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Abstract: Let D = (V,A) be an n-vertex digraph with n > 6. For each vertex v € V, let a(v) be the
degree of v in D. Assume that for every pair of distinct vertices x,y € V, the sum of their degrees
satisfies a(x) + a(y) > 3n + 1. For any two independent arcs f;, f» € A(D) and any integer partition
n = n; + np, where n; > 3 and n, > 3, D contains two mutually vertex-disjoint dicycles C; and C; such
that |V(Cy)| = ny, |[V(Cy)| = ny, fi € E(Cy), and f, € E(C,). Moreover, the condition is sharp.
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1. Introduction

All graphs and digraphs in this paper are finite and simple. Unless otherwise specified, we follow
the terminology and notation of [2]. A directed graph is termed a digraph, and a directed cycle is
termed a dicycle. In particular, a directed cycle of order 3 is explicitly denoted as a ditriangle. A
family of graphs or digraphs is said to be disjoint if no two of its members have a vertex in common.
Let X and Y be subsets of V, sequences consisting of distinct vertices from V, or subdigraphs of D. For
any vertex x € V, we use a*(x), a”(x), and a(x) to denote the out-degree, in-degree, and degree of x in
D, respectively.

The study of cycle decompositions in graphs has a rich history, beginning with Dirac’s classical
theorem on Hamiltonian cycles. In 1993, Aigner and Brandt [1] made a significant extension to Dirac’s
result by establishing the following theorem on disjoint cycles of specified lengths:

Theorem 1.1. [1] Let G be an n-vertex graph. Suppose that G is a graph with minimum degree 6(G) >
(2n — 1)/3. For any k integers ny,n,, ...,n; satisfying n; > 3 for each 1 < i < k and Zle n<n G

contains a set of k pairwise vertex-disjoint cycles C,,C,, ..., Cy such that |V(C;)| = n; forall 1 <i <k.

This line of research was naturally extended to directed graphs. Molla [5] initiated the study of
the directed analogue, proving the following result for the decomposition into directed cycles of equal
length:
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Theorem 1.2. [5] For each integer k > 2, there exists a positive integer ny with the following property:
If D is an n-vertex digraph where n > ny, k divides n, and the minimum degree 6(D) > (n + 2)/2, then
D contains n/k pairwise vertex-disjoint dicycles each of order k.

Wang [6] subsequently improved the degree condition by removing the minimum degree
requirement, obtaining a more general result:

Theorem 1.3. [6] Let D = (V,A) be an n-vertex digraph with n > 4. For each vertex v € V, let
a(v) be the degree of v in D. Assume that for every pair of distinct vertices x,y € V, the sum of their
degrees satisfies a(x) + a(y) > 3n — 4. Then for any k positive integers ny,n,, ..., n; such that n; > 2
forall1 <i < kand Zf-‘zl n; < n, D contains k mutually vertex-disjoint dicycles Cy,C,, ..., Cy where
|[V(C)| = n; for each 1 < i <k, unless D falls into one known exceptional family of digraphs.

A further direction was explored by Wang [7], who considered the problem of embedding disjoint
cycles containing prescribed edges. The following result was established for the undirected case, along
with a corresponding conjecture for digraphs:

Theorem 1.4. [7] Let G be an n-vertex graph with minimum degree 6(G) > (n + 4)/2. For any two
independent edges ey, e, C E(G) and any integer partition n = ny + n, satisfying ny > 3 andny > 3, G
contains two pairwise vertex-disjoint cycles C; and C,, where |V(Cy)| = ny, |V(Cy)| = ny, e; € E(C)),
and e, € E(C»).

