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Abstract: Here we used the master stability function (MSF) framework to develop a two-

dimensional MSF representation that incorporates both real and complex eigenvalues, thereby 

capturing the dynamics of diagonalizable directed networks. Our analysis shows how 

synchronization stability depends on complex coupling strengths and reveals conditions under which 

bounded or unbounded regions of negative MSF arise, corresponding to stable synchronization. This 

two-dimensional approach unifies periodic and chaotic dynamics within a common framework, 

offering sharper insights into when and how diagonalizable directed networks can sustain coherent 

collective behavior. 
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1. Introduction  

In nature, many systems consist of dynamical units interconnected through diverse types of 

links, including biological, chemical, social, neural, and technological networks such as the world 

wide web [1–4]. To gain insight into the underlying processes and mechanisms of such systems, 

researchers often construct mathematical models [5,6]. A widely used approach employs graph theory, 

where nodes represent dynamical units and edges represent their interactions [7]. For example, in neural 

systems each node may represent a neuron, while edges capture the connections between them [8,9]. In 

such graph-based models, interactions are typically represented by numerical values that indicate the 

existence and strength of coupling [10–12]. 

Complex networks of dynamical systems often exhibit coordinated behavior, known as 

synchronization, which may arise either through internal coupling or under external excitation [13,14]. 

Various forms of synchronization and their dynamical routes have been studied extensively, 

particularly in networks of chaotic oscillators [15,16]. In the case of complete synchronization, all 

systems evolve identically in time, sharing the same state at each moment [17,18]. In experimental 

sciences such as biology and sociology, synchronization underlies a broad range of phenomena [19–21]. 

Many essential human activities emerge from simultaneous physiological processes [22,23], and 

disruptions in synchronization can lead to disease or impaired function [24]. For instance, in the human 

brain each neuron is a dynamical unit embedded in a complex network [25]. Coordinated neuronal 

activity supports cognition and memory, while disturbances in synchronization are linked to disorders 

such as epilepsy, schizophrenia, or the perceptual impairments observed in Alzheimer’s disease [26,27]. 

Analyzing the stability of synchronization is therefore crucial for understanding the collective 

behavior of networks under diverse conditions [15,28]. One of the most influential frameworks for this 

purpose is the master stability function (MSF), which has become a central and reliable tool for 

studying synchronization phenomena [29]. Its power lies in its independence from the detailed network 

topology: For a given dynamical system and coupling scheme, an MSF diagram can be constructed 

and combined with the Laplacian eigenvalues of the network to identify coupling ranges that ensure 

stable synchronization. The framework assumes identical oscillators, homogeneous coupling, and 

existence of a synchronization manifold [29]. Recent work has extended the MSF approach to account 

for heterogeneity by quantifying how parameter mismatches influence synchronization error through 

variational dynamics, and by introducing a curvature-based function that predicts the impact of 

structural and dynamical heterogeneity on stability [30,31]. 

In [32], MSF diagrams were constructed for several widely studied chaotic systems under 

different coupling schemes, assuming real Laplacian eigenvalues. These diagrams were classified 

according to the number of zero crossings of the MSF curve. However, two-dimensional MSF 

diagrams for chaotic systems in the presence of complex Laplacian eigenvalues have not yet been 

systematically explored. Complex eigenvalues naturally arise in directed networks [33], which are 

ubiquitous in real-world settings [34]. In many physical systems, information or energy transfer is 

inherently unidirectional [35]. Directed networks thus play a central role in modeling neural circuits, 

gene regulatory networks, and metabolic pathways [36]. Developing two-dimensional MSF diagrams, 
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defined over both real and imaginary axes, is therefore of considerable importance. 

Recent advances in chaos-based secure communication further highlight the practical relevance 

of synchronization analysis in directed networks [37]. For example, recent studies on memristive and 

fractional-order networks further emphasize the practical importance of synchronization analysis in 

directed and asymmetric dynamical systems [37]. Memristive Hopfield and Cohen–Grossberg neural 

networks have been shown to generate hyperchaotic, multiscroll, and extreme multistable dynamics, 

and they have been successfully applied to secure image and video encryption in telemedicine and 

Industrial Internet of Things (IIoT) environments [38,39], as well as to event-triggered synchronization 

control under time-varying delays. In such applications, nonreciprocal couplings, delayed feedback [40], 

memristive autapses [41], and fractional-order [42] effects naturally lead to complex network 

structures with complex spectral properties. The two-dimensional master stability function framework 

provides a unifying theoretical tool to assess synchronization robustness in these settings by explicitly 

accounting for complex Laplacian eigenvalues. In particular, the identification of bounded and 

unbounded stability regions in the complex coupling plane offers insight into how synchronization can 

be maintained under reduced communication updates, hardware constraints, parameter drift, and 

adversarial perturbations. 

Beyond the conceptual limitation, extending the MSF framework to directed networks also 

introduces a significant technical challenge. In the presence of complex Laplacian eigenvalues, 

synchronization stability must be evaluated over a two-dimensional parameter space corresponding to 

the real and imaginary parts of the effective coupling. This requires computing a high-resolution two-

dimensional Lyapunov exponent landscape, which is computationally demanding and difficult to 

interpret, particularly for different node dynamics and coupling schemes. The lack of a systematic 

framework for constructing and analyzing such two-dimensional stability maps has hindered the 

practical application of MSF-based methods to directed networks. 

In this paper, we used the MSF framework to construct two-dimensional MSF diagrams for a 

variety of chaotic systems under different coupling schemes. The chaotic systems have critical roles 

in electronic circuits [43], secure communication schemes [44], and biological models [45–47], where 

their sensitivity to initial conditions and broadband spectral characteristics are leveraged for 

applications such as chaos-based encryption , secure key generation, robust signal masking, and neuron 

modeling [48,49]. In addition, inspired by [50], which examined MSF diagrams for periodic systems, 

we also present two-dimensional MSF diagrams for several representative periodic systems. Finally, 

we provide a classification of the distinct types of two-dimensional MSF diagrams that arise in both 

chaotic and periodic dynamics. 

The main contributions of this work are as follows: 

• The master stability function framework is extended to a two-dimensional coupling domain, 

enabling a systematic analysis of synchronization stability in diagonalizable directed networks with 

complex Laplacian spectra. 

• High-resolution two-dimensional MSF landscapes are computed for a broad class of node 

dynamics, including chaotic, forced, and periodic systems, under all single-variable diffusive 

coupling configurations. 

• The resulting MSF diagrams are classified based on the existence of stable (negative) regions and 

on whether these regions are bounded or unbounded in the complex coupling plane. 

• Common geometric features and qualitative trends across different dynamical regimes are 

identified and related to the nature of the node dynamics (chaotic versus periodic) and the role of 

coupling direction. 

• Practical implications of the proposed framework for synchronization in directed networks are 
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discussed, with particular relevance to applications such as secure communication and cluster 

synchronization. 

