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Abstract: In the study, the finite-time synchronization (FTSN) for a kind of master-slave quaternion-
valued fractional-order neural networks (MSQVFONNY) is discussed. By using the negative definition
of matrix and the properties of the determinant, two novel criteria on the FTSN for the considered
MSFOQVNNS are established. The negative definition of the matrix and the properties of the
determinant are introduced to study the FTSN for neural networks (NNs) in our article. Since until,
studies about the FTSN for the NNs are rare and researchers have only used the linear matrix inequality
(LMI), finite time stability theorems (FTSTs) of fractional order and Lyapunov direct method to study
the FTSN for the MSFOQVNNS, so far, our method to study the FTSN for the MSFOQVNNS is of
definite significance.
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1. Introduction

Fractional calculus can better describe the dynamic behaviors of neurons because of the memory
and hereditary behaviors involved. Some researchers have applied the fractional calculus to neural
networks (NNs) and created fractional-order NNs (FONNs). So far, the dynamic properties of FONNs
have been extensively investigated [1-3]. Some scholars have found that quaternions are an effective
tool to handle multidimensional data; they have created quaternion valued NNs. Compared with
real-valued and complex-valued NNs, the quaternion valued NNs have remarkable advantages in
extensive key fields including color image compression, attitude control and the like. Synchronization
among master-slave NNs has been widely applied in safety communication, image encryption, and
some other fields. Some researchers have done wide research on the infinite tine synchronization for
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the master-slave FONNs (MSFONNS5s). For example, In [4], by utilizing the matrix measure approach,
the synchronization of the MSFONNs was discussed. By employing a novel approach based on
fractional-order Dini-like derivatives within the matrix measure framework, the synchronization
between the MSFONNs was obtained. In [5], the global Mittag-Leffler synchronization (GMLS)
problem of Caputo fractional-order inertial memristive neural networks (FOIMNNSs) was studied.
Using the Filippov discontinuous theory, Lyapunov stability theory, and Mittag-Leffler convergence,
several sufficient conditions were derived to ensure the GMLS of FOIMNNs. In [6], the
qui-synchronization (QS) for a class of master-slave fractional-order complex-valued bidirectional
associative memory (BAM) neural networks (MSFOCVBAMNNSs) was investigated. To begin, by
utilizing Laplace transform and the Mittag-Leffler function property, a novel fractional differential
inequality was obtained. Then, sufficient conditions were obtained to assure the QS for the considered
MSFOCVBAMNNS by utilizing the nondecomposable method. In [7], the synchronization problem
of the master-slave fractional variable-order delayed neural networks (MSFVODNNSs) was explored
under the sampled-data control scheme. Novel synchronization criteria were gained in the form of
linear matrix inequality (LMI) to guarantee the asymptotic stability of the error states of
MSFVODNNSs. The paper [8] mainly used intermittent quantized controller to examine asymptotic
synchronization between MSFONNSs. First, by using the advantages of intermittent properties, a new
lemma with asymptotic stability inequalities was put forward. Second, combining intermittent
properties with quantization skill, two different categories of intermittent quantized controllers were
constructed to ensure the synchronization of the MSFONNSs. In [9], the function matrix projective
synchronization (FMPS) for the MSFONNSs was discussed. By designing the adaptive control strategy
with the controlling strength updated rules and the unknown parameter adaptive rules, the FMPS was
realized by establishing a Lyapunov function for the considered MSFONNS. The paper [10]
investigated the QS and complete synchronization (CS) for master-slave fractional-order fuzzy
bidirectional associative memory neural networks (MSFOBAMNNSs). Some synchronization criteria
were derived for the explored systems by utilizing the Lyapunov function approach, fractional
calculation and some inequality skills.

However, the studies on the finite-time synchronization (FTSN) for MSFONNSs are rare. So far, we
only find a few articles which investigated the FTSN of the MSFONNSs. In [11], a hybrid controller
with a sampled data control was investigated to achieve finite-time master-slave synchronization for
the MSFONNs. A Lyapunov-Krasovskii functional was constructed to obtain the sufficient
conditions. The obtained conditions were expressed via LMI. The finite-time synchronization (FTSN)
was studied in [12] for delayed fractional-order quaternion valued Cohen-Grossberg neural networks
(FQVCGNNSs). To begin, a fractional-order finite-time stability theorem (FTST) was established by
utilizing the definition of a fractional-order integral. Then, a novel quaternion-valued feedback
controller and a quaternion-valued adaptive controller were designed, respectively, to realize the
FTSN of the FQVCGNN:S. In [13], the FTSN of the MSFONNs was studied. Using the inequality on
the fractional-order derivative of the composite function, a novel fractional-order finite-time
inequality was obtained. Using this novel inequality, the designed feedback controllers and the
fractional-order power law inequality, two novel criteria were obtained to assure the FTSN of the
MSFONNs. In [14], this synchronization problem over a finite-time domain for a class of
fractional-order stochastic NNS was discussed. Some criteria on the synchronization for the networks
were obtained systematically by implementing MSFOQVNNSs indirect method and applying the
FTST. In [15], the FTSN of the MSFOQVNNs was considered without applying decomposition.
First, two inequalities about quaternion were gained to broaden the current achievements in
quaternion field. Secondly, a fractional differential inequality was established by using Laplace
transform and applying the definition of the Mittag-Leffler function. Then, by employing the
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presented inequalities and two different quaternion control strategies, some new conditions were
derived to assure the FTSN of delayed FOQVNNSs. In [16], the FTSN of FOQVNNs with time delay
was studied. Without separating the quaternion-valued system into two complex valued or four
real-valued systems, the FTSN criteria were derived by using Lyapunov direct method.

Up to present, researchers often have applied LMI ([11]), FTST ([12,14]), a fractional inequality
([13]), Laplace transform ([15]), and the Lyapunov direct method ([16]) to studying the FTSN for the
considered MSFONN:Ss.

Studies concerning the FTSN for MSFONNS, considering only LMI, FTST, fractional inequality,
and Laplace transform have been used to study the FTSN for MSFONNSs. Inspired by past study
contributions on the FTSN for MSFONNS, in this article, we introduce a new method to study this
topic for the MSFONNS. Namely, we will study the FTSN for a kind of master slave quaternion-
valued fractional order NNS (MSQVFONNSs) by utilizing the negative definition of matrix and the
properties of the determinant.

Our proof is divided into the four steps as follows:

Step 1. Transform the given MSFOQVNNSs into a real-valued fractional order system of four
differential equations.
Step 2. By constructing a V function and applying the real-valued differential equation system, we get

l)ltJ < [Lq(t)]TALq(t) -

where, D' denotes the fractional derivative, u is the fractional order number. [Lq(t)]TALq(t) s a
quadratic type, n > 0 is a constant.

Step 3. Using the properties of the determinant and the negative definition of matrix, we prove A < 0.
Step 4. Via Step 3, we have

DAY
< [Lq(t)]TALq(t) -n
< -n.

