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Abstract: The dissolution of solid particles in liquids is commonly modeled as a diffusion-controlled
process coupled with a moving boundary. While such models allow for analytical solutions under
stationary conditions, they do not account for the effects of fluid motion that commonly arise in
practical situations. In the present work, this classical model is extended by incorporating advective
transport due to an imposed uniform flow. The dissolution process is formulated as a free boundary
problem governed by an advection-diffusion equation in the exterior of the particle, coupled with a
Stefan-type condition describing the interface motion. By introducing a non-dimensionalization, the
problem is characterized by the Péclet number, which measures the relative importance of advection
and diffusion. An asymptotic expansion in the Péclet number is employed to develop semi-analytical
asymptotic solutions. The leading-order term recovers the diffusion controlled self-similar behavior,
while higher-order corrections reveal how uniform flow modifies the concentration field and increases
the dissolution rate. In particular, it is shown that the first non-zero flow-induced correction to the
interface motion arises at second order, reflecting the inherently nonlinear nature of advection effects.
The analysis provides a mathematically consistent extension of diffusion-only dissolution models and
offers new insight into flow-induced dissolution mechanisms.
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1. Introduction

The dissolution of solid particles in liquids is a fundamental transport process that arises in a
wide range of physical and engineering applications, including phase change phenomena, materials
processing, and chemical transport. From a mathematical perspective, particle dissolution is commonly
described as a diffusion-driven mass transfer process coupled with the motion of a dissolving interface.
This coupling naturally gives rise to free boundary problems of Stefan type, which have been
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extensively studied in the context of diffusion-controlled phase change and dissolution processes [1-3].

In diffusion-controlled settings, where the surrounding fluid is assumed to be quiescent, the
governing equations often admit self-similar analytical solutions. Such solutions provide valuable
insight into the dissolution dynamics and the temporal evolution of the particle radius [2]. Analytical
formulations for spherical particle dissolution in stationary fluids show that the concentration field
remains purely radial and that the particle radius decreases proportionally to the square root of
time [2,4]. A recent analytical study by the author established a diffusion-dominated framework
for spherical particle dissolution with a moving boundary and derived an explicit Stefan condition
governing the interface motion [5].

Despite their analytical tractability, diffusion-only models have limited applicability in situations
where fluid motion is present. In many practical environments, dissolved material is transported away
from the particle surface by flow, thereby modifying local concentration gradients and altering the
dissolution rate. From a mathematical standpoint, the introduction of fluid motion adds an advective
transport mechanism to the governing equations, leading to advection-diffusion formulations that
break radial symmetry and invalidate the classical self-similar structure underlying diffusion-controlled
solutions [6]. While advective transport has been investigated in related mass-transfer problems, fully
analytical treatments of moving-boundary dissolution in the presence of flow remain relatively limited.

To address this limitation, the dissolution process is examined in the presence of an imposed uniform
flow by coupling advective transport with diffusion in a free boundary model. The concentration field in
the liquid phase is governed by an advection-diffusion equation in the exterior of the particle, together
with a Stefan-type condition describing the interface motion. The relative importance of advection and
diffusion is characterized by the number Péclet. An asymptotic expansion in this parameter allows
the influence of flow on both the concentration field and the interface evolution to be quantified
systematically. By employing an asymptotic expansion in the Péclet number, the effect of flow on
both the concentration field and the interface evolution is quantified in a systematic manner [7]. The
analysis shows that uniform flow generates anisotropic corrections to the concentration field at first
order, while the first non-zero modification of the dissolution rate arises only at second order. This
behavior reflects the inherently nonlinear nature of flow-induced effects and provides a mathematically
consistent extension of diffusion-controlled dissolution models. Recent advances in the study of non-
Newtonian fluids, particularly Maxwell fluids and hybrid nanofluids, have provided valuable insights
into complex transport phenomena in industrial and biomedical applications [8—10]. These studies
demonstrate the significance of understanding fluid rheology in transport processes, which motivates
the present investigation of dissolution dynamics in a flowing environment.