2. Materials and methods 

A collection of interacting dynamical systems interconnected through links is referred to as a 

dynamical network. The structure of the network and the dynamics of its individual units jointly 

determine the network’s collective behavior. Formally, a network consists of 𝑁 nodes linked by directed 

or undirected edges. The presence or absence of connections is encoded in an adjacency matrix 𝐺, which 

serves as a mathematical representation of the network’s topology. To define the elements of this 

matrix, nodes are first indexed, then the matrix entry 𝐺𝑖𝑗 is set to 1 if node 𝑖 is connected to node 𝑗, 

and 0 otherwise. Consider a network of 𝑁  identical 𝑑 -dimensional oscillators governed by the 

dynamics as 

𝐱̇𝑖 = 𝐅(𝐱𝑖) − 𝜎 ∑ 𝐿𝑖𝑗𝐇(𝐱𝑗)
𝑁
𝑗=1 , (1) 

where 𝐱𝑖 ∈ 𝑅𝑑 is the state vector of node 𝑖, 𝐅 defines the intrinsic dynamics, 𝐇 is the coupling 

function, 𝜎  is the global coupling strength, and 𝐿  is the Laplacian matrix of the network. The 

coupling function 𝐇(𝐱𝑗) specifies which components of the oscillator state participate in the network 

interaction. For each oscillator model, the single-variable coupling configuration 𝑖 → 𝑗 represents the 

influence of coupling from the 𝑖 -th variable of the oscillators to the 𝑗 -th variable. So, for three-

dimensional systems, there are nine, and for two-dimensional systems, there are four single-variable 

coupling configurations, which are shown in Table 1.  

Table 1. All nine possible coupling configurations between the state variables of 3D systems 

and their corresponding coupling functions, 𝐇(𝑥, 𝑦, 𝑧) , and aacobian matrices 𝐷𝐇.  Each 

configuration defines which variable of a node transmits its state to which variable of its 

neighbors in the network. The choice of coupling determines the structure of the variational 

equations and consequently the shape of the MSF. 

Source variable 
Target variable 

𝑥 𝑦 𝑧 

𝑥 𝐇 = [𝑥, 0,0]𝑇 𝐇 = [0, 𝑥, 0]𝑇 𝐇 = [0,0, 𝑥]𝑇 

 
𝐷𝐇 = [

1 0 0
0 0 0
0 0 0

] 𝐷𝐇 = [
0 0 0
1 0 0
0 0 0

] 𝐷𝐇 = [
0 0 0
0 0 0
1 0 0

] 

𝑦 𝐇 = [𝑦, 0,0]𝑇 𝐇 = [0, 𝑦, 0]𝑇 𝐇 = [0,0, 𝑦]𝑇 

 
𝐷𝐇 = [

0 1 0
0 0 0
0 0 0

] 𝐷𝐇 = [
0 0 0
0 1 0
0 0 0

] 𝐷𝐇 = [
0 0 0
0 0 0
0 1 0

] 

𝑧 𝐇 = [𝑧, 0,0]𝑇 𝐇 = [0, 𝑧, 0]𝑇 𝐇 = [0,0, 𝑧]𝑇 

 
𝐷𝐇 = [

0 0 1
0 0 0
0 0 0

] 𝐷𝐇 = [
0 0 0
0 0 1
0 0 0

] 𝐷𝐇 = [
0 0 0
0 0 0
0 0 1

] 

 

In complete synchronization, it is assumed that the oscillators in the network will all converge to 

a stable state, collectively forming a stable surface 𝐬(𝑡). So, the difference of the variables becomes zero, 

and the terms related to the connections of the oscillators are eliminated, resulting in 𝐬̇ = 𝐅(𝐬). The 
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deviation from the state of complete synchronization for the oscillators is defined as δ𝐱𝑖 = 𝐱𝑖 − 𝐬. The 

stability of synchronization in a network is equivalent to having these δ𝐱𝑖 remain stable around the 

zero point. By substituting these deviations into the main equation of the network, Eq (1) can be 

rewritten as 

δ𝐱𝑖
̇ = 𝐷𝐅(𝐬)δ𝐱𝑖 − 𝜎 ∑ 𝐿𝑖𝑗𝐷𝐇(𝐬)δ𝐱𝑗,    𝑖 = 1,… . , 𝑁𝑁

𝑗=1 . (2) 

The Laplacian matrix 𝐿 characterizes the coupling structure of the network, and its eigenvalues 

influence synchronization stability. For undirected networks, 𝐿  is symmetric and thus 

diagonalizable with real eigenvalues. In contrast, directed or weighted asymmetric networks 

generally yield Laplacians with complex eigenvalues and, in some cases, non-diagonalizable 

structures. In connected graphs, the first eigenvalue is zero and the other eigenvalues are sorted in 

ascending order as 𝜆₁ = 0 <  𝑅𝑒𝑎𝑙(𝜆₂)  ≤  …  ≤  𝑅𝑒𝑎𝑙(𝜆ₙ) . hhen 𝐿  is diagonalizable, the 

system can be transformed using its eigenbasis as  𝛿𝒀 =  𝑄⁻¹ 𝛿 𝐱 , where 𝑄  collects the right 

eigenvectors of 𝐿. Noting that the aacobian matrix 𝐷𝐅(𝒔) is block-diagonal, the main equation of the 

network can be expressed as 𝑁 separate equations, in the form of variational equations, as 

𝛿𝐘𝑖
̇  =  [𝐷𝐅(𝐬) −  𝜎𝜆𝑖 𝐷𝐇(𝐬)]𝛿𝐘𝑖,    𝑖 = 1,… ,𝑁. (3) 

For non-diagonalizable Laplacians, however, the decomposition involves a aordan form 𝐿 = 𝑃𝐽𝑃−1, 

which introduces coupling among modes within each aordan block. Consequently, Eq (3) no longer 

represents fully independent equations. 

For synchronization stability, it must be ensured that for all the eigenvalues, the system remains 

stable around zero. Considering the transformation ξ = 𝛿𝒀, Eq (3) can be written as the following 

generic equation: 

ξ̇ = [𝐷𝐅(𝐬) − 𝐾𝐷𝐇(𝐬)]ξ, (4) 

where 𝐾 = 𝜎𝜆𝑖  is the complex normalized coupling strength. The largest Lyapunov exponent 

computed from this equation defines the master stability function, Ψ(𝐾). The stability of complete 

synchronization in coupled systems is investigated by computing two-dimensional MSF as a function 

of the complex normalized coupling strength 𝐾 = 𝛼 + 𝑖𝛽 , where 𝛼  and 𝛽  denote the real and 

imaginary components, respectively. This generalization enables the characterization of 

synchronization in networks with diagonalizable directed or weighted asymmetric interactions, for 

which the Laplacian eigenvalues may be complex. A negative MSF indicates linear stability of the 

synchronous state along the corresponding transverse direction. 

A variety of systems, each chosen for its relevance in physical, chemical, or biological modeling 

are considered. The systems analyzed include chaotic ones like Rössler, Lorenz, Hindmarsh-Rose, Chen 

and Chua systems; forced ones such as forced van der Pol and forced Duffing; periodic ones like 

Brusselator; and unforced undamped oscillators. In periodic systems, the MSF starts at zero for 𝐾 =  0, 

as the largest Lyapunov exponent of an uncoupled periodic orbit is zero. This behavior contrasts with 

chaotic systems, where the MSF at the origin is positive. Consequently, periodic systems can exhibit 

synchronization behavior with more nuanced MSF profiles, including the emergence of new 

synchronizability classes as discussed in [50].  

