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Abstract: We study Hopf bifurcations induced by spatial memory and stage structure in a diffusive
intraguild predation system, aiming to reveal their effects on the spatiotemporal dynamics of three
interacting species. First, by applying the geometric approach, we obtain the stability criteria and Hopf
bifurcation conditions through an analysis of the linearized system with delay-dependent coefficients.
Next, we develop a computational algorithm for the normal form of Hopf bifurcation induced by
maturation delay in a system with three state variables and diffusion terms containing a delay. Finally,
we combine numerical simulations to demonstrate that variations in periods of maturation and spatial
memory can generate rich and complex coexistence dynamics, including spatially homogeneous
periodic solutions, spatially heterogeneous periodic solutions with mode—5, and multiple stability
switches.
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1. Introduction

Intraguild predation is a common ecological process where both predation and competition occur
simultaneously in the interactions between predators and prey [1,2]. A feature of intraguild predation
1s competition between prey and predators arising from the consumption of shared resources [3,4]. The
following dynamical model was proposed in the pioneering works [5, 6] of Holt and Polis to capture
intraguild predation:
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dR R

E :rR(l—E—elc—ezP),

dCc

E = C(81€1R—52—€3P), (11)
dpP

E = P(82€2R + g3e3C — (53) .

In Model (1.1), R(¢), C(t), and P(¢) represent the population densities of the basal resource, prey, and
predators at time ¢, respectively. The basal resource follows logistic growth with intrinsic growth rate
r and carrying capacity k. The predation and conversion rates are defined as follows: e; and &, for the
prey and e;, &, and e3, &3 for the predators acting on the shared resource and the prey, respectively.
The death rates of the prey and predators are denoted by 6, and 6;. They demonstrate that prey
dominance in resource competition and the benefits predators obtain from consuming prey facilitate
coexistence. Subsequently, many authors have extended Model (1.1) by incorporating additional
biological processes such as the Allee effect [7, 8].

It is worth noting that many ecological processes in nature are not instantaneous. In particular, some
species can undergo multiple life stages; during the immature stage, for example, their fecundity can be
neglected [9—-11]. For instance, the authors of these sources incorporated a delay-dependent parameter
in model to describe the maturation period of predators [12, 13]. To capture the stage structure of the
intraguild prey, Xu et al. [14] proposed a three-species system with a delay-dependent parameter under
the assumption that immature prey neither exploits basal resources nor is subject to predation:

dR R

E = I"R(l —E—€]C—€2P),

dC

E = 81€1RTCTC_61T - 52C - €3CP,
dpP

E = P(82€2R + 83€3C - 53) y

where R, = R(t — 1), C; = C(t — 1), and 7 and ¢, represent the length and the death rate of the juvenile
prey. They demonstrate that maturation delay can induce temporal oscillatory coexistence through a
Hopf bifurcation.

Species movement patterns have been recognized as determinants of spatiotemporal
distribution [15-17]. Reaction—diffusion equation models are commonly used to describe species
dispersal and related biotic processes, especially when field data are limited [18]. For example,
Sun et al. [19] incorporated Laplacian and advection terms to describe the random and directed
movements of species, showing that random movement can generate diverse patterns through Turing
bifurcations, whereas directed movement can lead to traveling patterns. The authors in [20] rigorously
derived the modeling procedure for incorporating stage structure, characterized by delay-dependent
parameters, into a diffusive predator—prey system. Note that the prey can mitigate predation risk
by adopting diverse antipredator strategies [21]. In response to both interspecific competition and
predation pressure, the prey can actively disperse away from predators. To incorporate this avoidance
mechanism into a mathematical framework, the authors in [22] developed the following model:
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OR

o =Kk R + rR(l - If) —e1RC — e;RP, x € (0,un),

oC

E = kpC oy + kp3(CP(x,1)) + €1¢1RC — 6,C — e35CP, x € (0,um),
oP

o = k33P, + £62RP + £3e3CP — 03P, x € (0,un),

R(x,1) = Cy(x,1) = Py(x, 1) =0, x =0, ur,

where k1, k22, and k33 denote the random movement rates of the shared resource, prey, and predators,
respectively, and «,3 represents the prey’s avoidance response to predators. They showed that
antipredator behavior can give rise to segregation patterns. Notably, numerous species with advanced
evolutionary traits can undergo memory-mediated directional movement [23-25]. For example,
migration in mule deer is shaped by spatial memory of previously encountered locations, leading to
reduced predation risk [26]. Shi et al. [27] pioneered a modeling framework for memory-mediated
directional movement by incorporating a time delay into the advection term. Subsequently, the authors
in [28] characterized the antipredator behavior of intelligent prey by incorporating a time delay o into
the convection term.

As far as we know, the mechanisms underlying the spatiotemporal distribution of three interacting
species in the presence of stage structure and spatial memory have not been thoroughly investigated.
Building on the modeling framework of [14,20,22,28], we study an intraguild predation system that
incorporates spatial memory and stage structure in the intelligent prey, assuming that the movement of
immature prey is limited:

OR
= = kiR + rR(1- %) - e/RC - e,RP, x € (0,u1),

aC

== k0 Cy + ko3(CP(x,t — 0)), + €11R.C.e " — §,C — esCP, x € (0, n), (1.2)
OP ’
E = k33P, + £,62RP + g3¢3CP — 63P, x € (0,un),