Step 5. Integrating on both sides of the inequality in Step 4, we have

lirrTl Vit)=0,V(®) =0,t>T.
—

This completes the proof of the FTSN.

Usually, there are two methods to study the synchronization of quaternion-valued NNs: (a) the
decomposition method; (b) nondecomposition method.

In this paper, the quaternion-valued NNs are broken down into a real-valued system of four
differential equations by decomposition method. One of the advantages of the decomposition method
is that we can get a differential equation group of four differential equations, and then from this
differential equation group, the inequality in Step 2 can be obtained. Furthermore, by Step 3-Step 5,
the FTSN for the considered MSFONNSs can be achieved. Another advantage of the decomposition
method is that the study on the FTSN for the MSFONN:Ss is transformed into the computation of the
determinant. By applying an LMI to study the FTSN, the conditions obtained are so complicated that
the results cannot easily tested, and by applying FTST to studying the FTSN, it is difficult to obtain
the fractional order inequalities. By applying our method to study the FTSN, however, we only need
to compute the determinant, which is easier and more computationally efficient. Although the proof
process is cumbersome, and many complicated formulas are needed in the computation, but the idea
is simple, in that, we only need to compute the discussed determinant. However, the limitation of our
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method is that when the dimension of the determinant increases, the computation will become more
difficult. Therefore, the determinant computed cannot exceed an order of eight. In order to obtain four
differential equations of the same dimension number, it is indispensable to transfer the
quaternion-valued NNs into a real-valued NNs of several equations. The main contributions of this
article are therefore: (a) A new method is introduced to investigate the FTSN for the MSFONNSs: the
negative definition of matrix is introduced; (b) The properties of the determinant are cited to study the
FTSN for MSFONNSs; (c) Two novel FTSN criteria are obtained for the considered MSFOQVNN:Ss.

The arrangement of this paper is scheduled as follows: In Section 2, some definitions and lemmas
are introduced. In Section 3, two criteria on the FTSN for the considered MSFONNSs are given. In
Section 4, two examples are given to certify the validity of our main results. In Section 5, we present
the conclusion of this paper and some outlooks for future work.

2. Preliminaries

Based on the model in [15], we consider a kind of FOQVNNs with the Caputo fractional operator
of the order u expressed by (2.1) forg,p = 1,2,--- ,w,

D'[a, (0] = —aya,0) + ﬁl bopF (@, (1)) + fl copF (a1 — 1)) + 10, @2.1)
p= P=

where, w denotes the number of neurons, 1 > 0, o, (¢) represents the gth neuron’s state variable, 0 < u <
1 is a constant, a, > 0 denotes the self-feedback weight; b,,, c,, € Q are the interconnection weights,
Fy (ay (1) : R" — Qis the activation function, r, is the constant external input, the integer 7 is the time
delay.

The initial values of System (2.1) are constructed as

a,(y) = ¢,(y),y € [-7,0].

Let
_ R, D, ] K.
ay(n) = oy +ie, + jo, + kaq ;
_ R ol 0T K.
bpg = by, + b, + jby,, + kb,

Fp(ay(n) = Fy(a(0) + iF(ah(0) + jF (@) (D) + kF 5 (ay ()(Assumption);

K .
pq’

Cpg = cﬁq + icﬁ,q + jc;q + kc
Fy(ap(t —1)) = FRah(t — 1) + iF ()t — 7)) + jF ()t — 7)) + kF} (ah (t — 7))(Assumption]);

_ A K
rq—r§+qu+1rq+qu.
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Then Eq (2.1) can be articulated as:

ALHG)
p
p=1

pqg p pqg p

DACAG)

pq p

= —a, () + Z {b], FR(@f(®) + bf, Fi(ah(t) + by, FX
p=1

pqgp

Di[a)(n)]

pqg p pqg p

pqg p pq- p pq- p

= —a,a)(t)+ Y {b) FRaR®) + b, Fl(ay(®) - b, F&
p=1

pq p

DALMY

pq p pq p

pg p pq p

pqa - p pq- p pq- p

The initial conditions of System (2.2) are as follows:

ozfz(s) = ¢2(S), s € [-7,0],

A=R,1,J,K, ¢,(s)is a continuous function.

AIMS Mathematics

= —a,af(0) + ) (bR FR(@R(®) - b, Fi(a}0) = by, Fi(an(®) - b

+ B FR(ah(t—1) = ) Fi(ah(t—1) —c) Fia)(t—1) —c

+ch FR(ah(t— 1) + ¢ Fl(ah(t — 1) — ch Fia)(t—1) + ¢

(@, () +b

+c) FR(ay(t—1) + b Fl(a)(t—1) = ¢ F(ay(t—1) +c

pg p

= —a,af 0+ ) (bR FX@f®) + b, FR@@) + b, F)
p=1

+ R FE(ab(t — 1) + ch Frah(t— 1) + ) Fl(al(t-1) - ¢

i Fp (@ (D)

(et =)} + 7k

b,y (0)

(gt =)} +7)

(2.2)

CAO)

(h(t =T} +7]

b’ F!

paF (@, (1)

(h(t =)} + L.
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Take System (2.2) as the master system, and the slave system is depicted as forg,p = 1,2,--- ,w

DAIHG)
= —a By(1) + Z {bﬁqF X(Br(1) = bl FL(BL(D) — bl FI(B(1) — by FX (B3 (1)
p=1

+ N FRBhE—1) — ch FI(Bh— 1) — ¢ FoBt — 1) — ch FX(Bh (1 - r))} +r¥
+ L, (1)

DATAG)
= —a By + > {bh FRBEW) + b FHBL0) + bl FEBE (1) — b, Fa(B)(0)
p=1

+ c;,qF;j(ﬁjj(t —-7)+ cﬁqF[’,(ﬁj,(z -7)) - c;qu;(ﬁj,(t - 7))+ c;qFl’f (Bﬁ = T))} + r;
+ lzq(l‘)

2.3
DAVAG) -

= ~agBy(t) + ) {bp F(By(n) + b, Fo(By(0) = by Fyf (B (1) + b (B, (1)
p=1

+ c;qF,’j(ﬁﬁ(z -7) + cijF; ;(t - 7)) — c;qF,’f(ﬁ,’f (t—1))+ c,’qu{,(ﬁj,(t - T))} + r;
+ lgq(l)

DAVAG)

= —a,BEm + Y bR FE@EW) + X FRBR) + b FABL0) — bl FLBL1)
p=1

pq-p pq- p pqg- p pqg- p
+ L3y ().

+ B FYBN(E—T1) + ch FR(By(t — 1) + ¢} Fr(B(t — 1)) = ¢ FrL(B(t = r))} +rk

where, the parameters in System (2.3) are the same as ones as in System (2.2); 11,(1), [r4(), [34(2), Ls4(?)
are the controllers, and S}(2), B](1), B5 (1), By (¢) are the status variables. The initial conditions of System
(2.3) are planed as follows:

BL(s) = yl(s), s € [-k,01,A = R, I, J.K.