2. Mathematical formulation

We consider a solid spherical particle of radius S () immersed in an incompressible Newtonian
fluid. The particle dissolves over time, releasing a soluble species into the surrounding liquid. The
concentration field of the dissolved substance, denoted by C(x, t), is governed by an advection diffusion
equation in the exterior domain » > S(#). The flow is assumed to be a prescribed uniform stream of
velocity U in the positive z-direction. This approximation is justified for small Péclet numbers and
short times, because the hydrodynamic disturbance generated by the slowly shrinking particle remains
negligible compared to the dominant diffusive transport [2, 3].
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The problem is formulated in spherical coordinates (r, 6, ¢) with origin at the centre of the particle.
By symmetry, all quantities are independent of the azimuthal angle ¢. The particle radius evolves
according to the Stefan condition, which expresses mass conservation at the moving interface.

2.1. Governing equations

The dimensionless form of the equations is obtained by scaling lengths with the initial radius S,
time with the diffusion scale S (2) /D, and concentration with C, — C (the difference between the particle
solubility and the far-field concentration). The dimensionless concentration is therefore defined as

_C-G

In the fluid region r > S (¢), the concentration satisfies

0 P
6—‘; +Pe 0—2 =V  r>S0, @2.1)

where the Péclet number
_USy

D
measures the relative importance of advection and diffusion. The operator V? denotes the Laplacian in
spherical coordinates. Because the imposed velocity is uniform and directed along the z-axis, u = UZ,
and the advective term simplifies to dc/0z.
At the particle surface, the concentration is maintained at the saturation value,

Pe (2.2)

c=1 onr=S(@), (2.3)

and far from the particle,
c—>0 asr— oo. 2.4)

2.2. Stefan condition

Mass conservation at the moving interface requires that the net mass flux leaving the solid equals
the diffusive flux into the liquid. With the outward normal pointing radially outward, the dimensional

Stefan condition is written as 5C

Or lr=s’

where the minus sign ensures consistency of flux orientation during dissolution.
We now introduce the dimensionless parameter

C,-C

—’

Cc,-C,

das
c,-C,)—=-D
( ») dt

B= (2.5)
which is positive because C; > C,, > C. This definition is chosen so that the final expression for the
dissolution constant k takes a compact form when the short-time similarity solution is developed.
Using (2.5), we have C; — C,, = (C,, — Cy)/pB, and substituting into the dimensional Stefan condition
gives
C,—CodS oC
@ Pl
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Dividing by C,, — Cy and introducing the dimensionless variables yields the non-dimensional Stefan

condition
1dS oc

—— — = — . (2.6)
B dt or r=S(1)

For a dissolving particle dS /dt < 0, the left-hand side of (2.6) is positive. Equation (2.6) expresses the

conservation of solute mass at the moving interface, with the sign convention chosen to be consistent

with the outward normal and the planar similarity mapping introduced in Section 3.

2.3. Initial conditions

The problem is closed by specifying the initial state. At ¢ = 0, the particle has unit radius and the
surrounding fluid is completely free of solute:

S0) =1, c(r,6,0) =0 forr>1. 2.7)

2.4. Remarks on the flow model

The uniform velocity field u = U2 is prescribed without solving the full hydrodynamic problem.
This simplification is legitimate under the assumptions of the asymptotic analysis: we consider only
the early stages of dissolution (Vt < 1) and small Péclet numbers (Pe < 1). In this regime, the
diffusion layer remains thin, and the momentum boundary layer (where the no-slip condition would be
felt) is either thick compared to the concentration layer (high Schmidt number) or its influence on the
leading-order mass transfer is subordinate to diffusive transport [6, 11]. A more realistic Stokes-flow
disturbance would modify the details of the O(Pe) correction, but the essential qualitative features, the
dipolar symmetry of the first-order concentration field and the vanishing of its angular average, are
expected to persist. The uniform-flow approximation should be interpreted as a far-field model valid
outside the thin hydrodynamic boundary layer, whose detailed structure does not affect the leading-
order mass transfer in the regime considered. The present model therefore captures the leading effects
of a weak uniform flow on the dissolution kinetics in a mathematically tractable manner.

