 (ξ + ξ0)

, ξ0 ∈ R. (4.16)

Family 11: When δ0 = 0, δ1

(
p2 − q2

)
> 0, p, q ∈ R, and δ2 > 0,

h(ξ) = ±

√
δ2δ1

(
p2 − q2) csch

(√
δ2 (ξ + ξ0)

)
δ1

(
p − q coth

(√
δ2 (ξ + ξ0)

)) , ξ0 ∈ R. (4.17)

Family 12: When δ0 = 0, δ1 > 0, p, q ∈ R, and δ2 < 0,

h(ξ) = ±

√
−δ2δ1

(
p2 + q2) csc

(√
−δ2 (ξ + ξ0)

)
δ1

(
p − q cot

(√
−δ2 (ξ + ξ0)

)) , ξ0 ∈ R. (4.18)
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h(ξ) = ±

√
−δ2δ1

(
p2 + q2) sec

(√
−δ2 (ξ + ξ0)

)
δ1

(
p − q tan

(√
−δ2 (ξ + ξ0)

)) , ξ0 ∈ R. (4.19)

Family 13: When δ0 = 0, δ1

(
p2 − q2

)
< 0, p, q ∈ R, and δ2 > 0,

h(ξ) = ±

√
−δ2δ1

(
p2 − q2) sech

(√
δ2 (ξ + ξ0)

)
δ1

(
p − q tanh

(√
δ2 (ξ + ξ0)

)) , ξ0 ∈ R. (4.20)

Family 14: When δ0 > 0, δ1 = 0, and δ2 = 0,

h(ξ) = ±
√
δ0 (ξ + ξ0) , ξ0 ∈ R. (4.21)

Family 15: When δ0 ∈ R, δ1 = 1, and δ2 = 0,

h(ξ) = ±
√
℘(ξ + ξ0,−4δ0, 0),where ℘ is a Weierstrass function, ξ0 ∈ R. (4.22)

Family 16: When δ0 ∈ R, δ1 = −1, and δ2 = 0,

h(ξ) = ±
√
−℘ (ξ + ξ0, 4δ0, 0),where ℘ is a Weierstrass function, ξ0 ∈ R. (4.23)

Family 17: When δ0 ∈ R, δ1 = 0, and δ2 > 0,

h(ξ) = ±
1

2
√
δ2

(
e
√
δ2 (ξ+ξ0)

−δ0 e−
√
δ2 (ξ+ξ0)

)
, ξ0 ∈ R. (4.24)

To clarify the mathematical diversity of the solutions, Table 1 summarizes the 17 families derived,
together with their mathematical forms and the nature of solutions.

Table 1. Classification of exact solutions for the auxiliary Eq (4.1).

Families Mathematical forms Nature of solutions
Family 1 Jacobian elliptic Doubly periodic waves (sn)
Families 2–3 Hyperbolic/Trigonometric Solitons (tanh) and periodic (tan)
Families 4–5 Trigonometric/Hyperbolic Linear periodic (sin) and growth (sinh)
Families 6–9 Exponential/Hyperbolic Localized pulses and wave-fronts
Family 10 Rational function Singular algebraic solution
Families 11–13 Combined hyperbolic Complex soliton structures
Family 14 Polynomial Linear growth solution
Families 15–16 Weierstrass function Doubly periodic elliptic solutions
Family 17 Exponential difference Kink-type behavior

Theorem 1. Equation (2.3) has solutions of the following form, where a0, a1, λ0, λ1, λ2, µ0, and µ1 are
real constants:

Θ(ξ) = a0 + a1

(
λ2h2(ξ) + λ1h(ξ) + λ0

µ1h(ξ) + µ0

)
. (4.25)
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Proof. The derivation process is organized as follows: First, we substitute the ansatz from Eq (4.25)
and its derivatives into the nonlinear ordinary differential equation (ODE) given by (2.3). During this
substitution, the derivatives of h(ξ) are replaced using the auxiliary ODE (4.1) to ensure a consistent
polynomial form. We then group all terms according to the powers of h j(ξ) and set each coefficient
to zero, resulting in a system of nonlinear algebraic equations. This system was solved using the
symbolic computation capabilities of Maple 2022. By determining the values of the parameters ai, λi,

and µi and subsequently substituting them back into Eq (4.25), we derive the sets of solutions expressed
in Eqs (4.26)–(4.29). Finally, by applying the specific solution families of the auxiliary equation h(ξ),
we are able to construct the explicit wave structures detailed in Eqs (4.30)–(4.52).

