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1. Introduction

Quantum superalgebras, as quantum deformations of the universal enveloping algebras of Lie
superalgebras, represent one of the most significant generalizations of Drinfeld–Jimbo quantum
groups. Tolstoy [1] provided explicit constructions of quantum superalgebras associated with
Kac–Moody superalgebras possessing symmetrizable Cartan matrices. Since then, their algebraic
structures and representations have been investigated in various contexts; see, for instance, [2–6].

Among these, the quantum superalgebra Uq(osp(1, 2n)) was introduced in [7]. It is closely related
to the quantum algebra Uq(so(2n + 1)). In the case when n = 1, the algebra Uq(osp(1, 2)) has been
extensively studied in [8–11], where finite-dimensional representations, the center, and the Harish–
Chandra homomorphism were determined. More recently, Sun, Wang, and Yang [12] constructed a
quantum algebra Uq(osp(1, 2, c)), established the Harish–Chandra homomorphism when q is not a root
of unity, and classified all simple modules up to isomorphism for an arbitrary parameter q.

The theory of quantum groups has been generalized to the two-parameter and multi-parameter
settings. Benkart and Witherspoon [13] initiated a systematic study of two-parameter quantum
enveloping algebras for the general and special linear Lie algebras, further analyzed
finite-dimensional representations in [14], and proved complete reducibility of weight modules when
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rs−1 is not a root of unity. Subsequently, the definitions of two-parameter quantum groups of types B,
C, and D were introduced in [15], where the Drinfel’d double was also established. The cases for
exceptional types E and G2 were treated in [16, 17], respectively.

Restricted two-parameter quantum groups ur,s(g), where g is a finite-dimensional semisimple Lie
algebra at roots of unity, have attracted considerable attention. Benkart and Witherspoon [18]
introduced the restricted quantum group ur,s(sln) of type A, and analogous constructions for other
finite types were developed in [19–23]. In [24], Hu and Xu classified and enumerated the
isomorphism classes of simple modules over ur,s(g), assuming r and s are primitive roots of unity of
orders d and d′, respectively.

The two-parameter quantum superalgebra Ur,s(osp(1, 2)) was introduced in [25]. It is a
generalization of the one-parameter quantum superalgebra Uq(osp(1, 2)), where the parameter q is
replaced by two parameters r and s, with q = (rs−1)1/2. In [26], various algebraic relations involving
the Casimir operator, the Scasimir operator, and powers of generators were studied. However, the
finite-dimensional representation theory of Ur,s(osp(1, 2)), particularly in the case at the root of unity,
has not been well developed. This is mainly due to the more complicated algebraic structure caused
by the two parameters. This gap led us to investigate the finite-dimensional simple modules of
Ur,s(osp(1, 2)) and its restricted form Ur,s(osp(1, 2)) when q = (rs−1)1/2 is a root of unity. Our results
extend the known classification theorems from the one-parameter case to the two-parameter setting
and complete the finite-dimensional representation theory of Ur,s(osp(1, 2)) at roots of unity.

This paper is organized as follows. In Section 2, we recall the definition and some basic properties
of the two-parameter quantum superalgebra Ur,s(osp(1, 2)). In Section 3, by analyzing the Scasimir
operator and the relations among generators, we classify all finite-dimensional simple modules of
Ur,s(osp(1, 2)) up to isomorphism under the assumption that q = (rs−1)1/2 is a primitive l-th root of
unity. In Section 4, we define the restricted quantum superalgebra Ur,s(osp(1, 2)) and provide a
simplified classification of its finite-dimensional simple modules.

2. Preliminaries

First, we introduce some notations.
Let m be an integer and let υ ∈ K, where K is a field and v , 0,±1. We define the quantum

integer [m]υ as

[m]υ =
υm − υ−m

υ − υ−1 = υ
m−1 + υm−3 + · · · + υ−m+3 + υ−m+1.

