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1. Introduction
1.1. Motivation

Controllability is the primary and fundamental issue in the field of network control, and selecting
as few control vertices as possible is of great significance for improving control efficiency and
reducing costs. Various kinds of controllability have been proposed, For example, the leader vertices
may be virtual vertices or specific individuals in the swarms. The matrix used may be an adjacency
matrix or a Laplacian matrix. In this paper, Laplacian controllability means that the matrix used in
Kalman controllability is the Laplacian matrix of an undirected graph, which was first proposed by
Tanner in 2004 [1]. Let L be the Laplacian matrix of undirected graph G = (V,E), F c V be the
followers and F = V\F be the leaders and the Laplacian matrix L = f; :: if ; ] Let A = Lgp and
B =Lys. If C=[B,AB,A?B,---,A" 'B], where n = |F| has full row rank, then F is a leader set
which makes graph G Laplacian controllable, referred to as controllable leaders. The controllable
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leader set with the fewest number of vertices is called the minimum leader set. Two important issues
in the study of Laplacian controllability of networks are as follows: First, how many vertices are there
in the minimum leader set? Second, how to find the minimum leader set and how many types of the
minimum leader set are there?

In the research results of Laplace controllability, Proposition 2.1 (2) in Reference [2] and
Proposition 1 (2) in Reference [3] both show that the key to influencing the leading set does not lie in
the rank of the Laplacian matrix, in the magnitude of the eigenvalues, nor in whether the eigenvectors
are linearly dependent or not. Instead, it lies in the positions of the zero components among all the
eigenvectors. For multiple eigenvalues, the situation regarding the zero components of their
eigenvectors is complex. This is because after taking linear combinations of different eigenvectors
corresponding to the same eigenvalue, new zero components may emerge, and both the number and
positions of these new zero components are uncertain. In 2023, we proposed the concept of the
MPCS [4] and addressed the problem of selecting the minimum leader set from the subgraph
structure prospect.

This paper will study the minimum leader set of chain graphs based on the MPCS. A chain graph
is a graph in which no vertex-induced subgraph contains C3, Cs, or 2K,. The chain graph in Figure 1
is denoted as CG (my, my, -+, my; Ny, Ny, =+, Ny). A chain graph is also known as a difference graph
or a double nested graph. In a connected bipartite graph with a given number of vertices and edges,
the graph with the largest spectral radius of the adjacency matrix is the chain graph [5]. The chain
graph is also closely related to the threshold graph. In 2019, Shun-Pin Hsu studied the controllability
of the threshold [6]. Due to these important properties, chain graphs occupy an important position in
graph spectrum theory. In 2023, Alazemi et al. [7] studied the necessary and sufficient conditions for
the divisor matrix (quotient matrix) of a chain graph to have no repeated eigenvalues. They proved
that all the vertices in the minimum leader sets of two types of chain graphs,

CG(L,2,..,2;2,2,+,2)s CG(1,1,-+,1,2,2,1,,1;1,1,,1),

where the two cells with vertex number 2 are located in the “middlemost” positions, that is, at [%]

h+1 . . . . . .
and [%], and where /4 is the number of cells in U come from twin vertex pairs. The quotient matrices

of these two types of graphs have no repeated eigenvalues and contain pairs of twins. Therefore,
Alazemi et al. conjectured that for a chain graph whose quotient matrix has only simple eigenvalues
and each cell contains at most 2 vertices, the vertices in its minimum leader set all come from twin
vertex pairs. The fact that the quotient matrix has no repeated eigenvalues does not imply that the
Laplacian matrix of the graph also has no repeated eigenvalues. For a graph without repeated
eigenvalues, the minimum leader vertex set can be obtained by using an algebraic method to check the
eigenvectors of each eigenvalue one by one. In 2024, Alshamary et al. [8] studied the following chain
graph:

CG(k,1,1,,1;1,1,-+,1) (k > 2).

