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Abstract: In the study, the finite-time synchronization (FTSN) for a kind of master-slave quaternion-
valued fractional-order neural networks (MSQVFONNS) is discussed. By using the negative definition
of matrix and the properties of the determinant, two novel criteria on the FTSN for the considered
MSFOQVNNS are established. The negative definition of the matrix and the properties of the
determinant are introduced to study the FTSN for neural networks (NNs) in our article. Since until,
studies about the FTSN for the NNs are rare and researchers have only used the linear matrix inequality
(LMI), finite time stability theorems (FTSTs) of fractional order and Lyapunov direct method to study
the FTSN for the MSFOQVNNS, so far, our method to study the FTSN for the MSFOQVNNS is of
definite significance.
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1. Introduction

Fractional calculus can better describe the dynamic behaviors of neurons because of the memory
and hereditary behaviors involved. Some researchers have applied the fractional calculus to neural
networks (NNs) and created fractional-order NNs (FONNs). So far, the dynamic properties of FONNs
have been extensively investigated [1–3]. Some scholars have found that quaternions are an effective
tool to handle multidimensional data; they have created quaternion valued NNs. Compared with
real-valued and complex-valued NNs, the quaternion valued NNs have remarkable advantages in
extensive key fields including color image compression, attitude control and the like. Synchronization
among master-slave NNs has been widely applied in safety communication, image encryption, and
some other fields. Some researchers have done wide research on the infinite tine synchronization for
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the master-slave FONNs (MSFONNs). For example, In [4], by utilizing the matrix measure approach,
the synchronization of the MSFONNs was discussed. By employing a novel approach based on
fractional-order Dini-like derivatives within the matrix measure framework, the synchronization
between the MSFONNs was obtained. In [5], the global Mittag-Leffler synchronization (GMLS)
problem of Caputo fractional-order inertial memristive neural networks (FOIMNNs) was studied.
Using the Filippov discontinuous theory, Lyapunov stability theory, and Mittag-Leffler convergence,
several sufficient conditions were derived to ensure the GMLS of FOIMNNs. In [6], the
qui-synchronization (QS) for a class of master-slave fractional-order complex-valued bidirectional
associative memory (BAM) neural networks (MSFOCVBAMNNs) was investigated. To begin, by
utilizing Laplace transform and the Mittag-Leffler function property, a novel fractional differential
inequality was obtained. Then, sufficient conditions were obtained to assure the QS for the considered
MSFOCVBAMNNs by utilizing the nondecomposable method. In [7], the synchronization problem
of the master-slave fractional variable-order delayed neural networks (MSFVODNNs) was explored
under the sampled-data control scheme. Novel synchronization criteria were gained in the form of
linear matrix inequality (LMI) to guarantee the asymptotic stability of the error states of
MSFVODNNs. The paper [8] mainly used intermittent quantized controller to examine asymptotic
synchronization between MSFONNs. First, by using the advantages of intermittent properties, a new
lemma with asymptotic stability inequalities was put forward. Second, combining intermittent
properties with quantization skill, two different categories of intermittent quantized controllers were
constructed to ensure the synchronization of the MSFONNs. In [9], the function matrix projective
synchronization (FMPS) for the MSFONNs was discussed. By designing the adaptive control strategy
with the controlling strength updated rules and the unknown parameter adaptive rules, the FMPS was
realized by establishing a Lyapunov function for the considered MSFONNS. The paper [10]
investigated the QS and complete synchronization (CS) for master-slave fractional-order fuzzy
bidirectional associative memory neural networks (MSFOBAMNNs). Some synchronization criteria
were derived for the explored systems by utilizing the Lyapunov function approach, fractional
calculation and some inequality skills.

However, the studies on the finite-time synchronization (FTSN) for MSFONNs are rare. So far, we
only find a few articles which investigated the FTSN of the MSFONNs. In [11], a hybrid controller
with a sampled data control was investigated to achieve finite-time master-slave synchronization for
the MSFONNs. A Lyapunov-Krasovskii functional was constructed to obtain the sufficient
conditions. The obtained conditions were expressed via LMI. The finite-time synchronization (FTSN)
was studied in [12] for delayed fractional-order quaternion valued Cohen-Grossberg neural networks
(FQVCGNNs). To begin, a fractional-order finite-time stability theorem (FTST) was established by
utilizing the definition of a fractional-order integral. Then, a novel quaternion-valued feedback
controller and a quaternion-valued adaptive controller were designed, respectively, to realize the
FTSN of the FQVCGNNs. In [13], the FTSN of the MSFONNs was studied. Using the inequality on
the fractional-order derivative of the composite function, a novel fractional-order finite-time
inequality was obtained. Using this novel inequality, the designed feedback controllers and the
fractional-order power law inequality, two novel criteria were obtained to assure the FTSN of the
MSFONNs. In [14], this synchronization problem over a finite-time domain for a class of
fractional-order stochastic NNS was discussed. Some criteria on the synchronization for the networks
were obtained systematically by implementing MSFOQVNNs indirect method and applying the
FTST. In [15], the FTSN of the MSFOQVNNs was considered without applying decomposition.
First, two inequalities about quaternion were gained to broaden the current achievements in
quaternion field. Secondly, a fractional differential inequality was established by using Laplace
transform and applying the definition of the Mittag-Leffler function. Then, by employing the
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presented inequalities and two different quaternion control strategies, some new conditions were
derived to assure the FTSN of delayed FOQVNNs. In [16], the FTSN of FOQVNNs with time delay
was studied. Without separating the quaternion-valued system into two complex valued or four
real-valued systems, the FTSN criteria were derived by using Lyapunov direct method.

Up to present, researchers often have applied LMI ([11]), FTST ([12,14]), a fractional inequality
([13]), Laplace transform ([15]), and the Lyapunov direct method ([16]) to studying the FTSN for the
considered MSFONNs.

Studies concerning the FTSN for MSFONNs, considering only LMI, FTST, fractional inequality,
and Laplace transform have been used to study the FTSN for MSFONNs. Inspired by past study
contributions on the FTSN for MSFONNs, in this article, we introduce a new method to study this
topic for the MSFONNS. Namely, we will study the FTSN for a kind of master slave quaternion-
valued fractional order NNS (MSQVFONNs) by utilizing the negative definition of matrix and the
properties of the determinant.

Our proof is divided into the four steps as follows:
Step 1. Transform the given MSFOQVNNs into a real-valued fractional order system of four
differential equations.
Step 2. By constructing a V function and applying the real-valued differential equation system, we get

Dµ
t ≤ [Lq(t)]T ALq(t) − η,

where, Dµ
t denotes the fractional derivative, µ is the fractional order number. [Lq(t)]T ALq(t) is a

quadratic type, η > 0 is a constant.
Step 3. Using the properties of the determinant and the negative definition of matrix, we prove A < 0.
Step 4. Via Step 3, we have

Dµ
t V(t)

≤ [Lq(t)]T ALq(t) − η
< −η.

Step 5. Integrating on both sides of the inequality in Step 4, we have

lim
t→T

V(t) = 0,V(t) = 0, t ≥ T.

This completes the proof of the FTSN.
Usually, there are two methods to study the synchronization of quaternion-valued NNs: (a) the

decomposition method; (b) nondecomposition method.
In this paper, the quaternion-valued NNs are broken down into a real-valued system of four

differential equations by decomposition method. One of the advantages of the decomposition method
is that we can get a differential equation group of four differential equations, and then from this
differential equation group, the inequality in Step 2 can be obtained. Furthermore, by Step 3-Step 5,
the FTSN for the considered MSFONNs can be achieved. Another advantage of the decomposition
method is that the study on the FTSN for the MSFONNs is transformed into the computation of the
determinant. By applying an LMI to study the FTSN, the conditions obtained are so complicated that
the results cannot easily tested, and by applying FTST to studying the FTSN, it is difficult to obtain
the fractional order inequalities. By applying our method to study the FTSN, however, we only need
to compute the determinant, which is easier and more computationally efficient. Although the proof
process is cumbersome, and many complicated formulas are needed in the computation, but the idea
is simple, in that, we only need to compute the discussed determinant. However, the limitation of our
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method is that when the dimension of the determinant increases, the computation will become more
difficult. Therefore, the determinant computed cannot exceed an order of eight. In order to obtain four
differential equations of the same dimension number, it is indispensable to transfer the
quaternion-valued NNs into a real-valued NNs of several equations. The main contributions of this
article are therefore: (a) A new method is introduced to investigate the FTSN for the MSFONNs: the
negative definition of matrix is introduced; (b) The properties of the determinant are cited to study the
FTSN for MSFONNs; (c) Two novel FTSN criteria are obtained for the considered MSFOQVNNs.

The arrangement of this paper is scheduled as follows: In Section 2, some definitions and lemmas
are introduced. In Section 3, two criteria on the FTSN for the considered MSFONNs are given. In
Section 4, two examples are given to certify the validity of our main results. In Section 5, we present
the conclusion of this paper and some outlooks for future work.

2. Preliminaries

Based on the model in [15], we consider a kind of FOQVNNs with the Caputo fractional operator
of the order µ expressed by (2.1) for q, p = 1, 2, · · · ,w,

Dµ
t [αq(t)] = −aqαq(t) +

w∑
p=1

bqpFp(αp(t)) +
w∑

p=1
cqpFp(αp(t − τ)) + rq, (2.1)

where, w denotes the number of neurons, t ≥ 0, αq(t) represents the qth neuron’s state variable, 0 < µ <
1 is a constant, aq > 0 denotes the self-feedback weight; bqp, cqp ∈ Q are the interconnection weights,
Fq(αq(t)) : R+ → Q is the activation function, rq is the constant external input, the integer τ is the time
delay.