3. Solution of the problem

3.1. Short-time planar approximation

We focus on the early stage of dissolution, during which the diffusion length v/ remains small
compared to the initial particle radius (scaled to unity). In this regime, the curvature of the
spherical interface has a subleading effect in the thin diffusive boundary layer adjacent to the surface.
Consequently, the radial operator can be approximated locally by its planar counterpart [7].

The external flow is assumed to remain uniform and unaffected by the slow shrinkage of the
particle. This assumption is justified for small Péclet numbers and short times, where hydrodynamic
disturbances generated by the moving boundary remain negligible compared to diffusive transport.

We introduce the planar similarity variable

S =1-ki, k> 0. (3.1)
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The interface velocity satisfies
dS k
—=-——x<0,
dt 24t
which corresponds to a monotonically shrinking particle.

The initial conditions are
SO0 =1, c(r,0)=0, r>1,

representing an initially solute-free surrounding medium.
The extinction time follows from S (z,) = 0, giving

1
=

The planar approximation remains asymptotically valid as long as

Vi< 1,

so that the diffusion layer remains thin relative to the particle radius.

le

3.2. Leading-order solution: diffusion-controlled regime

(3.2)

(3.3)

(3.4)

(3.5)

At leading order (Pe = 0), the concentration field is radially symmetric and admits the similarity

form
O, 1) = F(é).

Substitution into the diffusion equation under the planar approximation yields

F"+§F’:0, &>k,

with boundary conditions
F(k) =1, F(c0) =0.

The unique bounded solution is

erfc(€/2)
Fe) = SN2
erfc(k/2)
Its derivative at the interface is
e—k2/4
F'k)y=—-———.
® \r erfc(k/2)
The Stefan condition at leading order, using (2.6), reads
1dS  dc
Bdt  Orl_s’
Using
de _ _F'©&)
ar N
and evaluating at ¢ = k, we obtain
1 ( k ) )
B\ 2+i Vi

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
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which simplifies to
k e k14

T IR - 612

28
Equation (3.12) determines k(5) uniquely. For increasing B, the parameter k increases
monotonically, corresponding to a faster leading-order dissolution rate.

3.3. First-order correction: flow-induced anisotropy
At O(Pe), advection breaks spherical symmetry. We write
cV(r,6,1) = A(r,f)cos 6,  A(r,1) = Vra(®). (3.13)

The resulting similarity equation becomes

a’+ ga’ = F'(¢), &>k, (3.14)
with
a(k) =0, a(eo) = 0. (3.15)
This correction is antisymmetric with respect to the equatorial plane. The diffusion layer becomes
thinner on the upstream side (6 = 0) and thicker downstream (6 = ), reflecting the directional influence
of the imposed flow [6].
As 3 increases, the peak of a(¢) shifts to larger & while its magnitude decreases. This behavior
reflects the increase of the leading-order gradient at the interface, which modifies the dipolar
perturbation induced by advection.

3.4. Second-order isotropic correction
At O(Pe?), the isotropic component is written as
c2(r,1) = th(&). (3.16)

After spherical averaging, the governing equation reduces to
é 1 2a

b’ + Eb’ = ga’ + gg, &>k, (3.17)
with
b(c0) = 0. (3.18)
Expanding the interface position as
St)=1-kVt+Pe’SP@M) +---, (3.19)
similarity consistency requires
S = o, (3.20)
Application of the Stefan condition at O(Pe?) yields
2
o= @ b'(k). (3.21)

For the parameter values examined (5 = 0.2, 0.25, 0.3, 0.8), we find »’(k) > 0, and therefore
o > 0, indicating that weak advection enhances the dissolution rate at second order in these cases.
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3.5. Asymptotic structure and validity

Collecting all contributions, we obtain
S(t)=1-kVt+Pe’o’* + OPe). (3.22)

The neglected higher-order terms scale as O(Pe’s?), consistent with the structure of the expansion.
Hence, the truncation error remains negligible provided

Pe’r < 1. (3.23)

Within this regime, the asymptotic solution provides a uniformly valid approximation to the
dissolution dynamics.