The quotient matrix of this chain graph also has no repeated eigenvalues. The chain graphs studied in
References [7,8] all contain twin vertices, and the vertices in the minimum leader sets all come from
twin vertices. This verifies Alazemiq’s conjecture from one side. This paper will further study chain
graphs without twins. In such graphs, because of the absence of twins, the leader set cannot be solved
using the methods in references [7,8].
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1.2. The main contributions

Different from existing studies that focus on eigenvectors, this paper is concerned with the
graphical structure of MPCS, which is closely related to the minimum leader sets.
® First, all the MPCSs of the chain graph CG1 are given. It is proved that it has one and only one 4-
MPCS, and the graphical structure of this MPCS is given.
® Second, it is proved that CGt (t = 2) has only 2-MPCS.
® Third, the methods for obtaining all the minimum leader sets of CG1 and CGt, the number of
minimum leader sets, and the number of the least leader vertices are given. Thus, the minimum Laplace
controllability problems of these two types of chain graphs are completely solved.
® Fourth, the methodology used in this paper provides a reference framework for addressing the
problem of selecting the minimum leader set in other chain graphs. With the help of the MPCS, we
only focus on studying Lgs and Lgg, or even L,s, which enables us to solve the controllability
problem from the local subgraph structure.

2. Basic concepts and preparatory theories

2.1. Concepts and symbols of a chain graph

The basic graph theory terms that appear in this paper can be found in the classical literature [9],
and will not be elaborated here. A chain graph is a bipartite graph G = (X,Y; E). Let h be a positive
integer, let X = U™, U; andY = U™, V;, where both U; and V; are isolated vertex sets with m;
and n; vertices, respectively. Each vertex in U; is adjacent with the vertices in V3, V,, -, V1 1_;. As
shown in Figure 1 below, such a chain graph is denoted as CG(my, my, -+, mp; Ny, Ny, =+, Np).

m 5
mi g

Mmp_1| Uso——py
. Uz 1
Uz vy
Us v
2 Ua a
my | = V3
Uy _Ova Uy, Vg
my
(a) CG(my, my, -, mp; 0y, My, -+, 1) (b) CG1(3) (c) CG1(4) (d) cG(21,1;2,1,1)

Figure 1. Chain graphs.

For chain graph CG (1, 1,...,1;1,1,..., 1). That is, there is only one vertex in both U; and
h h
V; Without loss of generality, letU; = {u;} and V; = {v;}. For the purpose of simplicity, we denote

CG <1, 1,...,1:1,1,..., 1> 2 CG1(h). Then, from the graphical structure of CG1(h), it is easy to see
h h

AIMS Mathematics Volume 11, Issue 3, 7766-7778.



7769

that the degrees of its vertices have the following properties.

Property 1. d(w;) =d(v;)) =h+1—-i(i=1,2,-,h);

Property 2. The degrees of all vertices in X are mutually distinct; the degrees of all verticesin Y are
mutually distinct, too.

2.2. The definition of MPCS and preparatory theory

In order to study the MPCS in CG1, we first present the concept of the minimal perfect critical
vertex set proposed in Reference [4,11]. Let S be a vertex set, if there exists an eigenvector y of
Laplacian matrix L such that ys = 0, then S is called a critical vertex set (CS); If S is a critical
vertex set, and there exists an eigenvector y such that yg =0 and y,, # 0(Vv; €5), then S is
called a perfect critical vertex set (PCS). If S is a perfect critical vertex set, and no proper subset of it
is a perfect critical vertex set, then S is called a minimal perfect critical vertex set (MPCS). When
|S| = k, then S is called a k-MPCS.

For example, see CGI(2, 1, 1; 2, 1, 1) in Figure 1(d), 4 =4 is it’s triple eigenvalue. The
corresponding eigenvectors are (the value is rounded to four decimal places).

y, = (—0.1912,0.1912,0,0,0.6808, —0.6808,0,0),
y, = 0.3536(—1,-1,1,1,—1,—-1,1,1),
y; = (—0.6808,0.6808,0,0,—0.1912,0.1912,0,0).