Conjecture 1.5. [7] Let k and n be two positive integers with k > 2 and n > 9. Let D be an n-vertex
digraph such that every vertex of D has a degree at least (3n + 2k — 4) /2. Then for any k independent

arcs fi,..., fi of D and any integer partitionn = n; + --- + n withn; > 4 forall 1 <i <k, D has k
disjoint directed cycles Cy,...,Cy of order ny,...,n, respectively, such that f; is an arc of C; for all
1<i<k

Recently, Liu and Wang [4] made progress on this conjecture by resolving the case k = 2:

Theorem 1.6. [4] Let D = (V, A) be an n-vertex digraph with n > 9. Assume that D has a minimum
degree 6(D) > 3n/2. For any two independent arcs f,g € A(D) and any integer partition n = ny + n,
satisfying ny > 4 and n, > 4, D contains two mutually vertex-disjoint dicycles C, and C, where
IV(CDI = ny, [V(C)l = ny, f <€ E(Cy), and g € E(C).

In this paper, we consider the problem of embedding two disjoint directed cycles of specified lengths
containing prescribed arcs, under a degree-sum condition. Our main result is as follows:

Theorem 1.7. Let D = (V, A) be an n-vertex digraph with n > 6. For each vertex v € V, let a(v) denote
the degree of v in D. Assume that for every pair of distinct vertices x,y € V, the sum of their degrees
satisfies a(x) + a(y) > 3n + 1. For any two independent arcs fi, f» € A(D) and any integer partition
n = ny + ny, where ny > 3 and ny > 3, D contains two mutually vertex-disjoint dicycles C and C, such
that |V(Cy)| = ny, [V(Co)| = ny, f1 € E(Cy), and f, € E(Cy).

The degree condition in Theorem 1.7 is sharp. To verify this, let K, represent the complete directed
graph with n vertices (where n is an even integer), which means that each vertex in K has a degree
of 2(n — 1). Consider a partition of the vertex set V(K},) into three disjoint subsets X, Y, and Z, i.e.,
V(K;;) = X U Y U Z, such that the order of X and Y satisfies |X| = |Y| = (n — 4)/2. Let f; = (u;,v;) and
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f> = (uz,vy) be two arcs, and let Z = {u;, vi, up, v2}. From K, delete all arcs directed from X to {u;, u,}
and all arcs directed from {v{, v,} to Y, as illustrated in Figure 1. In the resulting digraph D, we have
a(x) +a(y) > 3n for every pair of distinct vertices x,y € V, with equality attained for some {x,y} C V,
x #y. However, there exists no directed triangle in D — V (f5_;) that contains f; for i = 1,2. This shows
that the degree condition in Theorem 1.7 is the best possible.

u o Uy Uy

)
V

X Y

Figure 1. Counterexample.

We introduce the following terminology and notation. Let D = (V,A) be a digraph and G = (V, E)
be a graph sharing the same vertex set V, i.e., V(D) = V(G) = V. The underlying graph of D is the
graph G = (V, E) where V(G) = V and E(G) = {xy : (x,y) € A and (y, x) € A}.

Define N} (x,Y) as the set of vertices y € Y for which (x,y) € A(D). Similarly, define N,(x,Y),
and let Np(x,Y) = Nj(x,Y) U Ny(x,Y). When the context clearly indicates the digraph in question,
the subscript D can be omitted. We further define the following cardinalities: a*(x,Y) = |[N*(x, Y)|,
a(x,Y)=|N"(x,Y),and a(x,Y) = a*(x,Y) + a (x,Y). For a given set or sequence X, let a(X,Y) =
2.xex a(x, Y), where the sum extends over all vertices contained in X. In cases where X = {x, x2, ..., x,}
and Y = {y1,y2,...,¥,}, we occasionally write a(X,Y) = a(x1x5 ... X, y1y2 . ..y,) for brevity.

In the graph G, Ng(x,Y) is defined as the set of vertices y € Y such that xy € E(G) and d(x,Y) =
ING(x,Y)|. For a set or sequence X, define d(X,Y) = ) ,cxd(u, Y).