Setting Xj(t) = ﬁ;(t) - a;(t), A=R,1,J, K. denote

FRXR(0) = FRBR1) - FR@f @), FLXL0) = FLBL1) - Fi@h (1),

FIXAD) = FABL®) - FAal ), FX(XX 1) = FXBE®) - FE @),
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Then, the error system between (2.2) and (2.3) can be depicted as

DYX5 ()]

= —aqu;(t) + Z {bijij(Xjf 1) + bj,qFj,(X,’,(z)) + bgqF,’f (X,’f 1) — b;qFI{(X;(z)) + cj,qx
p=1

FY X3t — 1) + ey Fr (X, (t = 1)) = ¢y F/ (X (t = 1)) + ¢ Fy (X5 (1 = 7)) + llq(t)};
DAPHG)

= —a,Xj(0) + > {bh, FRXR(0) + bR FLX00) + ), FX (XK (1) - b, FI(X)(0) + ¢l x
p=1

FROXR(t = 1) + ¢ FLX (1 = 1) — b FoXJ(0)) + ¢} FX(XN(t — 1)) + lzq(r)};

rqg- p rqg- p rqg- p 24
DALY (1) 4

= —aqx,j (1) + Z {bgqFﬁ(Xﬁ(z)) + bﬁng(X;(z)) - bf,qF;f (Xjf o) + bquj,(Xj,(r)) + c;qx
p=1

FRXR(t = 1) + ¢ Fo(X3(t — 1)) — ¢ Fy (X5 (1 — 1)) — b FL(X) (1 — 7)) + z3q(r)};
DX, (1]

= —a X, (1) + Z (b FXXX(0) + b, FRXR(0) + bl F(X)(0) = b FH(Xh(1) + i, X
p=1

FY(XK(t—1) + ch FRXE(@t = 1) + b F(X)(t = 1)) — ¢} FIX0(t — 1)) + l4q(t)}

Definition 2.1 (A. Kilbas et al. [19]). The fractional integral of function A(t) is defined as

L
I ()

where [*(.) is the well-known gamma function given by

I“[h()] = f (t —uy 'h(wdu, >0,

() = f #le7ldt.
0

Definition 2.2 (A. Kilbas et al. [19]). The Caputo fractional derivative of function A(t) is defined by

TOR(s)
S,
yi(n—pup Jy, (= syl

D/Th(n)] =

where 0 < n—1 < u < n,y*(.) is the gamma function. Particularly, when 0 < u < 1,
" (h)'(s) J
S
T'(1=p) Jy, (= 5)

Definition 2.3. The drive system (2.2) and the response system (2.3) are said to achieve the FTSN
if, for arbitrary solutions of System (2.2) and System (2.3) denoted by [a;(?), a(?), - - , @, (1)]" and

DiTh(n] =

AIMS Mathematics Volume 11, Issue 3, 7791-7820.
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[B1(0),Ba(2), - - -, B (1)], there is a positive function T which is related to the initial values of the error
system such that

1inTl|af(t) -Bl® =0, |ait)-BH)I=0,A=R,1,J,K,t>T.
t—

Definition 2.4. The real quadratic form f(x;, x,,- -, x,) is said to be the positive definite quadratic
form if for not being all zero real numbers (¢y, ¢z, -+ ,- -+ ,¢,), one has f(cy, ¢z, ,c,) > 0.
Definition 2.5. The real symmetric matrix A is said to be positive-definite if the real quadratic form
XTAX is a positive quadratic form.

Lemma 2.1 (A. Kilbas et al [19]). If the CFD D/'[h(1)] is integrable, then the y integration of D} [h(1)]
is defined as

o (W®(0)

n-1
PLDY ()] = h(e) = ) ==t = 1)
k=0 ’

Especially, for 0 < u < 1, one has
FID{(h(1)] = h(t) — h(to).

Lemma 2.2 (All members of Algebra [17]) Consider the real symmetrical matrix K = (k; j),x,. Then,
K < 0 if and only if all of the following requirements are satisfied: For i = odd, i < n,

ki ki oo ki
K = kot kyo o ko <0:
ki ki - ki
fori = even,i < n,
kip ki oo ki
K = ko ko or ko 0.
ki ko oo kg

Lemma 2.3 (Q.Peng et al [18]). Assume that 0 < u < 1. Then,
D[ ()] < 2g(x)Df/g(x);
D/f1g(x)| < sign[g(x)]1D] g(x).

Lemma 2.4. If u is the Caputo fractional-order, then

Difito) + (0 + -+ + fu(0)] = D fi(x) + D fo(x) + -+ + D} ful(0).

Proof. From the Definition 2.2, the proof of Lemma 2.4 can be finished.

In this work, the following assumptions hold:
Assumption 1:

Fylay(0) = FR@R®) + iFL(a}0) + jFI@l0) + kFX @t - 1);
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Assumption 2: There exist positive constants LX, L, L/, LX such that
IFR1) = Fp(2)l < LRlyy = yal, IFS(v1) = A2l < Lllyy = yal,

IFJ(y1) = Fpl < Llyy =yl IFy (01) = Fy (02 < L¥[yy = yal;

for all yi,y, € R,p =1,2,---,w,]|.| is the norm of the Euclidean space R.
Some notations are cited as follows:

71 = max Zlb LRy, ry = max Zlb IL®}, r3 = max Z|b IL'};

1<g<w 1<g<w
I K\ e = K)
ry = max{z L IL", rs = max{z 6% LX), rs = max Z| LK)
1<g<w
r; = max Zl |LJ }rg = max Zl |LJ = max Z |c |LR
I<g=<w I<g<w I<g<w
w w
I 7R Ryl I
710 = max c |L r:machL r:machL
10 lm{zl' iyl i = max| 1| blL} o = max () lef)
p= p=

riz = max Z|c L'}, r14 = max Zlc IL’}, r;s = max Zlc |LX}:
1<g<w 1<gsw

w
rie = max { E leg,IL*}, 717 = max{ E b7, IL}, rig = max E b IL*};
1<g<w 1<g<w 1 1<g<w
p:

w
R 1 K
rig = max{Z |bpq|L }, r0 = max Z |bqp by = max Zl |L
I<g<w 1 I<g<w
p:

Iy = max Zl |LK r23 = max Zl |LJ r24 = max Zl |LJ ,

1<g<w 1<g<w

Ry I nrR R 71).
rys = max E |cpq|L , e = max { E e, 1L", ry; = max { E gl L}
1<g<w I<g<w 1 1<g<w 1
p:

g = max Zlc IL"}, ryo = max Zlc IL7}, r30 = 1max{Zl |c§p|LJ};

1<g<w

1<g=<w

w w

J K J K J Ry.