See Y1, WE know that Sl = {ull,ulz,u3,U4, V11, vlz} is a CS, but Sl is not a PCS. Sz =
{uq11,U12, 11, v12} 1saPCS,but S, isnotan MPCS because there exists another eigenvector y, and

y, = 0.6808y, — 0.1912y, = (0,0,0,0,0.5,—0.5,0,0).

Hence, S; = {v;11,v1,} is a 2-MPCS.

In terms of eigenvalues and eigenvectors of a Laplacian matrix, [2,10] presented a necessary and
sufficient algebraic condition on controllability.

Property 3. [2,10] The undirected graph G is controllable under the leader set F if and only yz #
0 (Vy is an eigenvector of the Laplacian matrix of G), where F < V(G) is a follower vertex set and
F = V(G)\F is leader vertex set.

By the concept of MPCS, Property3 can be restated as the following Property 4 (see Remark 2 in
[4]).

Property 4. [4] The undirected graph G is controllable under the leader set F if and only if, for each
MPCS S, SNF # Q.

There is a close relationship between MPCS and the minimum leader set. In other words, when
we find all MPCS of G, we find the minimum leader set and hence the minimum number of leader
vertices.

For example, for chain graph CG(2,1,1;2,1,1), all its MPCS are

{uy1, U123, {011, 12} {Ug, uz, vy, v33,

Noticing that these three sets are mutually disjoint, take one vertex from each set to form F, namely
F = {w;,w,, w3}, where wy € {uyq,us5}, Wy € {v11,v1,} and wy € {u,, uz, v,,v3}. By Property 1,
CG(2,1,1;2,1,1) is controllable under the leader set F. Hence, the minimum number of leaders is 3
and all together there are 12 minimum leader sets.

It can be seen that MPCS plays an important role in finding the minimum leader sets. But the
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difficulty in finding the minimum leader sets based on Property 4 lies in the need to identify all the
MPCSs in the graph. It is for this reason that all MPCSs of the chain graphs will be studied in the
following parts.

3. MPCS and Laplacian controllability of chain graph CG1

Let S be a subset of V(G). Whether S can become an MPCS is only related to the graphical

structure of G[S] and [S,S]. Therefore, MPCS has a clear graphical structure. Next, we will prove
that the chain graph CG1 has only one MPCS.

3.1. 4-MPCS of chain graph CG1

Although the minimal perfect critical set is defined by eigenvectors, it has special graphical
structure. We have proved that ([4] Theorem 1). 2-MPCSs are twins vertices, and there is no 1-MPCS
or 3-MPCS in any graph ([4] Theorem 2). According to the definition of the chain graph and the
graphical structure of 2-MPCS, we know that there is no 2-MPCS in CG1.

Theorem 1. Let h > 3, then there exists a 4-MPCS S in CG1, and the following are true:

(H)If h=201+1 isodd, then S = {Uj41, W42, Vig1, Viga }s

(2) If h =2l is even, then S = {u;, Uj1q, v}, Vipq})-

Proof: By the definition of MPCS, we only need to construct an eigenvector such that its components
on S are all nonzero, while its components on S are exactly zero.

(1) Let h =21+ 1 beodd, S = {u;41, Ui42, V141, Vi42}- Set the components of the vector x as

Xupr = Xy = "Xy, T T Xy, T 1,

LSS LSS]

0 for the others. We will prove that x is an eigenvector of the Laplacian matrix L = [ Lov Les
ss Lss

It is easy to see that

I+1 0 -1 0]J1

Losxs = 0 l 0 0 l—l\ = Ix,.

-1 0 [+1 0f]1
0 0 0 [1l-1

However, in the row of Lgs, the row L, ¢ corresponding to the vertex u;(1 <i <), there are

exactly two components that are —1, corresponding to the vertex v;,; and v;,,, the others are zero,

thus L, sxs = 0. For the vertex u;(j = [+ 3), the row Lys is a zero row, then we also have
L,;sxs = 0. Similarly, for v;(j # [+ 1,1 + 2), L, sxs = 0. Thus, we know

Lgsxs = 0

That means x is an eigenvector of the Laplacian matrix, S is a CS. Since any proper subset of S is
not a critical set, it is a minimal perfect critical set, that is, S is an MPCS.
(2) Similarly, it can be proved.