Let r, s be generic with r2 , s2 and q = (rs−1)
1
2 , q′ = −q, and η = (r

1
2 + s

1
2 )(r − s).

In the following, we always assume that q is a primitive l-th-root of unity (l > 2), and

L =

l, if l is even;
2l, if l is odd;

l′ =

 l
2 , if l is twice an odd integer;
L, otherwise.

(2.1)

It is easy to see that L is always even, qL = 1, and [L]q = 0. Also, [l′]q = 0 and −q is the l′-th root of
unity.

The two-parameter quantum superalgebra Ur,s(osp(1, 2)) is the unital associative algebra generated
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by E, F, ω±1, ω′±1 and subject to the following relations [26]:

ωω′ = ω′ω, ωω−1 = ω−1ω = 1 = ω′ω′−1 = ω′−1ω′,

ωEω−1 = qE, ω′Eω′−1 = q−1E,

ωFω−1 = q−1F, ω′Fω′−1 = qF, and

EF + FE =
ω − ω′

r − s
.

(2.2)

Note that the quantum superalgebra Uq(osp(1, 2, c)) in [12] is a special case of Ur,s(osp(1, 2)), where
ω′ = ω−1cr and c is an invertible element that commutes with ω,ω−1, E, F.

The Scasimir operator S r,s is
S r,s = r

1
2ω − s

1
2ω′ − ηFE,

where η = (r
1
2 + s

1
2 )(r − s). It is straightforward to check that

S r,sF = −FS r,s, S r,sE = −ES r,s, S r,sω = ωS r,s, and S r,sω
′ = ω′S r,s.

Set t =
√

qi and

[ω;ω′; m]t =
tmω − t−mω′

r − s
.

For m, n ∈ N, it is straightforward to see that

EFm = (−1)mFmE + (−1)m−1Fm−1
(
(q′)−m − 1
(q′)−1 − 1

ω −
(q′)m − 1

q′ − 1
ω′

)
(r − s)−1

and

FEm = (−1)mEmF + (−1)m−1Em−1
(

(q′)m − 1
(q′)−1 − 1

ω −
(q′)−m − 1

q′ − 1
ω′

)
(r − s)−1,

which can be written as

EFm = (−1)mFmE + (−1)m−1[m]tFm−1[ω;ω′; 1 − m]t (2.3)

and

FEm = (−1)mEmF + (−1)m−1[m]tEm−1[ω;ω′; m − 1]t. (2.4)

Let us review the structure of the center of Ur,s(osp(1, 2)).

Theorem 2.1. [26] When rs−1 is a root of unity, the center of Ur,s(osp(1, 2)) contains

C[ωω′, S 2
r,s, ω

±1, ω′±1, FL] + C[ωω′, S 2
r,s, ω

±1, ω′±1, EL].

(1) If l is odd, this is the center of the algebra.
(2) If l is even, the center is the free module on

C[ωω′, S 2
r,s, ω

±1, ω′±1, FL] + C[ωω′, S 2
r,s, ω

±1, ω′±1, EL]

with basis 1, ω
1
2 S r,s, ω′

1
2 S r,s.
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3. Representations of the quantum superalgebra

Recall that q = (rs−1)
1
2 is an l-primitive root of unity, q′ = −q, and

S r,s = r
1
2ω − s

1
2ω′ − ηFE,

where η = (r
1
2 + s

1
2 )(r − s).

Lemma 3.1. Keeping the notations above, there is no finite-dimensional simple Ur,s(osp(1, 2))-module
of dimension greater than L.

Proof. Let V be a finite-dimensional Ur,s(osp(1, 2))-module with dim V > L. We claim that there exists
a nonzero submodule of V whose dimension is at most L.

To see the claim, we consider two cases in the following.
If l is even, then the elements S 2

r,s, ω
l
2 S r,s, ω′

l
2 S r,s, EL, and FL belong to the center of Ur,s(osp(1, 2)).