Set 1:  a0 = a0, a1 = a1, δ0 = δ0, δ1 = −
Ba2

1λ
2
1

2µ2
0
, δ2 = −A,

λ0 = −
a0µ0
a1
, λ1 = λ1, λ2 = 0, µ0 = µ0, µ1 = 0.

 (4.26)

Set 2:  a0 = −a1λ1
µ1
, a1 = a1, δ0 = −

Ba2
1λ

2
0

2µ2
1
, δ1 = δ1, δ2 = −A,

λ0 = λ0, λ1 = λ1, λ2 = 0, µ0 = 0, µ1 = µ1.

 (4.27)

Set 3:  a0 = −
a1(λ0µ1+λ1µ0)

2µ0µ1
, a1 = a1, δ0 = −

B(λ1µ0−λ0µ1)2a2
1+4Aµ2

0µ
2
1

16µ4
1

, δ1 =
µ4

1δ0

µ4
0
,

δ2 =
−3B(λ1µ0−λ0µ1)2a2

1+4Aµ2
0µ

2
1

8µ2
0µ

2
1

, λ0 = λ0, λ1 = λ1, λ2 = 0, µ0 = µ0, µ1 = µ1.

 (4.28)

Set 4:  a0 = a0, a1 = a1, δ0 = −
µ2

1(A+δ2)2

18Ba2
1λ

2
2
, δ1 = −

Ba2
1λ

2
2

2µ2
1
, δ2 = δ2,

λ0 = −
µ2

1(A+δ2)
3Ba2

1λ2
, λ1 = −

a0µ1
a1
, λ2 = λ2, µ0 = 0, µ1 = µ1.

 (4.29)

Using the solutions Θ1(ξ),Θ2(ξ),Θ3(ξ), and Θ4(ξ) obtained above, we can now determine the exact
solutions of Eq (2.3). For example, utilizing Eq (4.32) together with the solutions of Eq (4.1) leads to
the following solutions:

1. If δ2
2 − 4δ0δ1 > 0, and δ0δ1 , 0:

Θ4.1(ξ) =



3λ2
2a2

1B



δ0
√

2 sn


√

2
√

δ22−4δ0δ1−2δ2
2 (ξ+ξ0),

√
−2

(
δ2

√
δ22−4δ0δ1+2δ0δ1−δ

2
2

)
δ0δ1

δ2

√
δ22−4δ0δ1+2δ0δ1−δ

2
2

√
δ0

(√
δ22−4δ0δ1−δ2

)



2

−(A+δ2)µ2
1

3a1λ2µ1B



δ0
√

2 sn


√

2
√

δ22−4δ0δ1−2δ2
2 (ξ+ξ0),

√
−2

(
δ2

√
δ22−4δ0δ1+2δ0δ1−δ

2
2

)
δ0δ1

δ2

√
δ22−4δ0δ1+2δ0δ1−δ

2
2

√
δ0

(√
δ22−4δ0δ1−δ2

)





. (4.30)
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2. If δ2
2 − 4δ0δ1 = 0, δ1 > 0, and δ2 < 0:

Θ4.2(ξ) =


3λ2

2a2
1B

(√
−

δ2
2δ1

tanh
(√
−
δ2
2 (ξ + ξ0)

))2

− (A + δ2) µ2
1

3a1λ2µ1B
(√
−

δ2
2δ1

tanh
(√
−
δ2
2 (ξ + ξ0)

))
 , (4.31)

Θ4.3(ξ) =


3λ2

2a2
1B

(√
−

δ2
2δ1

coth
(√
−
δ2
2 (ξ + ξ0)

))2

− (A + δ2) µ2
1

3a1λ2µ1B
(√
−

δ2
2δ1

coth
(√
−
δ2
2 (ξ + ξ0)

))
 . (4.32)

3. If δ2
2 − 4δ0δ1 = 0, δ1 > 0, and δ2 > 0:

Θ4.4(ξ) =


3λ2

2a2
1B

(√
δ2
2δ1

tan
(√

δ2
2 (ξ + ξ0)

))2

− (A + δ2) µ2
1

3a1λ2µ1B
(√

δ2
2δ1

tan
(√

δ2
2 (ξ + ξ0)

))
 , (4.33)

Θ4.5(ξ) =


3λ2

2a2
1B

(√
δ2
2δ1

cot
(√

δ2
2 (ξ + ξ0)