According to Theorem 1, {u,, us, v, v3} in Figure 1(b) is an MPCS of CG1(3). And
{u,, uz, v, v3} in Figure 1(c) is an MPCS of CG1(4). From the perspective of the overall graph
topology, the vertices in these two MPCSs exhibit obvious symmetry in their positions. And whether

h is odd or even, the vertex at the center with subscript [g] is in a 4-MPCS. However, the set

{uy,u,, vy, v,} in Figure 1(b), which possesses the same symmetry, is not an MPCS. This shows that
symmetry alone does not determine an MPCS.

AIMS Mathematics Volume 11, Issue 3, 7766-7778.
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3.2. No k-MPCS (k =5 in chain graph CG1

In this part, we will prove that there is no k-MPCS (k = 5) in CG1, For this purpose, we first
give the following lemmas.
Lemma 1.[11] Let S bea k-MPCS, Vv € S, we have |[{v},S]| #1 and |[{v},S]]| # k — 1.
Lemma2.let S bea k-MPCSin CG1,S = {uil,uiz, s Ui Vi, Uy ...,vjq}, where i; < i, < <
Ip, J1 < Jz < < jg, then (1) there exists at most one vertex u in {u; ,u;,, ...,uip}, such that u is
not adjacent with any vertex in S; (2) there exists at most one vertex v in {v;,vj,, ..., vjq}, such that
v is not adjacent with any vertex in S.
Proof: (1) Assume that there exist two vertices, say u’,u, in {u; ,u;,, ..., uip}, they are not adjacent
with v(Vv € §). Consider matrix Lgg, two rows corresponding to u’,u, these two corresponding
rows have only the main diagonal elements as the degrees of the corresponding vertices, the other
elements are 0. Therefore, from Lgsx = Ax, we have A =d,, = d,,, thus d,, = d,, this contradicts
Property 2.
(2) Similarly to the proof in (1), the conclusion holds.

The eigenvalues corresponding to MPCS are, in many cases, integers. From the proof of Lemma
2, if a vertex in MPCS is isolated in G[S], then its corresponding eigenvalue is the degree of that
isolated vertex, hence an integer eigenvalue.
Note 1. Each vertex with subscript greater than h + 2 — i; definitely does not belong to S, that is
ip <h+2—1i;. In fact, suppose v, ; €S, notice that v, ,_, 1is not adjacent to v(Vv € S),
Therefore, according to Lemma 2, the conclusion holds. Let v, +2-i, &S, suppose v, ; €S (1=
3), Without loss of generality, let v, +1o-i, D€ such a vertex in S with the smallest subscript, i.e.,

=T Yopsigoagy

= 0. (1)

x”h+2—i1 - xVh+3—i1

Taking into account again u; 4q1_;, € S, then, we have

(x”i1 + Xy, Tt x"h+2—i1) + (x"h+3—i1 + x"h+4—i1 oot x"h+zo-1—i1) + x”h+zo—i1 =0
Consider u;, _, and notice that u;, _; € S, therefore,

Xp, T Xy, Tt Xy, X = 0. (2)

Vh+2-iq

Combined with (1) and (2), it is easy to see that Xy ) = 0, this contradicts v4;,—;, €S.

0~ %1
Lemma 3. Let S be a k-MPCS in CG1,S = {uil,uiz,...,ul-p;vjl,vjz,...,vjq}, where i; < i, <
e <y, jp < Jp < <jg.thenwehave p =q and iy = j;,i; = jp, 0, ip = .
Proof: Notice the chain graph CG1, swap the positions of vertices u; and v; (i = 1,2,---, h), the
resulting graph is still CG1, that is, the Laplacian matrix of CG1 remains invariant under congruence
transformation. For each eigenvector x, there is the following relationship among its components:

where k € R is a nonzero real number. From the above equation, we know that k? = 1, that is either
k =1 or k = —1. Therefore, x,, = xvl.(i =1,2,..,h) or Xy, = —xvi(i =1,2,---,h). This means
Xy; and x,, be zero or not be zero simultaneously, thus, from the definition of MPCS, we have w;

AIMS Mathematics Volume 11, Issue 3, 7766-7778.
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and v; either belongto S or not belong to S simultaneously.
It is known from Lemma 3 that if S isa k-MPCS of CG1(h), then S must have the following
form.