Therefore, the operators ω, ω′, ω
l
2 S r,s, ω′

l
2 S r,s, S 2

r,s, EL, and FL mutually commute.
If l is odd, then the elements S 2

r,s, EL, and FL are central in Ur,s(osp(1, 2)), and again ω, ω′, S 2
r,s, EL,

and FL mutually commute.
In both cases, there exists a common nonzero eigenvector v ∈ V such that

ωv = λv, ω′v = λ′v, ELv = av, S r,sv = bv, and FLv = αv

for some scalars λ, λ′, a, b, α ∈ K, where b is determined by λ, λ′, a, and α.
Case 1. Suppose FLv = 0, then there exists an integer 0 ≤ m < L such that Fmv , 0 but Fm+1v = 0.
Replacing v by Fmv, we may assume that Fv = 0 without loss of generality. Now we consider the
subspace

V ′ = span{v, Ev, . . . , EL−1v}.

We claim that V ′ is a Ur,s(osp(1, 2))-submodule of V .
To verify this, it suffices to check that V ′ is invariant under the actions of the generators E, F, ω, ω′.

The invariance underω,ω′ and E is clear: Since the operatorsω andω′ act as scalars on v, they preserve
each Ekv, and hence V ′; if m < L− 1, then E(Emv) = Em+1v ∈ V ′ and E(EL−1v) = ELv = av ∈ V ′. Now,
it remains to show that V ′ is invariant under F. Recall the relation (2.4). Using Fv = 0, we compute
for m > 0

FEmv = (−1)mEmFv + (−1)m−1[m]tEm−1[ω;ω′; m − 1]tv

= (−1)m−1[m]t

(
tm−1λ − t1−mλ′

r − s

)
Em−1v ∈ V ′.

Thus, F preserves V ′, and V ′ is indeed a submodule.
Case 2. Suppose FLv = αv , 0 for some α , 0. Define the subspace

V ′ = span{v, Fv, . . . , FL−1v}.

We claim that V ′ is a submodule. Again, it suffices to check invariance under E, F, ω, ω′. Indeed, it is
obvious that V ′ is stable under the action of ω, ω′ and F. To see that V ′ is stable under the action of E,
we recall that

S r,s = r
1
2ω − s

1
2ω′ − ηFE,
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where η = (r
1
2 + s

1
2 )(r − s). Note that S r,sFL−1v = (−1)L−1FL−1S r,sv = (−1)L−1bFL−1v, and we get that

Ev = α−1EFLv = α−1(EF)FL−1v

= α−1
(
ω − ω′

r − s
−

1
η

(
r

1
2ω − s

1
2ω′ − S r,s

))
FL−1v

=
(
α−1γ

)
FL−1v,

where

γ =
q1−Lλ − qL−1λ′

r − s
−

1
η

(
r

1
2 q1−Lλ − s

1
2 qL−1λ′ + (−1)Lb

)
=

1
η

(
s

1
2 q1−Lλ − r

1
2 qL−1λ′ − b

)
=

1
η

(
r

1
2λ − s

1
2λ′ − b

)
.

(3.1)

That is,
b = r

1
2λ − s

1
2λ′ − ηαβ,

where β = α−1γ. For any 0 ≤ m < L − 1, we have

EFm+1v = (−1)m[m + 1]tFm[ω;ω′;−m]tv + (−1)m+1Fm+1Ev

= (−1)m

(
[m + 1]t

t−mλ − tmλ′m
r − s

− γ

)
Fmv.

