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Abstract: In this article, we study the stochastic complex coupled Kuralay model, which possesses
some applications in various fields, including physics, biology, and engineering, to obtain new solitary
wave solutions. The explicit analytical solutions are obtained by using the Sardar subequation method,
which helps to illuminate the dynamics of oscillators under random (noisy) effects. The integration
of the Wiener process along a given method is a precise approximation of the stochastic behavior
of the system. The proposed strategy enables the derivation of several exact solitary wave solutions
under stochastic conditions, including bright, dark, and singular wave profiles. More significantly, the
obtained solutions are also represented by 3D surface and contour plots that clearly show how solitary
waves change and evolve when noise is introduced. Other stochastic models in physics and engineering
can use the proposed approach to understand the workings of complex systems.
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ODEs Ordinary Differential Equations

SPDEs Stochastic Partial Differential Equations

List of Symbols

i Imaginary unit (i2 = −1)

t Time variable

x Spatial variable

U(x, t) First complex wave function

Q(x, t) Second wave function

M(ξ) Amplitude function for U(x, t)

γ Noise intensity parameter

W(t) Wiener process (standard Brownian motion)

ξ Traveling wave variable: ξ = sx + ηt

s Wave number parameter

η Wave speed parameter

v Spatial frequency parameter (appears in phase)

κ Temporal frequency parameter (appears in phase)

℘ Phase constant

M′, M′′ First and second derivatives of M with respect to ξ

Ut, Ux, Uxt Partial derivatives of U with respect to t, x, and mixed

e Exponential function exp(·)

1. Introduction

Partial differential equations (PDEs) are powerful mathematical tools used to describe the behavior
of different physical phenomena in physics, engineering, finance, and biology, among others. PDEs
are effective in modeling difficult systems in which the amounts change over both distance and time.
PDEs play a crucial role in modeling and predicting heat diffusion, fluid flows, magnetic fields, and
waves [1]. They present a way of writing the basic rules governing the world as a when whole
concerning preservation laws, including laws of movement, in a form that is solvable using calculus or
through computer programs.

Nonlinear partial differential equations (NLPDEs) are a set of mathematical models that describe
several phenomena in biology, chemistry, and physics, among other disciplines [2, 3]. Although both
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linear and nonlinear PDEs share the properties of homogeneity and superposition, nonlinear PDEs
are more complicated since the solutions do not linearly depend on their independent variables and
derivatives. This nonlinearity poses a great challenge, both when the theory behind the equations is
to be analyzed and when trying to solve the equations using a numerical method [4]. These equations
cannot be explicitly solved in closed forms of simple formulas as linear equations, and are therefore to
be either investigated by higher mathematics methods such as the methods of variation parameters and
characterization or computed using computer algorithms under numerical methods. The perturbation
theory [5], variational methods [6] and numerical simulations [7] are some approaches that help one
understand how nonlinear systems behave according to PDEs.

Solitons play a important role in different areas, including fluid mechanics and nonlinear optics,
and help us realize complicated procedures and facilitate far-reaching information transfer. They are
steady wave packets that move at a fixed velocity without changing the shape or acceleration [8].
Such solutions exist in nonlinear equations such as Korteweg-de Vries and nonlinear Schrödinger
equations [9, 42], because these equations have a special balance between dispersion and nonlinearity.
Inverse scattering transform [11] and Hirota’s method [12] are mathematical techniques to find such
solutions which show the complex behavior of nonlinear systems.

Stochastic procedures and Brownian motion are basic tools to demonstrate irregularity and disorder
in development fields. In essence, a stochastic procedure consists of random variables which change
through time. The Wiener procedure, also known as Brownian motion, represents random movements
with continuous traces and disjoint phases [13]. In many cases, researchers have employed the Wiener
process noise, which follows a Gaussian distribution in various fields such as finance and engineering,
to create and evaluate systems that experienced irregular changes. These mathematical suggestions
provide useful details in complex systems controlled by ambiguity.

The complex coupled kuralay (CCK) model is a mathematical framework used in the study of
complex systems, particularly in fields such as ecology, epidemiology, and social dynamics. Named
after its author, Almaz Kuralay, this model forms upon the traditional coupled oscillator models to
simulate relations between objects in a system that show both linear and nonlinear dynamics [15, 16].

The integrable complex coupled kurulay system defined as follows [40]:

iUt − Uxt − QU = 0,
iS t + S xt + QU = 0, (1.1)
Qx + 2 f 2(SU)t = 0,

where Q is a potential real function, and U(x, t) is a complex function. By taking the assumption,
f = 1, S = nŪ with n = ±1 (1.1) reduce to:

iUt − Uxt − QU = 0, (1.2)
Qx − 2n(|U|2)t = 0.

The CCK model is an effective instrument to investigate some phenomena in various domains
stretching from science to engineering. Particularly, it is used to in explain how soliton propagation
occurs within optical fibers, as well as to determine solitons and rogue waves in fluid dynamics.