R.(x,t) =C.(x,t) = P.(x,) =0, x =0, ur,

where o represents mean memory duration of the prey. The initial functions R%(x, t), C°(x, 1), and
P°(x, ) satisfy R%(x,1), C°(x,t), P°(x,t) € C****2([0,un] X [ max({r, o},0]) for some a € (0, 1),
together with Neumann boundary conditions dR’(x, )/0x = dC°(x,1)/0x = OP’(x,1)/0x = 0, t €
[- max{r,o},0], x = 0, x = ur. Recently, there has been growing interest in analyzing bifurcations of
diffusive systems, as they often signal the formation of new and distinct spatial patterns [29, 30]. For
example, the authors in [31, 32] analyzed Hopf and double Hopf bifurcations induced by the spatial
memory of two interacting species, showing that it can produce spatially heterogeneous patterns with
periodic oscillations on the timescale. However, the Hopf bifurcations generated by memory delay o
and maturation delay 7 of System (1.2) with three state variables have not yet been explored. In this
paper, we will devote ourselves to studying the mechanisms underlying the spatiotemporal distributions
generated by Hopf bifurcations in System (1.2). The principal contributions and novelties of the present
study are as follows:
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e In contrast to the study in [14,22], we incorporate spatial factor and memory-mediated directional
movement of prey into the intraguild predation framework. The resulting System (1.2) applies to
scenarios in which prey uses spatial memory to avoid areas frequented by predators, thereby
reducing predation risk under the combined pressures of competition and predation.

e We employ the stability switching curves method from [33] to identify stable regions in the
(1, o)-plane without preassigning either delay. Additionally, we numerically determine the critical
values of the maturation delay 7 for given memory delay o

e We extend the calculation algorithm of normal form for Hopf bifurcations from [31] to
System (1.2), accommodating multiple species and the delay in the reaction term. Notably, our
method can also address mode-0 Hopf bifurcation, extending the scope beyond that of [34].

We establish a framework to elucidate how spatial memory and stage structure drive the spatiotemporal
patterns of more than two interacting species through Hopf bifurcation.

The remainder of this paper is organized as follows. In Section 2, we analyze the linearized
system (1.2) via the stability switching curves approach to identify Hopf bifurcation values. Section 3
is devoted to deriving the third-order normal form associated with the Hopf bifurcation generated by
the maturation delay 7. Numerical experiments validating the theoretical analysis are presented in
Section 4. Finally, concluding remarks are given in Section 5.

2. Linear stability and Hopf bifurcation of System (1.2)

In this section, we first discuss the well-posedness of System (1.2). Then, we determine the linear
stability regions in the (7, 0)-plane using the stability switching curves method and thereby obtain
the critical values of 7 and o corresponding to Hopf bifurcations. The result guarantees the unique
existence of a positive solution for System (1.2).

Lemma 1. Assume the initial functions C°(x, t), R'(x, t), P°(x, t) > 0 with C°(x, t), R°(x, 1), P°(x, 1) # 0.
Then, System (1.2) admits a unique positive solution (C(x,1t),R(x,1t), P(x,t)) defined for all t > 0.
Moreover, the solution satisfies

lim sup R(x, 1) < k, lim supf C(x,Hdx < My, lim supf P(x,t)dx < M,,
0 0

—o0 t—o00 —00

with
£1e7 Tk (r + 65) kur (82}’ +e183€1€ 0T M + 682)

M, = =
1 5 2 5

and 6 = min{(52, (53}

Proof. Without loss of generality, we assume 7 > o. It follows from [35, Theorem 1] that System (1.2)

admits a unique positive solution for any [ko, (k + 1)o] with kK > 0. We can observe that R(x, f) meets
OR

R
E SKURXX+I’R(1 _E)’ XE(O,LTF),

R.(x,H)=0, x=0, m.
Applying the comparison principle, it follows that

lim sup R(x, 1) < k.

t—00
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Therefore, for any &, there exists a T, > 0 such that
R(x,t) < (k+ &), fort > T,.
Denote
U (1) = fm R(x,t)dx, U (1) = fm C(x,tydx, Us(t) = fm P(x, t)dx.
We can deduce from the Noeumman boundary confiitions that :

d (816_61T(L[1(t) + U (t + T))

P < gre U (1) - 5;U(t + T)

< g1k + &) (r + 65) — 6, (816_61T7/{1(Z‘) + Us(t + T)) ,t>T.
It follows from the comparison principle that

Tk (r+ 6
lim sup (816_5”1{1(0 + U (t + T)) < g1 U; (r+%2) =
t—o00 2

M.

Similarly, there exists a 7, > T, such that U,(t) = fom C(x,t)ydx < M, + & for t > T,. We can thus
deduce that
d(exU (1) + &3U(1) + U (1))
dr
Sszrﬂl(t) + 8183616_61T(k + f)(Ml + f)LT( — 83(527/’2(1‘) - 537/’3(1)

<(k +&nm (82r + 18301 0 (M) + €) + 582) — 5(eyUy(0) + exU(0) + Us(D), t > Ty + T

with 6 = min{d,, d5}. It then follows that

ki (82}’ + 16316 M| + 682)
lim sup (&, U1 (2) + &3U(2) + Us(1)) < =M.

—00 6

Accordingly, we obtain

lim sup f P(x,H)dx < M,.
0

t—00

Denote p
3 _
D(7) = % (8183€1€2k€ o7 4 rese; — kelezsz) ,

D, = e3(62e283 + rezes — 0ze),

1
Dz(T) = % (81616253k€_61T - rk62€382 - k52€%82 + 7"6353) ,

1 _ _
Ds(1) = % (82616262k + &163e e3kre 01T — sle%k63e T _ r83e352).

Because our study is ecologically motivated by the coexistence of species, we narrow our focus to the
coexistence equilibrium and introduce the following assumptions to ensure the existence of a constant
steady state:
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D, S D;(7) . D;(7)
D(x) 7 D) " D(1)
Accordingly, System (1.2) has a unique constant steady state

(H1) > 0.