ra = max () lep, LX), rio = max (3 leg, 1LY, ryy = ma {1y, 1)
T p=l =1

w
J )
F3g = max{E by, |}, 735 = max{ E |bpq , 136 = max E | oL}
I<g<w 1 1<g=sw
p:

ry = lmqax Z|b ILX}, r3g = max Zlb ILXY, 130 = max Zlb IL"};

I1<g<w

AIMS Mathematics Volume 11, Issue 3, 7791-7820.
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w
K 1 R
ra0 = max{z |bqp|L }, 741 = max Z |cpq bt = max Z |c |L
I<g<w 1 1<g=sw
p:

w
R s/
43 = max{z gL}, rag
-

1<g<w

R rJ ! K.
max (" |e& |1/}, rus = max (> Icp, IL*};
1 I1<g<w 1

I1<g<w

w w w

I 7K Kyl K 11y

r46 = max{ E |lcgplL7 ), ra7 = max{ E |cpgl L}, rag = max{ E legpl L)
I<g<w 1 I<g<w o 1<g=<w )
p: = =

rq9 = max Zl |LK }"5()

1<gsw

R
rsp = max Z IbqplL , 133

max ZlbpqlLJ Isy = max Zlb IL"Y;
I<g<w

1<gsw

w
Jgl I Ky
Iss = 1r£1a<x{ E b7, IL"}, rse = max { E |bqp|L ,Fs57 = max E |c AL
<g<w
p=1

w

w w
R 1K K TR K |7 R).
rsg = max { E lcgplL7 ), rsg = max { E lcpgl L™} reo = max { E gl L8
I<g<w 1 I<g<w o 1<g<w o
p= = -

w
re1 = max{Z |c§,q|Lj},r62 max Zlc IL'}, res = max Z|c L'}
I<g<w 1 I1<g<w
p:

Fes = max Zlc L1,
I1<g<w
3
ki :—2aq+Zri+r5+r8+r9+rU+r13+r15+rlg+r34+r52,
i=1
k22:—2aq+r4+r17+r19+r21+r23+r25+r27+r29+r31+r40+r56,
37
k33 = —2Clq + 717+ 1y + 133+ Zl’,‘ + 139 +Fq1 + ¥4z + a5 + Fg7 + Va4,
i=35
51
ks = —2aq +re+ 1+ r3gt+ Z Vi +rs3 +rs5 +rs7+rs9g+ rep + re3,
i=49
kss = =2ky + rio + ra6 + a2 + reo,
ke = —2ky + ria + rag + 130 + rag + reas
k77 = —2k3 + 4+ 130+ rgq + r62,kgg = —2k4 + e + 13 + r46 + I'53.

The controllers in (2.3) are constructed as follows:

m +k X5 - )]
X5() ’

llq(t) = -

max Zl |LK }rsg = max Zl |LR};
1<g<w

(2.5)
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kol X!t = D

0= X0,
q
k[ X (t—1)]?
by = _# — us XX (0,
q

klXK(t - )P

X5 (0) - u4X§(t -7T)— uleI(t -7)— u5qu(t -7
q

Iy
or

liy
= sign[XEON - yiIXE(t = D)l = yal X}t = D] = y3lX](t - 7)]
~yalX¥ - 7);

by = —masign[ X, (1)];
I3,
= sign[XJOIf = Yol X2 X)) = ya1X (DI

xIxy @ - 0);

lig = sign[XE ) = yolX](t = DIVIXE (@t - 1)I*),

where, 7y > 0,1, > 0,v,, > 0,k,, > 0(m = 1,2,34), v6, y7, u;(i = 1,2,--- ,5) are constants.

3. Main results

(2.6)

2.7)

(2.8)

2.9)

(2.10)

(2.11)

(2.12)

Theorem 3.1. Under Assumption 1, the System (2.2) and System (2.3) can realize the FTSN by

employing the controllers in (2.5) if the following conditions hold:

(h1)
k]] < Oak66 < 0,k77 < 0,

(h2)
kyy <0, kgg < 0;
(h3)
kazky > 0.25u3;
(h4)
kzz[k33k44 - 02514%] < 0.2514%](44;
(hs)

k33[k44k55 - 0251442‘] < 0.251/{%]{55;
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7802

with the finite-time

ZOWr" @)1 Y
f = [#] Z(0) = ) [(XEO0) + (XL0)) + (X7(0))? + (XK (0))?]
g=1
Statement 1. ky, < 0 and (h3) imply k33 < 0. (hs) and k33 < O imply kyskss — 0.25u; > 0. kes < 0,
implies

(he)

kesk3a[kaakss — 0.25u3] > 0.
Proof of Theorem 3.1. If
XX = X[(1) = X)(1) = XJ (1) = XF(t — 1) = X[(t = 7) = X](t — 7) = X (t — 7) = 0, then the proof of
Theorem 3.1 has been finished. So we assume that

XX(0), X[(0), X7 (1), XK @), XF(t — 1), X[(t = 7), X]](t = 7), X[} (t — 7) are not all zero.
Construct a Lyapunov function:

z = Y (k@) + (xio) +(x20) + (xEX0) .
gq=1
Via System (2.4), we obtain by using Assumption 1

Dy[Z(1)]

IA

2> {XE@DIXE®] + X)(ODLIX (0] + XJ(ODIIX] (0] + X5 DX ()]

g=1
= 23 {XR0| - aXf @) + D (b5, FRXR@) + by, FRXp(0) + b, FX (XK (®)
g=1 p=1

K J/vl] I =R,vR R I I K JyvJ J
—bqup(Xp(t)) + cqup(Xp(t -7)+ cqup(Xp(t -7)) — cqup(Xp(t -7)+ Cpg X

FEXE(t =) + L, (0] + X20)| - a,Xl0) + Z (b1, FRXE(0) + FhXA0)bE, +

P p
p=1

J K yK K pd v/ I RoyR R ol (yl K
b Fy (X, (D)) = b, Fr(X,(t — 7)) + ¢, ', (X, (t = 7)) + ¢, F ) (X,(t = 1)) — ¢, X

FIXJ(t = 1) + ) FEXE(t = 1) + by(0)| + X)(0)] = a, X) (1) + Z (FRXE@)

p=1
xby, + b F(X0(0) = bl FY (X5 (D) + by FL (X, (D) + +¢) Fr(X5(t — 1)) + ch %
FIXJ(t = 1) = ch FX(XE(t = 1) = e, FLX0(1 = 1)) + By ()] + XK )| - XK (o)

pqg-p pqg p pq- p pqg- p

xa+ > (bR FX(XK(0) + b FROXE@) + b, FA(X3(0) = b}, F(X0(0) + ch, X
p=1

FE(XE(t = 1) + & FRXE( = 1) + ¢h FIX(t = 1) = ¢l Fo(Xh(t = 1)) + Lay(1)]