For each system, all coupling directions are investigated and the resulting two-dimensional MSF 

landscapes are classified. Also, it is examined that the negative MSF values are bounded (indicating a 

finite range of stable synchronization), unbounded (implying robust synchronizability), or completely 

absent (indicating persistent desynchronization). This comprehensive analysis enables the 

identification of both universal patterns and system-specific behaviors in synchronization stability 
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across complex coupling domains. The MSF is evaluated over a two-dimensional grid in the (𝛼, 𝛽) 

plane by numerically integrating the variational equation using the MATLAB ode45 solver, which 

implements an explicit Runge–Kutta (4,5) method with adaptive step-size control method [51]. For 

each parameter pair, the synchronous trajectory is first obtained by integrating the uncoupled system 

over the time interval 𝑡 ∈ [0,4000], which is sufficient to eliminate transient dynamics; only the final 

state is retained as the initial condition for the variational equations. The combined system is then 

integrated in successive segments of fixed duration 𝑇 = 0.5, after which the perturbation vector is 

renormalized. This procedure is repeated for 𝑀 = 15000  iterations, corresponding to a total 

Lyapunov averaging time of 7500 s. The MSF is computed as the time-averaged exponential growth 

rate of transverse perturbations over this interval. 

The Rössler system is a classical three-dimensional autonomous dynamical system introduced as 

a model of chaotic behavior [52]. It is often used to study fundamental properties of chaotic systems. 

This system is defined as 

𝑥̇ = −𝑦 − 𝑧, 

𝑦̇ = 𝑥 + 𝑎𝑦, 

𝑧̇ = 𝑏 + (𝑥 − 𝛾)𝑧, 

(5) 

and its aacobian matrix is 

𝐷𝐅 =

[
 
 
 
 
𝛿𝑥̇

𝛿𝑥

𝛿𝑥̇

𝛿𝑦

𝛿𝑥̇

𝛿𝑧

𝛿𝑦̇

𝛿𝑥

𝛿𝑦̇

𝛿𝑦

𝛿𝑦̇

𝛿𝑧

𝛿𝑧̇

𝛿𝑥

𝛿𝑧̇

𝛿𝑦

𝛿𝑧̇

𝛿𝑧]
 
 
 
 

= [
0 −1 −1
1 𝑎 0
𝑧 0 𝑥 − 𝛾

], (6) 

where 𝑎 =  0.2, 𝑏 =  0.2, and 𝛾 = 9 yield to a chaotic response. Also, this system is analyzed 

when 𝑎 = 0.161, and its response is periodic. 

Originally developed to model atmospheric convection, the Lorenz system is a three-dimensional 

chaotic system that exhibits a well-known butterfly attractor [53]. This system is a prototypical model 

for exploring chaos and synchronization in physical systems. It is defined as 

𝑥̇ = 𝜎(𝑦 − 𝑥), 

𝑦̇ = 𝑥(𝜌 − 𝑧) − 𝑦, 

𝑧̇ = 𝑥𝑦 − 𝑏𝑧, 

(7) 

and its aacobian matrix is  

𝐷𝐅 =

[
 
 
 
 
𝛿𝑥̇

𝛿𝑥

𝛿𝑥̇

𝛿𝑦

𝛿𝑥̇

𝛿𝑧

𝛿𝑦̇

𝛿𝑥

𝛿𝑦̇

𝛿𝑦

𝛿𝑦̇

𝛿𝑧

𝛿𝑧̇

𝛿𝑥

𝛿𝑧̇

𝛿𝑦

𝛿𝑧̇

𝛿𝑧]
 
 
 
 

= [

−𝜎 𝜎 0
𝜌 − 𝑧 −1 −𝑥

𝑦 𝑥 −𝑏
], (8) 

when 𝜎 = 10, 𝜌 = 28, and 𝑏 = 2 yields to a chaotic attractor. 

The Hindmarsh-Rose system models the membrane potential dynamics of a spiking neuron [54]. 

It captures both spiking and bursting behaviors, depending on parameter choices. This biologically 

inspired system is widely used in computational neuroscience for studying synchronization among 
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coupled neural oscillators. It is characterized as  

𝑥̇ = 𝑦 + 3𝑥2 − 𝑥3 − 𝑧 + 𝐼, 

𝑦̇ = 1 − 5𝑥2 − 𝑦, 

𝑧̇ = −𝑟𝑧 + 𝑟𝑠(𝑥 + 1.6), 

(9) 

and its aacobian matrix is  

𝐷𝐅 =

[
 
 
 
 
𝛿𝑥̇

𝛿𝑥

𝛿𝑥̇

𝛿𝑦

𝛿𝑥̇

𝛿𝑧

𝛿𝑦̇

𝛿𝑥

𝛿𝑦̇

𝛿𝑦

𝛿𝑦̇

𝛿𝑧

𝛿𝑧̇

𝛿𝑥

𝛿𝑧̇

𝛿𝑦

𝛿𝑧̇

𝛿𝑧]
 
 
 
 

= [
−3𝑥2 + 6𝑥 1 −1

−10𝑥 −1 0
𝑟𝑠 0 −𝑟

], (10) 

when 𝐼 =  3.2 , 𝑟 =  0.006 , and 𝑠 =  4  yields a chaotic response, and whereas a periodic 

response occurs when 𝑟 = 5.6 × 10−3. 

The Chen system is a three-dimensional chaotic oscillator similar in form to the Lorenz system 

but exhibiting distinct dynamical properties [52]. It is used to explore generalized synchronization 

behaviors and has been a benchmark in chaos theory and secure communications. This system is 

characterized as 

𝑥̇ = 𝑎(𝑦 − 𝑥), 

𝑦̇ = 𝑥(𝑐 − 𝑎 − 𝑧) + 𝑐𝑦, 

𝑧̇ = 𝑥𝑦 − 𝑏𝑧, 

(11) 

and its aacobian matrix is  

𝐷𝐅 =

[
 
 
 
 
𝛿𝑥̇

𝛿𝑥

𝛿𝑥̇

𝛿𝑦

𝛿𝑥̇

𝛿𝑧

𝛿𝑦̇

𝛿𝑥

𝛿𝑦̇

𝛿𝑦

𝛿𝑦̇

𝛿𝑧

𝛿𝑧̇

𝛿𝑥

𝛿𝑧̇

𝛿𝑦

𝛿𝑧̇

𝛿𝑧]
 
 
 
 

= [
−𝑎 𝑎 0

𝑐 − 𝑎 − 𝑧 𝑐 𝑥
𝑦 𝑥 −𝑏

], (12) 

when 𝑎 =  35, 𝑏 =  
8

3
 , and 𝑐 =  28. 

Chua’s circuit is a piecewise-linear, electronic oscillator and is one of the simplest systems 

capable of generating chaotic attractors [52]. It is extensively used in engineering to study nonlinear 

circuits and chaos-based synchronization. Chua’s circuit is defined as 

𝑥̇ = 𝑎(𝑦 − 𝑥 + 𝑓(𝑥)), 

𝑦̇ = 𝑥 − 𝑦 + 𝑧, 

𝑧̇ = −𝑏𝑦 − 𝛾𝑧, 

(13) 

and 

𝑓(𝑥) = {

−𝑏1𝑥 − 𝑎1 + 𝑏1,                𝑥 > 1,

−𝑎1𝑥,                         |𝑥| < 1,
−𝑏1𝑥 + 𝑎1 − 𝑏1                𝑥 < −1,

 (14) 

and its aacobian matrix is 
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𝐷𝐅 =

[
 
 
 
 
𝛿𝑥̇

𝛿𝑥

𝛿𝑥̇

𝛿𝑦

𝛿𝑥̇

𝛿𝑧

𝛿𝑦̇

𝛿𝑥

𝛿𝑦̇

𝛿𝑦

𝛿𝑦̇

𝛿𝑧

𝛿𝑧̇

𝛿𝑥

𝛿𝑧̇

𝛿𝑦

𝛿𝑧̇

𝛿𝑧]
 
 
 
 

= [
−𝑎 − 𝑎 × {

𝑏1, |𝑥| > 1

𝑎1, |𝑥| < 1
𝑎 0

1 −1 1
0 −𝛽 −𝛾

], (15) 

when 𝑎 = 10, 𝑏 = 14.87, 𝑎1 = −1.27, 𝑏1 = −0.68, and 𝛾 = 0 

As mentioned, two forced systems are considered in this study. First one is the forced Duffing 

oscillator. This oscillator is a nonlinear second-order system driven by an external periodic force [55]. 