S = {uil,uiz, ...,uip; Ui1’ UL'Z, . Uip}.

Lemma 4. Let S be a k-MPCS of CG1,S = {uil,uiz,...,uip;vil,vl-z,...,vip}, where i; <i, <
e < ip, thel'l vh+1—11 € S.

Proof: Notice that i; is the smallest subscript of the vertices in S N X, according to the graphical
structure of CG1, v, +1_ilonly adjacent with Ui ,in § N X, and there is no edge between v, +1-i, and
v(Vv €Y). By Lemma 1, we have Vps1-i, ¢ S, that is Vpyr—i, € S.

By Lemma 4, Vpya-i, € S, thus, we have i, = h+ 1 —i; = i;, combined with Note , it can be

seen that Note 2 holds.

Note 2. If Vpiaoi, € S, then i, = h+2—1i.1If Vhia—i, &€ S, then i, = h+1-—1;.

Lemma 5. Let S be a k-MPCS of CG1,S = {uil,uiz,...,uip;vil,viz, ...,vip}, where i; < i, <
-+ <'ip. Let Ag be the corresponding eigenvalue of S. If Vpyoi, €5, then A = d(Vp4p-4,); If
Vpia—i, &5, then Ag = d(v;,).

The detailed proof of Lemma is deferred to Appendix A. By Lemma 5, for MPCS in the chain
graph CG1, the corresponding eigenvalue is an integer. Moreover, when vy ,_; € S,As =h+1—
i1, which is the degree of the vertex in S with the smallest subscript; when vy ,,_; € 5,4 =iy — 1,
which is the degree of the vertex in S with the largest subscript.

Lemma 6. Let S be a k-MPCS of CG1, S = {uil,uiz, v Ug3 Vi, Vi ...,vip}, where i; < i, <

-+ < Ip, then
(1) iy,ip+,i, is a sequence of consecutive positive integers, namely i, =i; +1,i3=1i; +
2, =11+ (p—1).
) If vy, €S, then i) =h+2—1iy;if v, ; €S, then i), =h+1-1,.

The long proof of Lemma can be found in Appendix B. By Lemma 6 and there is no 2-MPCS or
3-MPCS in CG1, we know that

{ui1+1' Ui1+1} cS.

Drawing on the preceding lemmas, it can be proved that CG1 admits no k-MPCS with k > 5.
This is shown in the following Theorem. The proof of Theorem is provided in Appendix C.
Theorem 2. There is no k-MPCS(k > 5) in CG1.

Thus far, the process of identifying all MPCSs for CG1 is now complete. From Theorems 1 and
2, when h > 3, there is one and only one MPCS in CG1 and it is a 4-MPCS, its graphical structure
is shown in Figure. For example, {u,,us, v,,v3} in Figure 1(b) is only one MPCS of CG1(3). And
{u,, uz, v,,v3} in Figure 1(c) is the only MPCS of CG1(4).

AIMS Mathematics Volume 11, Issue 3, 7766-7778.
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(a) MPCS when h 1sodd (b) MPCS when h 1s even

Figure 2. MPCS in chain graph CG1 (Omit all edges that do not belong to G[S]).
3.3. All of the minimum leader sets in chain graph CG1

By Theorems 1 and 2, there is at most one MPCS in CG1, therefore, from Proterty 4, it is known
that the following Theorem 3 hold.
Theorem 3. The minimum number of leader is 1 for chain graph CG1; when h > 3, the leader can
be any one of vertex in 4-MPCS as shown in Figure 2, when h = 1, 2, then any one vertex in CG1
can be selected as leader.

