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1. Introduction

Partial differential equations (PDEs) are one of the most fundamental mathematical systems for
describing the spatial and temporal behavior of an extensive range of physical phenomena, including
heat conduction, fluid flows, electromagnetic wave propagation, and wave dynamics. Although linear
PDEs have been extensively investigated and possess well-developed analytical and numerical
methods of solution, their nonlinear counterparts-nonlinear partial differential equations
(NLPDEs)-pose astronomically larger mathematical and computational challenges. Nonlinearity
occurs when the dependent variable or its derivatives are involved in a nonlinear fashion, for instance,
through nonlinear terms, products of derivatives, or nonlinear functional dependencies. This inherent
complexity typically rules out the existence of general methods of solution and requires the creation
of special analytical techniques or advanced numerical methods. In spite of their challenging nature,
NLPDEs are unavoidable in providing an accurate description of real-world systems for which
linearized approximations are incapable of capturing critical nonlinear interactions [1, 2].

NLPDEs typically do not have closed-form solutions and require advanced mathematical and
computational methods, in contrast to linear PDEs, which typically allow the superposition of
solutions and can be solved analytically by methods such as separation of variables or Fourier
transforms. Many areas of science and engineering work with NLPDEs. Viscous fluid flow in fluid
dynamics is controlled by the Navier-Stokes equations, which are nonlinear in nature. In general
relativity, the curvature of spacetime is characterized by Einstein’s field equations, which are
NLPDEs. Nonlinear wave equations model a broad spectrum of phenomena, ranging from shallow
water waves (by the Korteweg-de Vries (KdV) equation) to optical pulses in fiber optics (through the
nonlinear Schrödinger equation) [3, 4]. Recent studies have further explored localized wave structures
in extended Boussinesq-type (BO-type) systems, such as the dark localized waves reported by Yang
et al. [5].

The Kadomtsev-Petviashvili (KP) hierarchy is a very notable paper in solitary waves theory that
explains exciting higher-dimensional wave phenomena in NLPDEs. The KP hierarchy has some
remarkable scientific properties and applications. Various extended KP hierarchies that keep the
integrable structures of the original KP hierarchy have been constructed and thoroughly investigated
in the literature.

Many studies on the KP Eq (1.1) and BO Eq (1.2) that exist in (1+1) dimensions and more than
two dimensions have been studied exhaustively. In order to examine the stability of the well-known
KdV equation in two-dimensional media, the traditional KP equation (1.1) was formulated. An ample
amount of research has been carried out on the KP equation, which explains a broad variety of physical
phenomena, such as fluid dynamics [6–8], dust acoustic waves, weakly nonlinear quasi-unidirectional
waves [9–11], and many others. There exist families of exact solutions with novel characteristics for
the KP equation. In addition to constant-coefficient KP models, variable-coefficient versions have also
been extensively studied, yielding richer dynamical structures and more general wave behaviors; see,
for example, Liu et al. [12], who developed a symbolic computation approach for multiple rogue wave
solutions in variable-coefficient nonlinear systems.

The exp(−φ(ξ))-expansion method is employed to systematically obtain many exact wave solutions.
They include lump-wave and N-soliton solutions.
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The following is the standard integrable KP equation [13]:

(Γt + 6ΓΓx + Γxxx)x + λ0Γyy = 0. (1.1)

It has a weak dispersion term (Γxxxx) and a quadratic nonlinearity term (ΓΓx)x, admitting weakly
dispersive waves. Equation (1.1) is used in many physical contexts and describes the phenomenon of
small surface tension relative to the gravitational force in fluid dynamics [14–16]. However, the BO
equation says

Γtt − Γxxxx − Γxx − 3(Γ2)xx = 0, (1.2)

where the height of a fluid’s free surface is represented by the real-valued, sufficiently often
differentiable function Γ(x, t), and partial derivatives are indicated by subscripts. Small-amplitude
dispersive waves traveling in both left and right directions in shallow water are modeled by the BO
Eq (1.2) [17–20]. A great deal of research has been done to investigate a large number of exact
solutions to the two well-known Eqs (1.1) and (1.2).

Additionally, the following extended Kadomtsev-Petviashvili (eKP) equation was proposed in [21]:

(Γt + 6ΓΓx + Γxxx)x − Γyy + λ0Γtt + µΓyt = 0, (1.3)

where
Γ = Γ(x, y, t)

is a differentiable function, λ0 and µ are non-zero constants, and λ0Γtt and µΓyt are added to the standard
KP Eq (1.1). The KP equation can also be extended as follows [22]:

(Γt + 6ΓΓx + Γxxx)x − Γyy +
α2

4
Γtt + αΓyt + βΓxt = 0. (1.4)

Finally, three (2+1)-dimensional dispersive equations are presented in [23] as

Γxt + α(Γxxxx + 6ΓxΓxx) + βΓyy + aΓxx + bΓxy = 0, (1.5)
Γxt + α(Γxxxx + 6ΓxΓxx) + βΓtt + aΓxx + bΓxy = 0, (1.6)

and
Γxt + α(Γxxxx + 6ΓxΓxx) + βΓyy + γΓtt + aΓxx + bΓxy + cΓyt = 0, (1.7)

where α, β, γ, a, b, and c are arbitrary parameters, and

Γ = Γ(x, y, t)

is a differentiable function with respect to the spatial variables x and y and the temporal variable t.
Three new (3+1)-dimensional equations have been proposed very recently in [24],