D,  Dy(t) Ds(7)
D(t)" D(t)" D(1) |

E'(1) = (R'(1),C" (1), P(1)) = (

The linearized system of System (1.2) at E*(7) is given by

OR
m =K11Ry + a1 (DR(x, 1) + apn(1)C(x, 1) + ai3(1)P(x, 1),
oC
o =k Cry + k3C (TP (X, t — 0) + an(T)C(x, 1) + an(T)P(x, 1),
+ by (DR(x, 1 = T) + by(T)C(x, 1 = 7), @D
oP
5 =k33P + a31(DR(x, 1) + azn(1)C(x, 1),
Rx(-xa t) :Cx(x’ t) = Px(xa t) = 0, X = Oa LT,
where

an(r) = -2, an(t) = —e R*(7), ai3(1) = —eR*(7),

an(t) = —(62 + e3P* (1)), ax(r) = —e3C*(7), az1(1) = e, P*(7), (2.2)

a3 (1) = g3e3P* (1), by (1) = £11C*(1)e™",  bp(1) = 161 R* (1)e™°'".

This leads to the following characteristic equation for System (2.1):

J;n,1,0) = fo(in, T) + fil;n, T)e ™ + fo(A;n, 7)™ =0, (2.3)
where
folsn, 1) = 2 + foo(n, DA + for(n, DA+ foo(n, 7),
Fn,7) = fia(0A* + fir(n, DA+ fio(n, 1),
LAsn, 1) = fHuu(n, T)A + fro(n, 7),
with

2

Joo(n, 7) =(k11 + K22 + K33) (Z) —a (1) — axn(1),
4
Jor(n, 7) = ((k11 + K22)K33 + K11K22) (?) + a1 (T)axn(r) — a;3(1)asz (1) — ax;(t)azn(r)
2
— (a1 (1) + ax(7))k33 + K11a0(T) + k2nai (7)) (%) ,
\6 4

Joo(n, T) =K11Kk22K33 (7) — (an(Dkxn + an(T)ki1)k33 (:) + ap(1T)ax(r)an(r)

2
+ (a11()axn(1)ks3 — a13(1)az1(T)kxn — axs(t)az(T)ki) (%)
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+ a3 (1)(a13(1)axn(t) — ain(r)as(r)),

J12(7) = = by (1),
)2
Jui(n, ) =bn(7) (6111(7') — (K11 + K33) (:) ) — app(7)by (1),

4 2
Sro(n, 7) =bn(7) (6113(7')(131(7') — K33 (Ku (?) —a (1) (%l) ))
P
— by (1) ((?) an(7)ksz + als(T)a32(T)) ,
2
fa .0 =saC @)

P 2
fro(n, 7) =k23C*(7) (?) ((Ku (?) - 411(7)) axn(t) + 012(7)031(7)) .

The characteristic equation (2.3) coincides with that in [14] when k& = 0, which allows us to directly
adopt their results to determine the stability intervals of 7. Subsequently, we apply the technique
developed in [33] to analyze (2.3), which allows us to delineate the stable regions in the (7, 0)-plane
and to determine the critical values associated with Hopf bifurcation. We substitute A = iy into Eq (2.3)
and rewrite it as follows:

1+ 81(x;n, 7)™ + Bo(y;n, T)e ™ =0, (2.4)
where Alixin.7) Alixin7)
_ _ hlsn,t _ _ LxnT
ﬁl(X’ naT) - fb(lX, n, T)’ ,82()(, n7T) - ‘ﬁ)(lX, n, T).

Equation (2.4) indicates that 1, 8;(y;n, 7)e™*7, and B,(y; n, 7)e X can form a triangle in the complex
plane. Consequently, for a fixed wavenumber 7, the feasible regions Q" of (y, 7) can be determined by
the following inequalities:

18103 n, Dl + B2 n, T 2 1,
1810, D)l = B2 n, T < 1 (2.5)
1B20¢; 1, ) = |B1 (s, T)| < 1
Let 6,(x; n, 7) and 6,(y; n, 7) be the interior angles of the triangle opposited by sides 3>(y; n, T)e X"
and B (v; n, 7)e ™", respectively. We can deduce from the the law of cosines that

1+ 81(¢;n, 7)I> = |Balx; 1, T)|2)

61(y;n, 1) = arccos(

2181 (x;n, 1)
1+ |B(ysn, 1) - LBM;n,T)IZ)
6,(y; n, T) = arccos .
AR ( 21B>0x; 1, 7))
We further define
St(yin, 1) = x7 — (arg(Bi(x: n, 7)) £ 6, (x: n,7) + 2m — D), form € N, (2.6)

For a fixed y in the feasible region, if there exist 7;, satisfying S (v; n, 7)) = 0, we substitute them into
the following equation to derive the corresponding expression for o:

1
ot = = (argBaly: n, 7)) T Or(yim. 1) + (21— D), forl € N. 2.7)
X
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Therefore, we can derive the following crossing curves along which Eq (2.3) admits purely imaginary
roots:

= {(t%(n),ocE(n)), form, I € N}.

We also need to determine the crossing direction in order to identify whether Eq (2.3) admits two
additional positive real roots to the left or to the right of the crossing curves C" [33]. For fixed n, we
define

Moo = (am n, 0'))
(e = (8](/1 n, 0'))
Mo(ro) = (8](/1 n, 0'))
No(r,0) = 3 (—al(ﬂgy’ ‘7)) .

Therefore, we can apply the following results to judge the stable and unstable regions on the (7, 0)-
plane.

Theorem 1. Equation (2.3) possesses a pair of purely imaginary roots +iy, when (t,0) = (77, o¥)
lies on the crossing curves C". Furthermore, as (t,0) crosses (t, %) and enters the region to the
right (left) of C", two eigenvalues of Eq (2.3) acquire positive real parts if

MG N oy = Mo TNV o) > 0(< 0).