It exhibits both periodic and chaotic regimes depending on the forcing parameters and is widely used 

to model nonlinear mechanical vibrations and electronic systems. It is characterized as 

𝑥̇ = 𝑦, 

𝑦̇ = −ℎ𝑦 − 𝑥3 + 𝑞. sin(𝜂𝑡), 
(16) 

and its aacobian matrix is  

𝐷𝐅 = [

𝛿𝑥̇

𝛿𝑥

𝛿𝑥̇

𝛿𝑦

𝛿𝑦̇

𝛿𝑥

𝛿𝑦̇

𝛿𝑦

] = [
0 1

−3𝑥2 −ℎ
], (17) 

when 𝜂 = 1, ℎ = 0.1, and 𝑞 = 5.6. 

The other forced system is a forced van der Pol system. This system represents a nonlinear 

oscillator with both nonconservative and driven components [56]. Originally designed to model 

electrical circuits with vacuum tubes, the forced van der Pol oscillator displays limit cycle behavior 

and, under forcing, complex periodic and chaotic dynamics. It serves as a fundamental example of 

self-sustained oscillations in biology and electronics; it is defined as 

𝑥̇ = 𝑦, 

𝑦̇ = −𝑥 + 𝑑(1 − 𝑥2)𝑦 + 𝐹. sin(𝜂𝑡), 
(18) 

and its aacobian matrix is 

𝐷𝐅 = [

𝛿𝑥̇

𝛿𝑥

𝛿𝑥̇

𝛿𝑦

𝛿𝑦̇

𝛿𝑥

𝛿𝑦̇

𝛿𝑦

] = [
0 1

−1 − 2𝑑𝑥𝑦 𝑑(1 − 𝑥2)
], (19) 

where 𝑑 = 3, 𝐹 = 15, and 𝜂 = 4.065. 

Also, two periodic two-dimensional oscillators are considered. The first one is the Brusselator. 

This model is designed for autocatalytic chemical reactions. It is a canonical example of a system 

exhibiting limit-cycle oscillations and has been extensively studied in the context of pattern formation, 

chemical synchronization, and reaction-diffusion dynamics [57]. It is defined as 

𝑥̇ = 𝑎 + 𝑥2𝑦 − (𝑏 + 1)𝑥, 

𝑦̇ = 𝑏𝑥 − 𝑥2𝑦, 
(20) 

and its aacobian matrix is  
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𝐷𝐅 = [

𝛿𝑥̇

𝛿𝑥

𝛿𝑥̇

𝛿𝑦

𝛿𝑦̇

𝛿𝑥

𝛿𝑦̇

𝛿𝑦

] = [
2𝑥𝑦 − (𝑏 + 1) 𝑥2

𝑏 − 2𝑥𝑦 −𝑥2 
], (21) 

when 𝑎 = 1 and 𝑏 = 3. 

The last periodic system is an unforced undamped Duffing oscillator. This is a conservative, two-

dimensional nonlinear system that models the dynamics of a double-well potential [55]. In the absence 

of damping and forcing, it exhibits regular periodic motion, making it suitable for studying 

synchronization in purely Hamiltonian systems. This system is characterized as 

𝑥̇ = 𝑦, 

𝑦̇ = 𝑥 − 𝑥3, 
(22) 

and its aacobian matrix is  

𝐷𝐅 = [

𝛿𝑥̇

𝛿𝑥

𝛿𝑥̇

𝛿𝑦

𝛿𝑦̇

𝛿𝑥

𝛿𝑦̇

𝛿𝑦

] = [
0 1

1 − 3𝑥2 0
]. (23) 

For each system, all coupling directions are investigated and the resulting two-dimensional MSF 

landscapes are classified. Also, we examine whether the negative MSF values are bounded (indicating 

a finite range of stable synchronization), unbounded (implying robust synchronizability), or 

completely absent (indicating persistent desynchronization). This comprehensive analysis enables the 

identification of both universal patterns and system-specific behaviors in synchronization stability 

across complex coupling domains. 

3. Results 

The two-dimensional master stability function of the Rössler system is examined as a function of 

the real part (𝛼) and imaginary part (𝛽) of the normalized coupling strength (𝐾) in Figure 1. Regions 

where the MSF is negative, shown in green, indicate stable synchronization, whereas red areas 

correspond to desynchronized states with positive MSF values. hhite regions represent MSF values 

near zero. In each panel, the notation 𝑖 → 𝑗  denotes coupling from the 𝑖 th component of one 

oscillator to the 𝑗th component of another. This notation convention and color coding are consistently 

used throughout Figures 2–11 as well. The analysis reveals that for coupling directions such as 𝑥 → 𝑦, 

𝑥 → 𝑧, 𝑦 → 𝑥, 𝑦 → 𝑧, 𝑧 → 𝑦, and 𝑧 → 𝑧, the MSF remains positive across all coupling strengths, 

indicating persistent desynchronization. Conversely, coupling from 𝑥 → 𝑥  exhibits negative MSF 

values within a limited range of 𝐾, suggesting possible synchronization in that interval. In the case of 

𝑦 → 𝑦  and 𝑧 → 𝑥  couplings, unbounded negative MSF regions appear, implying synchronization 

over a broad range of coupling strengths. The simulations were performed using parameters 𝑎 = 0.2, 

𝑏 = 0.2, and 𝛾 = 9. 
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Figure 1. The two-dimensional master stability function of the Rössler system, defined in 

Eq (5), is shown as a function of the real (𝛼) and imaginary (𝛽) parts of the normalized 

coupling strength 𝐾 when (a) 𝑥 → 𝑥, (b) 𝑥 → 𝑦, (c) 𝑥 → 𝑧, (d) 𝑦 → 𝑥, (e) 𝑦 → 𝑦, (f) 

𝑦 → 𝑧 , (g) 𝑧 → 𝑥 , (h) 𝑧 → 𝑦 , and (i) 𝑧 → 𝑧 . The green regions indicate stable 

synchronization where the MSF is negative, while the red regions correspond to 

desynchronized regimes where the MSF is positive. hhite regions represent values of the 

MSF close to zero. In each panel, the notation 𝑖 → 𝑗  denotes coupling from the 𝑖 th 

component of one oscillator to the 𝑗th component of another. This notation convention 

and color coding are consistently used throughout Figures 2 to 11 as well. The plot reveals 

that for coupling directions, such as 𝑥 →  𝑦, 𝑥 →  𝑧, 𝑦 → 𝑥, 𝑦 → 𝑧, 𝑧 → 𝑦,  and 

𝑧 → 𝑧, the MSF remains strictly positive, indicating desynchronization under all coupling 

strengths. In contrast, for 𝑥 → 𝑥 negative MSF values appear over a bounded interval of 𝐾, 

suggesting the potential for synchronization. Meanwhile, unbounded negative regions are 

observed for 𝑦 →  𝑦  and 𝑧 → 𝑥 , implying synchronization over a broad range. The 

simulations use the following parameters: 𝑎 = 0.2, 𝑏 = 0.2, and 𝛾 = 9. 