(Γt + 6ΓΓx + Γxxx)x + λ1Γxx + λ2Γxy + λ3Γxz + αΓyy = 0, (1.8)
(Γt + 6ΓΓx + Γxxx)x + λ1Γxx + λ2Γxy + λ3Γxz + βΓzz = 0, (1.9)
(Γt + 6ΓΓx + Γxxx)x + λ1Γxx + λ2Γxy + λ3Γxz + γΓtt = 0, (1.10)

which will be called the first eKP (1eKP) equation, second eKP (2eKP) equation, and eKP-Boussinesq
(eKP-BO) equation, respectively, where α, β, γ, and λi (i = 1,2,3) are nonzero parameters. Notice that
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the last term in each equation of (1.8)–(1.10) is the only term that changes between these equations,
whereas the other terms in each equation remain unchanged. It is worth noting that the integrability of
these equations was already verified in the seminal work of Wazwaz [24], where a detailed Painlevé
analysis confirmed that the models possess the Painlevé property.

This study concentrates on the (3 + 1)-dimensional 1eKP Eq (1.8), where α and λi (i = 1, 2, 3) are
nonzero arbitrary parameters, and

Γ = Γ(x, y, z, t)

is a differentiable function involving the spatial variables x, y, and z, and the temporal variable t. It is
clear that the terms αΓyy in Eq (1.8) and βΓzz in Eq (1.9), respectively, are replaced by the term γΓtt in
Eq (1.10). The conventional Boussinesq equation typically contains the terms γΓtt, Γxxxx, and λ1Γxx in
Eq (1.10).

We derive several soliton solutions to illustrate the wealth of analytical structure of the 1eKP
equation. Furthermore, a class of lump-type solutions is investigated for different parameter regimes,
illustrating the variety and flexibility of exact wave structures supported by the model. Such results
not only enhance the insight into the underlying nonlinear dynamics but also provide useful
benchmarks for the validation of numerical algorithms. Due to their complexity and applicability,
such equations are routinely employed in computational mathematics for testing, calibrating, and
verifying methods for NLPDEs, with implications for both theoretical development and applied
modeling.

To analyze the nonlinear structure of the eKP equation, the remainder of the manuscript is
organized into several interconnected components. First, in Section 2, the exp(−φ(ξ))-expansion
method is introduced, and in Section 3, it is applied to derive explicit traveling-wave solutions.
Section 4 provides graphical visualizations of these solutions, highlighting their solitonic, oscillatory,
and structural features. Then, a traveling-wave reduction is employed to obtain a planar dynamical
system, whose qualitative behavior, equilibrium properties, and bifurcation mechanisms are analyzed
in Section 5. Section 6 then investigates the chaotic dynamics arising from periodic perturbations of
the reduced system through bifurcation diagrams, sensitivity analysis, phase portraits, Poincaré
sections, and time-series simulations. Finally, Section 7 summarizes the numerical findings and
discusses their consistency with the analytical results. Together, these components provide a coherent
analytical and numerical framework for understanding the rich wave phenomena captured by the
extended KP equation.

2. The exp(−φ(ξ))-expansion method

This method is particularly effective for nonlinear dispersive equations because it converts the PDE
into an ordinary differential equation (ODE) with a closed-form auxiliary equation, allowing
construction of soliton and periodic wave solutions.

Examine the nonlinear equation, which is presented as follows:

P(Γ,Γx,Γy,Γz,Γt,Γxx,Γxy,Γxz, . . .) = 0. (2.1)

When P is a polynomial of Γ(x, y, z, t) and its derivatives, the subscripts signify partial derivatives.
During utilizing the exp(−φ(ξ))-expansion method [25] for obtaining wave solutions of Eq (2.1), it is
crucial to carry out the following procedures.
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• The real variables (x, y, z, t) are combined using ξ as a compound variable.

ξ = ax + by + cz + dt, Γ(x, y, z, t) = ψ(ξ). (2.2)

To ensure that the transformation involves all four independent variables, x, y, z, and t and to
avoid degeneracies in the solution process, we assume that a , 0, b , 0, c , 0, and d , 0.

• Equation (2.1) is reduced to yield the following ODE:

H (ψ(ξ), ψ′(ξ), ψ′′(ξ), . . .) = 0. (2.3)

• The following finite series can be used to construct the precise solutions

ψ(ξ) =
N∑

r=0

Br(exp(−φ(ξ)))r, BN , 0, 0 ≤ r ≤ N. (2.4)

• The following ODE is satisfied by φ = φ(ξ):

φ′(ξ) = exp(−φ(ξ)) + η exp(φ(ξ)) + λ. (2.5)

• Equation (2.5) yields the following solutions when η , 0 and λ2 − 4η > 0, depending on certain
parameters:

ψ1(ξ) =
ln

(
−

√
(λ2 − 4η) tanh

( √
(λ2−4η)

2 (h + ξ)
)
− λ

)
2η

(2.6)

in the case of η , 0 and λ2 − 4η < 0,

ψ2(ξ) =
ln

(√
(4η − λ2) tanh

( √
(4η−λ2)

2 (h + ξ)
)
− λ

)
2η

(2.7)

in the case of η = 0, λ , 0 and λ2 − 4η > 0,

ψ3(ξ) = − ln
(

λ

sinh(λ(h + ξ)) + cosh(λ(h + ξ)) − 1

)
(2.8)

in the case of η , 0, λ , 0 and λ2 − 4η = 0,

ψ4(ξ) = ln
(
−

2(λ(h + ξ) + 2)
λ2(h + ξ)

)
(2.9)

in the case of η = 0, λ = 0 and λ2 − 4η = 0,

ψ5(ξ) = ln(h + ξ), (2.10)

where the constant for integration is h.