Figure 2 provide the graphical structure of all MPCS of CG1, Theorem 3 gives all the methods
for selecting leader vertices that make CG1 controllable. In this way, the controllability problem of
CG1 has been completely solved.

4. Analysis of MPCS and controllability of the chain graph CGt

Next, we denote CGt as chain graph CG(t,t,---,t;t, t, -+, t)(t = 2), namely there are exactly
t(t = 2) vertices in each U;,V;. Let U; = {ugl),ui(z),m,ugt)}, v, = {vi(l),vi(z),---,vi(t)}.

For chain graph CGt, Lemmas 1 to 5 in the previous text and Notes 1 to 3 all hold true. Next, we
will prove that there is no other MPCS in CGt except 2-MPCS.
Theorem 4. Let S = {uil,uiz, s Wi Vi Vi ...,vl-p}, where i; <i, <+ < ip,ui]. € Ul-].,vi]. € Vi].,
then S must not be an MPCS of CGt, that is, there are no other MPCSs in CGt except 2-MPCS.
Proof: When p = 1, it is obvious that S is not composed of twin vertices, therefore, it is not 2-MPCS.

The following assumptions p > 2.

When vp,_; €S, i, =h+2—i;. Noticing that the t vertices in U; are indistinguishable in
CGt, their degrees are equal to t(h + 1 — i), we denote any vertex in U; as u;. Let the Laplacian
matrix Lgg, as shown in Figure 3 from Lemma, we know that the eigenvalue corresponding to S is
As = t(i; — 1). Let E be the identity matrix, then the element on the main diagonal of j-th row and
the (p + j)-th column in matrix Lgg —AsE (1<j<p—1) is

d(u;) —tliy—1) = t(h+2—i; — iy).

On the other hand, noticing that h + 1 —i; is the maximum subscript of the vertices which is
adjacent with U, in V, there are at most h+ 2 —i; —i; vertices in v;,v;,, Vi, that are
adjacent with u;_. Therefore, for Lgg — AgE, the maximum number of other non-zero elements in this
row, that is, the number of —1s, is

AIMS Mathematics Volume 11, Issue 3, 7766-7778.
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ul-l uiz ul-p_l uip vi1 UL'Z vip—l Uip
d(u;,) -1 -1 ~1 0 7 4,

1

d(uy,) -1 -1 0 0 |
d(u;,_,) -1 Uiy

d(uip) 0 0 uip

-1 -1 -1 0 d(v) Vi,

~1 ~1 0 0 d(v,) Vi,
—1 0 - 0 0 d(v;,_,) "Lv_—l

0 0o - 0 0 d(v; )| ”

Figure 3. The Laplace submatrix Lgs of chain graph CGt where S =
{uil,uiz,...,uip;vil,vl-z,...,vip}.

In view of the above two aspects, we known that when t > 2, we can delete the rows and columns
of Lgs — AgE where the vertices U, Vi, are located. The obtained matrix is a strictly diagonally

dominant matrix. Thus Ys\(uiy iy} = 0, Combined with Eq (2), we have ys = 0,S is not an MPCS.

If Vyyooi, € S,namely i, =h+1—1i;,As = t(h+ 1 —1i;) isthe corresponding eigenvalue of S.
In Lgs — AgE, take row ui].(Z <j < p) minus the row u; , and row Vi (2 £j < p) minus the row
vj,, both of the elements in j-th row and the (p + j)-th row are

t(i; — iy).
And the sum of the other elements of this row is i; — iy, then, in this matrix, delete the row and column
where the vertices u;, and v; are located, the obtained matrix is a strictly diagonally dominant
matrix(t = 2), thus S is not an MPCS. This completes the proof.
Note that if the number of vertices in each U; and V; in the chain graph is not less than 2, similarly
to the proof process of Theorem 4, it can be known that the following Corollary 1 holds.
Corollary 1. Let chain graph G = CG(mmy, my, -+, my; Ny, Ny, -+, Ny) and

i . N>
f?ilsr}l{lmll’lnll} > 2.