The initial values of System (2.1) are constructed as

αq(γ) = ϕ̂q(γ), γ ∈ [−τ, 0].

Let

αq(n) = αR
q + iαI

q + jαJ
q + kαK

q ;

bpq = bR
pq + ibI

pq + jbJ
pq + kbK

pq;

Fp(αp(t)) = FR
p(αR

p(t)) + iF I
p(αI

p(t)) + jF J
p(αJ

p(t)) + kFK
p (αK

p (t))(Assumption1);

cpq = cR
pq + icI

pq + jcJ
pq + kcK

pq;

Fp(αp(t − τ)) = FR
p(αR

p(t − τ)) + iF I
p(αI

p(t − τ)) + jF J
p(αJ

p(t − τ)) + kFK
p (αK

p (t − τ))(Assumption1);

rq = rR
q + irI

q + jrJ
q + krK

q .
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Then Eq (2.1) can be articulated as:



Dµ
t [αR

q (t)]

= −aqα
R
q (t) +

w∑
p=1

{
bR

pqFR
p(αR

p(t)) − bI
pqF I

p(αI
p(t)) − bJ

pqF J
p(αJ

p(t)) − bK
pqFK

p (αK
p (t))

+ cR
pqFR

p(αR
p(t − τ)) − cI

pqF I
p(αI

p(t − τ)) − cJ
pqF J

p(αJ
p(t − τ)) − cK

pqFK
p (αK

p (t − τ))
}
+ rR

q

Dµ
t [αI

q(t)]

= −aqα
I
q(t) +

w∑
p=1

{
bI

pqFR
p(αR

p(t)) + bR
pqF I

p(αI
p(t)) + bJ

pqFK
p (αK

p (t)) − bK
pqF J

p(αJ
p(t))

+ cI
pqFR

p(αR
p(t − τ)) + cR

pqF I
p(αI

p(t − τ)) − cK
pqF J

p(αJ
p(t − τ)) + cJ

pqFK
p (αK

p (t − τ))
}
+ rI

q

Dµ
t [αJ

q(t)]

= −aqα
J
q(t) +

w∑
p=1

{
bJ

pqFR
p(αR

p(t)) + bR
pqF J

p(αJ
p(t)) − bI

pqFK
p (αK

p (t)) + bK
pqF I

p(αI
p(t))

+ cJ
pqFR

p(αR
p(t − τ)) + cR

pqF J
p(αJ

p(t − τ)) − cI
pqFK

p (αK
p (t − τ)) + cK

pqF I
p(αI

p(t − τ))
}
+ rJ

q

Dµ
t [αK

q (t)]

= −aqα
K
q (t) +

w∑
p=1

{
bR

pqFK
p (αK

p (t)) + bK
pqFR

p(αR
p(t)) + bI

pqF J
p(αJ

p(t)) − bJ
pqF I

p(αI
p(t))

+ cR
pqFK

p (αK
p (t − τ)) + cK

pqFR
p(αR

p(t − τ)) + cI
pqF J

p(αJ
p(t − τ)) − cJ

pqF I
p(αI

p(t − τ))
}
+ rK

q .

(2.2)

The initial conditions of System (2.2) are as follows:

αλq(s) = ϕλq(s), s ∈ [−τ, 0],

λ = R, I, J,K, ϕq(s) is a continuous function.
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Take System (2.2) as the master system, and the slave system is depicted as for q, p = 1, 2, · · · ,w



Dµ
t [βR

q (t)]

= −aqβ
R
q (t) +

w∑
p=1

{
bR

pqFR
p(βR

p(t)) − bI
pqF I

p(βI
p(t)) − bJ

pqF J
p(βJ

p(t)) − bK
pqFK

p (βK
p (t))

+ cR
pqFR

p(βR
p(t − τ)) − cI

pqF I
p(βI

p(t − τ)) − cJ
pqF J

p(βJ
p(t − τ)) − cK

pqFK
p (βK

p (t − τ))
}
+ rR

q

+ l1q(t)

Dµ
t [βI

q(t)]

= −aqβ
I
q(t) +

w∑
p=1

{
bI

pqFR
p(βR

p(t)) + bR
pqF I

p(βI
p(t)) + bJ

pqFK
p (βK

p (t)) − bK
pqF J

p(βJ
p(t))

+ cI
pqFR

p(βR
p(t − τ)) + cR

pqF I
p(βI

p(t − τ)) − cK
pqF J

p(βJ
p(t − τ)) + cJ

pqFK
p (βK

p (t − τ))
}
+ rI

q

+ l2q(t)

Dµ
t [βJ

q(t)]

= −aqβ
J
q(t) +

w∑
p=1

{
bJ

pqFR
p(βR

p(t)) + bR
pqF J

p(βJ
p(t)) − bI

pqFK
p (βK

p (t)) + bK
pqF I

p(βI
p(t))

+ cJ
pqFR

p(βR
p(t − τ)) + cR

pqF J
p(βJ

p(t − τ)) − cI
pqFK

p (βK
p (t − τ)) + cK

pqF I
p(βI

p(t − τ))
}
+ rJ

q

+ l3q(t)

Dµ
t [βK

q (t)]

= −aqβ
K
q (n) +

w∑
p=1

{
bR

pqFK
p (βK

p (t)) + bK
pqFR

p(βR
p(t)) + bI

pqF J
p(βJ

p(t)) − bJ
pqF I

p(βI
p(t))

+ cR
pqFK

p (βK
p (t − τ)) + cK

pqFR
p(βR

p(t − τ)) + cI
pqF J

p(βJ
p(t − τ)) − cJ

pqF I
p(βI

p(t − τ))
}
+ rK

q

+ l4q(t).

(2.3)

where, the parameters in System (2.3) are the same as ones as in System (2.2); l1q(t), l2q(t), l3q(t), l4q(t)
are the controllers, and βI

q(t), βJ
q(t), βR

q (t), βK
q (t) are the status variables. The initial conditions of System

(2.3) are planed as follows:

βλq(s) = ψλq(s), s ∈ [−k, 0], λ = R, I, J.K.

Setting Xλ
q (t) = βλq(t) − αλq(t), λ = R, I, J,K. denote

FR
p(XR

p (t)) = FR
p(βR

p(t)) − FR
p(αR

p(t)), F I
p(XI

p(t)) = F I
p(βI

p(t)) − F I
p(αI

p(t)),

F J
p(XJ

p(t)) = F J
p(βJ

p(t)) − F J
p(αJ

p(t)), FK
p (XK

p (t)) = FK
p (βK

p (t)) − FK
p (αK

p (t)).
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Then, the error system between (2.2) and (2.3) can be depicted as

Dµ
t [XR

q (t)]

= −aqXR
q (t) +

w∑
p=1

{
bR

pqFR
p(XR

p (t)) + bI
pqF I

p(XI
p(t)) + bJ

pqFK
p (XK

p (t)) − bJ
pqF J

p(XJ
p(t)) + cI

pq×

FR
p(XR

p (t − τ)) + cR
pqF I

p(XI
p(t − τ)) − cK

pqF J(XJ(t − τ)) + cJ
pqFK

p (XK
p (t − τ)) + l1q(t)

}
;

Dµ
t [XI

q(t)]

= −aqXI
q(t) +

w∑
p=1

{
bI

pqFR
p(XR

p (t)) + bR
pqF I

p(XI
p(t)) + bJ

pqFK
p (XK

p (t))) − bK
pqF J

p(XJ
p(t)) + cI

pq×

FR
p(XR

p (t − τ)) + cR
pqF I

p(XI
p(t − τ)) − cK

pqF J
p(XJ

p(t))) + cJ
pqFK

p (XK
p (t − τ)) + l2q(t)

}
;

Dµ
t [XJ

q (t)]

= −aqXJ
q (t) +

w∑
p=1

{
bJ

pqFR
p(XR

p (t)) + bR
pqF J

p(XJ
p(t)) − bI

pqFK
p (XK

p (t)) + bK
pqF I

p(XI
p(t)) + cJ

pq×

FR
p(XR

p (t − τ)) + cR
pqF J

p(XJ
p(t − τ)) − cI

pqFK
p (XK

p (t − τ)) − cK
pqF I

p(XI
p(t − τ)) + l3q(t)

}
;

Dµ
t [XK

q (t)]

= −aqXK
q (t) +

w∑
p=1

{
bR

pqFK
p (XK

p (t)) + bK
pqFR

p(XR
p (t)) + bI

pqF J
p(XJ

p(t)) − bJ
pqF I

p(XI
p(t)) + cR

pq×

FK
p (XK

p (t − τ)) + cK
pqFR

p(XR
p (t − τ)) + cI

pqF J
p(XJ

p(t − τ)) − cJ
pqF I

p(XI
p(t − τ)) + l4q(t)

}

(2.4)

Definition 2.1 (A. Kilbas et al. [19]). The fractional integral of function h(t) is defined as

Iµ[h(t)] =
1
Γ∗(µ)

∫ t

t0
(t − u)µ−1h(u)du, µ > 0,

where Γ∗(.) is the well-known gamma function given by

γ∗(µ) =
∫ ∞

0
tµ−1e−tdt.