For a vertex subset U C V, let D[U] denote the subdigraph induced by U. The digraph D — U is
obtained by removing all vertices in U and all arcs incident to them. If S = {v}, we simply denote
D - S by D —vrather than D — {v}. If X, ..., X, are subsets, sequences, subgraphs, or subdigraphs, we
write D[X{, ..., X;] for the subdigraph of D induced by the union of the vertices in Xy, ..., X;. When
no confusion arises, we abbreviate this as [ X, ..., X;].

The length of a cycle or path C is denoted by €(C); similarly, the length of a directed cycle or
directed path P is denoted by £(P). If C = (x1, x2, ..., X, x1) 1s a directed cycle or C = x1x; - - - X, X1 18
a cycle, all subscript arithmetic is performed modulo m.

An f-dicycle (or f-dipath) in D is a directed cycle (or directed path) containing the arc f. For a
cycle C (directed or undirected) and a vertex x on C, let x* and x~ denote the successor and predecessor
of x along C, respectively. Given a dicycle C = (xy,...,x;) and a vertex z ¢ V(C), if there is a vertex
x; € V(C) such that {(x;_1,2), (2, xi+1)} € A(D), then the cycle C" = (x41, ..., Xi_1, 2, Xi+1), obtained by
replacing x; with z, is denoted by C — x; + z. Further, x — y denotes that (x,y) € A, and x - y denotes
(x,y) € A.
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2. Lemmas

Let D = (V,A) be a directed graph. The following four lemmas will be employed in our argument.
Specially, in our proof, we will frequently work with the underlying graph of D. Lemmas 2.3 and 2.4
are crucial for our analysis. Before presenting Lemma 2.4, we introduce some specialized terminology
that is specific to that result.

Lemma 2.1. [4] Let (x,y) € A(D), and let C be an (x, y)-dicycle on t vertices. For any vertex z ¢ V(C),
if a(z,C) > t + 2, then the subdigraph induced by C U {z} contains a Hamiltonian cycle C’ that passes
through the arc (x,y).

Lemma 2.2. [4] Let f € A(D) and C be an f-dicycle of order t in D. Take x,y € V(D) \ V(C). If
a(xy, C) > 3t + 3, then there exists 7 € V(C) such that C — 7z + (27, x) + (x,z") is an f-dicycle in D with
a(y,z) = 2.

Lemma 2.3. [4] Let P = (x1, X2, ..., X;) be a path in the graph G, and let u be a vertex in V(G) \ V(P).
Assume that d(ux,, P) > t. Then either the induced subgraph G[V(P) U {u}] contains a path P’ of order
t+ 1 with u as the starting vertex and x, as the ending vertex, or d(ux,, P) = t and the edge ux, € E(G).

For a path L = v;v,---v in the graph G, define a(L,v;) as the order of the longest subpath
Vivir1 -+ - v of L satisfying v;v, € E(G). Let u be a vertex in V(G), and let P be a longest path in
G with u as its starting vertex. Denote the terminal vertex of P by v. We say that a path P in graph G
is optimal at vertex u if it satisfies the following condition: For every longest path P’ starting at u with
terminal vertex V', the inequality a(P’,v") < a(P,v) holds, where v denotes the terminal vertex of P.

Lemma 2.4. [3] Let P = x;x,_1 - - - x| be an optimal path at x, in G, with r = a(P, x;) and ¢ > r/2.
Suppose that for every vertex v € V(G) reachable from x, by a longest path, we have d(v) > c.
Then the following conclusions hold: (i) N(x;) C {x1,X2,..., %} forall i € {1,2,...,r — 1}; (ii) the

subgraph | P] contains an x,-x; Hamiltonian path for each i € {1,2,...,r — 1}; and (iii) d(x;) > c for
allie{1,2,...,r —1}. Furthermore, ift > r, then x, is a cut-vertex of G.

3. Proof of Theorem 6

Let D = (V, A) be a digraph of order n > 6 satisfying a(x) + a(y) > 3n + 1 for every pair of distinct
vertices x,y € V. Suppose Theorem 6 does not hold. That is, there exist two independent arcs f; and
/> in D and an integer partition n = n; + n, with ny,n, > 3 such that D does not contain two disjoint
directed cycles C; and C; of lengths n; and n,, respectively, where C; contains f; and C, contains f5.
Let G = (V, E) denote the underlying graph of D.