• The determination of the N value in Eq (2.4) involves considering the balance principle among
the highest-order derivatives and the highest-order nonlinear terms of ψ(ξ) in Eq (2.3). When
Eq (2.4) is combined with Eqs (2.3) and (2.5) with terms having the same exp(−φ(ξ)) powers, the
left-hand side of Eq (2.5) transforms into a polynomial. This transformation results in a system of
algebraic equations involving the variables Br (r = 0, 1, 2, 3, . . . ,N), h, λ, and η. Solving Eq (2.5)
by setting all coefficients of this polynomial to zero, we obtain a system of algebraic equations
involving the parameters Br, h, λ, and η.
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3. Analytical solutions by the exp(−φ(ξ))-expansion method

After applying the transformation, the reduced ODE allows us to identify the balance between the
nonlinear and dispersive terms and determine the structure of admissible exact solutions.

Let us consider Eq (1.8). After using Eq (2.2), integrals are taken for ξ, and the following ODE is
obtained: (

a2λ1 + abλ2 + acλ3 + ad + αb2
)
ψ(ξ) + 3a2ψ(ξ)2 + a4ψ′′(ξ) = 0. (3.1)

If a balancing relationship is established between ψ2 and ψ′′, the balancing constant N = 2 is found.
From Eq (2.5), we have

ψ = a0 + a1 exp(−φ(ξ)) + a2 exp(−φ(ξ))2. (3.2)

When the steps of the offered method are followed, the next system of algebraic equations is obtained:

0 = a1a4λη + 2a2a4η2 + a0a2λ1 + 3a2
0a2 + αa0b2 + a0abλ2 + a0acλ3 + a0ad,

0 = 6a2a4 + 3a2
2a2,

0 = 10a2a4λ + 2a1a4 + 6a1a2a2,

0 = 4a2a4λ2 + 3a1a4λ + 8a2a4η + a2a2λ1 + 3a2
1a2 + 6a0a2a2 + αa2b2 + a2acλ3 + a2ad + aa2bλ2,

0 = a1a4λ2 + 6a2a4λη + 2a1a4η + a1a2λ1 + 6a0a1a2 + αa1b2 + a1abλ2 + a1acλ3 + a1ad.

After solving this system of algebraic equations, the following values are reached:

a0 = −2a2η, a1 = −2a2λ , a2 = −2a2, d = −
a4

(
λ2 − 4η

)
+ a (aλ1 + bλ2 + cλ3) + αb2

a
.

In this case, the following results are obtained for solutions Eqs (2.6) and (2.10):
When λ2 − 4η > 0, and η , 0, then

ψ1(x, y, z, t) = −2a2η −
8a2η2(

−
√
λ2 − 4η tanh

(
1
2

√
λ2 − 4η

(
−

t(a4(λ2−4η)+a(aλ1+bλ2+cλ3)+αb2)
a + ax + by + cz + h

))
− λ

)
2

−
4a2λη

−
√
λ2 − 4η tanh

(
1
2

√
λ2 − 4η

(
−

t(a4(λ2−4η)+a(aλ1+bλ2+cλ3)+αb2)
a + ax + by + cz + h

))
− λ

.

(3.3)

When λ2 − 4η < 0, and η , 0, then

ψ2(x, y, z, t) = −2a2η −
8a2η2( √

4η − λ2 tan
(

1
2

√
4η − λ2

(
−

t(a4(λ2−4η)+a(aλ1+bλ2+cλ3)+αb2)
a + ax + by + cz + h

))
− λ

)
2

−
4a2λη√

4η − λ2 tan
(

1
2

√
4η − λ2

(
−

t(a4(λ2−4η)+a(aλ1+bλ2+cλ3)+αb2)
a + ax + by + cz + h

))
− λ

.

(3.4)
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When λ2 − 4η > 0, λ , 0, and η = 0, then

ψ3(x, y, z, t) = −
2a2λ2

sinh(λ(ax + by + cz − τ + h)) + cosh(λ(ax + by + cz − τ + h)) − 1

−
2a2λ2

(sinh(λ(ax + by + cz − τ + h)) + cosh(λ(ax + by + cz − τ + h)) − 1)2 ,

(3.5)

where

τ =
t
(
a4λ2 + a (aλ1 + bλ2 + cλ3) + αb2

)
a

.

When λ2 − 4η = 0, λ , 0, and η , 0, then

ψ4(x, y, z, t) = −
a2λ4

(
−

t(a(aλ1+bλ2+cλ3)+αb2)
a + ax + by + cz + h

)
2

2
(
λ
(
−

t(a(aλ1+bλ2+cλ3)+αb2)
a + ax + by + cz + h

)
+ 2

)
2

+

a2λ3
(
−

t(a(aλ1+bλ2+cλ3)+αb2)
a + ax + by + cz + h

)
λ
(
−

t(a(aλ1+bλ2+cλ3)+αb2)
a + ax + by + cz + h

)
+ 2
− 2a2η.