))2

− (A + δ2) µ2
1

3a1λ2µ1B
(√

δ2
2δ1

cot
(√

δ2
2 (ξ + ξ0)

))
 . (4.34)

4. If δ0 > 0, δ1 = 0, and δ2 < 0:

Θ4.6(ξ) =


3λ2

2a2
1B

(√
−
δ0
δ2

sin
(√
−δ2 (ξ + ξ0)

))2
− (A + δ2) µ2

1

3a1λ2µ1B
(√
−
δ0
δ2

sin
(√
−δ2 (ξ + ξ0)

))
 , (4.35)

Θ4.7(ξ) =


3λ2

2a2
1B

(√
−
δ0
δ2

cos
(√
−δ2 (ξ + ξ0)

))2
− (A + δ2) µ2

1

3a1λ2µ1B
(√
−
δ0
δ2

cos
(√
−δ2 (ξ + ξ0)

))
 . (4.36)

5. If δ0 > 0, δ1 = 0, and δ2 > 0:

Θ4.8(ξ) =


3λ2

2a2
1B

(√
δ0
δ2

sinh
(√
δ2 (ξ + ξ0)

))2
− (A + δ2) µ2

1

3a1λ2µ1B
(√

δ0
δ2

sinh
(√
δ2 (ξ + ξ0)

))
 . (4.37)

6. If δ0 = 0, δ1 ∈ R, and δ2 > 0:

Θ4.9(ξ) =


3λ2

2a2
1B

(
4δ2e−

√
δ2 (ξ+ξ0)

4δ1δ2e−2
√
δ2 (ξ+ξ0)−1

)2
− (A + δ2) µ2

1

3a1λ2µ1B
(

4δ2e−
√
δ2 (ξ+ξ0)

4δ1δ2e−2
√
δ2 (ξ+ξ0)−1

)
 . (4.38)
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7. If δ0 = 0, δ1 > 0, and δ2 > 0:

Θ4.10(ξ) =


3λ2

2a2
1B

(√
δ2
δ1

csch
(√
δ2 (ξ + ξ0)

))2
− (A + δ2) µ2

1

3a1λ2µ1B
(√

δ2
δ1

csch
(√
δ2 (ξ + ξ0)

))
 . (4.39)

8. If δ0 = 0, δ1 > 0, and δ2 < 0:

Θ4.11(ξ) =


3λ2

2a2
1B

(√
−
δ2
δ1

csc
(√
−δ2 (ξ + ξ0)

))2
− (A + δ2) µ2

1

3a1λ2µ1B
(√
−
δ2
δ1

csc
(√
−δ2 (ξ + ξ0)

))
 , (4.40)

Θ4.12(ξ) =


3λ2

2a2
1B

(√
−
δ2
δ1

sec
(√
−δ2 (ξ + ξ0)

))2
− (A + δ2) µ2

1

3a1λ2µ1B
(√
−
δ2
δ1

sec
(√
−δ2 (ξ + ξ0)

))
 . (4.41)

9. If δ0 = 0, δ1 < 0, and δ2 > 0:

Θ4.13(ξ) =


3λ2

2a2
1B

(√
−
δ2
δ1

sech
(√
δ2 (ξ + ξ0)

))2
− (A + δ2) µ2

1

3a1λ2µ1B
(√
−
δ2
δ1

sech
(√
δ2 (ξ + ξ0)

))
 . (4.42)

10. If δ0 = 0, δ1 > 0, and δ2 = 0:

Θ4.14(ξ) =

3λ2
2a2

1B
(

1
√
δ1 (ξ+ξ0)

)2
− Aµ2

1

3a1λ2µ1B
(

1
√
δ1 (ξ+ξ0)

)
 . (4.43)

11. If δ0 = 0, δ1

(
p2 − q2

)
> 0, and δ2 > 0:

Θ4.15(ξ) =


3λ2

2a2
1B

( √
δ2δ1(p2−q2) csch (√δ2 (ξ+ξ0))
δ1(p−q coth (√δ2 (ξ+ξ0)))

)2

− (A + δ2) µ2
1

3a1λ2µ1B
( √

δ2δ1(p2−q2) csch (√δ2 (ξ+ξ0))
δ1(p−q coth (√δ2 (ξ+ξ0)))

)
 . (4.44)

12. If δ0 = 0, δ1 > 0, and δ2 < 0:

Θ4.16(ξ) =


3λ2

2a2
1B

( √
−δ2δ1(p2+q2) csc (√−δ2 (ξ+ξ0))
δ1(p−q cot (√−δ2 (ξ+ξ0)))