If n = 6, then D is necessarily isomorphic to the complete digraph K7, which yields a contradiction.
We therefore assume n > 7 in what follows.

Claim 1. For each i € {1,2}, D contains at least one f;-ditriangle.

Proof of Claim 1. Let fi = (u,v) and f, = (x,y), and define V| = V' \ {u, v, x, y} so that |V;| = n — 4.
Without loss of generality, consider the arc f;. We have the following inequality:
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awV)+a (v,V)
>a(u) +a(v) —a (u) —a (v) —a (u,vxy) —a* (v, uxy)
>@Bn+1)-2(n-1)-3-3=n-3>n-4.
Since a”(u, Vi) + a*(v, V;) > |V|, there exists a vertex w € V; such that (w,u) € A(D) and (v,w) €

A(D), implying that T, = (u, v, w, u) is an fi-ditriangle. By symmetry, there also exists a vertex z € V;
such that 7, = (x,y, z, x) is an f>-ditriangle. m]

Claim 2. For eachi € {1,2}, there exists an f;-ditriangle T; such that D—V(T;) contains an f;_;-dicycle
of order 4.

Proof of Claim 2. Assume, for contradiction, that the claim fails for some i € {1,2}, say i = 1. By
Claim 1, D contains an f;-ditriangle T, = (u, v, w, u) with f; = (4,v). Then D — V(T) contains no f>-
dicycle of order 4. Let f, = (x,y), and suppose D—V(T) contains m > 0 distinct f,-ditriangles. Denote
by Z = {z1,...,zx} the set of vertices such that (x, y, z;, x) is an f>-ditriangle for eachi = 1,...,m. Let
Vo =V\N(“ZU{u,v,w,x,y}). Then N~ (x, Vo) N N*(y, V) = 0.

Suppose first that m > 2. Without loss of generality, consider z; and z,. Under the contradiction
hypothesis, we have a(z;,z;) = 0 fori # j, N (z;, Vo) "N N™(y, Vo) = 0, and N~ (x, Vo) N N¥(z4, V2) = 0.

Then
3n+1<a(z)) +a(z)

=a(z1,D —Vy) + a(z2, D — V) + a(z1, V2) + a(zz, Va)
<104+10+2(n—-m—-=5+2n—m—15) =4n — 4m,
which implies m < (n — 1)/4. On the other hand,

In+ 3 < 2a(x) + 2a(y) + a(zy) + a(z,)
=2(a"(x) +a () + (2a"(y) + a (z1) + a”(22))+
(2a”(x) + a"(z1) + a*(22))
<dn-D+2m-m-5+m+9D+2n-m—-5+m+9) =8n+12.
Hence,n < 9. Then2 <m < [(9 — 1)/4] = 2, so all inequalities hold. It follows that (u, v, z, u) is
an fi-ditriangle and (x, y, 2, u, x) is an f>-dicycle of order 4, a contradiction.

Therefore, m < 1. Suppose m = 1, and let z € Z be such that 7, = (x,y,z, x) is an f,-ditriangle.
Assume that D — V(T3,) contains at least two fi-ditriangles. Then

On+3)/2 <a(x)+a@y) +a(z)
= a(xyz, uvw) + a(xyz, Ty) + a(xyz, V>)
<O6+6+4H)+@d+4+4)+4(n—-6)=4n+4,
which gives n < 5, a contradiction. Thus, D — V(T,) contains exactly one f;-ditriangle, that is, 7.
Next, observe that
On+3)/2 <a(x)+a(y) +a(z)

=@ @) +a )+ @y +a @)+ (@@ +a(x)
<2n—-1)+2(n—-6+10) = 4n + 6,
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which implies n < 9. However, for any g € V,, we have

On+3)/2 <a(x)+a@®y) +alq)