Remark 1. By employing the stability switching curves method introduced in [33], the derivation of
Hopf bifurcation conditions is greatly simplified, and stable regions in the (1, o)-plane can be identified
without preassigning either delay [36]. Furthermore, it suffices to plot the crossing curves for finite
wave numbers n because the first inequality in (2.5) fails to hold for sufficiently large n.

Remark 2. When (7, 0") lies on the boundary of the stable region, it is classified as a Hopf
bifurcation point. For a fixed value of o, the critical Hopf bifurcation values can be obtained by
computing the intersection of curves (2.6) and (2.7) in the (v, 7)-plane using Matlab.

3. Hopf bifurcation with respect to the delay parameter 7: normal form

This section is devoted to deriving the normal form induced by the maturation delay 7, which
allows us to determine the Hopf bifurcation direction and the stability of the emerging periodic orbits.
For simplicity in notation, we write the Hopf bifurcation point (7, o#') and the corresponding critical
values n and y, as (777, o), ny and y,,,, respectively. Assume, without loss of generality, that 7/ < o#.

We first perform the following time-scale transformation to normalize 7:

UD(x, 1) R(x,t71)
Ux,t) =|UP(x, )| =|C(x,t1)].
UP(x,1) P(x,tT)

AIMS Mathematics Volume 11, Issue 3, 6437-6463.
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Consequently, System (1.2) becomes

oUW Uo

” = K]]TU)(CL) +rrUW (1 - T) —1e, UVUP = 1, UVUP, x € (0, ur),
oUu? 1 27103 o 5 1 2

” = KZQTU)(CX) + K23T(U( )U)(C ) (x,t - —)) +1E1016 UV (1, 1 — 1)U( )(x,t— 1),

T//x
—16,U? = 1e;UP U, x € (0, 7), 3.1

ou®

E = TK33USC) + 18,6, UV UP + 163e,UPU® — 76,U,  x € (0,u1),
UD(x,0) = UP(x,1) = UP(x,1), x=0, x =,

with phase space
C:=C ([——,O] ,7-(),
T

where
H={U=WUD,U?, UM € W*(0,un))* : U(0) = UP(ur) = 0,i = 1,2,3},

endowed with the inner product
[U,V] = f UTVdx, U,V e H.
0
It is customary to define U, € C; by
o
Ulx,s) = U, t+5), (x,5) € (0,ur) X [ - —,O].
T

We then introduce a small perturbation & to 7/ by setting
=17 +¢,

where € will be treated as a state variable in the subsequent analysis. We further denote V(x, f) and
o'/ by V(t) and o and let
K11 0 0
ko= 0 k»n 0 |,

0 0 K33
00 0
k(t)=| 0 0 «3C*(7) |,
00 0

A(r) = 0 an(m) ax()
az(t) axn(r) 0

aj () ap(r) als(T)]

0 0 0
B(t) =| by(7) bxn(r) O ],
0 0 0
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where a11(7), a2(7), a13(7), axn(7) ax(7), a31(7), as(7), bai(7), and byy(7) are presented in (2.2).
We perform the following variable transformation to shift the steady state E*(7) of (3.1) to the
origin:

VD(x, 1) V(x, 1) - R*(7)
V(x, 1) = (V@)(x, r)] = [v<2>(x, 1) — C*(T)] )
VO(x, 1) VO(x, 1) — P*(1)

As a consequence, System (3.1) is transformed into

? = D(e)(Vi)xx + L(e)(V)) + G(V,, €), (3.2)

where, for p € Cy,
D(G)(p)xx :D(O)(p)xx + Gk(p’ 6)’
L(e)(p) =t + e) AT + €)p(0) + (" + €)B(r" + €)p(-1),
21(01(0) + R* (), p2(0) + C*(1), p®(0) + P*(1))
G(p,€) =" + O g,(0M(=1) + R*(1), p?(=1) + C*(7), p?(0) + C*(7), pP(0) + P*(7))
23(0(0) + R*(1), p(0) + C*(1), pP(0) + P*(1))
- L(e)(p)

with
(1 2) 3) (D ( p(l)(o)) (D 2) (D 3)
g1(p"(0),07(0),p(0)) =rp"(0) 1 - e (0)0(0) — exp"(0)p(0)

£0" (=1, p%(=1), p2(0),pV(0)) =€re1e "V (=1)pV(=1) = 6:p*(0) = €30 (0)p"(0),
830"(0), p2(0), p(0)) =€202p"()pV(0) + €33 (0)p(0) = 53p(0).

We do some calculations to have

D(O)(p)xx = THKO,Dxx(O) + THK(TH)pxx(_O-O)

and
0
G*(p. €) =ke| C*(xpl(=0®) + THC T)pRu(=0®) + T L)L) (~00)
0
K110 (0) 0
+ €| knpR(0) |+ KknT| p2(0)p3 (=) + pP O (=) [+ (33)
k33050 (0) 0
We write System (3.2) as the sum of its linear and nonlinear terms:
dVv(r) ~
5 = POV + LOXV) + GV, ), (3.4)

AIMS Mathematics Volume 11, Issue 3, 6437-6463.
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where 5(Vt, €) = G“(V,,, ) + (L(e)(V,) — L(0)(V})) + G(V, €). The characteristic equation of

dv(z
S = DO+ LONV) (3.5)
is the same as that of System (2.1).
Denote
nx 1 _
=20 ={ B o
loos () by | v cos(%). n#0.

as the eigenfunctions with respect to the eigenvalues (1/t)* of the following system:

N"(x) = =sN(x), x€ (0,tr), N'(0)=N'(r)=0.

We define
1 0 0
Y () = Ba(x) [0] . YR = Bux) [1 . Y = Bux) [0]
0 0 1

and adopt the following space:
Ty = {[VOAP@®17@) [ V() € Cr, i =1,2,3).