This implies that V ′ is stable under the action of E.
This completes the proof. □

Recall that q is a primitive l-th root of unity with l > 2.
(1) Let Vλ,λ′,a be a vector space with basis v0, . . . , vL−1, with the convention that vL = v0. We define

the action of Ur,s(osp(1, 2)) on Vλ,λ′,a by

ωvm = qmλvm, ω
′vm = q−mλ′vm,

ωvL−1 = qL−1λvL−1, ω
′vL−1 = q1−Lλ′vL−1,

Evm = vm+1, EvL−1 = av0,

Fvm+1 = (−1)m[m + 1]t

(
tmλ − t−mλ′

r − s

)
vm, and Fv0 = 0,

where 0 ≤ m < L − 1.
We claim that Vλ,λ′,a is an L-dimensional Ur,s(osp(1, 2))-module. Indeed, we observe that the basis

of Vλ,λ′,a can be written as v0, Ev0, . . . , EL−1v0. Then the module structure follows directly from
Lemma 3.1 (Case1). If l is odd and λ′ = q−1λ, Vλ,λ′,a has a proper
submodule {v0 + vl, v1 + vl+1, . . . , vl−1 + vL−1} of dimension l. Otherwise, Vλ,λ′,a of dimension L is
simple for a , 0 if l is even or λ′ , q−1λ.

(2) Let Vλ,λ′,α,β be an L-dimensional vector space with the basis {v0, v1, . . . , vL−1}. The action of
Ur,s(osp(1, 2)) on Vλ,λ′,α,β is given by

ωvm = q−mλvm, ω
′vm = qmλ′vm,

AIMS Mathematics Volume 11, Issue 3, 6485–6498.



6490

ωvL−1 = q1−LλvL−1, ω
′vL−1 = qL−1λ′vL−1,

Evm+1 = (−1)m

(
[m + 1]t

t−mλ − tmλ′

r − s
− αβ

)
vm, Ev0 = βvL−1,

Fvm = vm+1, and FvL−1 = αv0

for 0 ≤ m < L − 1.
We claim that Vλ,λ′,α,β is an L-dimensional Ur,s(osp(1, 2))-module. Indeed, we observe that the

basis of Vλ,λ′,α,β can be written as v0, Fv0, . . . , FL−1v0. Then the module structure follows directly

from Lemma 3.1 (Case 2). If l is odd and αβ =
qλ − λ′

(q + 1)(r − s)
, Vλ,λ′,α,β has a proper submodule

{v0 + vl, v1 + vl+1, . . . , vl−1 + vL−1} of dimension l. Otherwise, Vλ,λ′,α,β of dimension L is simple for α , 0

if l is even or αβ ,
qλ − λ′

(q + 1)(r − s)
.

(3) Let Vλ,λ′,n be an n-dimensional vector space with basis {v0, v1, . . . , vn−1}. The action of the
quantum superalgebra Ur,s(osp(1, 2)) on Vλ,λ′,n is defined as follows:

ωvm = q−mλvm, ω
′vm = qmλ′vm,

ωvn−1 = q−n+1λvn−1, ω
′vn−1 = qn−1λ′vn−1,

Evm+1 = (−1)m

(
[m + 1]t

t−mλ − tmλ′

r − s

)
vm, Ev0 = 0,

Fvm = vm+1, and Fvn−1 = 0

(3.2)

for 0 ≤ m < n−1, where n = l′ and λ′ , (q′)i+1λ for all 1 ≤ i ≤ l′−1 or λ′ = (q′)−n+1λ for 1 ≤ n ≤ l′−1.
We claim that Vλ,λ′,n is an n-dimensional Ur,s(osp(1, 2))-module. Indeed, we set

ωv0 = λv0, ω
′v0 = λ

′v0, S r,sv0 = bv0, Ev0 = 0, Fnv0 = 0, and Fmv0 = vm (0 ≤ m < n).

So, we can establish the module structure as stated in Eq (3.2). Note that if n − 1 ≥ l′, this module is
not simple since vl′ , . . . , vn−1 span a proper submodule.