(3.6)

When λ2 − 4η = 0, λ = 0, and η = 0, then

ψ5(x, y, z, t) = −2a2η −
2a2λ

−
t(a4(λ2−4η)+a(aλ1+bλ2+cλ3)+αb2)

a + ax + by + cz + h

−
2a2(

−
t(a4(λ2−4η)+a(aλ1+bλ2+cλ3)+αb2)

a + ax + by + cz + h
)

2
,

(3.7)

where h is the integration constant.

4. Visualization and interpretation of soliton structures

To illustrate the shapes and dynamical features of the analytical solutions, representative plots are
provided for the cases corresponding to ψ1, ψ2, and ψ3. The 3D soliton profile, contour plot, and 2D
projection on a temporal slice in each plot reveal the wave structures’ evolution and dynamics
entirely. The graphical illustrations help clarify the physical shape and propagation characteristics of
the analytical solutions derived in the previous section.

4.1. Soliton profile of ψ1

Figure 1 displays the spatio-temporal dynamics of the soliton solution ψ1 derived from Eq (3.3) for
the condition λ2 − 4η > 0 and η , 0. In panel (a), it is evident that the 3D surface plot represents
a localized solitary wave preserving its form over propagation, thus verifying stability of the solution
profile within the time interval considered. The panel (b) contour plot captures the symmetry and
slope of the soliton, and panel (c) is a 2D projection at a specified temporal slice that highlights its
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bell-shaped nature. The amplitude and width invariance with time signals the non-dispersive nature of
the wave, a salient aspect of solitonic behavior.
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Figure 1. (a) The 3D soliton, (b) contour, and (c) 2D plot of ψ1 appearing in equation (3.3)
using the values a = 1, b = 1, c = −2, α = −1, λ = 3, η = 1, h = 0.5, λ1 = 2, λ2 = 0.7,
λ3 = −0.4, y = 1, z = 1.

4.2. Breather-type profile of ψ2

Figure 2 presents the breather-type profile ψ2 corresponding to Eq (3.4) for the parameter regime
λ2 − 4η < 0 and η , 0. In this case, the solution exhibits a periodic-type oscillatory wave modulated in
space and time, as shown in the 3D surface plot in panel (a). The contour plot in panel (b) illustrates the
periodic peaks and valleys in the propagation direction, and the 2D projection in panel (c) illustrates the
temporal periodicity and amplitude modulation. Its oscillatory character indicates the presence of wave
trains rather than single pulses, and the shape is maintained by the competition between nonlinearity
and dispersion in the system.
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Figure 2. (a) The 3D breather solution, (b) contour, and (c) 2D plot of ψ2 appearing in
equation (3.4) using the values a = 1, b = 1, c = −2, α = 1, λ = 1, η = 1, h = 0.5, λ1 = 2,
λ2 = 0.7, λ3 = −0.4, y = 1, z = 1.

A comparison between Figures 1 and 2 highlights the importance of the discriminant λ2 − 4η in
deciding on the qualitative nature of the wave solutions. For λ2 − 4η > 0, the model supports stable
solitary pulses traveling undistorted, as shown in Figure 1. These localized profiles typify classical
solitons resulting from an exact balance between nonlinear steepening and dispersive spreading. Yet,
when λ2 − 4η < 0, the solution turns into an oscillatory wave train, as depicted in Figure 2, with
repetitive crests and troughs dominating the profile. This regime change from localized to periodic
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solutions is a manifestation of the wave profile’s sensitivity to changes in parameters and reflects the
rich solution space of the eKP system.

It should be noted that the profile ψ2 in Eq (3.4) contains a trigonometric term tan(·); therefore,
it may exhibit singular spikes (vertical asymptotes) at discrete phase locations where the argument
satisfies

Θ(ξ) =
π

2
+ kπ, k ∈ Z,

equivalently
cos(Θ(ξ)) = 0.

Thus, Eq (3.4) represents a periodic wave train that is smooth and bounded on intervals avoiding these
poles, and becomes unbounded at the pole set. In the plotted parameter window of Figure 2, the spatio-
temporal domain is chosen so that the solution is sampled away from the pole locations, yielding a
regular oscillatory structure.

Apart from its soliton behavior, the (3+1)-dimensional 1eKP equation further possesses richer
complex dynamical phenomena when studied through a reduced system. In the following section, the
qualitative dynamics and bifurcation characteristics of the system are explored through tools of
nonlinear dynamics.

5. Bifurcation analysis of the reduced dynamical system

This section examines how the reduced system behaves under parameter variations, allowing us to
classify equilibrium points and understand transitions between different dynamical regimes.

5.1. Derivation of the reduced system

Bifurcation analysis aids in determining whether or not the underlying dynamical system depends
on the values of the involved parameters. The Galilean transformation applied to Eq (3.1) yields the
following planar dynamical system: 

dψ
dξ
= Ω,

dΩ
dξ
= w1ψ + w2ψ

2,

(5.1)

where

w1 = −
a2λ1 + abλ2 + acλ3 + ad + αb2

a4 and w2 = −
3
a2 .