4. Results and discussion

The asymptotic solution derived in Section 3 provides a systematic description of how a weak
uniform flow affects the dissolution of a spherical particle. In this section, we present the numerical
results obtained by solving the similarity boundary-value problems (3.7)-(3.8), (3.14)-(3.15) and
(3.17)-(3.18) together with condition (3.21). All computations are performed with the planar similarity
variable & = (1 — )/ Vt and the interface law S (f) = 1 — k v/, where the constant k > 0 is determined
from the transcendental equation (3.12). The numerical method uses a robust root-finding algorithm
for k and a direct quadrature approach for the functions a(¢) and b(¢), ensuring high accuracy and
stability even for large values of .

4.1. Leading-order behaviour: diffusion-controlled dissolution

At leading order (Pe = 0), the problem reduces to the classical diffusion-controlled dissolution
of a spherical particle in a quiescent fluid. The concentration profile is given by the error-function
solution (3.9), and the interface evolves as S ¥(f) = 1 — k Vt. The parameter k depends monotonically
on the solubility ratio 5 through Eq (3.12). Table 1 lists the computed values of k for the four values of
B examined.

Table 1. Leading-order constant k(8) obtained from (3.12). Here, § = (C, — Cy)/(Cs; — C))
measures the inverse solubility contrast; smaller 5 corresponds to a larger driving force for

dissolution.
B 0.2 0.25 0.3 0.8
k 0.259756 0.337998 0.423280 2.350433

As 3 increases, k grows monotonically; this reflects a faster leading-order dissolution rate when
the solubility contrast is smaller (i.e., when g is larger). For 8 = 0.8, the value of k exceeds unity,
indicating that the interface recedes more rapidly and the diffusion layer thickens accordingly. These
results agree with the well-known planar Stefan solution [4, 12] and confirm the consistency of the
present formulation in the absence of flow.
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4.2. First-order correction: dipolar anisotropy

When advection is present, the spherical symmetry is broken. At O(Pe), the concentration field

acquires a dipolar correction of the form ¢V = Vta(¢) cos 6. Figure 1 displays the numerical solution
of a(¢) for the four values of . The profiles are antisymmetric about the equatorial plane and decay to
zero as & — oo.

0.35 First-order dipolar correction a(¢)

$=0.2, k=0.259756
=0.25, k=0.337998
$3=0.3, k=0.42328
3=0.8, k=2.35043

03r

02r

a()

015

01r

0.05 -

0 1 2 3 4 5 6 7 8
3
Figure 1. First-order dipolar correction a(¢) for different values of £.

Several features are noteworthy:

e Shape and peak location: Each profile rises from zero at the interface (¢ = k), reaches a
maximum, and then decays monotonically. As 8 increases, the peak shifts to larger & and its
magnitude decreases. For 8 = 0.8, the peak is barely visible and the correction remains very
small over the entire domain. This behavior is a direct consequence of the increase of k: A larger
interface position ¢ = k means that the diffusive layer extends further, and the relative influence
of the flow on the already weak gradients is reduced.

Physical interpretation: The dipolar correction makes the diffusion layer thinner on the upstream
side (8 = 0) and thicker downstream (6 = m). Hence, the local flux is enhanced at the front and
reduced at the rear, but the angular average of this correction vanishes identically. Consequently,
the first-order correction to the interface position is S(f) = 0, as shown in Section 3.3. This
cancellation is a key qualitative feature that distinguishes the moving-boundary problem from
fixed-sphere heat/mass transfer analyses, where an O(Pe) correction to the Nusselt number does
appear.