Now we determine when Vλ,λ′,n is simple for n ≤ l′. First, since

EFvn−1 + FEvn−1 =
ω − ω′

r − s
vn−1,

we get that

(−1)n−1[n]t

(
t−n+1λ − tn−1λ′

r − s

)
= 0, (3.3)

which implies either t2n = 1 or λ′ = t−2n+2λ. Therefore,

n = l′ or λ′ = (q′)−n+1λ. (3.4)

Moreover, the vector vn−1 is an eigenvector of ω, ω′ and S r,s, and Fvn−1 = 0. According to [26], the
algebra Ur,s(osp(1, 2)) is a T -module with basis 1, F, E, F2, E2, . . ., where T = C[S r,s, ω

±1, ω′±1]. This
implies that acting with powers of E on vn−1 generates a submodule. Hence, Vλ,λ′,n is simple if and only
if En−1vn−1 , 0, or equivalently, Fn−1En−1vn−1 , 0.

AIMS Mathematics Volume 11, Issue 3, 6485–6498.



6491

By [26, Proposition 2.2], we have

n−2∏
i=0

(
S r,s − (q′)ir

1
2ω + (q′)−is

1
2ω′

)
= ε(n)(−η)n−1Fn−1En−1,

where

ε(n) =

1, n = 0 or 1 (mod 4);
−1, n = 2 or 3 (mod 4).

Thus, the nonvanishing of Fn−1En−1vn−1 reduces to checking that

n−1∏
i=1

((q′)i − 1)
(
r

1
2 q−nλ + s

1
2 qn(q′)−iλ′

)
, 0. (3.5)

Combining this with the condition (3.4), we conclude that Vλ,λ′,n is a simple Ur,s(osp(1, 2))-module if
and only if either λ′ = (q′)−n+1λ for 1 ≤ n ≤ l′ − 1 or n = l′ with λ′ , (q′)i+1λ for all 1 ≤ i ≤ l′ − 1. We
denote the corresponding simple module by Vλ,λ′,n.

We have the following theorem.

Theorem 3.1. Finite-dimensional simple modules of Ur,s(osp(1, 2)) up to isomorphism are the
following lists:

(1) Vλ,λ′,a with a , 0 of dimension L, if l is even or λ′ , q−1λ;
(2) Vλ,λ′,a with a , 0 of dimension l, if l is odd and λ′ = q−1λ;

(3) Vλ,λ′,α,β with α , 0 of dimension L, if l is even or αβ ,
qλ − λ′

(q + 1)(r − s)
;

(4) Vλ,λ′,α,β with α , 0 of dimension l, if l is odd and αβ =
qλ − λ′

(q + 1)(r − s)
;

(5) Vλ,λ′,n of dimension n, where n is determined by weights λ, λ′ and

(1) λ′ = (q′)−n+1λ for 1 ≤ n ≤ l′ − 1;
(2) n = l′ and λ′ , (q′)i+1λ for all 1 ≤ i ≤ l′ − 1.

Proof. Let V be a finite-dimensional simple module over Ur,s(osp(1, 2)). By Lemma 3.1, we see that
the dimension of any simple Ur,s(osp(1, 2))-module is less than or equal to L.

Now suppose that V is a simple Ur,s(osp(1, 2))-module with dim V = m ≤ L.
From the proof of Case 1 in Lemma 3.1, we see that V has a basis {v0, v1, . . . , vm−1}, and the actions

of the generators are given as follows:

ωvi = qiλvi, ω
′vi = q−iλ′vi,

ωvm−1 = qm−1λvm−1, ω
′vm−1 = q−m+1λ′vm−1,

Evi = vi+1, Evm−1 ∈ V,

Fvi+1 = (−1)i[i + 1]t

(
tiλ − t−iλ′

r − s

)
vi, and Fv0 = 0

for 0 ≤ i < m − 1.
Let Evm−1 =

∑
0≤ j≤m−1 a jv j.
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• Suppose Evm−1 = 0 and set

y0 = vm−1, y1 = Fy0, . . . , ym−1 = Fm−1y0.