The Hamiltonian is given by

S (ψ,Ω) =
Ω2

2
+ w1

ψ2

2
+ w2

ψ3

3
= s, (5.2)

where the Hamiltonian constant is denoted by s. The bifurcations of the system (5.1) phase portraits
throughout the parameter space of w1 and w2 will now be investigated. The following results can be
seen through qualitative analysis.
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5.2. Equilibrium points and Jacobian analysis

The first thing to note is that system (5.1) has two equilibrium points, which are as follows:

G1 = (0, 0) and G2 =

(
−w1

w2
, 0

)
.

The Jacobian of (5.1) will be

J(ψ,Ω) = det

∣∣∣∣∣∣ 0 1
w1 + 2w2ψ 0

∣∣∣∣∣∣ = −w1 − 2w2ψ.

Therefore, with regard to J(ψ,Ω) < 0, the pair (ψ,Ω) can be designated as the saddle point.
Additionally, it would be a cuspidal for

J(ψ,Ω) = 0

and the center for J(ψ,Ω) > 0. By altering the parameter ranges, the intended outcomes can be
obtained.

5.3. Phase portraits under parameter variations

Case 1. w1 > 0,w2 > 0.
For the system (5.1), represented as

G1 = (0, 0) and G2 = (−1, 0)

as indicated in Figure 3a, we have successfully identified two stable points of equilibrium using the
values w1 = 1 and w2 = 1. Both the center point characteristic of G2 and the saddle point characteristic
of G1 are readily apparent.

Case 2. w1 > 0,w2 < 0.
The system (5.1) has two critical points for values of w1 = 1 and w2 = −1, namely

G1 = (0, 0) and G2 = (1, 0)

as shown in Figure 3b. When we look more closely, we can see that G1 is a saddle point, and G2 is the
center.

Case 3. w1 < 0,w2 < 0.
We have successfully extracted the equilibrium points

G1 = (0, 0) and G2 = (−1, 0)

from the system (5.1) shown in Figure 3c by using the values w1 = −1 and w2 = −1. It is clear by
looking at the phase portrait that G1 behaves as a center point, and G2 takes on the traits of a saddle.

Case 4. w1 < 0,w2 > 0.
The system (5.1) shows two equilibrium points for the values w1 = −1 and w2 = 1, namely

G1 = (0, 0) and G2 = (1, 0)
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as shown in Figure 3d. G1 is clearly a center point, and G2 is clearly the saddle.

Case 5. w1 = 0,w2 , 0.
Only a single point of equilibrium,

G1 = (0, 0)

can be discovered for w1 = 0 and w2 = −1, as shown in the example in Figure 3e. By analyzing the
Jacobian, it has been established that G1 behaves in a cusp manner.
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Figure 3. Dynamical analysis of the system (5.1) using the values (a) a =
√

3, b = 1, c = 1,
d =
√

3, λ1 = 1, λ2 =
1
√

3
, λ3 =

1
√

3
, α = 1, and w1 = 1, w2 = 1; (b) a = i

√
3, b = 1, c = 1,

d = −3i
√

3, λ1 = 1, λ2 =
1

i
√

3
, λ3 =

1
i
√

3
, α = 1, and w1 = 1, w2 = −1; (c) a = i

√
3, b = 1,

c = 1, d = 3i
√

3, λ1 = 1, λ2 =
1

i
√

3
, λ3 =

1
i
√

3
, α = 1, and w1 = −1, w2 = −1; (d) a =

√
3,

b = 1, c = 1, d = − 5
√

3
, λ1 = −1, λ2 = −

1
i
√

3
, λ3 = −

1
i
√

3
, α = 1, and w1 = −1, w2 = 1; (e)

a =
√

3, b = 1, c = 1, d = − 2
√

3
, λ1 = −

1
3 , λ2 =

1
√

3
, λ3 =

1
√

3
, α = 1, and w1 = 0, w2 = 1.

The phase portrait analysis reveals how the system’s fixed points and stability evolve with changing
parameters. To explore the system’s response to external periodic perturbations, we now extend our
analysis to include chaotic dynamics and sensitivity studies.
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6. Chaotic dynamics and sensitivity analysis

To investigate more complex dynamical behavior, we introduce a periodic perturbation to the
reduced system. This enables the exploration of transitions from regular motion to chaos.

6.1. Perturbed dynamical system model

Using the previously mentioned planar dynamical system in Eq (5.1), we add the perturbation term
ζ cos(R) to investigate the disordered resolution of Eq (3.1). Thus, we obtain

dψ
dξ
= Ω,

dΩ
dξ
= w1ψ + w2ψ

2 + ζ cos(R),

dR
dξ
= δ,

(6.1)

where
R = δξ.

The amplitude and frequency of the external force applied to the system (6.1) are represented by the
parameters ζ and δ in the given system. In the present work, we investigate the effect of the perturbation
parameters ζ cos(R) on the perturbed dynamical system (6.1). The influence of outside factors may lead
a system to act randomly and unpredictably. We found this specific phenomenon in system (6.1), which
is chaotic in movement in our work, whose trajectories change over time and exhibit divergences from
regular patterns.