Let S = {uil,ul-z, s Ui 3 Vi, Vi, ...,vip}, where i; <i, <+ < ip,ul-j € Uij,vl-j € Vij, then S
is not an MPCS of G, That is, in G, with the exception of the 2-MPCS, no other MPCSs exist.

Thus far, we have proved that CG1 admits a unique 4-MPCS while CGt admits only 2-MPCS.
The size of U; or V; is of great importance. When a set U; or V; has more than one vertex, these
vertices are considered replicas of one another and are identical in status. The pairwise relationship
between them results in twin pairs, which gives rise to a 2-MPCS. The absence of such vertices in CG1
explains why it possesses only a 4-MPCS and no 2-MPCS.

5. Conclusions

This paper completely solves the controllability problems of two types of chain graphs, CG1 and
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CGt, all of their MPCS given. Based on MPCS, the selection method for all the minimum leader sets of
these graphs and the minimum number of leaders are given. These two types of chain graphs have their
particularities in structure, how to select the minimum leader sets of a general chain graph
CG(my,my, -+, my; Ny, Ny, -, ny) IS an interesting problem worthy of further study. The
characterization of MPCS for CG1 and CGt naturally motivates the enumeration problem for arbitrary
chain graphs. Recent years have seen considerable progress in counting substructures such as subtrees
and subpaths in structured graphs [12]. MPCS is distinguished as a special substructure by its relevance
both to eigenvalues and, more importantly, to the zero entries of eigenvectors. This relevance, together
with the regularity of chain graphs, suggests that systematic techniques may be adapted to enumerate
MPCS. Is it certain that there are no MPCS with more than 5 vertices in the chain graph? In what kind
of chain graph must there be a 4-MPCS? If a chain graph has no repeated eigenvalues, does it necessarily
have a 4-MPCS? Issues such as these are all worthy of further research. In particular, for chain graph
cG(t,1,---,1;1,1,---,1) (t = 2), References [8] proved that when t > h, G is controllable by t — 1
leaders. The vertices in the minimum leader set all come from U;. This indicates that in this situation, G
has no other MPCS except for 2-MPCS. However, no conclusion is given for the case of t < 4. Here, we
put forward a conjecture:
Conjecture 1. For chain graph ¢ = CG(¢t,1,...,1;1,1,...,1), where t > 2:

h h
(1) If t = h, there is no other MPCS in G except for the 2-MPCS.

(2) If t < h, in addition to the 2-MPCS in G, there exists a unique vertex subset S that is an MPCS
and S is a 4-MPCS.
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Appendix A (Proof of Lemma 5)

Proof: v & S if and only if x,, = 0, therefore, vertices not in S can be added to (2) to make it an
equation with consecutive subscripts, that is,

xvil + x”i1+1 Tt x”h+1—i1 + th+2—i1 = 0.

If vpyoy, €S, then Xopio—i, * 0. Notice that vy,,_; is not adjacent with any other vertices

in S, therefore,
Lvh+2—i15x5 = d(vh+2—i1) ' x”h+2—i1 = (ll -1 xvh+2—i1'

On the other hand, because S is an MPCS, we know Lvh+2_i15x5 = A'vah+2—i1' Therefore,
/15 = il —1.
If vpip—i, €S, then we have Xvpioi, = 0. Consider the vertex u; and Luilsxs = Asxuil,

Luilsxs = d(ull) ) xuil - (xVil + xviz + o + xvh+1—i1)’

Therefore, by (2), the eigenvalue is equal to the degree of vertex u; , namely Ag =h+1 —i;.