)2

− (A + δ2) µ2
1

3a1λ2µ1B
( √

−δ2δ1(p2+q2) csc (√−δ2 (ξ+ξ0))
δ1(p−q cot (√−δ2 (ξ+ξ0)))

)
 , (4.45)

Θ4.17(ξ) =


3λ2

2a2
1B

( √
−δ2δ1(p2+q2) sec (√−δ2 (ξ+ξ0))
δ1(p−q tan (√−δ2 (ξ+ξ0)))

)2

− (A + δ2) µ2
1

3a1λ2µ1B
( √

−δ2δ1(p2+q2) sec (√−δ2 (ξ+ξ0))
δ1(p−q tan (√−δ2 (ξ+ξ0)))

)
 . (4.46)
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13. If δ0 = 0, δ1

(
b2 − c2

)
< 0, and δ2 > 0:

Θ4.18(ξ) =


3λ2

2a2
1B

( √
−δ2δ1(p2−q2) sech (√δ2 (ξ+ξ0))
δ1(p−q tanh (√δ2 (ξ+ξ0)))

)2

− (A + δ2) µ2
1

3a1λ2µ1B
( √

−δ2δ1(p2−q2) sech (√δ2 (ξ+ξ0))
δ1(p−q tanh (√δ2 (ξ+ξ0)))

)
 . (4.47)

14. If δ0 > 0, δ1 = 0, and δ2 = 0:

Θ4.19(ξ) =

3λ2
2a2

1B
(√
δ0 (ξ + ξ0)

)2
− Aµ2

1

3a1λ2µ1B
(√
δ0 (ξ + ξ0)

)
 . (4.48)

15. If δ0 ∈ R, δ1 = 1, and δ2 = 0:

Θ4.20(ξ) =

3λ2
2a2

1B
( √

℘(ξ + ξ0,−4δ0, 0)
)2
− Aµ2

1

3a1λ2µ1B
( √

℘(ξ + ξ0,−4δ0, 0)
)

 . (4.49)

16. If δ0 ∈ R, δ1 = −1, and δ2 = 0:

Θ4.21(ξ) =

3λ2
2a2

1B
( √
−℘ (ξ + ξ0, 4δ0, 0)

)2
− Aµ2

1

3a1λ2µ1B
( √
−℘ (ξ + ξ0, 4δ0, 0)

)
 . (4.50)

17. If δ0 ∈ R, δ1 = 0, and δ2 > 0:

Θ4.22(ξ) =

3λ2
2a2

1B
(

1
2
√
δ2

(
e
√
δ2 (ξ+ξ0)−δ0 e−

√
δ2 (ξ+ξ0)

))2
− (A + δ2) µ2

1

3a1λ2µ1B
(

1
2
√
δ2

(
e
√
δ2 (ξ+ξ0)−δ0 e−

√
δ2 (ξ+ξ0)

))
 . (4.51)

Substituting the solutions Θ4.l(ξ) (l = 1, 2, . . . , 22) into Eq (2.2) and using the relation R = εΞ leads
to the following solutions of the Kuralay-II equation:

Ξ4.l(x, t) = Θ4.l(ξ)eiκ,

Λ4.l(x, t) = 2εm2
(1−m1)Θ

2
4.l(ξ) + c,

R4.l(ξ) = εΞ4.l (ξ), l = 1, 2, . . . , 22,

(4.52)

where κ = m1x + m2t, c = c1m2/k1(1 − m1), ξ = (k1(1 − m1)/m2)x + k1t,m1 < {0, 1} ,m2 , 0, and
k1 , 0. �

5. Graphical representations and discussions

This section examines particular solutions of the Kuralay-II equation obtained from Set 4. We
present three-dimensional graphical representations of the absolute value and real part, which illustrate
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how these solutions behave as parameter values change. We begin by exploring the function Ξ4.2(ξ)
obtained by substituting δ2 = −1,m1 = 2,m2 = 10, a1 = 11, µ1 = 1, µ0 = 0, k1 = 5, λ2 = 11, ε = −1,
and c = −30 into Θ4.2(ξ), followed by the application of Eq (4.52). Figure 10 shows the real and
absolute components, where ξ = −1/2x + 5t, and ξ0 = 1. This visualization reveals a linearly growing
traveling wave solution within the domains −π/8 < x < π/8 and −π/8 < t < π/8.

(a) Real part (b) Absolute part

Figure 10. The real and absolute parts of Ξ4.2(x, t) within the domains −π/8 < x < π/8 and
−π/8 < t < π/8.