= (@' +a () + (@) +a (x) +alg)
<2n-1D+(m—-6+10)+(2(n—"7)+8) =5n—4,

which implies n > 11, a contradiction.
Hence, m = 0. It follows immediately that Z = () and |V;,| = n — 5. By Claim 1, (x,y, w, x) forms an
fi-dicycle. We thus derive the following chain of inequalities:

3n+1<alx)+a(y)

= (@' () +a )+ (@) +a(x)
<2m-1D)+m-5+8)=3n+1,

which forces equality throughout. Consequently, a™(x, V) + a*(y, V) = n — 5. From this equality and
the preceding assertion, D contains exactly one fi-ditriangle. We now establish that a™(x, V,) > 1 and
a*(y,V,) > 1. Suppose, for the sake of contradiction, that a~(x, V,) = 0. Then

33n+1)/2 < a(u) + a(v) + a(x)
=(a@W+a w+ax)+@w+a®)+a(x)
<3n—1)+(n-5+8)+4=4dn+4,

which simplifies to n < 1, a contradiction.
As a direct consequence, there exist two distinct vertices x;,y; € V, such that (x;,x) € A and
(v,y1) € A. Combining this with our contradiction hypothesis, we obtain

3n+1<alx)+ Cl(yl)

=(a*(x)) +a () + (a (x)) +a*(y))
<2n-1)+(n-7+8)=3n-1,

a contradiction. O

By Claim 2, there is a contradiction when n = 7. So, we only need to consider the case of n > 8 in
the following.

Claim 3. For every i € {1,2} and every integer t satisfying 4 <t < n — 3, we can find an f:-ditriangle
T; for which the remaining graph D — V(T;) contains a directed cycle of length t that includes the arc

Jr-i-

Proof of Claim 3. Suppose, by way of contradiction, that the statement does not hold for some index
i € {1,2}; without loss of generality, take i = 1. Define r as the minimum value in {4,...,n — 3}, and
let # be the maximum integer in {r, ...,n — 3} with the property that for all j € {r, ..., ¢}, there exists an
fi-ditriangle T'; in D such that D — V(T;) contains an f,-dicycle of order j. It follows from Claim 2 that
r>4.

Let T = (u,v,w,u) be an fi-ditriangle, and let C = (xy,...,x;, x;) be an f,-dicycle of order ¢ in
D - V(T), where f, = (x,_1, x;). Choose T and C such that £(C) is maximal. Let H = D — V(C), and let
h =n—t. If t = n—3, the result holds. Thus, assume t < n—3 = n—£€(T). Define S = V\(V(T)UV(C)).
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Suppose |S| = h —3 > 2, and let sy, 5, be two distinct vertices in S. Then

3n+1<a(s)) +a(s,y)
= a(slaT) +a(529 T) +a(S1,C) +Cl(SZ, C) +a(S1,S) +a(S2,S)
<6+6+(+1D)+(@+D)+2h—-4)+2h—-4)=2t+4h -2,

which implies ¢ + 3 < h. Now suppose a*(x;,S) = 0. Then forany y € S,

3n+1<alx)+aly)
=a(x,T)+a(y,T)+a(x,C)+aly,C)+a(x,S)+a(y,S)
<6+6+2t—1D+@+1D)+(h-3)+2(h—4) =3n,

a contradiction. Thus, a*(x;,S) > 1, and there exists y € S such that (x,,y) € A.
By the maximality of ¢, we have N*(y,S§) N N™(x,,S) = 0. Then

3n+1<alx)+a®y)
=a(x, T)+a(y,T) + a(x,,C) + a(y,C) + a(x,,y)

+(a@" (x, S\ YD +a (3,9)) + (@ (x2, 5 \ YD) +a* (3, 5))
<6+6+2t-D+E+1D)+2+2h-4)+(h-4)=3n+1.