The two-dimensional master stability functions of the periodic Rössler system, defined in Eq (5), 

are presented as a function of the real (𝛼) and imaginary (𝛽) components of the normalized complex 

coupling strength 𝐾 = 𝛼 + 𝑖𝛽. The analysis of the coupling directions reveals that for 𝑥 → 𝑦, 𝑥 → 𝑧, 

𝑦 → 𝑥,  𝑦 → 𝑧 , 𝑧 → 𝑦 , and 𝑧 → 𝑧 , the MSF remains strictly positive throughout the coupling 

parameter space, indicating that synchronization is not supported under these configurations. 

Conversely, in the 𝑥 → 𝑥 case, negative MSF values emerge within a finite, bounded region of 𝐾, 

suggesting the presence of a limited synchronization window. Furthermore, for 𝑦 → 𝑦 and 𝑧 → 𝑥, 

the MSF exhibits extensive unbounded negative regions, implying that synchronization is attainable 

over a wide range of coupling strengths. The simulations are performed using parameter values 𝑎 =
0.161, 𝑏 = 0.2, and 𝛾 = 9. 
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Figure 2. The two-dimensional master stability functions of the periodic Rössler system, 

defined in Eq (5), is shown as a function of the real (𝛼) and imaginary (𝛽) parts of the 

normalized coupling strength 𝐾 when (a) 𝑥 → 𝑥, (b) 𝑥 → 𝑦, (c) 𝑥 → 𝑧, (d) 𝑦 → 𝑥, (e) 

𝑦 → 𝑦, (f) 𝑦 → 𝑧, (g) 𝑧 → 𝑥, (h) 𝑧 → 𝑦, and (i) 𝑧 → 𝑧. For coupling directions including 

𝑥 →  𝑦, 𝑥 →  𝑧, 𝑦 →  𝑥, 𝑦 →  𝑧, 𝑧 →  𝑦,  and 𝑧 →  𝑧,  the MSF values 

remain consistently positive, indicating desynchronization across all coupling strengths. In 

contrast, for the 𝑥 →  𝑥  direction, negative MSF values emerge within a bounded 

interval of 𝐾 , suggesting the potential for synchronization under those conditions. 

Meanwhile, unbounded negative regions are observed for 𝑦 →  𝑦  and 𝑧 →  𝑥, 
implying robust synchronization over a broad parameter range. The simulations were 

conducted using the parameters: 𝑎 = 0.161, 𝑏 = 0.2, and γ = 9. 

A comparison between Figures 1 and 2 indicates that the overall synchronization properties of the 

chaotic and periodic Rössler systems are qualitatively similar, with the same coupling directions 

admitting bounded or unbounded regions of negative MSF and others remaining strictly unstable. In 

particular, the coupling configurations that support stable synchronization and those that lead to 

desynchronization are preserved across both dynamical regimes. The primary distinction lies in the location 

of the stability regions in the complex coupling plane. For the periodic Rössler system (Figure 2), the onset 

of stable synchronization occurs from the vicinity of 𝛼 = 0 and 𝛽 = 0, with negative MSF values 

emerging near the origin and extending outward depending on the coupling direction. In contrast, in 

the chaotic regime (Figure 1), stable synchronization regions do not necessarily originate at the origin 

and may appear at finite values of the coupling parameters. This observation indicates that while the 

existence and type of synchronization regimes remain unchanged, the periodic dynamics favor 

synchronization that initiates from weak coupling, whereas chaotic dynamics require finite coupling 

to achieve stability. 

The two-dimensional MSF for the Lorenz system, defined in Eq (6), is depicted as a function of 
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the normalized coupling strength components α and β. The graph shows that for coupling directions 

such as 𝑥 → 𝑧, 𝑦 → 𝑧, 𝑧 → 𝑥, and 𝑧 → 𝑦, the MSF remains strictly positive, indicating persistent 

desynchronization regardless of the coupling strength. Conversely, for coupling direction 𝑦 → 𝑥, the 

MSF attains negative values within bounded intervals of the coupling parameter 𝐾 , suggesting 

possible synchronization in these ranges. Additionally, unbounded regions of negative MSF are found 

for 𝑥 → 𝑥, 𝑥 → 𝑦, and 𝑦 → 𝑦 directions, indicating that synchronization can occur over an extensive 

range of coupling strengths. Also, for 𝑧 → 𝑧 direction, the MSF displays a bounded region of negative 

values together with an unbounded negative region, indicating the existence of locally and globally 

robust synchronization regimes. The simulations were conducted with parameters 𝜎 = 10, 𝜌 = 28, 

and 𝑏 = 2. 

 

Figure 3. The two-dimensional master stability function of the Lorenz system, defined in 

Eq (6), is shown as a function of 𝛼 and 𝛽 parts of the normalized coupling strength when 

(a) 𝑥 → 𝑥, (b) 𝑥 → 𝑦, (c) 𝑥 → 𝑧, (d) 𝑦 → 𝑥, (e) 𝑦 → 𝑦, (f) 𝑦 → 𝑧, (g) 𝑧 → 𝑥, (h) 𝑧 →
𝑦, and (i) 𝑧 → 𝑧. The analysis of the plot demonstrates that for coupling configurations 

such as 𝑥 →  𝑧, 𝑦 →  𝑧, 𝑧 →  𝑥 , and 𝑧 →  𝑦 , the MSF consistently maintains 

positive values, signifying desynchronization across all coupling strengths. Conversely, for 

𝑦 →  𝑥 , negative MSF values emerge within distinct finite ranges of 𝐾 , indicating a 

possibility for synchronization in these intervals. Notably, unbounded negative regions are 

evident for 𝑥 →  𝑥, 𝑥 →  𝑦, and 𝑦 →  𝑦, suggesting robust synchronization across a 

wide parameter space. Also, for the 𝑧 → 𝑧 direction, the MSF displays a bounded region 

of negative values together with an unbounded negative region, indicating the existence of 

locally and globally robust synchronization regimes. The simulations were conducted 

using the parameters: 𝜎 = 10, 𝜌 = 28, and 𝑏 = 2. 

The two-dimensional master stability function of the Hindmarsh-Rose neuronal system, defined 

in Eq (7), is illustrated as a function of the normalized coupling strength components α and β. The 
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analysis of the MSF reveals that for coupling directions like 𝑥 →  𝑧, 𝑦 →  𝑧, 𝑧 →  𝑥, 𝑧 →  𝑦, 

and 𝑧 →  𝑧, the MSF remains strictly positive, signaling persistent desynchronization regardless of 

the coupling strength applied. This indicates that such coupling pathways are ineffective at promoting 

synchronized behavior in the system over any range of coupling intensities. In contrast, the 𝑦 →  𝑥 

coupling direction exhibits negative MSF values over bounded interval of the coupling parameter 𝐾, 

suggesting windows where synchronization can emerge. This behavior points to the possibility of 

tuning coupling strength to achieve synchronization selectively in this direction. Moreover, for the 

directions 𝑥 →  𝑥, 𝑥 →  𝑦, and 𝑦 →  𝑦, the MSF attains unbounded negative values over broad 

regions, indicating a robust propensity for synchronization across an extensive range of coupling 

strengths. Such unbounded negative regions imply that once synchronized, the system can maintain 

stable synchrony even with variations in coupling intensity, highlighting these directions as particularly 

effective for controlling synchronized dynamics. The investigation employs the parameter set 𝐼 = 3.2, 

𝑟 = 0.006, and 𝑠 = 4, which are standard in modeling the Hindmarsh-Rose neuron dynamics and 

influence the system’s intrinsic behavior and response to coupling. 