Definition 2.2 (A. Kilbas et al. [19]). The Caputo fractional derivative of function h(t) is defined by

Dµ
t [h(t)] =

1
γ∗(n − µ)

∫ t

t0

hn(s)
(t − s)µ−n+1 ds,

where 0 ≤ n − 1 < µ < n, γ∗(.) is the gamma function. Particularly, when 0 < µ < 1,

Dµ
t [h(t)] =

1
Γ∗(1 − µ)

∫ t

t0

(h)′(s)
(t − s)µ

ds.

Definition 2.3. The drive system (2.2) and the response system (2.3) are said to achieve the FTSN
if, for arbitrary solutions of System (2.2) and System (2.3) denoted by [α1(t), α2(t), · · · , αw(t)]T and
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[β1(t), β2(t), · · · , βw(t)], there is a positive function T which is related to the initial values of the error
system such that

lim
t→T
|αλi (t) − βλi (t)| = 0, |αλi (t) − βλi (t)| = 0, λ = R, I, J,K, t > T.

Definition 2.4. The real quadratic form f (x1, x2, · · · , xn) is said to be the positive definite quadratic
form if for not being all zero real numbers (c1, c2, · · · , · · · , cn), one has f (c1, c2, · · · , cn) > 0.
Definition 2.5. The real symmetric matrix A is said to be positive-definite if the real quadratic form
XT AX is a positive quadratic form.
Lemma 2.1 (A. Kilbas et al [19]). If the CFD Dµ

t [h(t)] is integrable, then the µ integration of Dµ
t [h(t)]

is defined as

Iµ[Dµ
t (h(t))] = h(t) −

n̂−1∑
k=0

(h)(k)(t0)
k!

(t − t0)k.

Especially, for 0 < µ ≤ 1, one has

Iµ[Dµ
t (h(t))] = h(t) − h(t0).

Lemma 2.2 (All members of Algebra [17]) Consider the real symmetrical matrix K = (ki, j)n×n. Then,
K < 0 if and only if all of the following requirements are satisfied: For i = odd, i ≤ n,

Ki =

∣∣∣∣∣∣∣∣∣∣∣
k11 k12 · · · k1i

k21 k22 · · · k2i

· · · · · · · · · · · ·

ki1 ki2 · · · kii

∣∣∣∣∣∣∣∣∣∣∣ < 0;

for i = even, i ≤ n,

Ki =

∣∣∣∣∣∣∣∣∣∣∣
k11 k12 · · · k1i

k21 k22 · · · k2i

· · · · · · · · · · · ·

ki1 ki2 · · · kii

∣∣∣∣∣∣∣∣∣∣∣ > 0.

Lemma 2.3 (Q.Peng et al [18]). Assume that 0 < µ < 1. Then,

Dµ
t [g2(x)] ≤ 2g(x)Dµ

t g(x);

Dµ
t |g(x)| ≤ sign[g(x)]Dµ

t g(x).

Lemma 2.4. If µ is the Caputo fractional-order, then

Dµ
t [ f1(x) + f2(x) + · · · + fn(x)] = Dµ

t f1(x) + Dµ
t f2(x) + · · · + Dµ

t fn(x).

Proof. From the Definition 2.2, the proof of Lemma 2.4 can be finished.

In this work, the following assumptions hold:
Assumption 1:

Fp(αp(t)) = FR
p(αR

p(t)) + iF I
p(αI

p(t)) + jF J
p(αJ

p(t)) + kFK
p (αK

p (t − τ));
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Assumption 2: There exist positive constants LR, LI , LJ, LK such that

|FR
p(y1) − Fp(y2)| ≤ LR|y1 − y2|, |F I

p(y1) − F I
p(y2)| ≤ LI |y1 − y2|,

|F J
p(y1) − F J

p(y2)| ≤ LJ |y1 − y2|, |FK
p (y1) − FK

p (y2)| ≤ LK |y1 − y2|;

for all y1, y2 ∈ R, p = 1, 2, · · · ,w, |.| is the norm of the Euclidean space R.
Some notations are cited as follows:

r1 = max
1≤q≤w
{

w∑
p=1

|bR
pq|L

R}, r2 = max
1≤q≤w
{

w∑
p=1

|bR
qp|L

R}, r3 = max
1≤q≤w
{

w∑
p=1

|bR
pq|L

I};

r4 = max
1≤q≤w
{

w∑
p=1

|bI
qp|L

I}, r5 = max
1≤q≤w
{

w∑
p=1

|bK
pq|L

K}, r6 = max
1≤q≤w
{

w∑
p=1

|bJ
qp|L

K};

r7 = max
1≤q≤w
{

w∑
p=1

|bK
qp|L

J}, r8 = max
1≤q≤w
{

w∑
p=1

|bK
pq|L

J}, r9 = max
1≤q≤w
{

w∑
p=1

|cI
pq|L

R};

r10 = max
1≤q≤w
{

w∑
p=1

|cI
qp|L

R}, r11 = max
1≤q≤w
{

w∑
p=1

|cR
pq|L

I}, r12 = max
1≤q≤w
{

w∑
p=1

|cR
qp|L

I};

r13 = max
1≤q≤w
{

w∑
p=1

|cK
pq|L

J}, r14 = max
1≤q≤w
{

w∑
p=1

|cK
qp|L

J}, r15 = max
1≤q≤w
{

w∑
p=1

|cJ
pq|L

K};

r16 = max
1≤q≤w
{

w∑
p=1

|cJ
qp|L

K}, r17 = max
1≤q≤w
{

w∑
p=1

|bI
pq|L

R}, r18 = max
1≤q≤w
{

w∑
p=1

|bI
qp|L

R};

r19 = max
1≤q≤w
{

w∑
p=1

|bR
pq|L

I}, r20 = max
1≤q≤w
{

w∑
p=1

|bR
qp|L

I}, r21 = max
1≤q≤w
{

w∑
p=1

|bJ
pq|L

K};

r22 = max
1≤q≤w
{

w∑
p=1

|bJ
qp|L

K}, r23 = max
1≤q≤w
{

w∑
p=1

|bK
pq|L

J}, r24 = max
1≤q≤w
{

w∑
p=1

|bK
qp|L

J};

r25 = max
1≤q≤w
{

w∑
p=1

|cI
pq|L

R}, r26 = max
1≤q≤w
{

w∑
p=1

|cI
qp|}L

R, r27 = max
1≤q≤w
{

w∑
p=1

|cR
pq|L

I};

r28 = max
1≤q≤w
{

w∑
p=1

|cR
qp|L

I}, r29 = max
1≤q≤w
{

w∑
p=1

|cK
pq|L

J}, r30 = max
1≤q≤w
{

w∑
p=1

|cK
qp|L

J};

r31 = max
1≤q≤w
{

w∑
p=1

|cJ
pq|L

K}, r32 = max
1≤q≤w
{

w∑
p=1

|cJ
qp|L

K}, r33 = max
1≤q≤w
{|bJ

pq|L
R};

r34 = max
1≤q≤w
{

w∑
p=1

|bJ
qp|}, r35 = max

1≤q≤w
{

w∑
p=1

|bJ
pq|}, r36 = max

1≤q≤w
{

w∑
p=1

|bJ
qp|L

J};

r37 = max
1≤q≤w
{

w∑
p=1

|bI
pq|L

K}, r38 = max
1≤q≤w
{

w∑
p=1

|bI
qp|L

K}, r39 = max
1≤q≤w
{

w∑
p=1

|bK
pq|L

I};
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r40 = max
1≤q≤w
{

w∑
p=1

|bK
qp|L

I}, r41 = max
1≤q≤w
{

w∑
p=1

|cJ
pq|L

R}, r42 = max
1≤q≤w
{

w∑
p=1

|cJ
qp|L

R};

r43 = max
1≤q≤w
{

w∑
p=1

|cR
pq|L

J}, r44 = max
1≤q≤w
{

w∑
p=1

|cR
qp|L

J}, r45 = max
1≤q≤w
{

w∑
p=1

|cI
pq|L

K};

r46 = max
1≤q≤w
{

w∑
p=1

|cI
qp|L

K}, r47 = max
1≤q≤w
{

w∑
p=1

|cK
pq|L

I}, r48 = max
1≤q≤w
{

w∑
p=1

|cK
qp|L

I};

r49 = max
1≤q≤w
{

w∑
p=1

|bR
pq|L

K}, r50 = max
1≤q≤w
{

w∑
p=1

|bR
qp|L

K}, r51 = max
1≤q≤w
{

w∑
p=1

|bK
pq|L

R};

r52 = max
1≤q≤w
{

w∑
p=1

|bK
qp|L

R}, r53 = max
1≤q≤w
{

w∑
p=1

|bI
pq|L

J}, r54 = max
1≤q≤w
{

w∑
p=1

|bI
qp|L

J};

r55 = max
1≤q≤w
{

w∑
p=1

|bJ
pq|L

I}, r56 = max
1≤q≤w
{

w∑
p=1

|bJ
qp|L

I}, r57 = max
1≤q≤w
{

w∑
p=1

|cR
pq|L

K};

r58 = max
1≤q≤w
{

w∑
p=1

|cR
qp|L

K}, r59 = max
1≤q≤w
{

w∑
p=1

|cK
pq|L

R}, r60 = max
1≤q≤w
{

w∑
p=1

|cK
qp|L

R};

r61 = max
1≤q≤w
{

w∑
p=1

|cI
pq|L

J}, r62 = max
1≤q≤w
{

w∑
p=1

|cI
qp|L

J}, r63 = max
1≤q≤w
{

w∑
p=1

|cJ
pq|L

I};

r64 = max
1≤q≤w
{

w∑
p=1

|cJ
qp|L

I},

k11 = −2aq +

3∑
i=1

ri + r5 + r8 + r9 + r11 + r13 + r15 + r18 + r34 + r52,

k22 = −2aq + r4 + r17 + r19 + r21 + r23 + r25 + r27 + r29 + r31 + r40 + r56,

k33 = −2aq + r7 + r24 + r33 +

37∑
i=35

ri + r39 + r41 + r43 + r45 + r47 + r54,

k44 = −2aq + r6 + r22 + r38 +

51∑
i=49

ri + r53 + r55 + r57 + r59 + r61 + r63,

k55 = −2k1 + r10 + r26 + r42 + r60,

k66 = −2k2 + r12 + r28 + r30 + r48 + r64,

k77 = −2k3 + r14 + r30 + r44 + r62, k88 = −2k4 + r16 + r32 + r46 + r58.