Thus, the equality holds, implying a(x,,T) = 6, a(y,T) = 6. Now change the role of y and x;, and
we can get a(xy,T) = 6. Then T’ = (u, v, x1) is an fi-ditriangle, and C’ = (xp, X3, ..., X;, Y, W, X2) 1S an
f>-dicycle of order ¢ + 1 in D — V(T").

Therefore, |S| = 1, and hence n = t + 4. Let § = {s}. From the maximality of ¢{(C) and by
Lemma 2.1, we have a(s,C) < ¢t + 1. If (u,v,s,u) is an fi-ditriangle, then a(w,C) < ¢ + 1, and
3n+l<a(s)+aw) < (6+t+1)+(6+1t+1)=2n+6, which implies n < 5, a contradiction. Hence,
a(s,Ty) <5,and3n+1 < a(s) +aw) < (S +1t+ 1)+ (6 +2f) = 3n, again a contradiction. O

Now, let T = (uy,uy, u3,u;) be an fi-ditriangle with f; = (u;,uy) and C = (x1,x2,...,Xs,, X1) an
f>-dicycle of order n,, where f, = (x,,-1, X,,). Denote by H the subdigraph D[V \ V(C)] and by R its
underlying graph. Consider a longest path P = y,y;_; ...y in R \ {u, u,} with an initial vertex y, = us,
assuming n; > n,. The objects C, T, and P are chosen to maximize ¢(P).

We now prove that £(P) = n; —2. Assume, for contradiction, thatt < n; —2. Define R" = R\ (V(T)U
V(P)), and let r' = n; —t — 2. For any vertex w € R’, Lemma 2.2 gives a(wy;, C) < 3n, + 2, so we have
a(wyy, H) > 3n+1)—B3ny+2) = 3n; — 1. This implies d(wy,, R) > a(wy,, H)—|N(w, H)|—|N(y;, H)| >
ni+1. Note that d(y;,R") = 0and d(w,R") < r'—1. By Lemma 2.3, d(wy, P) < ¢, with equality holding
only when wy, € E. Therefore, we obtain that 4 > d(wyy, f1) > (n; + 1) —t — (' — 1) > 4, which forces
dwyy, fi) = 4 and R” = K,,. Consequently, H contains an f;-dicycle of order n;, contradicting our
assumption.

Now, let P = y; ...y, be an arbitrary Hamiltonian path in R \ {u;, u,} such that T = (uy, us, y;, uy).
We claim that H — y; is not fj-Hamiltonian. Suppose, to the contrary, that H — y; is f;-Hamiltonian.
Since H itself is not f;-Hamiltonian, we have a(y;, H) < n;. Assume there exist distinct indices
i,j €{1,2,...,n, — 2} such that a™(y;, x;) + a*(y;,x7) = 2 and a‘(yl,x]‘.) + a*(yl,x;f) = 2. By
Lemma 2.1, a(x;, H — y;) < n;. Since a(x;,C) < 2(n, — 1), we obtain a(x;, D) < n; + 2 + 2(n, —
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contradiction. Hence, there is at most one vertex x; € V(C) satisfying a”(y1, x;) + a*(y;,x]) = 2.
It follows that a(y;,C) = a(y;,C — V() + a(y1, f2) < (n; —2 + 1) +4 = n, + 3. Consequently,
3n+1<a(x;, D)+ a(y;,D) < (n+mny) + (n, + 3 + ny) < 3n, again a contradiction.

It follows that n; > 5. Since H — y; contains no f;-Hamiltonian dicycle, we have (y,,u;) ¢ A and
(uy,y2) ¢ A. Moreover, for each i € {3,...,t},if (y2,y;) € A, then (uy,y;_1) ¢ E, and if (y;,y,) € A, then
(vi-1,uy) ¢ E. Consequently, we get a*(y,, H—y,)+d(us, R—y;) < ny—1landa (y,, H—-y)+d(u;,R—
v1) < ny — 1. Thus, a(y,, H — y;) + d(uyus, R — y1) < 2(n; — 1). Since (yi,u;) ¢ A and (up,y1) € A, we
have d(y,, uju,) = 0, and hence a(y,, H) + d(u u,, R) < 2n;.