 

Figure 4. The two-dimensional MSF of the Hindmarsh-Rose system, defined in Eq (7), is 

shown as a function of 𝛼 and 𝛽 parts of 𝐾 when (a) 𝑥 → 𝑥, (b) 𝑥 → 𝑦, (c) 𝑥 → 𝑧, (d) 

𝑦 → 𝑥, (e) 𝑦 → 𝑦, (f) 𝑦 → 𝑧, (g) 𝑧 → 𝑥, (h) 𝑧 → 𝑦 and (i) 𝑧 → 𝑧. The analysis indicates 

that for coupling directions such 𝑎𝑠 𝑥 →  𝑧, 𝑦 →  𝑧, 𝑧 →  𝑥, 𝑧 →  𝑦, and 𝑧 →  𝑧, 

the MSF consistently remains positive, reflecting desynchronization across all coupling 

strengths. Conversely, for the  𝑦 →  𝑥  direction, negative MSF values emerge within 

bounded interval of 𝐾 , hinting at the potential for synchronization in these regions. 

Additionally, unbounded negative regions are observed for 𝑥 →  𝑥, 𝑥 →  𝑦, and 𝑦 →  𝑦, 

suggesting robust synchronization over a wide range of parameters. The simulations were 

performed using the parameters: 𝐼 = 3.2, 𝑟 = 0.006, and 𝑠 = 4. 

Figure 5 illustrates the two-dimensional MSFs of the periodic Hindmarsh-Rose system, plotted 

with respect to the complex normalized coupling strength 𝐾 = 𝛼 + 𝑖𝛽 . The results reveal distinct 
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synchronization characteristics depending on the direction of coupling. Specifically, in the cases of 

𝑥 → 𝑧 , 𝑦 → 𝑧 , and 𝑧 → 𝑥 , the MSF values remain strictly positive across the entire range of 𝐾 , 

indicating a complete lack of synchronization. In contrast, for couplings such as 𝑦 → 𝑥, 𝑧 → 𝑦, and 

𝑧 → 𝑧 , the MSF becomes negative within well-defined, bounded regions of the complex plane, 

suggesting limited yet possible synchronization. Additionally, unbounded negative MSF regions are 

observed for 𝑥 → 𝑥 , 𝑥 → 𝑦 , and 𝑦 → 𝑦 , indicating robust synchronization potential over a broad 

range of coupling strengths. These observations are based on simulations conducted with the 

parameters 𝐼 = 3.2, 𝑟 = 5.6 × 10−3, and 𝑠 = 4. 

 

Figure 5. The two-dimensional master stability functions of the periodic Hindmarsh-Rose 

system are shown as a function of the complex normalized coupling strength 𝐾 = 𝛼 + 𝑖𝛽 

when (a) 𝑥 → 𝑥, (b) 𝑥 → 𝑦, (c) 𝑥 → 𝑧, (d) 𝑦 → 𝑥, (e) 𝑦 → 𝑦, (f) 𝑦 → 𝑧, (g) 𝑧 → 𝑥, (h) 

𝑧 → 𝑦 and (i) 𝑧 → 𝑧. The analysis indicates that for coupling directions such as 𝑥 → 𝑧,
𝑦 → 𝑧,  and 𝑧 → 𝑥,  the MSFs consistently maintain positive values, signifying 

desynchronization across all coupling strengths. Conversely, for 𝑦 →  𝑥, 𝑧 →  𝑦, and 

𝑧 →  𝑧,  negative MSF values emerge within bounded intervals of 𝐾 , pointing to a 

potential for synchronization in these cases. Notably, unbounded negative regions are 

observed for 𝑥 →  𝑥, 𝑥 →  𝑦, and 𝑦 →  𝑦, suggesting robust synchronization over 

a wide parameter range. The simulations were performed using the parameters: 𝐼 = 3.2,
𝑟 = 5.6 × 10−3, and 𝑠 = 4. 

A comparison between Figures 4 and 5 reveals that, unlike the Rössler system, the 

synchronization response of the Hindmarsh–Rose model exhibits a stronger dependence on the 

underlying dynamical regime. hhile both chaotic and periodic HR dynamics admit unbounded 

negative MSF regions for the 𝑥 → 𝑥, 𝑥 → 𝑦, and 𝑦 → 𝑦 coupling directions, the remaining coupling 

configurations display qualitatively different stability structures. In the chaotic regime (Figure 4), 

several coupling directions such as 𝑧 → 𝑦  and 𝑧 → 𝑧 , remain strictly unstable, whereas in the 

periodic regime (Figure 5) these directions give rise to bounded regions of negative MSF, indicating 
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the emergence of synchronization windows that are absent in the chaotic case. Moreover, bounded 

stability regions observed for 𝑦 → 𝑥 in the chaotic regime shift or disappear in the periodic dynamics, 

reflecting a reorganization of stability boundaries in the complex coupling plane. These differences 

indicate that, for the Hindmarsh–Rose system, periodic dynamics substantially alter both the extent 

and distribution of stable synchronization regions, highlighting a greater sensitivity to the intrinsic 

oscillatory behavior compared to the Rössler system. 

The two-dimensional master stability function for Chen’s system, described in Eq (8), is presented 

as a function of the 𝛼 and 𝛽 components of the normalized coupling strength (𝐾). The graphical 

representation demonstrates that coupling directions such as 𝑥 → 𝑥, 𝑥 → 𝑧, 𝑦 → 𝑥, 𝑦 → 𝑧, 𝑧 → 𝑥, 

and 𝑧 → 𝑦  yield strictly positive MSF values, which implies that these coupling do not promote 

synchronization and the system remains desynchronized regardless of coupling strength. Conversely, 

the coupling direction 𝑧 → 𝑧 exhibits negative MSF values within bounded interval of the coupling 

parameter 𝐾 , indicating the possibility of achieving synchronization in these specific ranges. 

Additionally, extended regions of unbounded negative MSF occur for the 𝑥 → 𝑦  and 𝑦 → 𝑦 

coupling directions, suggesting that synchronization can be sustained over a wide spectrum of coupling 

strengths. The simulations were carried out using system parameters 𝑎 = 35 , 𝑏 =
8

3
 , and 𝑐 = 28 , 

which characterize the intrinsic dynamics of Chen’s system and influence its synchronizability. 