Appendix B (Proof of Lemma 6)

Proof: (1)If vpyp-;, €S, then Xvpiaoiy * 0, and from Lemma 5, we have Ag = i; — 1.take u; into

account. By

Ly, sxs = Asxuila
we know that (h+ 1 — il)xui1 — (x,,il + Xy, ot xVh+1—i1> = (i, — 1)xui1. By (2),
Xoperoiy, = (2iy —h - Z)xuil. (3)
In the same way, consider vj,q_;,. From Lemma 4, v,,,_; €S, So by
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LVh+1—i15x5 = Asxvhﬂ—il’
we get

ilxvh+1_i1 - xuil = (ll - 1)x17h+1—i1’ (4)

Thus, we obtain x,, iy = Xy,

Next, we will prove it by induction: When 0 <! < h + 1 — 2i;, there is always the formula
Xopyroigy = Xuy g = Xuy, # 0 holding true. Consequently {vh+1—i1—l:ui1+l} C S, and this means
Lemma 6 (1) holds. From Eq (4), we know that when [ = 0, the conclusion holds. Suppose Xpp iy =
= Xy, - From Eq (3) and the

Xujor = X Xopog o0 = Xug = Xup 0 Xops e T Xugy
inductive hypothesis, we have

(xvh+1—i1—(l—1) + xvh+1—i1—(l—2) ot xvh+1—i1) + xvh+2—i1 = lxui1 + (2"1 —h— Z)xuil * 0’

Consider the vertex u; 4, from Eq (2), we get u; 4; € S. Thus by Lui1+lsx5 = Asxui1+l, we

have

Xug o = Xy, -

Similarly, since Xy, +xy, +-+xy = I+ 1)xui1 #0, we have vy 1 €S. Thus by

Lvh+1—i1—l—’5x5 = Asxvhﬂ—il—l’ we get

xvh+1—i1—z - xuil'

Therefore, Xoppr_iy1 = Xug 4y = Xuy, 0<l<h+1-2i).

If vpip_i, €S, it can be proved similarly:
Xy, = (2iy —h - 1)x,,h+1_l.1 * 0,

C#0(0<I<h-2i).

xvh+1—i1—l - xui1+l = Xopgg

(3) From (1) and Note 1, the conclusion holds.

Appendix C (Proof of Theorem 2)

Proof: Suppose S is a k-MPCS(k = 5)in CG1, let S = {uil,uiz,...,ul-p;vil,viz,...,vl-p}, where
i1 <liy <-- <1, By Lemma 4, we know that the vertices with subscript i;,i; + 1,h + 1 —i; must

belong to S and 2i; < h + 1.
Case 1. When vp,,_; €S and 2i; =h+ 1.

At this point, h isodd. Let h = 2l 4+ 1,then i; =1+ 1,h+ 2 —i; = | + 2. Therefore, S must
contain u;4q, U4z, Vi41, Vi4o, from Theorem 1 and the minimality of MPCS, we know that S is a 4-
MPCS, that is k = 4, which contradicts k > 5.

Case 2. When vy, ; €S and 2i; <h+ 1

At this time, there is the following inequality:

i ST<TE<TE<h+1-dy (5)

By this inequality, if h = 2l + 1 is odd, that means i; <[+ 1<+ 2 < h+ 2 — i, from Lemma

AIMS Mathematics Volume 11, Issue 3, 7766-7778.
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6 (1), we have {u;41, U2, Vi1, Vigo} € S. Similarly to Case 1, a contradiction can be obtained. If
h = 21 is even, by the inequality (5) and Lemma 6 (1), we have {u;, u;11, v, v141} € S, Similarly, a
contradiction can be obtained in the same way as in Case 1.

Case 3. When vy, ; €S and 2i; = h+ 1.

At this point, h is an odd number. Let h = 2l + 1, then i; = [+ 1. By Lemma 6 (1), we have
i,=h+1—i;=10+1, hence, S={u;1,v41}. But {u;11,v44} are not twins, thus § =
{u;41,v141} 1s not MPCS.

Case 4. When vy, ; € S and 2i; <h+ 1.

Similarly to Case 2, the inequality (5) also holds. If h =21+ 1 is odd, then i; <I<[+1<
[+ 2 < h+1-1i.Similarly to Case 2, there is a contradiction; If h = 21 iseven,then i; <[ <[+
1 < h+1 -, also similarly to Case 2, there is a contradiction.
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