The controllers in (2.3) are constructed as follows:

l1q(t) = −
η1 + k1[XR

q (t − τ)]2

XR
q (t)

, (2.5)
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l2q = −
k2[XI

q(t − τ)]2

XI
q(t)

− u2XJ
q (t), (2.6)

l3q = −
k3[XJ

q (t − τ)]2

XJ
q (t)

− u3XK
q (t), (2.7)

l4q = −
k4[XK

q (t − τ)]2

XK
q (t)

− u4XR
q (t − τ) − u1XI

q(t − τ) − u5XJ
q (t − τ) (2.8)

or

l1q

= sign[XR
q (t)]
{
− γ1|XR

q (t − τ)| − γ2|XI
q(t − τ)| − γ3|XJ

q (t − τ)|

−γ4|XK
q (t − τ)|

}
; (2.9)

l2q = −η2sign[XI
q(t)]; (2.10)

l3q

= sign[XJ
q (t)]
{
− γ6|XI

q(t)|0.5|XJ
q (t)|0.5 − γ7|XJ

q (t)|0.5

×|XR
q (t − τ)|0.5

}
; (2.11)

l4q = sign[XK
q (t)]
{
− γ9|XJ

q (t − τ)|0.5|XK
q (t − τ)|0.5

}
, (2.12)

where, η1 > 0, η2 > 0, γm > 0, km > 0(m = 1, 2, 34), γ6, γ7, ui(i = 1, 2, · · · , 5) are constants.

3. Main results

Theorem 3.1. Under Assumption 1, the System (2.2) and System (2.3) can realize the FTSN by
employing the controllers in (2.5) if the following conditions hold:
(h1)

k11 < 0, k66 < 0, k77 < 0;

(h2)
k22 < 0, k88 < 0;

(h3)
k33k22 > 0.25u2

2;

(h4)
k22[k33k44 − 0.25u2

3] < 0.25u2
2k44;

(h5)
k33[k44k55 − 0.25u2

4] < 0.25u2
3k55;
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with the finite-time

t1 =
[Z(0)µΓ∗(µ)

2wη1

] 1
µ
,Z(0) =

w∑
q=1

[
(XR

p (0))2 + (XI
p(0))2 + (XJ

p(0))2 + (XK
p (0))2

]
.

Statement 1. k22 < 0 and (h3) imply k33 < 0. (h5) and k33 < 0 imply k44k55 − 0.25u2
4 > 0. k66 < 0,

implies
(h6)

k66k33[k44k55 − 0.25u2
4] > 0.

Proof of Theorem 3.1. If
XR

q (t) = XI
q(t) = XJ

q (t) = XK
q (t) = XR

q (t − τ) = XI
q(t − τ) = XJ

q (t − τ) = XK
q (t − τ) = 0, then the proof of

Theorem 3.1 has been finished. So we assume that
XR

q (t), XI
q(t), XJ

q (t), XK
q (t), XR

q (t − τ), XI
q(t − τ), XJ

q (t − τ), XK
q (t − τ) are not all zero.

Construct a Lyapunov function:

Z(t) =
w∑

q=1

[(
XR

p (t)
)2
+
(
XI

p(t)
)2
+
(
XJ

p(t)
)2
+
(
XK

p (t)
)2]
.

Via System (2.4), we obtain by using Assumption 1

Dµ
t [Z(t)]

≤ 2
w∑

q=1

{
XR

q (t)Dµ
t [XR

q (t)] + XI
q(t)Dµ

t [XI
q(t)] + XJ

q (t)Dµ
t [XJ

q (t)] + XK
q (t)Dµ

t [XK
q (t)]
}

= 2
w∑

q=1

{
XR

q (t)
[
− aqXR

q (t) +
w∑

p=1

(
bR

pqFR
p(XR

p (t)) + bI
pqF I

p(XI
p(t)) + bK

pqFK
p (XK

p (t))

−bK
pqF J

p(XJ
p(t)) + cI

pqFR
p(XR

p (t − τ)) + cR
pqF I

p(XI
p(t − τ)) − cK

pqF J
p(XJ

p(t − τ)) + cJ
pq ×

FK
p (XK

p (t − τ)
)
+ l1q(t)

]
+ XI

q(t)
[
− aqXI

q(t) +
w∑

p=1

(
bI

pqFR
p(XR

p (t)) + F I
p(XI

p(t))bR
pq +

bJ
pqFK

p (XK
p (t))) − bK

pqF J
p(XJ

p(t − τ)) + cI
pqFR

p(XR
p (t − τ)) + cR

pqF I
p(XI

p(t − τ)) − cK
pq ×

F J
p(XJ

p(t − τ))) + cJ
pqFK

p (XK
p (t − τ))

)
+ l2q(t)

]
+ XJ

q (t)
[
− aqXJ

p(t) +
w∑

p=1

(
FR

p(XR
p (t))

×bJ
pq + bR

pqF J
p(XJ

p(t)) − bI
pqFK

p (XK
p (t)) + bK

pqF I
p(XI

p(t)) + +cJ
pqFR

p(XR
p (t − τ)) + cR

pq ×

F J
p(XJ

p(t − τ)) − cI
pqFK

p (XK
p (t − τ)) − cK

pqF I
p(XI

p(t − τ))
)
+ l3q(t)

]
+ XK

q (n)
[
− XK

q (t)

×aq +

w∑
p=1

(
bR

pqFK
p (XK

p (t)) + bK
pqFR

p(XR
p (t)) + bI

pqF J
p(XJ

p(t)) − bJ
pqF I

p(XI
p(t)) + cR

pq ×

FK
p (XK

p (t − τ)) + cK
pqFR

p(XR
p (t − τ)) + cI

pqF J
p(XJ

p(t − τ)) − cJ
pqF I

p(XI
p(t − τ))

)
+ l4q(t)

]}
≤ 2

w∑
q=1

{
XR

q (t)
[
− aqXR

q (t) +
w∑

p=1

(
|bR

pq|L
R|XR

p (t)| + |bI
pq|L

I |XI
p(t)| + |bK

pq|L
K |XK

p (t)| + |bK
pq|
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L j|XJ
p(t)| + |cI

pq|L
R|XR

p (t − τ)| + |cR
pq|L

I |XI
p(t − τ)| + |cK

pq|L
J |XJ

p(t − τ)| + |cJ
pq|L

K ×

|XK
p (t − τ)|

)
−
η1 + k1[XR

q (t − τ)]2

XR
q (t)

]
+ XI

q(t)
[
− aqXI

q(t) +
w∑

p=1

(
|bI

pq|L
R|XR

p (t)| + |XI
p(t)|

×LI |bR
pq| + |b

J
pq|L

K |XK
p (t)| + |bK

pq|L
J |XJ

p(t)| + |cI
pq|L

R|XR
p (t − τ)| + |cR

pq|L
I |XI

p(t − τ)| +

|cK
pq|L

J |XJ
p(t)| + |cJ

pq|L
K |XK

p (t − τ)|
)
− u2XJ

q (t) −
k2[XI

q(t − τ)]2

XI
q(t)

]
+ XJ

q (t)
[
− aqXJ

p(t)

+

w∑
p=1

(
|bJ

pq|L
R|XR

p (t)| + |bR
pq|L

J |XJ
p(t)| + |bI

pq|L
K |XK

p (t)| + |bK
pq|L

I |XI
p(t)| + |XR

p (t − τ)|

×|cJ
pq|L

R + |cR
pq|L

J |XJ
p(t − τ)| + |cI

pq|L
K |XK

p (t − τ)| + |cK
pq|L

I |XI
p(t − τ)|

)
− u3XK

q (t)

−k3
[XJ

q (t − τ)]2

XJ
q (t)

]
+ XK

q (t)
[
− aqXK

q (t) +
w∑

p=1

(
|bR

pq||X
K
p (t)|LK + |bK

pq||X
R
p (t)|LR + |bI

pq|L
J

×|XJ
p(t)| + |bJ

pq|L
I |XI

p(t)| + |cR
pq|L

K |XK
p (t − τ)| + |cK

pq|L
R|XR

p (t − τ)| + |cI
pq|L

J |XJ
p(t − τ)|

+|cJ
pq|L

I |XI
p(t − τ)|

)
−

k4[XK
q (t − τ)]2

XK
q (t)

− u4XR
q (t − τ) − u1XI

q(t − τ) − u5XJ
q (t − τ)

]}
.