 

Figure 6. The two-dimensional MSF of the Chen’s system, defined in Eq (8), is shown as 

a function of the 𝛼 and 𝛽 parts of the normalized coupling strength 𝐾 when (a) 𝑥 → 𝑥, 

(b) 𝑥 → 𝑦, (c) 𝑥 → 𝑧, (d) 𝑦 → 𝑥, (e) 𝑦 → 𝑦, (f) 𝑦 → 𝑧, (g) 𝑧 → 𝑥, (h) 𝑧 → 𝑦 and (i) 

𝑧 → 𝑧 . The plot demonstrates that for coupling directions such as 𝑥 → 𝑥, 𝑥 → 𝑧, 𝑦 →
𝑥, 𝑦 → 𝑧, 𝑧 → 𝑥, and 𝑧 → 𝑦, the MSF consistently maintains positive values, indicating 

desynchronization across all coupling strengths. In contrast, for the 𝑧 → 𝑧  direction, 

negative MSF values emerge within bounded interval of 𝐾, suggesting the potential for 

synchronization in these regions. Notably, unbounded negative regions are observed for 

𝑥 → 𝑦 and 𝑦 → 𝑦, implying robust synchronization over a broad parameter range. The 

simulations were conducted using the parameters: 𝑎 = 35, 𝑏 = 8/3, and 𝑐 = 28. 
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The two-dimensional MSF of the Chua’s circuit system, defined in Eq (9), is presented as a 

function of the parameters 𝛼 and 𝛽. The analysis shows that for coupling directions such as 𝑥 → 𝑧 

and 𝑧 → 𝑦, the MSF remains strictly positive, indicating that desynchronization occurs at all coupling 

strengths. Conversely, for the coupling directions 𝑧 → 𝑥 and 𝑧 → 𝑧, negative MSF values emerge 

over specific bounded intervals of the coupling strength 𝐾 , suggesting the possibility of 

synchronization in these ranges. Additionally, unbounded negative MSF regions are observed for 

coupling directions 𝑥 → 𝑥, 𝑥 → 𝑦, 𝑦 → 𝑥, 𝑦 → 𝑦, and 𝑦 → 𝑧, which implies synchronization can 

occur across a wide range of coupling strengths. The simulations were conducted using the parameters 

𝑎 = 10, 𝑏 = 14.87, and 𝛾 = 0. 

 

Figure 7. The two-dimensional master stability function of the Chua’s circuit system, 

defined in Eq (9), is shown as a function of 𝛼 and 𝛽 when (a) 𝑥 → 𝑥, (b) 𝑥 → 𝑦, (c) 

𝑥 → 𝑧 , (d) 𝑦 → 𝑥 , (e) 𝑦 → 𝑦 , (f) 𝑦 → 𝑧 , (g) 𝑧 → 𝑥 , (h) 𝑧 → 𝑦  and (i) 𝑧 → 𝑧 . The 

analysis shows that for coupling directions such as 𝑥 →  𝑧  and 𝑧 →  𝑦 , the MSF 

remains consistently positive, reflecting desynchronization across all coupling strengths. 

Conversely, for 𝑧 →  𝑥  and 𝑧 →  𝑧 , negative MSF values emerge within bounded 

intervals of 𝐾,  indicating a potential for synchronization in these cases. Additionally, 

unbounded negative regions are observed for 𝑥 →  𝑥, 𝑥 →  𝑦, 𝑦 →  𝑥, 𝑦 →  𝑦, 
and 𝑦 →  𝑧,  suggesting robust synchronization over a wide parameter range. The 

simulations were performed using the parameters: 𝑎 = 10, 𝑏 = 14.87, and 𝛾 = 0. 

The forced Duffing oscillator is a two-dimensional dynamical system, defined in Eq (11), and its 

two-dimensional MSF is depicted as a function of the parameters 𝛼  and 𝛽  in Figure 8. For the 

coupling 𝑦 → 𝑥 , negative MSF values occur within specific bounded interval of 𝐾 , indicating 

potential synchronization. Unbounded negative MSF regions, implying synchronization over a broad 

range, are found for couplings 𝑥 → 𝑥 and 𝑦 → 𝑦. The coupling 𝑥 → 𝑦 exhibits both bounded and 
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unbounded negative MSF regions, suggesting a mixed synchronization behavior. The simulations were 

carried out with parameters 𝜂 = 1, ℎ = 0.1, and 𝑞 = 5.6. 

 

Figure 8. two-dimensional MSF of the forced Duffing oscillator, Eq (11), is shown as a 

function of 𝛼 and 𝛽 parts of 𝐾 when (a) 𝑥 → 𝑥, (b) 𝑥 → 𝑦, (c) 𝑦 → 𝑥, and (d) 𝑦 → 𝑦. 

For the 𝑦 → 𝑥 coupling direction, negative MSF values emerge within bounded interval 

of 𝐾 , indicating a potential for synchronization under certain conditions. In contrast, 

unbounded negative regions are observed for 𝑥 → 𝑥  and 𝑦 → 𝑦 , suggesting robust 

synchronization across a wide range of parameters. The 𝑥 → 𝑦 coupling exhibits a mixed 

behavior, with both bounded and unbounded regions of negative MSF values, reflecting a 

more complex synchronization dynamic. The simulations were conducted using the 

parameters: 𝜂 = 1, ℎ = 0.1, and 𝑞 = 5.6.  

Figure 9 presents the two-dimensional master stability functions for the Forced van der Pol system, 

defined in Eq (12). The MSFs are plotted as a function of the complex normalized coupling strength 

𝐾 = 𝛼 + 𝑖𝛽. Notably, when the coupling is directed from 𝑦 to 𝑥, negative MSF values, indicative of 

potential synchronization, emerge only within two distinct and bounded regions of the complex 

coupling space. In contrast, for the coupling configurations 𝑥 → 𝑥 , 𝑥 → 𝑦 , and 𝑦 → 𝑦 , the MSF 

exhibits extensive unbounded regions of negativity, suggesting that synchronization is achievable over a 

wide range of coupling strengths. These results are obtained using parameter values 𝑑 = 3, 𝐹 = 15, 
and 𝜂 = 4.065. 
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Figure 9. The two-dimensional MSF of the forced van der Pol system, defined in Eq (12), 

is shown as a function of the normalized coupling strength 𝐾 = 𝛼 + 𝑖𝛽 when (a) 𝑥 → 𝑥, 

(b) 𝑥 → 𝑦, (c) 𝑦 → 𝑥, and (d) 𝑦 → 𝑦. The plot reveals that for coupling 𝑦 → 𝑥 negative 

MSF values appear over two isolated bounded intervals of 𝐾, suggesting the potential for 

synchronization. Meanwhile, unbounded negative regions are observed for 𝑥 → 𝑥, 𝑥 → 𝑦, 
and 𝑦 → 𝑦 , implying synchronization over a broad range. The simulations use the 

following parameters: 𝑑 = 3, 𝐹 = 15, and 𝜂 = 4.065. 