By the actions of ω,ω′, F, E, we have

ωyi = q−iµyi, ω
′yi = qiµ′yi,

ωym−1 = q−m+1µym−1, ω
′ym−1 = qm−1µ′ym−1,

Eyi+1 = (−1)i

(
[i + 1]t

t−iµ − tiµ′

r − s

)
yi, and Ey0 = 0,

Fyi = yi+1, and Fym−1 = 0,

where µ = qm−1λ, µ′ = q1−mλ′ for 0 ≤ i < m − 1. By similar arguments from Eq (3.3) to Eq (3.5), we
obtain that m = l′ and λ′ , (q′) j+1λ for all 1 ≤ j ≤ l′ − 1 or λ′ = (q′)−m+1λ for 1 ≤ m ≤ l′ − 1. In these
cases, the simple modules V can be identified as Vλ,λ′,n.
• Suppose Evm−1 , 0. We now consider two cases:
(1) Assume m < L. Since ωEvm−1 = qmλEvm−1, we have

λ
∑

0≤ j≤m−1

q ja jv j = qmλ
∑

0≤ j≤m−1

a jv j. (3.6)

Hence, there exists some j such that qm− j = 1. Moreover, the relation

EFvm−1 + FEvm−1 =
ω − ω′

r − s
vm−1

must hold. Thus, we obtain m = l (this occurs only when l is odd and λ′ = q−1λ), that is, Evl−1 = av0.
In this case, we obtain a simple Ur,s(osp(1, 2))-module of dimension l, denoted by Vλ,λ′,a, with the
following actions:

ωvi = qiλvi, ω
′vi = q−iλ′vi,

ωvl−1 = ql−1λvl−1, ω
′vl−1 = q−l+1λ′vl−1,

Evi = vi+1, Evl−1 = av0 (a , 0),

Fvi+1 = (−1)i[i + 1]t

(
tiλ − t−iλ′

r − s

)
vi, and Fv0 = 0,

where 0 ≤ i < l − 1 and λ′ = q−1λ.
(2) If m = L, then by Lemma 3.1, V has a basis {v0, v1, . . . , vL−1}, and the following relations hold:

ωvi = qiλvi, ω
′vi = q−iλ′vi,

ωvL−1 = qL−1λvL−1, ω
′vL−1 = q−L+1λ′vL−1,

Evi = vi+1, EvL−1 = av0,

Fvi+1 = (−1)i[i + 1]t

(
tiλ − t−iλ′

r − s

)
vi, and Fv0 = 0
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for 0 ≤ i < L − 1.
Assume that Fvi , 0 for all 1 ≤ i ≤ L − 1, which implies that λ′ , (q′)i−1λ. In this case, we can

choose a new basis
{y0 = vL−1, y1 = Fy0, . . . , yL−1 = FL−1y0}

and
ωym = µq−mym, ω

′ym = µ
′qmym, Eym = κmym−1, Fym = ym+1, and FyL−1 = 0,

where µ = qL−1λ , 0, µ′ = q1−Lλ′ , 0 and κm , 0 for 0 ≤ m ≤ L − 1. Let v =
∑

0≤i≤l−1 aiyi , 0, where
ai , 0. Then

ω jv =
∑

0≤i≤L−1

aiµ
jq−i jyi.

By choosing suitable values of j, we can express each yi as a linear combination of the vectors ω j · v
using Cramer’s rule and the nonvanishing of the Vandermonde determinant. In particular, y0 can be
generated by v over K[ω±1, ω′±1]. Since y0 generates the entire module Vλ,λ′,a under the action of
Ur,s(osp(1, 2)), it follows that v also generates Vλ,λ′,a. Moreover, this holds for any nonzero vector
v ∈ Vλ,λ′,a. We conclude that Vλ,λ′,a has no nontrivial submodules. Therefore, Vλ,λ′,a = Ur,s(osp(1, 2)) · v
is a simple module.