Suppose that Z(w) € S := C([-0?,0],R?). Then, on (,, System (3.5) can be reduced to the following
system in S:

Z(t) = Ly(Z(@)) + L(0)(Z(@)), (3.6)
where
~ai(t) 0 0 00 0
Lz@) ="l 0 kn(t) 0 |ZO+T[ 0 0 —ksC@)(2) |a-0).
2
0 0 —K33 (?) 00 0

Let n,(w) € BV([-0?, 0], R?) satisfy

0
f (@) §(@) = Lo(¢(@)) + LO)($(w)), forall § € S.

(o

We then introduce the corresponding bilinear form on the product space $* X S, where §* =
C([0, 0°], R*), formulated by

0 (o]
W, @) = Y(0)p(0) — f . j; Y(0 — @) dn, (@) ¢(6) do
fory e S*, ¢ € 8.

AIMS Mathematics Volume 11, Issue 3, 6437-6463.
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Let M be the eigenspace corresponding to the characteristic roots +iy,, 77 of System (3.6) with M*
representing its adjoint space. Thereupon, we can decompose S as

S=M®aN,

where N := {¢ € S : (Y, ¢) = 0 for anyyy € M*}. Then, the bases for M and M* can be respectively
selected by

Du(@) = (60,(@), B, (@), ¥, (0) = col (41, 0), 5,,0))

such that
<(DI1H,\PI1H> = 13'

We perform some calculations to yield

(1) 1)

(an ng
i H i H —ixn, 10 . _ —ixn, T
Oug(@) = | @) |7 1= 0, T (0) = 1y, | W |7 1= gy e
(3) 3)
(an ng
where
1 —
QDnH _1’
o (0 + €011 = an @) (i, + x53(9?)
Py = - :
" ap@h) (K33(%)2 + anH) + a3(t?)az(t4)
3 azn(t) (i)(ny + k(1) - Clll(TH)) + ap(t™as (7)
Pnyg = .
! (T (ks3(2)? + ix, ) + @13 )az (")
1 —
l/lnH _1’
e (ixns + &53(2?) (i + K11 (2 = ann (@) + ar3(x)az (1)
" by (Tt ™ (i)(ny + K33(%)2) +az (t7) (6132(TH) - K23C*(TH)(?)ze_ig”‘TH)
e (0w + k(9 = an @) (an@) = k€ @H(Ge ™) = by (ary (e ow™
T by e o™ (i, + Ksa(12) + an () (asn(r) — knCH () (4)2e ")
and

2
2) (2 3) (3 H,2) (3 n\" iy, ot
1+ g0+ o) = e (3] e
ng

H 2 HN —ixn, ™ | _H (2, (2 HA —ixn, ™
+7 l//nﬁ)bzl(T e T 41 l//;;(p;;bzz(?‘ ye X

C, can be decomposed into the direct sum

Ci =Im(T)e® Ker(T),
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where T : C; — Im (T) is given by
[0(), Yoy (0]
T(0) = ©y,(w) <TnH(0), [00), Yy ()] >ﬁnH(x>.
[0(), Vi ()]
It follows from [37] that we can introduce the following space:

CY = {0 e C:0eCy, 0(0) € dom(kA)}

and denote
- . (zmr)ﬁn,,(x))
Y \Z0B., ()’
as well as Z = (Z,(1), Z»(1))'. We can then decompose o(w) € C‘f as
WO
ow) =D, (@), +W, W= [W(z)] eClNnKerT := N.
wWe

Accordingly, the variables Z and ‘W obey the following abstract ordinary differential equations defined
on the space R? x ker T':

[G(D,,,(@)Z + W, €),y ]

ny

Z=JZ+%,0)| [G®,,(@)Z,+W, eyl |,

[G( @y, (@) Z+ W, €), 73] G
W = AW + (I - DXo(@)G( O, (@) Z. + W, ),
where J = diag{iy,,,, —ixn,}. An : N — Ker T is defined as
ANW =W + Xo(@) (L§(W) + LONW) - W(0))
with
Xo(@) = { (1) ;I;f <0
Applying Taylor’s formula to G, G, and G*, we obtain the following expansions:
Gp,€) = %22 1G (p, ©),
G(p,€) = 322 7G(p, €)
and .
G*(p, €) = EGg(p, €+
From (3.4), we derive
G(p, €) =2eA(TM)p(0) + 2t A(7™)p(0) + 2eB(rM)p(=1) + 2e” B.(xM)p(~1) 58)

+ Ga(p, €) + G5(p, €)
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and

Gs(p, €) =37 A (t")Ep(0) + 66 A(T")p(0) + 37 B(t")E¥p(=1) + 6’ B(r")p(-1)

+ G3(p, €) + G5(p, €).
In particular, setting € = 0 yields

G2(p,0) =fa00 (pm)(o))Z + 100 (0)p2(0) + fi010™7(0)02(0)

+ fo1p2(0)pP(0) + g1100"(0)p?(0),
G;(p,0) =(0,0,0)",

where B
—rr —ey —e, T
K
Sfa00 = 0 , Sio=2 0 , Sfio1 =2 0
0 0 e,
0 0
for =2 —e3t =2 H, -5
011 = esT , 8110 = etee™!
6383TH O

Therefore, System (3.7) can be rewritten as

. 1
Z=JZ+ ), 58T W.e),

j2 7

. 1
(W = ﬂN(W + Z _‘gi(Za (W7 6)’

=
where
[G (@, (@) Zx + W, €),yin]
gHZ.W.e) =¥,,00)| G/, (@) Z,+ W, 6,71 |.
(G (@, (@)Z . + W, ), V5]
and

GZ W, e = (I = D)Xo(@)G (D, (@)Z, + W, e).
We now employ the following near-identity transformation introduced in [37]:
~ AL/ 1 1 2 .
ZW)=(ZW+—(6.63), =2
J!
to carry out the normal form reduction of System (3.4),

Z=JZ+) %fjl(z,o, 6.