On the other hand, for each i € {1, ..., n,}, define

1) = n + ny. Similarly, a(x;, D) < n + ny. Therefore, 3n + 1 < a(x;) + a(x;) < 2(n+ny) < 3n, a

si=a (O, X)) +a (O, xh) +a (o, x) + d(uy, x;),
si=a (v, x) +a (, x7) +a (2, %) + d(uy, x;).

Fori € {1,...,n, — 2}, we have 5; < 3 and s, < 3; otherwise, if s;, = 4 or s} = 4, then C — x; + y;
is an f,-Hamiltonian dicycle of order n,, and H — y; + x; is an fj-Hamiltonian dicycle of order n,
a contradiction. For i € {n, — 1,n,}, we have s; < 4 and 5! < 4. Therefore, 2a(y;, C) + a(y,,C) +
d(uuy, C) = 372, s+ Z;’j] 57 < 2(3ny +2) = 6ny + 4. It follows that 2a(y;, H) + a(y,, H) + d(uu», R) >
[5Bn+1)/2-2(n—-1)—-(6n, +4)] > 5n; + 1. Consequently, a(y;, H) > (3n; + 1)/2, and hence
dyi,R) > (n; +3)/2. By Lemma 2.4, there exists b € {2,...,t} such that Ng(y;, R) = Ng(y1,R) C
{yi,..., Yy}, the graph G[V(P)] has a y,-y; Hamiltonian path, and d(y;, P) > (n; + 3)/2 for each i €
{1,...,b—1}. This implies b > (n; + 3)/2, and (y;, u1) ¢ A, (u2,y;) ¢ Aforeachie{l,...,b—1}.

Suppose b = n; — 2. Then H contains at most one fi-ditriangle. For each i € {1,...,n,} and
pefl,....,b—1},let

ip=a (Vp, X;) +a (v, x1) + d(x;, uu2).

Fori e {l,...,n, — 2}, we have «;, < 3; for i € {n, — 1,n,}, we have «;, < 4. Therefore, a(y,,C) +
duu,,C) < 3(n, —2) +8 = 3ny, + 2. Since d(uju, G) > a(uuy, D) — [N(uy, D)| — |N(up, D)| >
Bn+1)—(n—1)—(n—1) = n+3, we have a(y,, H)+d(uu, R) > 33n+1)/2-2(n—-1)-(3n,+2) > 2n; +1
for each p € {1,...,b — 1}, a contradiction.

Thus, b < n; — 2, and y, is a cut-vertex of G[P]. By the above argument, there exists y, € P such
that 77 = (uy, up, yi, uy) is also an fi-ditriangle with k € {b,b + 1,...,t — 1}; otherwise, by the above
argument, H contains at most one fi-ditriangle. Choose T, P, and 7" such that ¢ — k is minimized.
Define

Bi=a ket X7) + a* Vw1, X)) + d(Xi, Y1 Yrs2)s

where y.» = up when k = t—1. Fori € {1,...,n, — 2}, we have 8; < 3; fori € {n, — 1,n,},
we have ﬁ,‘ < 4. Hence, a(yk+1,C) + d(ylyk+2,C) < 3(1’12 - 2) +8 = 31’12 + 2. Since d(ylyk+2,G) >
a(y1yi+2, D) = ING1, D)l = INGis2, D) 2 Bn+ 1) = (n— 1) — (n — 1) = n + 3, we obtain a(yi1, H) +
dy1Yis2,R) 233Bn+1)/2 -2(n—-1) — 3ny + 2) > 2n; + 1. Recall that y, is a cut-vertex of G[P], so
a1, H) + dy1yi2, R) <2(ny —b)+(b— 1)+ (ny —b) =3n; —2b—1. Thus,ny >22b+2 >n;+5,a
contradiction.

This completes the proof of the theorem.
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