(3.1)

Applying 2ab ≤ a2 + b2, one has

2
w∑

q=1

XR
q (t)

w∑
p=1

|bR
pq|L

R|XR
p (t)| ≤

w∑
q=1

w∑
p=1

|bR
pq|L

R
(
[XR

q (t)]2 + [XR
p (t)]2

)
≤

w∑
q=1

[r1 + r2][XR
q (t)]2, (3.2)

2
w∑

q=1

w∑
p=1

XR
q (t)|bI

pq|L
I |XI

p(t)| ≤
w∑

q=1

w∑
p=1

|bR
pq|L

I
(
[XR

q (t)]2 + [XI
p(t)]2

)
≤

w∑
q=1

(
w∑

p=1

|bR
pq|L

I)[XR
q (t)]2 +

w∑
q=1

(
w∑

p=1

|bR
qp|L

I)[XI
q(t)]2

≤

w∑
q=1

(
r3[XR

q (t)]2 + r4[XI
q(t)]2

)
; (3.3)

2
w∑

q=1

w∑
p=1

XR
q (t)|bK

pq|L
K |XK

p (t)| ≤
w∑

q=1

w∑
p=1

|bJ
pq|L

K
(
[XR

q (t)]2 + [XK
p (t)]2

)
≤

w∑
q=1

(
r5[XR

q (t)]2 + r6[XK
q (t)]2

)
, (3.4)
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2
w∑

q=1

XR
q (t)

w∑
p=1

|bK
pq|L

J |XJ
p(t)| ≤

w∑
q=1

w∑
p=1

|bK
pq|L

J
(
[XJ

p(t)]2 + [XR
q (t)]2

)
≤

w∑
q=1

(
r7[XJ

q (t)]2 + r8[XR
q (t)]2

)
, (3.5)

2
w∑

q=1

w∑
p=1

XR
q (t)|cI

pq|L
R|XR

p (t − τ)| ≤
w∑

q=1

w∑
p=1

|cI
pq|L

R
(
[XR

q (t)]2 + [XR
p (t − τ)]2

)
≤

w∑
q=1

(
r9[XR

q (t)]2 + r10[XR
q (t − τ)]2

)
, (3.6)

2
w∑

q=1

XR
q (t)

w∑
p=1

|cR
pq|L

I |XI
p(t − τ)| ≤

w∑
q=1

w∑
p=1

|cR
pq|L

I
(
[XR

q (t)]2 + [XI
p(t − τ)]2

)
≤

w∑
q=1

(
r11[XR

q (t)]2 + r12[XI
q(t − τ)]2

)
, (3.7)

2
w∑

q=1

XR
q (t)

w∑
p=1

|cK
pq|L

J |XJ
p(t − τ)| ≤

w∑
q=1

w∑
p=1

|cK
pq|L

J
(
[XR

q (t)]2 + [XJ
p(t − τ)]2

)
≤

w∑
q=1

(
r13[XR

q (t)]2 + r14[XJ
q (t − τ)]2

)
, (3.8)

2
w∑

q=1

XR
q (t)

w∑
p=1

|cJ
pq|L

K |XK
p (t − τ)| ≤

w∑
q=1

w∑
p=1

|cJ
pq|L

K
(
[XR

q (t)]2 + [XK
p (t − τ)]2

)
≤

w∑
q=1

(
r15[XR

q (t)]2 + r16[XK
q (t − τ)]2

)
, (3.9)

2
w∑

q=1

XI
q(t)

w∑
p=1

|bI
pq|L

R|XR
p (t) ≤

w∑
q=1

w∑
p=1

|bI
pq|L

R
(
[XI

q(t)]2 + [XR
p (t)]2

)
≤

w∑
q=1

(
r17[XI

q(t)]2 + r18[XR
q (t)]2

)
, (3.10)

2
w∑

q=1

XI
q(t)

w∑
p=1

|bR
pq|L

I |XI
p(t)| ≤

w∑
q=1

w∑
p=1

|bR
pq|L

I
(
[XI

q(t)]2 + [XI
p(t)]2

)
≤

w∑
q=1

(
r19[XI

q(t)]2 + r20[XI
q(t)]2

)
, (3.11)
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2
w∑

q=1

XI
q(t)

w∑
p=1

|bJ
pq|L

K |XK
p (t)| ≤

w∑
q=1

w∑
p=1

|bJ
pq|L

K
(
[XI

q(t)]2 + [XK
p (t)]2

)
≤

w∑
q=1

(
r21[XI

q(t)]2 + r22[XK
q (t)]2

)
, (3.12)

2
w∑

q=1

XI
q(t)

w∑
p=1

|bK
pq|L

J |XJ
p(t)| ≤

w∑
q=1

w∑
p=1

|bK
pq|L

J
(
[XI

q(t)]2 + [XJ
p(t)]2

)
≤

w∑
q=1

(
r23[XI

q(t)]2 + r24[XJ
q (t)]2

)
, (3.13)

2
w∑

q=1

XI
q(t)

w∑
p=1

|cI
pq|L

R|XR
p (t − τ)| ≤

w∑
p=1

|cI
pq|L

R
(
[XI

q(t)]2 + [XR
p (t − τ)]2

)
≤

w∑
q=1

(
r25[XI

q(t)]2 + r26[XR
q (t − τ)]2

)
, (3.14)

2
w∑

q=1

XI
q(t)

w∑
p=1

|cR
pq|L

I |XI
p(t − τ)| ≤

w∑
q=1

w∑
p=1

|cR
pq|L

I
(
[XI

q(t)]2 + [XI
p(t − τ)]2

)
≤

w∑
q=1

(
r27[XI

q(t)]2 + r28[XI
q(t − τ)]2

)
, (3.15)

2
w∑

q=1

XI
q(t)

w∑
p=1

|cK
pq|L

J |XJ
p(t − τ)| ≤

w∑
q=1

w∑
p=1

|cK
pq|L

J
(
[XI

q(t)]2 + [XJ
p(t − τ)]2

)
≤

w∑
q=1

(
r29[XI

q(t)]2 + r30[XJ
q (t − τ)]2

)2
, (3.16)

w∑
q=1

2XI
q(t)

w∑
p=1

|cJ
pqLK |XK

p (t − τ)| ≤
w∑

p=1

|cJ
pqLK
(
[XI

q(t)]2 + [XK
p (t − τ)]2

)
≤

w∑
q=1

(
r31[XI

q(t)]2 + r32[XK
q (t − τ)]2

)
, (3.17)

2
w∑

q=1

XJ
q (t)

w∑
p=1

|bJ
pq|L

R|XR
p (t)| ≤

w∑
p=1

|bJ
pq|L

R
(
[XJ

q (t)]2 + [XR
p (t)]2

)
≤

w∑
q=1

(
r33[XJ

q (t)]2 + r34[XR
q (t)]2

)
, (3.18)
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2
w∑

q=1

XJ
q (t)

w∑
p=1

|bJ
pq|L

J |XJ
p(t)| ≤

w∑
q=1

w∑
p=1

|bJ
pq|L

J
(
[XJ

q (t)]2 + [XJ
p(t)]2

)
≤

w∑
q=1

(
r35[XJ

q (t)]2 + r36[XJ
q (t)]2

)
, (3.19)

2
w∑

q=1

XJ
q (t)

w∑
p=1

|bI
pq|L

K |XK
p (t)| ≤

w∑
q=1

w∑
p=1

|bI
pq|L

K
(
[XJ

q (t)]2 + [XK
p (t)]2

)
≤

w∑
q=1

(
r37[XJ

q (t)]2 + r38[XK
q (t)]2

)
, (3.20)

2
w∑

q=1

XJ
q (t)

w∑
p=1

|bK
pq|L

I |XI
p(t)| ≤

w∑
q=1

w∑
p=1

|bK
pq|L

I
(
[XJ

q (t)]2 + [XI
p(t)]2

)
≤

w∑
q=1

(
r39[XJ

q (t)]2 + r40[XI
q(t)]2

)
, (3.21)

2
w∑

q=1

XJ
q (t)

w∑
p=1

|cJ
pq|L

R|XR
p (t − τ)| ≤

w∑
q=1

w∑
p=1

|cJ
pq|L

R
(
[XJ

q (t)]2 + [XR
p (t − τ)]2

)
≤

w∑
q=1

(
r41[XJ

q (t)]2 + r42[XR
q (t − τ)]2

)
, (3.22)

2
w∑

q=1

XJ
q (t)

w∑
p=1

|cR
pq|L

J |XJ
p(t − τ)| ≤

w∑
q=1

w∑
p=1

|cR
pq|L

J
(
[XJ

q (t)]2 + [XJ
p(t − τ)]2

)
≤

w∑
q=1

(
r43[XJ

q (t)]2 + r44[XJ
q (t − τ)]2

)
, (3.23)

2
w∑

q=1

XJ
q (t)

w∑
p=1

|cI
pq|L

K |XK
p (t − τ)| ≤

w∑
p=1

|cI
pq|L

K
(
[XJ

q (t)]2 + [XK
p (t − τ)]2

)
≤

w∑
q=1

(
r45[XJ

q (t)]2 + r46[XK
q (t − τ)]2

)
, (3.24)

2
w∑

q=1

XJ
q (t)

w∑
p=1

|cK
pq|L

I |XI
p(t − τ)| ≤

w∑
q=1

w∑
p=1

|cK
pq|L

I
(
[XJ

q (t)]2 + [XI
p(t − τ)]2

)
≤

w∑
q=1

(
r47[XJ

q (t)]2 + r48[XI
q(t − τ)]2

)
, (3.25)
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2
w∑

q=1

XK
q (t)

w∑
p=1

|bR
pq|L

K |XK
p (t)| ≤

w∑
q=1

w∑
p=1

|bR
pq|L

K
(
[XK

q (t)]2 + [XK
p (t)]2

)
≤

w∑
q=1

(
r49[XK

q (t)]2 + r50[XK
q (t)]2

)
, (3.26)