Next, if Fvi = 0 for some 1 ≤ i ≤ L − 1 with i , l, then λ′ = (q′)i−1λ. In this case, the module
Vλ,λ′,a remains simple by arguments analogous to the above. Note that if L = 2l where l is odd and
λ′ = q−1λ, then V is not simple since {v0+vl, v1+vl+1, . . . , vl−1+vL−1} spans a proper simple submodule
of dimension l.

Consequently, Vλ,λ′,a with a , 0 is a simple module of dimension l if l is odd and λ′ = q−1λ, and of
dimension L otherwise.

Recall the proof of Case 2 in Lemma 3.1. If FLv = αv for some α , 0, then V is spanned by the
linearly independent vectors v, Fv, . . . , FL−1v. Let v0 = v and vm = Fmv0 for 0 ≤ m ≤ L − 1. Then

ωvm = q−mλvm, ω
′vm = qmλ′vm, ELv0 = av0, and FvL−1 = αv0

for some scalars λ, λ′, a, α ∈ K.
We see that

Ev0 = α
−1EFLv0 = α

−1(EF)FL−1v0

= α−1
(
ω − ω′

r − s
−

1
η

(
r

1
2ω − s

1
2ω′ − S r,s

))
FL−1v0

=
(
α−1γ

)
FL−1v0

=
(
α−1γ

)
vL−1,

where β = α−1γ, so that γ = αβ, and γ is as defined in (3.1). For any 0 ≤ m < L − 1, we have

EFm+1v0 = (−1)m[m + 1]tFm[ω;ω′;−m]tv0 + (−1)m+1Fm+1Ev0

= (−1)m

(
[m + 1]t

t−mλ − tmλ′

r − s
− γ

)
Fmv0.
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Thus, the actions of the generators on the basis vectors vm = Fmv0 are given by

ωvm = q−mλvm, ω
′vm = qmλ′vm,

ωvL−1 = q1−LλvL−1, ω
′vL−1 = qL−1λ′vL−1,

Evm+1 = (−1)m

(
[m + 1]t

t−mλ − tmλ′

r − s
− αβ

)
vm, Ev0 = βvL−1,

Fvm = vm+1, and FvL−1 = αv0

for 0 ≤ m < L − 1. If L = 2l where l is odd and αβ =
qλ − λ′

(q + 1)(r − s)
, then V is not simple since

{v0 + vl, v1 + vl+1, . . . , vl−1 + vL−1} spans a proper simple submodule of dimension l. Otherwise, the
module Vλ,λ′,α,β is simple by analogous arguments.

The proof is finished. □

4. Representations of the restricted quantum superalgebra

First, we give the definition of the restricted quantum superalgebra Ur,s(osp(1, 2)).

Definition 4.1. The restricted quantum superalgebra Ur,s(osp(1, 2)) is the associative unital algebra
generated by ω±, ω′±, E, F, subject to the relations in (2.2) and the additional conditions

ωL = 1, ω′L = 1, EL = 0, and FL = 0,

where q = (rs−1)1/2 and L is defined in (2.1).

Proposition 4.1. The set {F iE jωkω′l|0 ≤ i, j < L, k, l ∈ ZL} is a basis of Ur,s(osp(1, 2)).

Proof. Similar to the proof of [26, Proposition 2.3], it can be easily obtained. □

Let V be a nonzero Ur,s(osp(1, 2))-module with dimension greater than L. There exists a nonzero
vector v ∈ V such that

ωv = λv, ω′v = λ′v, ELv = 0, and FLv = 0

for some scalars λ, λ′ ∈ K.
Since ωL = 1, we have λL = 1, λ′L = 1, so λ, λ′ are primitive L-th roots of unity. Since FL = 0, the

operator F is nilpotent. Thus, without loss of generality, we can choose v , 0 such that Fv = 0. Now
consider the subspace

V ′ = span{v, Ev, E2v, . . . , EL−1v}.