4.3. Second-order isotropic correction and the sign of o

At O(Pe?), the nonlinear interaction between advection and the dipolar concentration field generates

an isotropic component ci(szg(r, 1) = tb(¢) that survives spherical averaging. Figure 2 shows the
numerical solution of b(¢) for the same values of S.

The slope at the interface, b’(k), determines the constant o through relation (3.21), i.e., o = %b'(k).

The computed values are summarized in Table 2.
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05 Second-order isotropic correction b(¢)

or

-05+F

3=0.2, 0=2.167e+00
(=0.25, 0=2.967e+00
3=0.3, 0=4.707e+00
3=0.8, 0=6.584e-02
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¢
Figure 2. Second-order isotropic correction b(¢) for different values of 5.

Table 2. Second-order coeflicient o-(5) obtained from (3.21).

B 0.2 0.25 0.3 0.8
o 2.167 2.967 4707 0.06584

For g = 0.2, 0.25, 0.3, we find o of order unity, while for 8 = 0.8, it drops to 0.066. In all cases
o > 0, indicating that the second-order correction Pe’o/? adds to the leading-order term 1 — k Vi
consequently, the particle shrinks faster than in the purely diffusive situation. Thus, within the range
of parameters studied, weak advection accelerates the dissolution process at second order.

The decrease of o with increasing (8 is physically plausible: When the solubility contrast is small
(large B), the leading-order concentration gradients are weaker, and the nonlinear mechanism that
produces the isotropic correction becomes less effective. For § = 0.8, the correction is more than one
order of magnitude smaller than for § = 0.2, showing that the flow effect is most pronounced when
diffusion is strong (small ).

4.4. Asymptotic dissolution law and regime of validity
Collecting the contributions from each order, the particle radius evolves according to
S() =1-kVt+Pe’ o * + OPe). (4.1)
The neglected terms scale as O(Pe’#?); therefore, the expansion remains uniformly valid as long as

Pe’t < 1. 4.2)

Condition (4.2) defines the time window over which the asymptotic approximation is reliable. For
a given Péclet number, it restricts the analysis to times satisfying ¢ << Pe™2. In practice, this covers the
early and intermediate stages of dissolution; for longer times or larger Péclet numbers, higher-order
corrections would become significant, and a rescaled analysis or full numerical simulation would be
required.
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4.5. Discussion and physical interpretation

The results presented above lead to several important conclusions:

e Vanishing of the first-order interface correction: Although the flow distorts the concentration
field at O(Pe), its dipolar symmetry implies that the angular average of the corresponding
flux contribution vanishes. Hence, the mean dissolution rate is unchanged at this order. This
cancellation is robust and is expected to persist under more realistic low-Reynolds-number flow
disturbances, since the leading correction retains the same dipolar symmetry.

¢ Nonlinear origin of flow-enhanced dissolution: The first non-zero modification of the interface
motion appears at O(Pe®) and is governed by an isotropic concentration component. For the
parameter values examined, the computed coefficient o is positive, indicating that weak advection
accelerates dissolution at second order.

e Dependence on 3: As S increases (i.e., the concentration jump C; — C,, becomes smaller relative
to C, — Cy), the leading-order constant k increases, the peak of a(£) shifts to larger & with reduced
magnitude, and the magnitude of o decreases markedly. These trends are consistent with the
physical expectation that the influence of flow weakens when the diffusive driving gradients are
milder.

5. Conclusions

A mathematical analysis has been presented for the dissolution of a spherical particle subjected
to an imposed uniform flow. The problem was formulated as a free-boundary problem governed by
an advection-diffusion equation in the exterior of the particle, coupled with a Stefan condition at the
moving interface. An asymptotic expansion in the Péclet number, Pe = US,/D, was employed to
examine the influence of a weak flow on the dissolution kinetics in a systematic manner. The analysis
focuses on the early stages of dissolution, where the diffusion length remains small compared to the
initial particle radius, allowing a planar approximation of the concentration boundary layer.