< 23 {XB0| - agXF@ + D (1R LMXR@O] + ) L' X00] + B ILFIXE @) + b,
g=1 p=1
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Lj\XJ (0] + ¢}, [ILYIX5 (= D) + |eh, IL'|1X) (2 = D] + ey, IL1X (2 = T)] + e, IL* X
m + k[XS (1 — 1)
X5 ]
XLy | + 16y ILEIX 5 (0)] + by, IL1X (0] + lep ILRIX 5 (1 = )] + |eh IL1X (e = 7)] +
ko[ X}t — )T
X}

XKt - 7)) - + X00| = aXj0) + ) (b5, ILFIXE@] + 1X5(0)

(KA IX (0 + el IL¥IXE (0 = 1)) = unX) (1) - |+ x]0] - a, X0

+ Z (Ib,’,qlLRIX,’f(t)I + D5, IL71X ()] + B, IL¥IX5 ()] + b L' X (0] + X5 (1 = 7)|
p=1
Xlep JL® +1c8 LX) (t = )| + |ch JILKIXK (2 = T)] + [eh ILT1 X (1 — T)|) — u3 X} (1)
[X;(t -] .
—”XJ 0 |+ XE@| - agXf @)+ Y (165 IXEOILK + b5 IXFOIL® + 1B, IL!
q p:l

XX O] + b7 LX) + 165 ILEIXE (1= D) + 1 JLRIXE (= )] + 1 I X = )
kXK (- D

A3

e IL' Xt = D)) - — WXt =) = X)(t - 1) - usX(t - 7).

XK
3.1)
Applying 2ab < a® + b?, one has
2ZXR(t>Z|bR ILFIXS (0] < ZZW ILF(IXF O + X5 ()T?)
g=1 p=1
< D In+nlIXEOP, (3.2)
gq=1
2> Y Xk Lol < > BRI (IXFOP + X, (00)
g=1 p=1 g=1 p=1
< D QL BRIDIXEDP + Z(Z bR JLDIX D)
g=1 p=1 g=1 p=1
< D (BIXEOP + nlXioP); (3.3)
g=1
23 D XROBEILK XS0l < > b ILK(IXF O + X5 (0)F)
g=1 p=1 g=1 p=1
< D (sIXEOP + rlXE @), (34)

N
Il
—_
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23 XK@ > b I X 0)
q=1 p=1

M=

2>

q=1

R I Ry vR
XE@)leh JLFIXE (= )

1

S
1l

23 X5 Y IR I = 1)

g=1 p=1

23 XE@®) Y Ik LX) (- )

g=1 p=1

23 XE0) Y Ieh ILKIXE (- 7))
q=1

p=1

2 XU > b ILFIXF @)
g=1 p=1

2 ) X0 Y b\ 1X0)
q=1 p=1

AIMS Mathematics

IA IA IA IA IA
[ M-

IA

IA

IA

IA

IA

IA

IA

IA

IA

b IL (X0 + X2 @)P)

M=
M=

1

LN
1l
—_

S|
Il

(rXOF + rs[XEOP),

=
1l
—_

DI LA (IXE@P + (X5 - D))

1 p=1

M=

=
1l

(RIXXOP + riol XKt - DP),

K
Il
—

M=
M=

R AL (IXE @) + Xt - )T)

=
—_

S

Il
—_

= |

(ru[XFOF + ralX)(t - DP),

(3.5)

(3.6)

(3.7

(3.8)

(3.9

(3.10)

(3.11)
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IA

2> X110 ) b ILKIXK (@)
g=1 p=1

IA

M=

IA

23 X1 ) BN LX) (o)
gq=1 p=1

IA

M=

2> X0 Y leh ILAXR (- 7)]

23 X5 > Ik LX)t - 7)

IA

IA

IA

23 X110 Y lek IL1X) (e = )
g=1 p=1

IA

D o2xk0 Y le LXK - 1)

2 ) X0 ) by LX)
g=1 p=1

AIMS Mathematics

IA

IA

IA

IA

M=
M=

M=
M=

M=
M=

b7 ILX(IXAOP + [XE(0)1)

LN
1l
—_

S|
Il
—_

(X (O + rolXS OF),

LN
1l
—_

b L (IXAP + (X))
1

S
1l
—_

S|
Il

(ras[XLOT + rulXJ(OF),

N
1l
—_

el JLA(IXAOP + (Xt = D))

DM M-

(rasXLOF + rag[XE (e = D),

Q
Il
—_

R L (IXMOP + Xt = )T)
1

=
—_

S
Il

= 1

(rr X} @F + rsl Xt = DP),

=
Il
—_

M=

ek L7 (IX}(OT + [X;(t = D))
1

)
Il
hS]
Il

w

(raoIXLOP + raolX2( = DP)

=
I

D lep (XA + XK - 1))

D (ral XA + ralXE e = D),

b7 LR (1X) (O + [X5(0T)
1

(rslX) (O + raal XX OP),

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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M=
M=

2> X1 > 1), IL1X20) b7\ (IX] OF + (X))
q=1 p=1

1

LN
1l
—_

S|
Il

M=

(rss[XJ(OF + rsgl X (DT,

=
1l
—_

M=
M=

23 X1 D Iy, ILKIXE o) bLILE (X0 + (XE(0)P)
g=1 p=1

1

N
1l
—_

S|
Il

M=

(ralX) )1 + s XS (0)),

N
1l
—_

M=
M=

23 X106 > IbK LX) XL (XIOF + [X20)P)
g=1 p=1

1

=
—_

S
Il

= 1

< ) (rolX)OF + raol XAOP),
gq=1
23 X00) Y lep JLEXEe =0l < ) 1el LX) + (X5 - D))
g=1 p=1 g=1 p=1
< D (ralX)F + ral XS - DF),
gq=1
2 XI0 R IX -l < T Iek L (IX)0F + X - D))
q=1 p=1 g=1 p=1
< D (ralX)(F + ral Xt = OF),
g=1

A

23 XI0 DI LKXE - < Y I (X P + (Xt - )P)
g=1

p=1 p=1

M=

(raslX) (O + rag X (£ = D),
1

LN
Il

X L (IX) P + (Xt = D))

M=
M=

23 X1 ) Ik IL1X - )] <

g=1 p=1 1

=
Il
bS]
Il

M=

(ra X (OF + rasl Xt = D),

LN
Il
—_

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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M=
M=

2> XK@ Db ILIXE )] < bR LK (XK + (X))
gq=1 p=1

1 1

LN
1l
S|
Il

M=

(ras[ XX O + rsol XX (D)),
1

LN
1l

DS IR (XS OF + [X5()?)