Figure 11 presents the real and absolute parts of the function Ξ4.4(ξ), where ξ = −10x + 5t, and
ξ0 = 1. The function results from substituting δ2 = 1/10,m1 = 3,m2 = 1, a1 = 1, µ1 = 2, µ0 = 0, k1 =

5, λ2 = 1, ε = −1, and c = 22 into Θ4.4(ξ) and applying Eq (4.52). The figure illustrates a singular
periodic soliton wave profile in the domains −π/2 < x < π/2 and −π/2 < t < π/2.

Figure 12 shows the real and absolute values of the function Ξ4.5(ξ), where ξ = −1/2x + 5t, and
ξ0 = 1. The function is obtained by substituting δ2 = 8,m1 = 2,m2 = 10, a1 = 11, µ1 = 1, µ0 =

0, k1 = 5, λ2 = 11, ε = −1, and c = −30 into Θ4.5(ξ), followed by the application of Eq (4.52). The
figure illustrates a singular periodic soliton wave in its real and absolute values within the domains
−π/8 < x < π/8 and −π/8 < t < π/8.

Finally, we present the function Ξ4.11(ξ) where ξ = −2x + 5t, and ξ0 = 1. This function results from
substituting δ2 = 6/5, m1 = 3, m2 = 5, a1 = 1, µ1 = 2, µ0 = 0, k1 = 5, λ2 = 1, ε = −1, and c = 22 into
Θ4.10(ξ), followed by the application of Eq (4.52). Figure 13(b) displays a singular kink profile, and
Figure 13 illustrates soliton shapes within the domains −π < x < π and −π < t < π.
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(a) Real part (b) Absolute part

Figure 11. The real and absolute parts of Ξ4.4(x, t) within the domains −π/2 < x < π/2 and
−π/2 < t < π/2.

(a) Real part (b) Absolute part

Figure 12. The real and absolute parts of Ξ4.5(x, t) within the domain −π/8 < x < π/8 and
−π/8 < t < π/8.
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(a) Real part (b) Absolute part

Figure 13. The real and absolute parts of Ξ4.10(x, t) within the domains −π < x < π and
−π < t < π.

6. Physical analysis and comparative study

This section analyzes the physical characteristics of the derived solutions Ξ4.1–Ξ4.11 and compares
them with those in the existing literature. The current method reveals a broader range of behaviors
and diverse wave structures, as illustrated in Figures 10–13. Specifically, this method can identify
amplifying pulse envelopes (Figure 10), singular rogue-wave precursors (Figure 11), nonlinear
resonance oscillations (Figure 12), and singular kink profiles that represent topological defects
(Figure 13).

A comparative assessment with the approaches proposed in [20, 24, 26, 27] shows that our results
encompass all the solutions presented in these studies. Specifically, our method reproduces the standard
bright and dark solitons reported in [20, 24]. However, our singular periodic structures (Ξ4.4,Ξ4.5)
and the csch-based localized solutions were not documented in [20, 24]. Additionally, our findings
are consistent with the Jacobi elliptic solutions in [26], and the kink profile in Ξ4.11 generalizes the
topological solitons identified in [27]. Overall, our framework not only confirms known wave types
but also expands the solution landscape of the Kuralay-II equation by introducing novel singular and
kink-type structures.

7. Conclusions

In this work, we conducted a comprehensive investigation into the dynamics of the Kuralay-II
equation. Starting with an analysis of its bifurcation structure and phase portraits, we gained insights
into the dynamical transitions of the system. We then used Lyapunov stability analysis to assess the
presence of chaos and quantify the sensitivity to initial conditions. In addition, we derived multiple
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exact solutions using a direct analytical method and visualized the absolute and real parts of some
selected solutions to emphasize their structural complexity and physical relevance. These findings
enhance our understanding of nonlinear models and underscore their potential applications in diverse
scientific and engineering fields. Future research could enhance the proposed framework by examining
the Kuralay-II equation in higher dimensions, including (2 + 1) or (3 + 1), which would allow for
the exploration of more complex localized structures. Additionally, a comparative analysis with
existing methods should be conducted, particularly focusing on the quantity and nature of the solutions
obtained. Investigating the effects of stochastic perturbations or time-fractional derivatives on chaotic
transitions would also yield valuable insights into real-world applications in nonlinear optics. Finally,
the use of machine learning techniques to predict soliton stability in the presence of noise represents a
promising avenue for future exploration.
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