There are other methods for detecting chaos; however, in this paper, we will focus on the most
useful ones:

• Bifurcation diagrams

• Sensitivity to frequency and amplitude

• Phase portraits

• Poincaré map

• Time series

6.2. Bifurcation diagrams

The theory of bifurcation has been central to the theory of nonlinear dynamic systems to describe
various qualitative changes in system behavior with respect to parameter classes. When an
infinitesimal and smooth change in parameter values leads to an abrupt change in the long-term
dynamics of the system, that is, the transition from a stable fixed point to a periodic orbit or even to
chaos from periodicity, one refers to this as a bifurcation. The bifurcation study serves to identify
stability or bifurcation phenomena, transitions, and possible behavior of chaos in physical
applications. By identifying bifurcation points and investigating corresponding system responses, one
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can easily identify regions of both steady and unsteady motion and give physical interpretations to
system parameters in terms of global dynamic behavior.

Figure 4 presents a bifurcation arrangement that corresponds to the perturbed dynamical system
given by (6.1). The bifurcation diagram presents the evolution of states of the system, characterized by
the state variable Ω, which varies with the bifurcation parameter ξ. The bifurcation diagram changes
its character from a single-valued smooth curve to a scattered set of points, as ξ is increased.
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Figure 4. The bifurcation chaotic behavior of the perturbed dynamical system (CBPDS)
(6.1) using the values a =

√
2, b = 1, c = 1, d = − 7

√
2
, λ1 = −1, λ2 = −

1
√

2
, λ3 = −

1
√

2
, α = 1,

w1 = −2.5, w2 = 1.5, δ = 1.15 with the initial condition (ψ(0),Ω(0)) = (0.9, 0.5).

6.3. Sensitivity to frequency and amplitude

Sensitivity analysis is a significant technique for evaluating the effect of variations in external
parameters on the dynamics of a nonlinear dynamical system. In chaotic systems, slight perturbations
in input parameters, such as forcing frequency or amplitude, can lead to appreciable divergences of
paths in the system. This phenomenon is generally known as sensitive dependence on initial
conditions and parameters and represents one of the main features of chaotic dynamics. One may find
thresholds beyond which the system transitions from regular, periodic motion to complex, chaotic
motion via sensitivity analysis.

Figures 5 and 6 provide a clear indication of the system’s sensitivity to the perturbation parameters
of the external perturbations-frequency δ and amplitude ζ, respectively-of the CBPDS model. In
Figure 5, the amplitude of forcing is fixed, whereas δ is varied. As the frequency increases from

δ = 3.20

toward

δ = 4.00,

the trace ofΩ evolves from smooth oscillations into more erratic fluctuations, showing the destabilizing
effect of increasing-frequency input and the initiation of chaotic motion.
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Figure 5. The sensitivity of the CBPDS (6.1) using the values a =
√

3, b = 1, c = 1,
d = − 5

√
3
, λ1 = −1, λ2 = −

1
√

3
, λ3 = −

1
√

3
, δ = 1, w1 = −1, w2 = 1, ζ = 2.20, and (a)

δ = 3.20; (b) δ = 3.40; (c) δ = 3.60; (d) δ = 3.80; (e) δ = 4.00 with the initial condition
(ψ(0),Ω(0)) = (0.29, 0.13).

Conversely, in Figure 6, δ is held fixed at 4.00, and ζ is increased from 2.20 to 3.00. The
corresponding time series reveal that as ζ grows, the system exhibits larger nonlinear response, with
oscillations more random and less predictable. This reveals that the larger external excitation drives
the system towards a chaotic state. Collectively, these figures support the dual function of frequency
and amplitude in system stability control and describe how well-balanced external parameters can
induce enormous effects on dynamic behavior.
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Figure 6. The sensitivity of the CBPDS (6.1) using the values a =
√

3, b = 1, c = 1,
d = − 5

√
3
, λ1 = −1, λ2 = −

1
√

3
, λ3 = −

1
√

3
, α = 1, w1 = −1, w2 = 1, δ = 4.00, and (a)

ζ = 2.20; (b) ζ = 2.40; (c) ζ = 2.60; (d) ζ = 2.80; (e) ζ = 3.00 with the initial condition
(ψ(0),Ω(0)) = (0.29, 0.13).

6.4. Phase portraits (2D and 3D)

Phase portraits are powerful geometric means of expressing state space structure and stability
properties of dynamic systems. By plotting the trajectories in the (ψ,Ω) or (ψ,Ω,R) planes, one can
immediately observe features such as attractors, limit cycles, saddle points, and chaotic orbits. Phase
portraits are especially helpful in differentiating regular (e.g., periodic or quasi-periodic) versus
chaotic dynamics by organization, density, and divergence of trajectories.

Figures 7 and 8 are the 2D phase portraits of the CBPDS model for varying forcing frequency δ
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and amplitude ζ, respectively. In Figure 7, the phase curves are distorted and broken up as δ increases,
exhibiting a clear onset of periodic to chaotic behavior.

(a) (b)

(c) (d)

(e)

Figure 7. 2D phase portrait of the CBPDS (6.1) using the values a =
√

3, b = 1, c = 1,
d = − 5

√
3
, λ1 = −1, λ2 = −

1
√

3
, λ3 = −

1
√

3
, α = 1, w1 = −1, w2 = 1, ζ = 2.20 , and (a)

δ = 3.20; (b) δ = 3.40; (c) δ = 3.60; (d) δ = 3.80; (e) δ = 4.00 with the initial condition
(ψ(0),Ω(0)) = (0.29, 0.13).
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Similarly, Figure 8 demonstrates how an increase in amplitude ζ produces more scattered and
unpredictable trajectories, establishing the system’s growing sensitivity toward the amplitude of
external excitation.