The principal findings are as follows:

e Consistent formulation: By adopting the planar similarity variable & = (1 — r)/ ¥t and the
interface law S (f) = 1 — k+r with k > 0, the classical Stefan condition is recast in a form that
naturally yields a shrinking radius and avoids any sign ambiguity. The dimensionless parameter
B = (C,—Cy)/(C,—C,) quantifies the inverse solubility contrast; smaller 8 corresponds to a larger
driving force for dissolution.

¢ Leading-order behaviour: At Pe = 0, the problem reduces to the classical diffusion-controlled
dissolution of a sphere, with the concentration profile given by the error-function solution F(¢) =
erfc(&é/2)/ erfc(k/2). The constant k is determined from the transcendental equation

k k4
28 V7 erfe(k/2)

Numerical values of k for § = 0.2, 0.25, 0.3, 0.8 are reported in Table 1; they increase
monotonically with g, reflecting faster leading-order dissolution when the solubility contrast is
smaller.
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e First-order flow effect dipolar anisotropy: At O(Pe), the uniform flow generates a dipolar
correction ¢V = ta(é) cos 6. The function a(¢), obtained from a linear boundary-value problem,
is antisymmetric about the equatorial plane and decays to zero as & — oo. This correction steepens
the concentration gradient on the upstream side and flattens it downstream, but its angular average
vanishes exactly. Consequently, the mean interfacial flux, and hence the interface position,
receives no correction at this order: SV(¢) = 0.

e Second-order flow effect isotropic enhancement: The first non-zero modification of the
dissolution rate appears at O(Pe”). Nonlinear interaction between advection and the dipolar
field produces an isotropic component cffg = tb(¢). Solving the corresponding boundary-value
problem with condition (3.21) yields b(¢) and its interfacial slope b’(k). The second-order
correction to the interface is S@(¢t) = o’/ with o = %b’(k). For all cases examined, o > 0,
indicating that weak advection accelerates dissolution. The computed values (Table 2) show that
o decreases as 8 increases; for 8 = 0.8, it is more than one order of magnitude smaller than for
B = 0.2, confirming that the flow effect is most pronounced when the diffusive driving force is
strong (small ).

¢ Asymptotic dissolution law and validity: Collecting all contributions, the particle radius evolves
according to

S =1-kVit+Pe?o’? + OPe?).

The expansion remains uniformly valid as long as Pe’t < 1, i.e., for times r < Pe™2. This
condition defines the regime in which the asymptotic approximation is quantitatively reliable.

The analysis provides a mathematically consistent extension of classical diffusion-controlled
dissolution models to incorporate weak advective transport. It demonstrates that the influence of
a uniform flow on the dissolution rate is intrinsically a second-order effect, arising from nonlinear
interactions rather than linear superposition. The dipolar symmetry of the first-order concentration
field and the consequent vanishing of its angular average are robust features that would persist even
with a more realistic Stokes-flow disturbance, because the leading velocity perturbation retains the
same symmetry.

The formulation clarifies the sign convention, time-scale definition, and regime of validity, and
provides complete second-order asymptotic results together with their physical interpretation. The
angular asymmetry induced by the flow is discussed in detail, and the influence of the parameter 5 on
the solution is explained.

Several extensions of this work merit consideration. The assumption of a spatially uniform,
prescribed velocity field could be refined by coupling the dissolution problem with a more realistic flow,
such as Stokes flow past a sphere; the qualitative conclusion that the first interface correction arises at
O(Pe?) is expected to persist. Extension to larger Péclet numbers would require a rescaled analysis
or direct numerical simulation of the full advection-diffusion equation. Finally, the methodology can
be adapted to other flow configurations (e.g., shear flow, oscillatory flow) and to non-spherical particle
geometries, offering a systematic route to quantify flow effects in a wide range of dissolution problems.
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