SEA
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We can deduce from [31] that
21(Z,0, €) = Projg. L;)gé(Z, 0, €) (3.12)

and
£(Z,0,€) = Projye,11&(Z. 0, €) = Projg,g;(Z,0,0) + Ol Z)), (3.13)

where 23(Z,0,¢€) is the third-degree homogeneous term in (Z,€) deduced by the second-order
coordinate transformation associated with (3.11). The respective bases of ker £} and ker Lé are given

by
0
sy smn(5). ()}

Iy _ Z1Z)\ (Z:€ 0 0
ranh = sl (55°). (7). (212) (22

B Z2Z)\ [ 0
ool 2]}

Throughout the following, we employ the following notation:

ZIZH e
cZ;pZye) |

and

B (C.Z‘I/I.Z§2€) = (

3.1. Second-order term derivation in the normal form
We devote our attention to the explicit form of le (Z,0,¢€)in (3.12). We can deduce from (3.10) that
[Go(®,, (@) Z + W, ), 7

nH

(Z,0,6) =¥, (0)| [Go(D,,(@)Z + W),y |. (3.14)
[G>(D,, (@) Z . + W, €), 75

ny

It follows from (3.8) that

Go(®,, (@) Z» €) =2eAT")D,,,(0)Z + 267 A (e D, (0)Z, + 2eBE")D,,, (-1 Z,
(3.15)
+ 2et" B(t")®,, (=) Z, + Go(y, (@) Z i, €) + G5(D,, (@) Z 1, ).

Combining (3.14)-(3.15) and recognizing that

1, i=},
[81:(x), Bu,(X)] = o
0, i+#]},
we derive
R(Z,0,0) = Projy, n85(Z.0,€) = B(N°Z1e)
with

N? =24 (0)[AG)g,,(0) + Adt™)T,,,(0) + Bz, (= 1) + By ()0, (-1)

- (? )2 (Ko‘PnH(O) + Puy (—0) (K(TH) + k() + iy, o k(7! ))) ]
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3.2. Third-order term derivation in the normal form
We next derive the explicit representation of fJ(Z,0, €) appearing in Eq (3.13). For this purpose,
we employ the notation introduced in [31], which is summarized below:
(Go(@n, (@) Z + W, 0), 8]
g (Z.W,0) = ¥, 0| [Go(®p,(@)Z:+W,0),,]
[Go(®,, (@) Z + W, 0), 8]

and
[G4(®D,,,(@)Z, +W,0), 8]

$NZ W, 0)=¥,,00)] [GD,,(@)Z, +W.0),80]
[G5(D,, (@) Z + W, 0), 801
It follows from [31] that

2(Z.0,0) = g5(Z,0,0) + (ng2<z 0,0)G5(Z,0) + Daygy " (Z,0,0) G5(Z, 0)(@)
+ Doy, w85 *(Z.0.0) G3(Z.0)(@)).

where g1(Z,0,0) = g.""(Z,0,0) + ¢"?(Z,0,0), and

Doy, w8y ~(Z,0,0) = (Davgs™”, Doy, g5, Doy, g5"*)(Z.0,0),
G-(Z,0) =(Ly) ™" Projy 11,1(Z, 0,0),
G5(Z,0)(@) =(L3) " Projyy, Lg)hi(z, 0,0),
2N(Z,0)(@) =col (GHZ,0)(@), G3(Z.0)(®), §3,.(Z,0)(w)).

To obtain an explicit expression for Proj Ssg;(Z, 0,0), we divide the calculation into four steps.

Step 1. Calculation of Projg, g3(Z.,0,0).
53(CDnH (w)Z,,0) can be rewritten as

G0, (@) Z00) = Y &85, (VT T (3.16)

vi+vy=3

with
&y, = (0,0, 0, v +v, =3.

From (3.7) together with (3.16), it follows that

8N(Z.0,0) = @, (0) ( Zy10m3 Evrrs [y BL XTI TS ).

LT 3
2r? ny F O’
fo By, (x)dx = {211

T HHZO

We can then deduce from
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that
Projs,8}(Z,0,0) = B(N Z1Z5)
with

2m T 821, ny * O
N? =
;rl/’T &, ng =0.

Step 2. Calculation of Projg,Dzg}(Z,0,0)G5(Z.0).
It follows from (3.3) and (3.9) that

G(D,, (@) Z, 0) = Go(®D,,,(@)Z, 0) + G5(D,,,, (@) Z,, 0).
Furthermore, we have

Gy, (@)L + W, €) = Go(Qy, (@)L + W, 0)

= ,BiH(x)( Z vazz‘{lzgz) + TPy (@)L, W) + O(WP),

Vi+va=2
where
Ex =for1 8 0)0(0) + fio16(0)0(0) + fiiogh (0)¢'(0)
+ fao0(@l (0))° + g1l (=Dl (=1),
Eit =fonr 2O + fiioeOp20) + for162(0)p(0)
+ fioeD0p(0) + fiorg0)162(0) + firoe (002 (0)
+ 200 OID(0) + g1rogt(=De(=1) + griop! (= De2(=1),
Sz = o110 (0)gin (0) + fior 2k (00 (0) + fi1004, (0)5) (0)
+ Foo(@ D0 + grog (= 1eZ(~1),

and

T ®u (@) 20 W) :[ (f01190(3)(0) * f”O(’O(l)(O)) WE(0) + (fOHSO(Z)(O) + flmSOU)(O)) WS(0)
+ (fnogonH)(O) + flm‘pfg(o) + 2f20090(1)(0)) WO(0)
+ gnogl (DW= + gogl (- DW= Z,8()