2
w∑

q=1

XK
q (t)

w∑
p=1

|bK
pq|L

R|XR
p (t)| ≤

w∑
p=1

|bK
pq|L

R
(
[XK

q (t)]2 + [XR
p (t)]2

)
≤

w∑
q=1

(
r51[XK

q (t)]2 + r52[XR
q (t)]2

)
, (3.27)

2
w∑

q=1

XK
q (t)

w∑
p=1

|bI
pq|L

J |XJ
p(t)| ≤

w∑
q=1

w∑
p=1

|bI
pq|L

J
(
[XK

q (t)]2 + [XJ
p(t)]2

)
≤

w∑
q=1

(
r53[XK

q (t)]2 + r54[XJ
q (t)]2

)
, (3.28)

2
w∑

q=1

XK
q (t)

w∑
p=1

|bJ
pq|L

I |XI
p(t)| ≤

w∑
q=1

w∑
p=1

|bJ
pq|L

I
(
[XK

q (t)]2 + [XI
p(t)]2

)
≤

w∑
q=1

(
r55[XK

q (t)]2 + r56[XI
q(t)]2

)
, (3.29)

2
w∑

q=1

XK
q (t)

w∑
p=1

|cR
pq|L

K |XK
p (t − τ)| ≤

w∑
p=1

|cR
pq|L

K
(
[XK

q (t)]2 + [XK
p (t − τ)]2

)
≤

w∑
q=1

(
r57[XK

q (t)]2 + r58[XK
q (t − τ)]2

)
, (3.30)

2
w∑

q=1

XK
q (t)

w∑
p=1

|cK
pq|L

R|XR
p (t − τ)| ≤

w∑
q=1

w∑
p=1

|cK
pq|L

R
(
[XK

q (t)]2 + [XR
p (t − τ)]2

)
≤

w∑
q=1

(
r59[XK

q (t)]2 + r60[XR
q (t − τ)]2

)
, (3.31)

2
w∑

q=1

XK
q (t)

w∑
p=1

|cI
pq|L

J |XJ
p(t − τ)| ≤

w∑
q=1

w∑
p=1

|cI
pq|L

J
(
[XK

q (t)]2 + [XJ
p(t − τ)]2

)
≤

w∑
q=1

(
r61[XK

q (t)]2 + r62[XJ
q (t − τ)]2

)
(3.32)
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and

2
w∑

q=1

XK
q (t)

w∑
p=1

|cJ
pq|L

I |XI
p(t − τ)| ≤

w∑
q=1

w∑
p=1

|cJ
pq|L

I
(
[XK

q (t)]2 + [XI
p(t − τ)]2

)
≤

w∑
q=1

(
r63[XK

q (t)]2 + r64[XI
q(t − τ)]2

)
. (3.33)

Substituting (3.2)-(3.33) into (3.1) gives

Dµ
t Z(t) ≤ LT

q (t)PLq(t) − 2wη1, (3.34)

where

Lq(t) =
w∑

q=1

(
XR

q (t), XI
q(t), XJ

q (t), XK
q (t), XR

q (t − τ), XI
q(t − τ), XJ

q (t − τ), XK
q (t − τ)

)T
,

P = (pig)8×8, Pi =

∣∣∣∣∣∣∣∣∣∣∣
p11 p12 · · · p1i

p21 p22 · · · p2i

· · · · · · · · · · · ·

pi1 pi2 · · · pii

∣∣∣∣∣∣∣∣∣∣∣ ,
where

p11 = k11, p12 = p13 = p14 = p15 = p16 = p17 = p18 = 0,

p22 = k22, p23 = −0.5u2, p24 = p25 = p26 = p27 = p28 = 0,

p33 = k33, p34 = −0.5u3, p35 = p36 = p37 = p38 = 0,

p44 = k44, p45 = −0.5u4, p46 = −0.5u1, p47 = −0.5u5, p48 = 0;

p55 = k55, p56 = p57 = p58 = 0,

p66 = k66, p67 = p68 = 0, p77 = k77, p78 = 0, p88 = k88.

Because of (h1), we have

P1 = p11 = k11 < 0. (3.35)

Due to (h2), we have k22 < 0, so ∣∣∣∣∣∣ p11 p12

p21 p22

∣∣∣∣∣∣
= k11k22

> 0. (3.36)

Because of k11 < 0 and (h3), one has

P3

=

∣∣∣∣∣∣∣∣∣
k11 0 0
0 k22 −0.5u2

0 −0.5u2 k33

∣∣∣∣∣∣∣∣∣
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= k11[k22k33 − 0.25u2
2]

< 0. (3.37)

Because of (h4), we have

P4

=

∣∣∣∣∣∣∣∣∣∣∣
k11 0 0 0
0 k22 −0.5u2 0
0 −0.5u2 k33 −0.5u3

0 0 −0.5u3 k44

∣∣∣∣∣∣∣∣∣∣∣
= k11

∣∣∣∣∣∣∣∣∣
k22 −0.5u2 0
−0.5u2 k33 −0.5u3

0 −0.5u3 k44

∣∣∣∣∣∣∣∣∣
= k11

(
k22[k33k44 − 0.25u2

3] − 0.25u2
2k44

)
> 0. (3.38)

Due to (h5),

P5

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

k11 0 0 0 0
0 k22 −0.5u2 0 0
0 0 k33 −0.5u3 0
0 0 −0.5u3 k44 −0.5u4

0 0 0 −0.5u4 k55

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= k11k22

∣∣∣∣∣∣∣∣∣
k33 −0.5u3 0
−0.5u3 k44 −0.5u4

0 −0.5u4 k55

∣∣∣∣∣∣∣∣∣
= k11k22

{
k33[k44k55 − 0.25u2

4] − 0.25u2
3k55

}
< 0. (3.39)

Due to k11k22 > 0 and (h6), we have

P6

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

k11 0 0 0 0 0
0 k22 −0.5u2 0 0 0
0 0 k33 −0.5u3 0 0
0 0 0 k44 −0.5u4 0
0 0 0 −0.5u4 k55 0
0 0 0 0 0 k66

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= k11k22k66

∣∣∣∣∣∣∣∣∣
k33 −0.5u3 0
0 k44 −0.5u4

0 −0.5u4 k55

∣∣∣∣∣∣∣∣∣
= k11k22k66k33[k44k55 − 0.25u2

4]
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> 0. (3.40)

Because k77 < 0, P6 > 0, then

P7 = k77P6 < 0. (3.41)

Because k88 < 0, P7 < 0, then

P8 = k88P7 > 0. (3.42)

By using Lemma 2.2, from (3.35)-(3.42), we get

P < 0.

Via Definition 2.4 and Definition 2.5, because XR
q (t), XI

q(t), XJ
q (t), XK

q (t), XR
q (t − τ), XI

q(t − τ), XJ
q (t −

τ), XK
q (t − τ) are not all zero, then

[Lq(t)]T PLq(t) < 0. (3.43)

Substituting (3.43) into (3.34) gives

Dµ
t Z(t) < −2wη1. (3.44)

Integrating (3.44) over [0, t], we get

Z(t) ≤ Z(0) −
η1

Γ∗(µ)

∫ t

0
(t − s)µ−1ds

= Z(0) −
2wη1tµ

µΓ∗(µ)
. (3.45)

Let
Z(0) −

2wη1tµ

µΓ∗(µ)
≤ 0,

then
t ≥ t1 =

(Z(0)µΓ∗(µ)
2wη1

) 1
µ
.

So from (3.45), it follows that when t ≥ t1,

lim
t→t1

Z(t) = 0,Z(t) = 0, t ≥ t1.

Namely
lim
→t1
|αλq(t) − βλq(t)| = 0, λ = R, I, J,K;

|αλq(t) − βλq(t)| = 0, λ = R, I, J,K, t ≥ t1.

This completes the arguments of Theorem 3.1.
Theorem 3.2. Under Assumption 1, then System (2.2) and the System (2.3) can realize the FTSN by
employing the controllers in (2.6) if the following conditions hold:
(h7)

k∗11 = −aq +

w∑
p=1

[
|bR

qp| + |b
I
qp| + |b

J
qp| + |b

K
qp|
]
LR < 0;
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(h8)

k∗22 = −aq +

w∑
p=1

[
|bI

qp| + |b
R
qp| + |b

J
qp| + |b

K
qp||
]
LI < 0;

(h9)
k∗22k∗33 > 0.25γ2

6;

(h10)

k∗44 = −aq +

w∑
p=1

(
|bK

qp| + |b
J
qp| + |b

R
qp| + |b

I
qp|
)
LK < 0;

(h11)
1
8
γ6γ

2
7 + 0.25γ1γ

2
6 − γ1n22n33 < 0;

(h12)
0.25γ2

9 < γ3γ4,

with k∗33 = −aq +
w∑

p=1

(
|bK

qp| + |b
R
qp| + |b

I
qp| + |b

J
qp|
)
LJ, and the finite-time

t2 =
[Z(0)µΓ∗(µ)

2wη2

] 1
µ
,Z1(0) =

w∑
q=1

[
|XR

p (0)| + |XI
p(0)| + |XJ

p(0)| + |XK
p (0)|
]
.