(a) (b)

(c) (d)

(e)

Figure 8. 2D phase portrait of the CBPDS (6.1) using the values a =
√

3, b = 1, c = 1,
d = − 5

√
3
, λ1 = −1, λ2 = −

1
√

3
, λ3 = −

1
√

3
, α = 1, w1 = −1, w2 = 1, δ = 4.00 , and (a)

ζ = 2.20; (b) ζ = 2.40; (c) ζ = 2.60; (d) ζ = 2.80; (e) ζ = 3.00 with the initial condition
(ψ(0),Ω(0)) = (0.29, 0.13).

Figures 9 and 10 give the 3D phase portraits for the corresponding parameter changes. The three-
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dimensional perspectives show tangled spiral structures and knotted orbits that are typical of chaotic
attractors. As δ or ζ increases, orbits lose coherence and begin to cover larger areas of the phase space
in a non-periodic pattern. These observations confirm the emergence of chaos and show the richness
of the underlying dynamic behavior in the perturbed Boussinesq-type model.

(a) (b)

(c) (d)

(e)

Figure 9. 3D phase portrait of the CBPDS (6.1) using the values a =
√

3, b = 1, c = 1,
d = − 5

√
3
, λ1 = −1, λ2 = −

1
√

3
, λ3 = −

1
√

3
, α = 1, w1 = −1, w2 = 1, ζ = 2.20 , and (a)

δ = 3.20; (b) δ = 3.40; (c) δ = 3.60; (d) δ = 3.80; (e) δ = 4.00 with the initial condition
(ψ(0),Ω(0)) = (0.29, 0.13).
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(a) (b)

(c) (d)

(e)

Figure 10. 3D phase portrait of the CBPDS (6.1) using the values a =
√

3, b = 1, c = 1,
d = − 5

√
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1
√

3
, λ3 = −

1
√

3
, α = 1, w1 = −1, w2 = 1, δ = 4.00 , and (a)

ζ = 2.20; (b) ζ = 2.40; (c) ζ = 2.60; (d) ζ = 2.80; (e) ζ = 3.00 with the initial condition
(ψ(0),Ω(0)) = (0.29, 0.13).

6.5. Poincaré map

The Poincaré map is a well-known diagnostic technique used to detect and describe chaotic behavior
in nonlinear systems. By sampling the system at discrete phase or time, the Poincaré section translates
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a continuous dynamical system into a discrete map, providing information on attractor structure. For
regular or periodic regimes, the Poincaré map provides a collection of finite numbers of points or closed
orbits. Chaotic systems, on the other hand, produce filled or densely scattered patterns, which implies
sensitivity to initial conditions and the breakdown of periodic motion.

Figure 11 presents the Poincaré maps of the CBPDS model for different values of forcing frequency
δ with ζ fixed. The transition from ordered points toward increasingly irregular scatterings confirms
the destabilizing effect of higher-frequency perturbations.
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Figure 11. Poincaré map of the CBPDS (6.1) using the values a =
√

3, b = 1, c = 1,
d = − 5

√
3
, λ1 = −1, λ2 = −

1
√

3
, λ3 = −

1
√

3
, α = 1, w1 = −1, w2 = 1, ζ = 2.20 , and (a)

δ = 3.20; (b) δ = 3.40; (c) δ = 3.60; (d) δ = 3.80; (e) δ = 4.00 with the initial condition
(ψ(0),Ω(0)) = (0.29, 0.13).

Analogously, Figure 12 shows the maps of various amplitude ζ with fixed frequency δ = 4.00. As
ζ increases, isolated points in the Poincaré section fan out into more complex and seemingly random
patterns. The regimes provide substantial evidence of chaotic attractors governing the system’s
dynamics and suggest how both δ and ζ are accountable for inducing chaos in the perturbed
dynamical system model.
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Figure 12. Poincaré map of the CBPDS (6.1) using the values a =
√

3, b = 1, c = 1,
d = − 5

√
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1
√

3
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1
√

3
, α = 1, w1 = −1, w2 = 1, δ = 4.00, and (a)

ζ = 2.20; (b) ζ = 2.40; (c) ζ = 2.60; (d) ζ = 2.80; (e) ζ = 3.00 with the initial condition
(ψ(0),Ω(0)) = (0.29, 0.13).

6.6. Time series

Time series analysis is a simple approach to examining the time evolution of dynamical systems.
By tracking the stationary behavior of a system variable over time, evidence for regular oscillations,
transients, or apparently random chaotic fluctuations may be discovered. Time series in chaotic
systems are usually found to exhibit aperiodicity, amplitude modulation, and sensitive
initial-condition dependence-key features of deterministic chaos.