Figure 10 displays the two-dimensional MSFs of the periodic Brusselator system, defined in Eq (13), 

plotted with respect to the real and imaginary components of the normalized complex coupling strength 

𝐾 = 𝛼 + 𝑖𝛽 . The Brusselator is a two-dimensional reaction-diffusion model that exhibits periodic 

oscillations under suitable parameter choices. As expected for periodically driven systems, the MSF 

initiates from zero when the coupling strength is zero, reflecting the neutral stability of the uncoupled 

periodic orbit. The analysis reveals that for the coupling directions 𝑦 → 𝑥 and 𝑦 → 𝑦, negative MSF 

values emerge over bounded intervals of 𝐾, indicating the potential for synchronization under limited 

conditions. In contrast, the directions 𝑥 → 𝑥 and 𝑥 → 𝑦 yield unbounded regions with negative MSF 

values, implying that synchronization can be achieved over a broad range of coupling strengths. All 

simulations are carried out using the parameter values 𝑎 = 1 and 𝑏 = 3. 
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Figure 10. The two-dimensional MSFs of the periodic Brusselator, defined in Eq (13), is 

shown as a function of 𝛼 and 𝛽 parts of the normalized coupling strength 𝐾 when (a) 

𝑥 → 𝑥 , (b) 𝑥 → 𝑦 , (c) 𝑦 → 𝑥 , and (d) 𝑦 → 𝑦 . The plot indicates that for coupling 

directions 𝑦 →  𝑥 and 𝑦 →  𝑦, negative MSF values emerge within bounded intervals 

of 𝐾,  hinting at the potential for synchronization under these conditions. Conversely, 

unbounded negative regions are observed for 𝑥 →  𝑥 and 𝑥 →  𝑦, suggesting robust 

synchronization across a wide parameter range. The simulations were performed using the 

parameters: 𝑎 = 1 and 𝑏 = 3. 

Figure 11 presents the two-dimensional master stability functions of the unforced, undamped 

Duffing system, defined in Eq (14), plotted with respect to the real and imaginary components of the 

normalized complex coupling strength. This system is two-dimensional and exhibits periodic 

oscillatory behavior. Consistent with the properties of periodic systems, the MSF originates at zero 

when the coupling strength is zero, reflecting the marginal stability of the uncoupled periodic orbit. 

The MSF analysis reveals that for the coupling directions 𝑥 → 𝑦 and 𝑦 → 𝑥, the function remains 

strictly positive across the entire coupling domain, indicating the absence of synchronization regardless 

of the coupling strength. In contrast, the directions 𝑥 → 𝑥 and 𝑦 → 𝑦 produce a combination of both 

bounded and unbounded regions where the MSF assumes negative values, suggesting the existence of 

coupling regimes that support synchronization. 
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Figure 11. The two-dimensional master stability function of the unforced undamped 

Duffing, defined in Eq (14), is shown as a function of the real and imaginary parts of the 

normalized coupling strength when (a) 𝑥 → 𝑥, (b) 𝑥 → 𝑦, (c) 𝑦 → 𝑥, and (d) 𝑦 → 𝑦. For 

the coupling directions 𝑥 → 𝑦 and 𝑦 → 𝑥, the MSF values remain consistently positive, 

indicating desynchronization across all coupling strengths. In contrast, the 𝑥 →  𝑥 and 

𝑦 →  𝑦 couplings display a mixed behavior, with both bounded and unbounded regions 

of negative MSF values, pointing to a complex interplay between synchronization and 

desynchronization dynamics. 

4. Discussion 

For diagonalizable directed networks of arbitrary size, the computational effort is governed 

primarily by the evaluation of the two-dimensional MSF over the relevant region of the complex plane. 

Once this surface is computed, the stability of synchronization for any larger network reduces to checking 

whether its Laplacian eigenvalues lie within the stable region. Importantly, the MSF computation itself 

is highly parallelizable and does not scale with the network size, while extracting the spectrum of the 

Laplacian depends only on standard eigenvalue routines. As a result, the method extends naturally to 

networks with hundreds or thousands of nodes, provided that the Laplacian is diagonalizable.  

The analysis developed in this work relies on the classical assumption of identical oscillators with 

uniform coupling functions, which ensures the existence of a well-defined synchronization manifold, 

whose stability is assessed using the MSF framework. Under these conditions, perturbations transverse 

to the manifold evolve according to the variational equation on which the MSF is based. If oscillator 

parameters differ or if the coupling functions are nonuniform, this invariant manifold generally breaks 

down, and the MSF formalism no longer provides a complete description of the stability. By clearly 

outlining these assumptions, we emphasize the regime in which the present results are valid while also 

indicating natural directions for future generalizations. 

From an application perspective, the two-dimensional MSF landscapes obtained in this work can 

serve as design maps for directed networked systems in which synchronization plays a functional role 
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rather than being an incidental phenomenon. In particular, unbounded negative MSF regions suggest 

coupling configurations that are inherently robust to parameter drift, sparse updates, or hardware-

induced perturbations, whereas bounded stability regions point to regimes requiring careful tuning. 

This distinction is especially relevant for secure communication and IIoT scenarios, where 

synchronization must be preserved under limited communication, reduced computational overhead, 

and potential external interference. 

The proposed two-dimensional MSF framework can be positioned relative to several 

foundational and representative works in the literature. In the original formulation of the MSF by 

Pecora and Carroll [29], the general formalism was introduced and the possibility of complex effective 

coupling parameters was already recognized. However, subsequent applications have largely focused 

on one-dimensional MSF. In contrast, the present study systematically explores the full two-

dimensional MSF over the complex coupling plane for a broad class of node dynamics and for all 

single-variable diffusive coupling configurations, with an explicit emphasis on diagonalizable directed 

networks and on the distinction between bounded and unbounded stability regions. 

A related line of research was presented by Huang et al. [32], where MSFs were classified 

according to the number of zero crossings along the real coupling axis. hhile this classification 

provides valuable insights for undirected or effectively real-coupled systems, it does not capture 

stability features arising from complex Laplacian eigenvalues. The present work generalizes this 

classification from a one-dimensional real domain to the full complex plane, incorporates both chaotic 

and periodic dynamics within a unified two-dimensional framework, and systematically addresses the 

role of complex Laplacian spectra characteristic of directed networks. 

The comparison between the chaotic and periodic regimes of the Hindmarsh–Rose system reveals 

a markedly stronger sensitivity of synchronization properties to the underlying neuronal dynamics than 

observed for the Rössler system. hhile both regimes admit unbounded regions of negative MSF for 

certain self- and cross-coupling configurations, the periodic dynamics substantially reorganize the 

stability landscape by introducing bounded synchronization windows in coupling directions that 

remain strictly unstable in the chaotic case. This behavior suggests that the slow–fast structure and 

bursting characteristics of the Hindmarsh–Rose model play a decisive role in shaping transverse 

stability, particularly by modifying how perturbations evolve under weak and moderate coupling. 

Unlike the Rössler system, where the transition from chaotic to periodic dynamics primarily shifts the 

location of stability regions without altering their qualitative structure, the Hindmarsh–Rose system 

exhibits regime-dependent changes in both the extent and connectivity of negative MSF regions.  

5. Conclusions 

In summary, our investigation of two-dimensional master stability function (MSF) diagrams 

provides new insights into synchronization across a range of dynamical systems. he find that the 

Rössler and Lorenz systems are capable of achieving synchronization under specific coupling 

configurations, characterized by unbounded negative regions in their MSF. By contrast, the 

Hindmarsh–Rose and Chen systems display more limited synchronization, confined to finite parameter 

intervals. Importantly, the analysis highlights systematic differences between chaotic and periodic 

systems, with periodic dynamics exhibiting more intricate and finely structured MSF profiles. 

These findings emphasize the crucial role of both coupling strength and direction in determining 

the stability of synchronization in complex networks. Beyond their immediate relevance to canonical 

dynamical systems, the results provide a framework for understanding synchronization in 

diagonalizable directed networks, where complex Laplacian eigenvalues naturally arise. The two-
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dimensional MSF approach thus establishes a foundation for using stability analysis to broader classes 

of networks, including those displaying cluster synchronization and other forms of coordinated 

dynamics [58,59]. 
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