p=1

IA

2> XK@ ) bk ILFIXF )
g=1 p=1

M=

(rs1 XX O + raal X2 )P),

1l
—

q

M=
M=

2> XK@ ) b I 1X )] LI (IXE@OF + (X))
g=1 p=1

1

=
—_

S
Il

= 1

IA

(rss[ XX O + rsalX](OT),

=
Il
—_

M=
M=

23 XK@ ) b IL1X50) b7 IL(IXE P + X))
g=1 p=1

1 1

B

= 1
S
Il

IA

(rssIXf (O + rse[X}(OF),

=
Il
—_

M=

(R AL (XK@ + (XKt - D))
1

23 XE0 Y IR KX - 1)) <
q=1

p=1 p

M=

(rs7 XSO + rsslXf (1 = DP),
1

=
Il

M=
M=

23 X5 ) Ik X - 1) <

q=1 p=1

X IR (IXE P + [XE( - )T
1

)
Il
S|
Il

M=

(rsol XKD + reol X5 (2 = )T,

)
Il

b L (XK@ + Xt - D))

M=
M=

23 X5 Y I I 1X) (1 - 7)

g=1 p=1

LN
Il
—_

hS]
Il

M=

(re1 (X (OF + ralX; (¢ = D)

BN
1l
—_

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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and

IA

D el I (IXE@P + X - OF)

q

2 Z XE(0) Z e LX)t = 7)

1 p=1

M=

(res XS OF + real X}t = F).

S
1l
—_

Substituting (3.2)-(3.33) into (3.1) gives
DiZ(t) < L) (t)PLy(1) — 2w,

where
_ N R 1 J K R 1 J K T
Ly = D (X5, X0, X0, XK (0, XE(t = 1), X}t = 1), X[t = 7), X£ (1 = 7))
g=1
pit pr2 - Di
P= (s Po=| 020 P2 P,
pin P2 - Di
where

pu = ki, p1a = p13 = p1a = pis = pis = p17 = p1s = 0,
P22 = kao, p23 = —=0.5uz, pos = pas = pa = p27 = pas =0,
P33 = ka3, p3a = =0.5u3, p3s = p3s = p37 = p3s =0,
Paa = kag, pas = —0.5uy, pas = —0.5uy, ps7 = =0.5us, psg = 0;
Pss = kss, pse = ps1 = pss = 0,
Pe6 = kes, P61 = Pes = 0, p17 = k77, p15 = 0, pss = kss.
Because of (h;), we have

Py =pu =k, <0.

Due to (h,), we have ky; < 0, so

P11 P2
P21 P
= kitkn
0.
Because of k11 < 0 and (h3), one has
Ps
ki 0 0

= 0 k22 —O.5u2
0 —0.5Lt2 k33

(3.33)

(3.34)

(3.35)

(3.36)

AIMS Mathematics Volume 11, Issue 3, 7791-7820.



7809

Because of (h4), we have

Due to (hs),

= knlkankss — 0.25u3]
< 0. (3.37)

Py
ki 0 0 0
0 kzz —O.5u2 0
0 —O.Sl/tz k33 —0.5M3
0 0 —O.5M3 k44

k22 —0.5142 0
k11 —0.5Lt2 k33 —0.5l/t3
0 —().5u3 k44

kit (koalksskas — 0.2513] — 0.25153kas)

> 0. (3.38)
Ps
kip O 0 0 0
0 k22 —0.5142 0 0
= 0 0 k33 —O.5u3 0
0 0 —0.5u3 k44 —0.5M4
0 0 0 —0.5M4 k55

k33 —O.5u3 0
k11k22 —O.5M3 k44 —O.5u4
0 —O.5M4 k55

kllkzz{k33 [k44k55 - OZSui] - 025%%](55}
< 0. (3.39)

Due to ky1k>, > 0 and (hg), we have

AIMS Mathematics

Pg
kip O 0 0 0 0
0 k22 —0.5M2 0 0 0
_ 0 0 k33 —0.5Lt3 0 0
h 0 0 0 k44 —0.5u4 0
0 0 0 —0.5M4 k55 0
0 O 0 0 0 ke

k33 —O.5u3 0
kiikaskes | O kis  —0.5u4
0 —0.5u4 k55

= k11k22k66k33 [k44k55 - 0.25143]
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> 0. (3.40)
Because k77 < 0, P¢ > 0, then
P7 = k:7P6 < 0. (3.41)
Because kgg < 0, P; < 0, then
Pg = kggP7 > 0. (3.42)
By using Lemma 2.2, from (3.35)-(3.42), we get
P <0.

Via Definition 2.4 and Definition 2.5, because X}(1), X/ (1), X; (1), X} (1), X[(t — 7), X})(t — 1), X](t -
7), Xf (t — 1) are not all zero, then

[L,()]" PL,(1) < O. (3.43)
Substituting (3.43) into (3.34) gives
DYZ(1) < —2wn,. (3.44)

Integrating (3.44) over [0, 7], we get

Z( < Z(O)—r:](ju) f (t— sy"'ds
0
2wt
= Z(0) - . 3.45
0) () (3.45)
Let —_
Wwij1
Z(0) — <0,
O~ =
then ZOUT ().
< u
> tl = (Tm) .

So from (3.45), it follows that when ¢ > 7,
IimZ(t) =0,Z(t) =0,t > 1;.
11—

Namely
lim |ary(1) = By = 0,4 = R, 1, J, K;
—h

la; () =By = 0,4 =R I,J.K,1 > 1.

This completes the arguments of Theorem 3.1.
Theorem 3.2. Under Assumption 1, then System (2.2) and the System (2.3) can realize the FTSN by
employing the controllers in (2.6) if the following conditions hold:

(h7) §
iy = —ag + ) (16,1 + gyl + log, ) + IS I|L% < 00
p=1
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(hg)
K = —ag+ ) [Ibh, 1+ B2, + 1], + DX I L" < 0;
p=1
(ho) X
Kook > 0.25y¢;
(h10)
Kig = =ag+ > (1B + 167, + bE,| + b, )LX < 0;
p=1
(h11) |
gyﬁy% + 0.25717§ — yinpny; < 0;
(h12)

0.25y5 < 3y,

w
with K5, = —a, + X (1Dfy] + 10,1 + 16, ] + b7, )L, and the finite-time
p:

Z0yul™
o = [ZOT W

S| 210) = IO + X0+ 100 + X O]

g=1
Proof. Without loss of generalization, we assume that

XX(0, X0, X)), X5 (@), |XF(t - o), IX[(t = DI 1X](t = 7)|,|X}(t — 7)| are not all zero. Construct a
Lyaunov function:

Zi(0 = Y [IXEol + X))l + X))l + IXE @]
gq=1

Via System (2.4), we obtain the following inequality by using Assumption 1:

Dy[Z,(1)]

< Z {sign[XE(01| - a, X5 + Z (B2, FROXR() + b FLX0(1) + b FR (XK (1))
q=1 p=1
—b) FI (X)) + ), FYX3 (1 =) + e Fr (X, (1 = 7)) — ¢y Fo (X (t = 1)) + ¢}, X