Proof. Without loss of generalization, we assume that
XR

q (t), XI
q(t), XJ

q (t), XK
q (t), |XR

q (t − τ)|, |XI
q(t − τ)|, |XJ

q (t − τ)|, |XK
q (t − τ)| are not all zero. Construct a

Lyaunov function:

Z1(t) =
w∑

q=1

[
|XR

q (t)| + |XI
q(t)| + |XJ

q (t)| + |XK
q (t)|
]
.

Via System (2.4), we obtain the following inequality by using Assumption 1:

Dµ
t [Z1(t)]

≤

w∑
q=1

{
sign[XR

q (t)]
[
− aqXR

q (t) +
w∑

p=1

(
bR

pqFR
p(XR

p (t)) + bI
pqF I

p(XI
p(t)) + bK

pqFK
p (XK

p (t))

−bJ
pqF J

p(XJ
p(t)) + cI

pqFR
p(XR

p (t − τ)) + cR
pqF I

p(XI
p(t − τ)) − cK

pqF J
p(XJ

p(t − τ)) + cJ
pq ×

FK
p (XK

p (t − τ)
)
+ l1q(t)

]
+ sign[XI

q(n)]
[
− aqXI

q(t) +
w∑

p=1

(
bI

pqFR
p(XR

p (t)) + F I
p(XI

p(t))

×bR
pq − bK

pqF J
p(XJ

p(t)) + bJ
pqFK(XK

p (t))) − bK
pqF J(XJ

p(t − τ)) + cI
pqFR(XR

p (t − τ)) + cR
pq

×F I
p(XI

p(t − τ)) − cK
pqF J

p(XJ
p(t − τ))) + cJ

pqFK
p (XK

p (t − τ))
)
+ l2q(t)

]
+ sign[XJ

q (t)]

×
[
− aqXJ

q (t) +
w∑

p=1

(
FR

p(XR
p (t))bJ

pq + bR
pqF J

p(XJ
p(t)) − bI

pqFK
p (XK

p (t)) + bK
pqF I

p(XI
p(t))

+cJ
pqFR

p(XR
p (t − τ)) + cR

pqF J
p(XJ

p(t − τ)) − cI
pqFK

p (XK
p (t − τ)) − cK

pqF I
p(XI

p(t − τ))
)
+
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l3q(t)
]
+ sign[XK

q (t)]
[
− aqXK

q (t) +
w∑

p=1

(
bR

pqFK
p (XK

p (t)) + bK
pqFR

p(XR
p (t)) + bI

pqF J
p(XJ

p(t))

−bJ
pqF I

p(XI
p(t)) + cR

pqFK
p (XK

p (t − τ)) + cK
pqFR

p(XR
p (t − τ)) + cI

pqF J
p(XJ

p(t − τ)) − cJ
pq ×

F I
p(XI

p(t − τ))
)
+ l4q(t)

]}
≤

w∑
q=1

{
− aq|XR

q (t)| +
w∑

p=1

(
|bR

pq|L
R|XR

p (t)| + |bI
pq|L

I |XI
p(t)| + |bK

pq|L
K |XK

p (t)| + |bK
pq|L

J ×

|XJ
p(t)| + |cI

pq|L
R|XR

p (t − τ)| + |cR
pq|L

I |XI
p(t − τ)| + |cK

pq|L
J |XJ

p(t − τ)| + |cJ
pq|L

K ×

|XK
p (t − τ)|

)
− γ1|XR

q (t − τ)| − γ2|XI
q(t − τ)| − γ3|XJ

q (t − τ)| − γ4|XK
q (t − τ)| − aq|XI

q(t)|

+

w∑
p=1

(
|bI

pq|L
R|XR

p (t)| + |bR
pq|L

I |XI
p(t)| + |bJ

pq|L
K |XK

p (t)| + |bK
pq|L

J |XJ
p(t)| + |bK

pq|L
J |XJ

p(t − τ)|

+|cI
pq|L

R|XR
p (t − τ)| + |cR

pq|L
I |XI

p(t − τ)| + |cK
pq|L

J |XJ
p(t − τ)| + |cJ

pq|L
K |XK

p (t − τ)|
)
− η2 −

×aq|XJ
q (t)| +

w∑
p=1

(
|bJ

pq|L
R|XR

p (t)| + |bR
pq|L

J |XJ
p(t)| + |bI

pq|L
K |XK

p (t)| + |bK
pq|L

I |XI
p(t)| + |cJ

pq|

LR|XR
p (t − τ)| + |cR

pq|L
J |XJ

p(t − τ)| + |cI
pq|L

K |XK
p (t − τ)| + |cK

pq|L
I |XI

p(t − τ)|
)
− γ6 ×

[XI
q(t)XJ

q (t)]0.5 − γ7[XJ
q (t)XR

q (t − τ)]0.5 − aq|XK
q (t)| +

w∑
p=1

(
|bR

pq|L
K |XK

p (t)| + |bK
pq|L

R|XR
p (t)|

+|bI
pq|L

J |XJ
p(t)| + |bJ

pq|L
I |XI

p(t)| + |cK
pq|L

K |XK
p (t − τ)| + |cK

pq|L
R|XR

p (t − τ)| + |cI
pq|L

J ×

|XJ
p(t − τ)| + |cJ

pq|L
I |XI

p(t − τ)|
)
− γ8|XR

q (t − τ)|0.5|XI
q(t − τ)|0.5|XJ

q (t − τ)|0.5

×|XK
q (t − τ)|0.5

}
≤

w∑
q=1

{
− aq|XR

q (t)| +
w∑

p=1

(
|bR

qp|L
R|XR

q (t)| + |bI
qp|L

I |XI
q(t)| + |bK

qp|L
K |XK

q (t)| + |bK
qp|L

J |XJ
q (t)|

+|cI
qp|L

R|XR
q (t − τ)| + |cR

qp|L
I |XI

q(t − τ)| + |cK
qp|L

J |XJ
q (t − τ)| + |cJ

qp|L
K |XK

q (t − τ)|
)
− γ1 ×

|XR
q (t − τ)| − γ2|XI

q(t − τ)| − γ3|XJ
q (t − τ)| − γ4|XK

q (t − τ)| − aq|XI
q(t)| +

w∑
p=1

(
|bI

qp|L
R|XR

q (t)|

+|bR
qp|L

I |XI
q(t)| + |bJ

qp|L
K |XK

q (t)| + |bK
qp|L

J |XJ
p(t)| + |bK

qp|L
J |XJ

q (t − τ)| + |cI
qp|L

R|XR
q (t − τ)| +

|cR
qp|L

I |XI
q(t − τ)| + |cK

qp|L
J |XJ

q (t − τ)| + |cJ
qp|L

K |XK
q (t − τ)|

)
− η2 − aq|XJ

q (t)| +
w∑

p=1

(
|bJ

qp|L
R

×|XR
q (t)| + |bR

qp|L
J |XJ

q (t)| + |bI
qp|L

K |XK
q (t)| + |bK

qp|L
I |XI

q(t)| + |cJ
qp|L

R|XR
q (t − τ)| + |cR

qp|L
J ×

|XJ
q (t − τ)| + |cI

qp|L
K |XK

q (t − τ)| + |cK
qp|L

I |XI
q(t − τ)|

)
− γ6|XI

q(t)XJ
q (t)|0.5 − γ7|XJ

q (t)|0.5 ×

|XR
q (t − τ)|0.5 − aq|XK

q (t)| +
w∑

p=1

(
|bR

qp|L
K |XK

q (t)| + |bK
qp|L

R|XR
q (t)| + |bI

qp|L
J |XJ

q (t)| + |bJ
qp|L

I ×
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|XI
q(t)| + |cK

qp|L
K |XK

q (t − τ)| + |cK
qp|L

R|XR
q (t − τ)| + |cI

qp|L
J |XJ

q (t − τ)| + |cJ
qp|L

I |XI
q(t − τ)|

)
−γ9|XJ

q (t − τ)|0.5|XK
q (t − τ)|0.5

}
= Hq(t)NHT

q (t) − wη2, (3.46)

with Hq(t) =
[√
|XR

q (t)|,
√
|XI

q(t)|,
√
|XJ

q (t)|,
√
|XK

q (t)|,
√
|XR

q (t − τ)|,
√
|XI

q(t − τ)|,
√
|XJ

q (t − τ)|,√
|XK

q (t − τ)|
]
,N = (ni j)8×8,

Ni =

∣∣∣∣∣∣∣∣∣∣∣
n11 n12 · · · n1i

n21 n22 · · · n2i

· · · · · · · · · · · ·

ni1 ni2 · · · nii

∣∣∣∣∣∣∣∣∣∣∣ ,
and

n11 = k∗11,

n12 = n13 = n14 = n15 = n16 = n17 = n18 = 0;

n22 = k∗22,

n23 = −0.5γ6, n24 = n25 = n26 = n27 = n28 = 0, n33 = k∗33;

n34 = 0, n35 = −0.5γ7, n36 = n37 = n38 = 0;

n44 = k∗44, n45 = n46 = n47 = n48 = 0;

n55 = −γ1, n56 = 0, n57 = n58 = 0, n66 = −γ2;

n67 = n68 = 0, n77 = −γ3, n78 = −0.5γ9, n88 = −γ4.