+[ (oo + flloso(l)(()))‘W@)<0> +(ong20) + fiog @) W)
(fllO‘PnH)(O) + flOlSDnH(O) + 2f200§0(1)(0)) WD(0)

+ 810 (DWW (D) + grop(~ W (- 1) Z:B().
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We can also obtain
(@ (@)Z:s0) = (22) (82,0 = B2, (0) (Zoy a2 E5n 211 Z5).
with B2 (x) = V2/ vur sin (nyx/0) and

0
850 = 2K23TH 90(2)(0)90(3)(_0-0) - 862’
0
0
&, = 23 | 2R {0 (0)p® (=)}
0
In light of
o 0 ny # O O, ng # 0,
f By (X)Byy, (x)dx = f B, (0dx =1 |
0 a ng = 7, ng = 0,
we have
Projs,Dz£,(Z,0,0) GX(Z,0) =B(N; Z1Z)
with

3 O’ ny * 07
N> =
C | m (W, E0W,E) + 1, Exl + 3, 80, my = 0.

Step 3. The calculation of Projg,(Daygy (Z,0,0) GA(Z, 0)(@)).
Denote

GHUZ. (@) = §(Z, @) = D 0(Z, D),

neNy

where §,(Z, @) = 2y, 41,22 S, (@) L' Z5 . It follows from [31] that

[T2( D, (@) Z s Sperty 3(Z> @Bu(X)), 7]
[T2( D, (@) Z s Sperty 9n(Z, @Bu(X)), 5]
[T2( D, (@) Z s Sty 3(Z> @Bu(X)), 7]

Snerto B (T2 (@) Z1, 8/(Z, @) + Ta(@,, (@) 2, 00(Z, @) ,

where 1
W9 n= 0’
B2, (0Bu(x) =4 S=, n=2ng, ny#0
:én = O, otherwise,
, n=0,
2, (0B, (x) = W ni = 0.
0, n+0,
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Therefore, we have

Daygt"(Z,0,0) G Z, 0)(w)

=P, 0| Y BT @)Z1, 0/ Z. @) + Ta(@,, (@) Z2, a1(Z @))) |,

n=0,n=2ngy

and

Projs (Daygy"(Z,0,0) G3(Z. 0)(@)) = B(N3Z1Z5),

where
=Y (T2 (@), 801 (@) + Ta(@,, (@), 90.20(@))

N3 =1 + =t (T2 (@), G20y 11 (@) + To(@,, (@), G2y 20(@))) , 1r £ 0, (3.17)
=0T (To Py (@), 90.1(@)) + T2(@,,, (@), 8020(@))) , s = 0.

Next, we present the formulae of g 20(@), 80.11(@), G2020(@), and §y,,.11 (@) 1n (3.17). Denote

Evivy = Eupry =2 (2 ) &

viva?

V],V2:0,1,2, Vi +Vq =2

and
LA;n) = AL + 1! (4)2 Ko + 1 (?)2 k(e 1" — tHA(rH) — 7H B(oH)e .

L

We can deduce from [38,39] that

. = (LQi, 75 0)) Expe?ion ™", ny # 0,
g w) = : H . H
0,20 \/IL;GZIX"HT wj(‘) chH(t)\PnH(O)SZOe_ZlX"HT tdt+cleZI)(,,HT w’ ny = O,
L(L: 00" En, ny # 0,
o (@) = L (7 ®,, (), (0)E1dt + Ca, ny =0
\/L; 0 ny ng 11 25 H bl
ey o] LT 20 Sy £
2ng,20\TW) =
! (07 0’ O)T’ ng = O’
o (@) = \/%[*H(L(O;an))_lgll’ ny # 0,
2ny, 11\TW0) =
(0,0, ())T, ng =0,

with

=(L2ix,, ";0)) —=y, (O)TnH(O)) &

-

1 .
—H B(o ) —— e 20m ™" f (DnH(t)‘P,,H(O)Szoe‘z’X"HTH’dt),
\/ LT —1

1 1 1
Cy =(L(0;0) (?811 - \/_CDnH(O)‘I’nH(O)Sn - WTTHB(O- ) f CDnH(t)‘PnH(O)Sn)

Step 4. The calculation of Projg,(Day.w, w85 (Z,0,0) G2(Z, 0)(w@)).
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Denote o(w) = (0", 0%, 0?) = @, (w)Z; and
Gy (o(@), W, W,, W,,) = G5(o(w) + W,0)

0
= 237 | (0P(0) + W(0) (05 (=) + WS (=)
0
0
H
T 2T G0(0) + WO (<o) + WO(=a))
0
as well as
0
T (0 (@) () = 26037 | WP O)el5) (=)
0
, W2 (0)¢}) (=) + WO (=)l (0)
T3 @ny (@), W(@)) = 267" . :
0
T3 @ny (@), W(@)) = 267" | W (=0)g}(0)
0

Therefore, we can obtain that

Projs, Dy, w85 2(Z,0,0) G¥(Z,0)(@)) = BIN;Z3Z>),

where
——=O (T3 @uy (@), 80.11(@)) + T3 (@0, (@), 80.20()))) 1t # 0,
Ny =3 420" S 03 B (T3 G (@), 2011 (@) + T3 (01, (@), G2y 20(@)))
0, ng=0
with n2 n2 4n?
Py == By =230 B = =

Therefore, we have the explicit formulae of Hopf bifurcation as below:

&218 )+ 1 ( N3Z%Z2

- ) N
<= jZ”(szzs i\ Mz, 22

) +0(Zle* +1Z1Y),

where
N3 =N} +3(N3+ N3+ N3).

We are therefore led to the following conclusion.
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Theorem 2. A Hopf bifurcation is supercritical (subcritical) whenever R(N>)R(N3) < 0 (> 0).
Moreover, the bifurcating periodic orbits are stable (unstable) if R(N3) < 0 (> 0).