FYXXK(t = 1)) + Ly (1) + sign[X)m)]| - a,X}(0) + Z (b5, FEXE() + FHX3(1))
p=1

R K J/yJ J K/ yK K nJiyJ I R/ yvR R
bR — bK FI(X1(0) + bl FX(XK(1))) = b5 F (X2t = 7)) + b FRXR (e = 1) + 8,

XFI (X0 (1 = 1)) — ch Fo(XJ(t = 1) + ¢ Fr (X5 (t - r))) + zzq(r)] + sign[X; ()]

x| = aX)0) + > (FRXE@)D), + bR FIX0) = b, FXXE®) + b, FH(X)(1))

pq- p pq p pq- p
p=1
J R R R J J 1 K K K ol 1
+cqup (Xp (t—-71)+ cqup(Xp(t -7)) — cqup (Xp (t—1) - cqup(Xp(t - T))) +
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Ly(®)| + sign[XX(0]] - a, XX (@) + Z (68 FX(XE () + b5, FEXE0) + b, F1(X3(0)
p=1

—b) FLX (D) + b FR(XN(1 = 1) + ch FRXN (1 = 1) + ¢} F (X (t = 7)) — ¢, X

FXp(t = 1)) + Ly ()}

{ = a IxFal+ " (5 ILRXE@ + by, LX) + I LK IXE (1)) + b, 1L

g=1 p=1

IA

J 1 R\vR R R4 K JivJ J K
X2+ Ieh LRIXEE = 0] + 1R AL X = D) + 165 1L X = 0] + e LK x

XKt = D)) = 7 IXE( = D = 72Xt = D = 73X (¢ = D = yalXE (1 = )| = @, |IXL ()

+ (1B LEIXE @1+ D5 ALIXLO] + b ILKIXE O] + 165 1L X2 0] + 65 LX)
p=1
el JLRXE(E = D) + 1 LKL = D) + 15 L XG =) + e LX) = o -

XaglX: (1) + Z (Ib;qlLRlX,’f(t)l + bR LX) + 1B ILKIXK 0] + b5, IL'N X0 (0] + |,
p=1

LEIXF (= 1) + b )L |IX0 (2 = D) + e, ILK1X 5 (£ = 1)) + e IL1X (1 — T)I) — Y6 X

[XIOX] (01 = 71X OX (= D1 = a XK@+ D (1% ILKIXE @) + b, ILAIXS ()]

p=1

+|b§,q|LJ|X1{(r)| + |b;q|L’|Xl’,(t)| + |c1[fq|LK|XI’f (t—7)| + |c1’fq|LR|X1’f(t —7)| + |c§,q|L’ X

X7t =) + ey, IL"1X (¢ - T)I) — sl X5t - T)IO'SIXZ,(t - T)|°'5|Xq’ (t— 1)

X|IXK(t - 7))

w

D= alXE@l+ > (1B ILFXE@] + 1B JLIX00) + 15 LK IXE ()] + b, 1L1X] 1)
g=1 p=1

IA

Heg, IL1X5 (1t = D) + 1, IL'IXo (2 = D + leg ILT1X; (2 = D + e ILK X, (7 — T)I) — 71 X

IXE(t = 1) = yalXL(t = )] = yalXJ(0 = O] = yalXE @ = Dl = aJXi] + Y (16 ILAXE (o)
p=1
R Iy J K|\ vK K rJyyv/ K rJyyv/ 1 R|yR
bR JLIXA )] + B ILFIXE @) + I ILIX0) + 165 L 1X (= o) + el IERIXE (= 7))+

R JLXAE = D) + I L X2 = )]+ e ILKIXEG = o)) = 1 = a X501+ Y (162, L7
p=1
XX + 1% LX) + 1B LK IXK (0] + 15 LX) + ] ILRXE (= 0] + 1 11

X2t = )| + b ILIXK (e = D)1 + 1 IL'1X0( = D)) = y6l XEOX] D1 = y11X) (1) %

X =D = a X5+ > (8 ILKIXE O] + 65 ILUXE O] + 161, L 1K) + b2, L X
p=1
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1 K 71 K|yvK K 7R yvR 1 JivJ J vl
1X, (O + leg, IL7 X, (2 = ) + ey [LE1X, (= T)| + leg, IL71X; (2 = T)| + |ey, IL IXq(t—T)I)

P
~yolX](t = DI"1XK (t - 1))
= H,()NH! (1) — wip,

14

with H,(1) = [ (IXFOL IX50L XL IXEOL (IXEC =Dl (X0 =l I =l

XK@ = DI, N = (1)),

npgp Ny o Ny
N; = npr Ny -+ Ny ,
nig N s Ny
and
ny = le,

Ny = N3 =Ny = Nys = Nig = N7 = nyg = 0;
ny =k,
ny3 = —0.5Y6, 24 = Nos = Mo = Np7 = nog = 0,133 = k§3;
n3g = 0,n35 = =0.5y7,n36 = n37 = n3g = 0;
Nas = kyy, Nas = Nag = N7 = ngg = 0;
nss = —y1,ns6 = 0,ns57 = nsg = 0,166 = —y2;
ne7 = neg = 0,n77 = —y3,n73 = —=0.5y9, ngg = —ys.

From (/4-), one has

N =n;; <0.
Because of (hg), one has
N, = nél n?z = nynyn > 0.
From (hy), we obtain
ni 0 0

Ny=| 0 npn —0-5y | =nplnan; — 025y <0
0 —-0.5y n33

and

ni 0 0 0
0 ny» —0.5’)/6 0
0 —0.5’)/6 nss 0
0 0 0 Nnyq

Ny = = nynaa(nanss — 0.25yg) > 0.

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)
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Because of (4;), then

and

Due to (h19), (h11), then

Ng

ni
0
0
0

S O O

0

ni 0 0 0 0
0 ny» —0.5’)/6 0 0
N5 = 0 —0.5’)/6 nss3 0 —0.5’)/7
0 0 0 7 0
0 0 —0.5)/7 0 —Y1
nny —0.5’)/6 0 0
- 5 —0.5’)/6 ns3 0 —0.5’}/7
- o 0 ny O
0 —0.5)/7 0 nss
ny» —0.5)/6 0
= nyngs| —0.5y6 ns3 -0.5y;
0 -0.5y; -y
2
YeY
= n11n44[T7 + 025)’17’2 - 71”22”33]
< 0
Ng = =y2Ns > 0;
N7 = y2y3Ns < 0.
0 0 0 0 0 0
nan —0.5’}/6 0 0 /0 0
—0.5’)/6 ns33 0 —0.5’)/7 0 0
0 0 Nyq 0 0 0
0 05y 0 -y O 0
0 0 0 0 -Y2 0
0 0 0 0 0 -Y3
0 0 0 0 0 —-0.5y9

= —y4N; — 0.25y5Ns
= Ns5[0.25y2y5 — y2y374l

2

YoV
= n11n44[T7 +0.25y1y¢ — 71”22”33][0257’275 - 727’374]

> 0.