From (h7), one has

N1 = n11 < 0. (3.47)

Because of (h8), one has

N2 =

∣∣∣∣∣∣ n11 0
0 n22

∣∣∣∣∣∣ = n11n22 > 0. (3.48)

From (h9), we obtain

N3 =

∣∣∣∣∣∣∣∣∣
n11 0 0
0 n22 −0 − 5γ6

0 −0.5γ6 n33

∣∣∣∣∣∣∣∣∣ = n11[n22n33 − 0.25γ2
6] < 0 (3.49)

and

N4 =

∣∣∣∣∣∣∣∣∣∣∣
n11 0 0 0
0 n22 −0.5γ6 0
0 −0.5γ6 n33 0
0 0 0 n44

∣∣∣∣∣∣∣∣∣∣∣ = n11n44(n22n33 − 0.25γ2
6) > 0. (3.50)
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Because of (h11), then

N5 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

n11 0 0 0 0
0 n22 −0.5γ6 0 0
0 −0.5γ6 n33 0 −0.5γ7

0 0 0 n44 0
0 0 −0.5γ7 0 −γ1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= n11

∣∣∣∣∣∣∣∣∣∣∣
n22 −0.5γ6 0 0
−0.5γ6 n33 0 −0.5γ7

0 0 n44 0
0 −0.5γ7 0 n55

∣∣∣∣∣∣∣∣∣∣∣
= n11n44

∣∣∣∣∣∣∣∣∣
n22 −0.5γ6 0
−0.5γ6 n33 −0.5γ7

0 −0.5γ7 −γ1

∣∣∣∣∣∣∣∣∣
= n11n44

[γ6γ
2
7

8
+ 0.25γ1γ

2
6 − γ1n22n33

]
< 0 (3.51)

and

N6 = −γ2N5 > 0; (3.52)

N7 = γ2γ3N5 < 0. (3.53)

Due to (h10), (h11), then

N8

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

n11 0 0 0 0 0 0 0
0 n22 −0.5γ6 0 0 /0 0 0
0 −0.5γ6 n33 0 −0.5γ7 0 0 0
0 0 0 n44 0 0 0 0
0 0 −0.5γ7 0 −γ1 0 0 0
0 0 0 0 0 −γ2 0 0
0 0 0 0 0 0 −γ3 −0.5γ9

0 0 0 0 0 0 −0.5γ9 −γ4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= −γ4N7 − 0.25γ2

9N6

= N5[0.25γ2γ
2
9 − γ2γ3γ4]

= n11n44

[γ6γ
2
7

8
+ 0.25γ1γ

2
6 − γ1n22n33

][
0.25γ2γ

2
9 − γ2γ3γ4

]
> 0. (3.54)

By using Lemma 2.2 from (3.47)–(3.54), we obtain

N < 0.
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Therefore

[Hq(t)]T NHq(t) < 0. (3.55)

Substituting (3.55) into (3.46) gives

Dµ
t Z1(t) < −wη2. (3.56)

Integrating (3.56) over [0, t], we get

Z1(t) ≤ Z1(0) −
η2

Γ∗(µ)

∫ t

0
(t − s)µ−1ds

= Z1(0) −
2wη2tµ

µΓ∗(µ)
. (3.57)

Let
Z1(0) −

2wη2tµ

µΓ∗(µ)
≤ 0,

then
t ≥ t2 =

(Z1(0)µΓ∗(µ)
2wη2

) 1
µ
.

So from (3.57), it follows that when t ≥ t2,

lim
t→t2

Z1(t) = 0,Z1(t) = 0, t ≥ t2.

So
lim
→t2
|αλq(t) − βλq(t)| = 0, λ = R, I, J,K;

|αλq(t) − βλq(t)| = 0, λ = R, I, J,K, t ≥ t2.

This completes the arguments of Theorem 3.2.
Remark 1. Up to now, researchers have always applied LMI [11], FTST [12,14], fractional
inequalities [13], Laplace transforms [15] and Lyapunov direct method [16] to studying the FTSN for
the considered MSFONNS. In this study, a new method is introduced to study the FTSN for
MSQVFONNs.
Remark 2. So far, the method (the negative definition of a matrix combined with the properties of the
determinant) has not been applied by scholars in integer-order neural network synchronization
problems.

4. Examples

Two examples are given for verifying the correctness of our results.
Example 4.1. Consider System (2.2), System (2.3) via the controllers (2.5–2.8) for q,w = 1, 2, where
µ = 0.4, a1 = a2 = 7, LR = 1, LI = 0.5, LJ = 1.2, LK = 0.7, b11 = 0.3 − 0.2i − 0.1 j − 0.4k, b12 =

−0.1+0.1i+0.5 j+0.2k, b21 = −0.5+0.3i−0.2 j−0.1k, b22 = 0.1−0.1i+0.3 j−0.2k, c11 = −0.3+0.1i+
0.5 j+0.2k, c12 = 0.3−0.2i−0.4 j−0.1k, c21 = −0.2+0.3i+0.2 j−0.4k, c22 = 0.4+0.1i−0.3 j+0.2k, r1 =

1 − 0.1i + 0.5 j − 0.3k, r2 = −0.1 + 0.2i − 0.5 j + 0.4k, η1 = 4, u1 = 1, u2 = −1, u3 = 2.5, u4 = −0.5, u5 =
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1.5, k1 = 2, k2 = 3, k3 = 2.5, k4 = 4, Fp(αp) = |αp−1|+0.5|αp+1|i+1.2|αp−2| j+0.7|αp+1.5|k, τ = 1.

The finite-time of synchronization t1 =
[

Z(0)µΓ∗(µ)
2wη1

] 1
µ
= 16.76. Then,

(h1)
k11 = −7.69 < 0, k66 = −3.39 < 0, k77 = −2.36 < 0;

(h2)
k22 = −9.18 < 0, k88 = −6.04 < 0;

(h3)
64.6272 = k33k22 > 0.25u2

2 = 0.25;

(h4)
−533.6949 = k22[k33k44 − 0.25u2

3] < 0.25u2
2k44 = −2.12;

(h5)
−101.0486 = k33[k44k55 − 0.25u2

4] < 0.25u2
3k55 = −2.6563;

(h6)
k66k33[k44k55 − 0.25u2

4] = 397.1212 > 0.

Thus, by Theorem 3.1, system (2.2) and System (2.3) can realize the FTSN via the controller (2.5-
2.8). The methods and controllers designed in our example are very different from those in past articles
[11, 12, 14–16]. Thus, the result in the example cannot be tested the methods therein.

The curves of master system and slave system are shown in Figure 1, the curves of the error system
are shown in Figure 2.
Example 4.2. Consider System (2.2), System (2.3) applying the controllers (2.9–2.12) for q,w = 1, 2,
where µ = 0.7, a1 = a2 = 10, LR = 0.8, LI = 1.5, LJ = 0.5, LK = 1, b11 = b21 = −0.2 + 0.5i +
0.3 j − k, b12 = b22 = 0.3 − 0.2i − 0.1 j − 3k, c11 = 0.4 − 2i + 0.2 j − 1.5k, c12 = 0.2 + i − 0.1 j + 2k, c21 =

−0.1+3i+0.2 j−k, c22 = 0.3− i+0.3 j+k, r1 = 0.6−0.3i+0.2 j−0.1k, r2 = −0.5+0.1i−0.4 j+0.3k, η2 =

1, γ1 = 3, γ2 = 1.5, γ3 = 2, γ4 = 2.5, γ6 = 1, γ7 = 0.5, γ9 = 3.5, Fp(αp) = 2|αp + 0.5| + 1.5|αp − 1|i +

0.5|αp − 1.5| j + |αp + 2|k, τ = 2. The finite-time of synchronization: t2 =
[

Z1(0)µΓ∗(µ)
2wη2

] 1
µ
= 26.07. Then,

(h7)
k∗11 = −5.52 < 0;

(h8)
n22 = k∗22 = −1.6 < 0;

(h9)
11.52 = k∗22k∗33 > 0.25γ2

6 = 0.25;

(h10)
k∗44 = −4.4 < 0;

(h11)

n33 = k∗33 = −7.2,
1
8
γ6γ

2
7 + 0.25γ1γ

2
6 − γ1n22n33 = −33.7788 < 0;

(h12)
3.0625 = 0.25γ2

9 < γ3γ4 = 5.

Thus, by Theorem 3.2, System (2.2) and System (2.3) can realize the FTSN via the controller (2.9–
2.12). Because the argument method and the controllers in our example all are very different, of course,
the synchronization result in this example cannot be verified by methods in past papers [11, 12, 14,
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15]. The curves of the corresponding master system and slave system are shown in Figure 3 and the
curves of the corresponding error system are shown in Figure 4.
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Figure 1. The figure of the status variables of the master-slave system in Example.4.1.
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Figure 2. The figure of the status variables of the error system in Example.4.1.
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Figure 3. The figure of the status variables of the master-slave system in Example.4.2.
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Figure 4. The figure of the status variables of the error system in Example.4.2.

5. Conclusions

In the study, the FTSN for the considered MSQVFONNs has been investigated. Without using the
past study methods of the FTSN such as LMI and FTST, by using the negative definition of matrix
and the properties of the determinant, two novel criteria on the FTSN for the considered
MSFOQVNNs have been obtained. In our article, new methods are introduced to investigate the
FTSN for the MSFONNs: the negative definition of a matrix is introduced to study the FTSN for the
MSFONNs, and the properties of the determinant are cited to study the FTSN for the MSFONNs. In
the near future, we will study the FTSN for master-slave discrete-time MSFONNs.
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