Since EL = 0, we get that ELv = 0, and hence dim V ′ ≤ L.
We claim that V ′ is invariant under the actions of all generators. For 0 ≤ m < L, we have

E(Emv) = Em+1v ∈ V ′, ωEmv = qmλEmv ∈ V ′, and ω′Emv = q−mλ′Emv ∈ V ′.

Moreover, we have

FEmv =
(
(−1)mEmF + (−1)m−1[m]tEm−1[ω;ω′; m − 1]t

)
v
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= (−1)m−1[m]t

(
tm−1λ − t1−mλ′

r − s

)
Em−1v ∈ V ′.

Thus, V ′ is a Ur,s(osp(1, 2))-submodule of V , and its dimension is at most L.
Therefore, there is no finite dimensional simple Ur,s(osp(1, 2)) of dimension greater than L.

Theorem 4.1. The finite-dimensional simple Ur,s(osp(1, 2))-module up to isomorphism is Vλ,λ′,n of
dimension n ≤ l′, where n is determined by weights λ, λ′ and

(1) λ′ = (q′)−n+1λ for 1 ≤ n ≤ l′ − 1, where λ is a primitive L-th root of unity;
(2) n = l′ and λ′ , (q′)i+1λ for all 1 ≤ i ≤ l′ − 1, where λ, λ′ are primitive L-th roots of unity.

Proof. Let V be a finite-dimensional simple Ur,s(osp(1, 2))-module of dimension n ≤ L, with a basis

{v0, v1, . . . , vn−1}.

Since FL = 0, we may assume that Fv0 = 0 without loss of generality, and the actions are as follows:

ωvm = qmλvm, ω
′vm = q−mλ′vm for 0 ≤ m ≤ n − 1,

Evm = vm+1 for 0 ≤ m < n − 1, Evn−1 ∈ V,

Fvm+1 = (−1)m[m + 1]t

(
tmλ − t−mλ′

r − s

)
vm for 0 ≤ m < n − 1, and Fv0 = 0,

where λ, λ′ are primitive L-th roots of unity.
Let Evn−1 =

∑
0≤i≤n−1

aivi.

• Suppose Evn−1 = 0. From the relation

EFvn−1 + FEvn−1 =
ω − ω′

r − s
vn−1,

we get

(−1)n−1[n]t

(
tn−1λ − t−n+1λ′

r − s

)
= 0.

Thus, either t2n = 1 or λ′ = t−2n+2λ. If t2n = 1, then n = l′. If λ′ = t−2n+2λ for n ≥ l′ + 1, then there exist
a submodule generated by vl′ , . . . , vn−1, which implies that V is not simple unless n ≤ l′.

Moreover, as the discussion of Eq (3.5) shows, Vλ,λ′,n is simple if and only if one of the following
holds:

(1) λ′ = (q′)−n+1λ for 1 ≤ n ≤ l′ − 1, where λ is a primitive L-th root of unity;
(2) n = l′ and λ′ , (q′)i+1λ for all 1 ≤ i ≤ l′ − 1, where λ, λ′ are primitive L-th roots of unity.

• Suppose Evn−1 , 0. From the relation EFvm−1 + FEvm−1 =
ω−ω′

r−s vm−1 and Eq (3.6), we obtain the
following two cases:

(1) If n < L, then n = l (this occurs only when l is odd and λ′ = q−1λ), that is, Evl−1 = av0. However,
EL = 0 implies Evl−1 = 0, contradicting Evn−1 = av0 , 0.

(2) If n = L and L is even, then EL = 0 implies EvL−1 = 0, again contradicting Evn−1 , 0.

The proof is finished. □
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5. Conclusions

In this paper, we completely determine all finite-dimensional simple modules up to isomorphism
for the two-parameter quantum superalgebra Ur,s(osp(1, 2)) and its restricted form at roots of unity.
These results may help us to understand the general representation theory of two-parameter quantum
superalgebras.
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