4. Numerical explorations

We conduct some numerical experiments in this section to verify the theoretical predictions and to
assess the role of delays in shaping the spatiotemporal patterns of System (1.2). We adopt the parameter
values from [14] as

r = 1, k= 1, e = l, €y = 1, é3 = 06, & = 2.5,82 = 0005, E3 = 05,
61 = 01, 52 = 01, 63 = 001

The remaining parameters are chosen for illustrative purposes in the simulations as
K11 = Ol, Ky = 005, K33 = 002, K3 = 118, L= 3.

Then, System (1.2) turns into

R
aﬁ_t =0.1R+R(1-R)—RC—-RP, x€(0,3n),

oC
Y 0.05C,, + 1.18(CP,(x,t — o)), + 2.5R,C,e”*'" = 0.1C = 0.6CP, x € (0,3n), @1

oP
i 0.02P,, + 0.005RP + 0.3CP - 0.01P, x€(0,3n),

R.(x,t)=Cyx,t) = P(x,1) =0, x =0, 3m.

The unstable interval for 7 are (0.2168,2.8326), as shown in [14] for n = 0. We then employ
the method developed in Section 2 to generate the crossing curves for 5 < n < 7 as illustrated in
Figure 1 because the feasible regions €, are empty in all remaining cases. The yellow-shaded regions
correspond to the stable region. We can observe from Figure 1 that the maturation delay 7 can exert a
stabilizing effect on the system after a finite number of stability switches, whereas the memory delay

o can induce mode—5 Hopf bifurcations.

180

160
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~N o U1 O| ]

140

120

100 -

80 [

60

40

V4
/
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20

I I
0 1 2 3 4 5 6 7 8
T

Figure 1. Crossing curves and double Hopf bifurcation point.
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For a fixed value of o¥ = 70, the critical quantities associated with the mode—5 Hopf bifurcation
are
ng =5, 1 ~54957, Xny = 0.0343.

Applying the algorithms described in Section 3, we further obtain the normal form coefficients
R(N,) ~ —-0.0037, R(N3) ~ —27.7000.

It then follows from Theorem 2 that the mode—5 Hopf bifurcation is subcritical. Consequently, the
constant steady state E* is asymptotically stable for T > 7 ~ 5.4957, whereas for v < 7 ~ 5.4957,
stable mode—5 spatially heterogeneous periodic oscillations emerge. The numerical simulations further
corroborate this theoretical result, as illustrated in Figures 2 and 3.

0.4 0.05

0.04
0.35

0.03

R(z,t)
C(z,t)

03
0.02

0.01
3

0.25
3

10000 10000

» o 9600 - o 9600
Figure 2. Spatiotemporal dynamics of R(x, 1), C(x,t), P(x,t) of System (4.1) with o1 =
70, T = 5 < 7 = 5.4957, and initial values (R(x, t), C(x, ), P(x,t)) = E, + 0.01 cos(5x/3).

0.05 0.7

0.04 0.68
0.66
0.03
0.64
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P(z,t)

0.02 0.62

0.25 0.01 0.6
37 37 37
10000 10000

10000

2
9800 9800 9800

27 27

, 9600 9600 ; 9600
€ o t x o t x o] t

Figure 3. Spatiotemporal dynamics of R(x, 1), C(x,1), P(x,t) of System (4.1) with o =
70, T = 6 > 7 = 5.4957, and initial values (R(x, t), C(x, 1), P(x,t)) = E, + 0.01 cos(5x/3).

For o = 20, the critical quantities corresponding to the mode—0 Hopf bifurcation are
ng =0, 7 =~02168, y,, ~0.1350.
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Similarly, we obtain

R(N,) ~ 0.0009, R(N3) ~ —4.6730.

According to Theorem 2, the mode—0 Hopf bifurcation is supercritical. ~Consequently, E* is
asymptotically stable for < 7 ~ 0.2168, whereas for 7 > 77 ~ 0.2168, stable spatially homogeneous
periodic oscillations can be observed. This theoretical prediction is again confirmed by the numerical
simulations; see Figures 4 and 5.
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Figure 4. Spatiotemporal dynamics of R(x, 1), C(x,t), P(x,t) of System (4.1) with o1 =
20, 7 = 0.1 < v =~ 0.2168, and initial values (R(x, 1), C(x, 1), P(x, 1)) = E, + 0.01 cos(5x/3).
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Figure 5. Spatiotemporal dynamics of R(x, 1), C(x,1), P(x,t) of System (4.1) with o =
20, T = 0.3 > 7" = 0.2168, and initial values (R(x, ¢), C(x, t), P(x, 1)) = E, + 0.01 cos(5x/3).

5. Conclusions

In this paper, we investigate the influence of two delays on the spatiotemporal dynamics of a
diffusive three—species intraguild predation system. By means of a geometric approach, we determine
the stable regions in the (7, 0-)—plane and identify the Hopf bifurcation curves forming their boundaries.
We further extend existing normal form techniques to the case where the maturation delay 7 serves as
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the bifurcation parameter where the system coefficients depend on it, which enables us to determine
the bifurcation direction and the stability of the bifurcating periodic orbits. Our results show that,
after a finite number of stability switches, the maturation delay T may play a stabilizing role, whereas
the memory delay o can give rise to mode—5 Hopf bifurcations. The system can exhibit a rich
variety of coexistence patterns, including constant steady states, stable spatially homogeneous periodic
oscillations, and stable mode—5 spatially heterogeneous periodic oscillations. Some interesting issues
warrant further investigation. For example, various uncertainties such as temperature fluctuations can
significantly affect predator—prey interactions [40—-42]. Analyzing stochastic predator—prey models
incorporating time delays and diffusion remains an open and challenging problem.
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