Figure 13 depicts the time series of state variable Ω for progressively higher values of forcing
frequency δ, but with fixed amplitude ζ. When δ takes low values, the system is defined by
well-smoothed, periodic oscillations. For progressively higher values of δ, however, the waveforms
become progressively more random in nature, displaying nonsmooth peaks and intervals, suggesting
the emergence of chaos via frequency-induced bifurcations.
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(a) (b)

(c) (d)

(e)

Figure 13. Time series of the CBPDS (6.1) using the values a =
√

2, b = 1, c = 1, d = − 7
√

2
,

λ1 = −1, λ2 = −
1
√

2
, λ3 = −

1
√

2
, α = 1, w1 = −2.5, w2 = 1.5, ζ = 1.25 , and (a) δ = 4.20; (b)

δ = 4.40; (c) δ = 4.60; (d) δ = 4.80; (e) δ = 5.00 with the initial condition (ψ(0),Ω(0)) =
(0.5, 0.1).

Also illustrated in Figure 14 is the system response with growing ζ for fixed δ. The waveforms
become increasingly random patterns as the forcing amplitude grows. These results validate that
external disturbance frequency and amplitude are critical factors in determining the dynamical regime
of the system, and that chaotic behavior can be robustly induced by controlled parameter modulation.
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(e)

Figure 14. Time series of the CBPDS (6.1) using the values a =
√

2, b = 1, c = 1, d = − 7
√

2
,

λ1 = −1, λ2 = −
1
√

2
, λ3 = −

1
√

2
, α = 1, w1 = −2.5, w2 = 1.5, δ = 4.20, and (a) ζ = 3.20; (b)

ζ = 3.40; (c) ζ = 3.60; (d) ζ = 3.80; (e) ζ = 4.00 with the initial condition (ψ(0),Ω(0)) =
(0.5, 0.1).

7. Numerical simulations

This section summarizes the numerical observations obtained for the perturbed system and
demonstrates how the numerical behavior supports and extends the analytical findings.
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To complement the analytical and qualitative analysis, numerical simulations were carried out to
explore the dynamical behavior of the CBPDS model under various parameter configurations. These
simulations help validate the theoretical predictions and provide concrete illustrations of how the
system responds to changes in its governing parameters.

Figure 1 shows a stable localized soliton for λ2−4η > 0, η , 0, with amplitude and width preserved
during propagation. Figure 2 illustrates a periodic-type oscillatory wave train for λ2 − 4η < 0, η , 0,
where repeating crests and troughs remain stable over time. Figure 3 demonstrates the phase portraits
of the reduced system under five distinct cases for combinations of w1 and w2, showing center, saddle,
and cusp-type behaviors that reflect the local stability of equilibrium points. The bifurcation structure
is further examined in Figure 4, where the chaotic transitions are captured by tracking Ω over a range
of the bifurcation parameter ζ. Figures 5 and 6 present sensitivity plots with respect to frequency δ
and amplitude ζ, respectively, confirming the system’s responsiveness to external periodic forcing. In
Figures 7–10, 2D and 3D phase portraits reveal the evolution from periodic orbits to chaotic attractors
under increasing perturbations. Poincaré sections in Figures 11 and 12 depict the transformation of
phase space from discrete points to densely scattered sets, indicating chaotic dynamics. Finally, the
time series shown in Figures 13 and 14 illustrate the progression from smooth oscillations to irregular
and unpredictable temporal patterns.

These comprehensive simulations reinforce the theoretical findings and confirm the rich dynamical
structure of the model, highlighting transitions among stable, bifurcating, and chaotic regimes across
different parameter regimes.
Remark. Some parameters listed in this section, such as a = i

√
3, originate from the analytical solution

construction in Section 3. These complex-valued constants are intermediate algebraic parameters that
arise from the auxiliary equation used in the exp(−φ(ξ))-expansion method. They are not used in the
real-valued dynamical system analyzed in Sections 5 and 6, nor do they play any role in the phase
portraits or numerical simulations. All dynamical analysis are performed entirely with real-valued
parameters.

8. Conclusions

In this study, we examined the analytical and dynamical properties of a (3+1)-dimensional 1eKP
equation that incorporates higher-order nonlinear and dispersive effects. By utilizing the
exp(−φ(ξ))-expansion method, we successfully obtained exact traveling wave solutions in closed
form. The derived solutions include localized solitary waves, breathing structures, and periodic
profiles, which highlight the diverse and complex behavior supported by the underlying equation. To
further analyze the system, a reduction via traveling wave transformation led to a planar dynamical
system. A detailed bifurcation analysis was performed, classifying equilibrium points and their
stability characteristics based on parameter variations. The phase portraits illustrated rich topological
structures, including centers, saddles, and cusp points, which signal critical transitions in the system’s
dynamics. To investigate the influence of external excitation, a periodic forcing term was introduced,
leading to a perturbed dynamical system. The presence of chaotic dynamics was confirmed through
bifurcation diagrams, sensitivity analysis, phase portraits (2D and 3D), Poincaré sections, and time
series plots. These tools revealed how the system responds to changes in forcing frequency and
amplitude, with clear transitions from regular oscillatory motion to irregular and chaotic behavior.
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Numerical simulations were carried out to validate and visualize the theoretical results, showing
consistency across all analytical and qualitative analysis. The outcomes demonstrate the capacity of
the proposed model to capture complex wave dynamics, offering valuable insights into nonlinear wave
propagation in multidimensional settings. Future work could extend the analysis to consider damping
effects, multi-soliton interactions, or more general classes of external perturbations. Additionally,
hybrid numerical-analytical techniques or data-driven models such as neural network-based solvers
could be employed to explore solution landscapes beyond the reach of classical methods.
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