By using Lemma 2.2 from (3.47)—(3.54), we obtain

AIMS Mathematics

N < 0.

(3.51)
(3.52)
(3.53)

0

0

0

0

0

0

—0.5’)/9
—Y4

(3.54)
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Therefore
[H,()]"NH,(t) < 0. (3.55)
Substituting (3.55) into (3.46) gives
D}Z,(t) < —wn,. (3.56)

Integrating (3.56) over [0, 7], we get

Z,(1)

IA

21(0)—F:7(Z) fo (t — "\ds

2wnt!
H ()

Z,(0) - (3.57)

Let

i
2wn,t <

pre () ~

_ (Zl (O)ﬂr*(ﬂ))ﬁ
2T 2w .

Z,(0) -

then
t>t

So from (3.57), it follows that when ¢ > 1,,

IimZ;(t) =0,Z,(r) = 0,1 > 1,.
1—n

So
lim |ay(t) - By(0| = 0,4 =R, 1, ] K;
—1)

() = B0l =0, =R, L LK,1 > 1.

This completes the arguments of Theorem 3.2.

Remark 1. Up to now, researchers have always applied LMI [11], FTST [12,14], fractional
inequalities [13], Laplace transforms [15] and Lyapunov direct method [16] to studying the FTSN for
the considered MSFONNS. In this study, a new method is introduced to study the FTSN for
MSQVFONNS.

Remark 2. So far, the method (the negative definition of a matrix combined with the properties of the
determinant) has not been applied by scholars in integer-order neural network synchronization
problems.

4. Examples

Two examples are given for verifying the correctness of our results.
Example 4.1. Consider System (2.2), System (2.3) via the controllers (2.5-2.8) for g, w = 1,2, where
u=04a =a =7,L% = 1,L' =05,L7 = 1.2,LX = 0.7,b;; = 03 -0.2i —0.1j — 0.4k, by, =
-0.14+0.1i+0.5j+0.2k,by; = -0.5+0.3i-0.2j-0.1k, by, = 0.1-0.1i+0.3j-0.2k,c;; = -0.3+0.1i +
0.5j+0.2k,c1, =0.3-0.2i-0.4j-0.1k, c5; = —=0.2+0.3i4+0.2j-0.4k,cn = 0.4+0.1i-0.3j+0.2k, r| =
1-0.1i+0.5j-03k,r, =—-0.1+02i =05+ 04k, n =4,uy = L,up = =1,u3 =2.5,uy = 0.5, us =

AIMS Mathematics Volume 11, Issue 3, 7791-7820.
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1.5,k = 2,ky = 3, k3 = 2.5,ky = 4, F () = |, — 1| +0.5]a, + 1]i + 1.2]ar, =2/ j+0.7|ar, + 1.5)k, T = 1.

1
The finite-time of synchronization #; = [M]ﬂ = 16.76. Then,

2w
(h)
k]l =-7.69<0, k66 =-339< O, k77 =-236< O,

(ho)

kyy = —9.18 < 0, kgg = —6.04 < 0;
(h3)

64.6272 = kizky, > 0.25u3 = 0.25;
(hy)

~533.6949 = kno[kszkas — 0.25u3] < 0.25u5kyy = —2.12;
(hs)
—101.0486 = k33[kyskss — 0.25u3] < 0.25u3kss = —2.6563;

(he)

keskas[kaskss — 0.25u3] = 397.1212 > 0.

Thus, by Theorem 3.1, system (2.2) and System (2.3) can realize the FTSN via the controller (2.5-
2.8). The methods and controllers designed in our example are very different from those in past articles
[11, 12, 14-16]. Thus, the result in the example cannot be tested the methods therein.

The curves of master system and slave system are shown in Figure 1, the curves of the error system
are shown in Figure 2.

Example 4.2. Consider System (2.2), System (2.3) applying the controllers (2.9-2.12) for g,w = 1,2,
where u = 0.7,a; = a, = 10,LF = 08,L = 15,7 = 0.5,L% = 1,b;; = by; = —-0.2 + 0.5i +
0.3j—k,b1 =by =03-02i-0.1j-3k,c;; =04-2i+02j—-15k,c1, =02+i-0.1j+ 2k, =
—0.143i+0.2j-k,cnp = 0.3-i+0.3j+k,r; =0.6-0.3i+0.2j-0.1k,r, = =0.54+0.1i-0.4+0.3k, 1, =
Lyi =3, 72=15,v3=2,74 =25,y = 1,77 = 05,7 = 3.5, F,(,) = 2|, + 0.5| + 1.5|a,, — 1]i +

1
0.5la, — 1.5] + ler, + 2lk, 7 = 2. The finite-time of synchronization: 1, = [2Q4-®* = 26.07. Then,
(h7)

kK, =-5.52<0;

(hg)
Ny, = k;Z =-1.6<0;
(hy)
11.52 = k3,k3, > 0.25y; = 0.25;

(h10)

ky, =-4.4<0;
(h11) |

ny = ki, = —7.2, gyéy% +0.25y172 — yinymn; = —33.7788 < 0;

(h12)

3.0625 = 0.25y2 < y3ys = 5.

Thus, by Theorem 3.2, System (2.2) and System (2.3) can realize the FTSN via the controller (2.9—
2.12). Because the argument method and the controllers in our example all are very different, of course,
the synchronization result in this example cannot be verified by methods in past papers [11, 12, 14,

AIMS Mathematics Volume 11, Issue 3, 7791-7820.
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15]. The curves of the corresponding master system and slave system are shown in Figure 3 and the
curves of the corresponding error system are shown in Figure 4.

) 7
9 %

X K
o %

[ h & h--f-n----n

Cuesctthof o, 8,8 ¢ nmastr-savesysem

Figure 1. The figure of the status variables of the master-slave system in Example.4.1.

0] 5 10 15 20
Curves of the XqR, X;, X;, Xs in error system

Figure 2. The figure of the status variables of the error system in Example.4.1.

2 5 El

10 15
Curves of the o, @, . B, B, B, B inmaser-slave system

0% % %

Figure 3. The figure of the status variables of the master-slave system in Example.4.2.
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0] 5 10 15 20 25 30
Curves of the X.?’ X;, X;, XE in error system

Figure 4. The figure of the status variables of the error system in Example.4.2.

5. Conclusions

In the study, the FTSN for the considered MSQVFONNSs has been investigated. Without using the
past study methods of the FTSN such as LMI and FTST, by using the negative definition of matrix
and the properties of the determinant, two novel criteria on the FTSN for the considered
MSFOQVNNSs have been obtained. In our article, new methods are introduced to investigate the
FTSN for the MSFONNSs: the negative definition of a matrix is introduced to study the FTSN for the

MSFONNS, and the properties of the determinant are cited to study the FTSN for the MSFONNSs. In
the near future, we will study the FTSN for master-slave discrete-time MSFONNS.
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