Equilibrium is also a vital component in optical fiber systems because it results in the creation
of discrete optical pulses called solitons. The defining characteristic of these solitons is that they
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are able to orbit their shape and speed without considerable bending or distortion. The CCK model
is an important tool to study how solitons move across such media [18]. The Coupled Kuralay
Model (CKM) has arose as a crucial analytical tool to investigate the complex examination of
nonlinear waves, particularly where coupled-component dispersion and nonlinearity are balanced
in multi-mode systems. Initially, the CKM founds its primary physical resonance in the study
of optical pulse dynamics in birefringent fibers and the classification of electromagnetic waves
in plasma physics [18]. Along with these classical applications, recent integrative approaches in
research have seen the model improved to biological contexts, such as the rhythmic synchronization
of molecular oscillators and the propagation of signals within microtubule structures, where the
coupling describes the intricate interaction between varying chemical or electrical potentials [19]. By
providing a rigorous mathematical description of these interactions, the CKM allows for the prediction
of localized structures that are fundamental to modern communication systems and biophysical
modeling. However, a significant limitation of, existing deterministic frameworks is their reliance
on an idealized “closed-system” assumption, which ignores the unavoidable fluctuations inherent in
real-world environments. In practice, phenomena such as thermal noise, background radiation, and
microscopic impurities introduce a layer of randomness that can destabilize or fundamentally reshape
solitary waves. By incorporating stochasticity through additive or multiplicative noise, this study
addresses a critical research gap such as the transition from theoretical vacuum models to robust,
“open-system” representations [20]. The given model enables us to analyze that how nonlinearity and
dispersion affect the behavior of solitons.

Wiener process and white noise [21]

In the stochastic model, the Wiener process W(t) for t ≥ 0 is used to represent random perturbations.
It satisfies the following properties: W(0) = 0; the increments W(t2) − W(t1) for t2 > t1 are
independent and normally distributed with mean zero and variance t2 − t1; and W(t) is continuous
for all t ≥ 0. White noise is defined as the formal time derivative of W(t) and is employed to model
events with instantaneous, stochastic fluctuations in the system. This rigorous framework ensures that
the stochastic differential equations are well-posed and can be interpreted in the Ito sense [35].

The following equation represents the stochastic complex coupled kurulay system:

iUt − Uxt − QU = γ
dW(t)

dt
, (1.3)

Qx + 2n(|U|2)t = 0.

Various methods have been established to examine the NLPDEs and to find soliton solutions, such
as the ansatz method [45], the bilinear neural network method [22], the homotopy perturbation
technique [23], the unified method [44], the

(
1
φ(ζ) ,

φ′(ζ)
φ(ζ)

)
method [44], the modified simple equation

and exp(−ϕ(q)) method [36], the exp-function method [24], the Laplace transform technique [43],
the extended auxiliary equation method [25], the very popular compact finite difference method [26],
the φ6 model expansion method [14], the sine-Gordon expansion method [27], the modified

(
G′
G2

)
expansion method [37, 38], the variational method [28], Khater method [39], the bilinear method [29],
the new extended direct algebraic method [33], the improved modified Sardar subequation [41], and the
Kudryashov method [32]. However, these approaches often involve lengthy algebraic manipulations
and complex transformations. In contrast, the Sardar sub-equation method provides a simpler and more
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systematic framework, which allows us to derive a broader class of exact solutions with a reduced
computational effort.

The Sardar Subequation Method (SSEM) [8] is a powerful analytical method of solving nonlinear
ordinary differential equations (ODEs) used in the analysis of nonlinear problems. It is primarily useful
because it is a simple approach that offers a systematic approach to manage nonlinear problems with
the least amount of calculation. In contrast to other methods, the Sardar subequation method used in
this work offers several distinct advantages. First, it provides a systematic and direct framework to
construct exact analytical solutions for stochastic nonlinear systems without requiring linearization or
perturbation approximations. Second, the method allows the incorporation of stochastic effects through
a Wiener process, thus enabling an accurate representation of random fluctuations in the governing
equations. Nevertheless, the approach can face difficulties with the selection of suitable substitutions to
achieve successful linearization, and the convergence and applicability to highly oscillatory or irregular
equations need to be considered. Despite these limitations, the SSEM remains a valuable tool to
simplify and solve nonlinear ODEs in both analytical and numerical contexts.

This study is motivated by the critical need to understand stochastic effects within complex systems,
which is essential to accurately expect their dynamic behaviors in real-world applications. Our research
introduces a new application of the SSEM to the stochastic CCK model. By applying this method, we
find exact soliton solutions that provide deep insights into wave propagation dynamics influenced by
random fluctuations. This contribution not only advances the theoretical understanding of nonlinear
PDEs, but also offers practical implications across different scientific and engineering disciplines.
Future work could explore extending this methodology to more complex systems or integrating
additional variables to further enhance the predictive capabilities and expand the applicability in
various fields.

The paper is organized as follows: Section 1 introduces the model; Section 2 outlines the
methodology; Section 3 presents the soliton solutions; Section 4 shows simulations; and Section 5
concludes the study.

2. Methodology (SSM) [41]

Consider the following PDE:

U(m,mx,mt,my,mz,mtt,mxx,mzz,myy, ...) = 0, (2.1)

where U is a polynomial function.
By adopting the traveling wave transformation:

U(x, t) = M(ξ) ei(vx+κt+℘+γW(t)− 1
2γ

2t), Q(x, t) = Q(ξ) and ξ = ηt + sx, (2.2)

we obtain the following ODEs:

Q(M,M
′

,M
′′

,M
′′′

, ...) = 0, (2.3)

where M = M(ξ), M
′

= dM
dξ , M

′′

= d2 M
dξ2 , · · · .

The solution of (2.3) is as follows:

M(ξ) =

D∑
j=0

γ jℵ
j(ξ). (2.4)
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The ℵ j where j = 0, 1, 2, · · · ,D are coefficients with constant values, and ℵ
′

(ξ) is defined as follows:

ℵ′(ξ) =
√
ρ + hℵ(ξ)2 + ℵ(ξ)4, (2.5)

where ρ and h are real numbers. The exact solutions of (2.1) described below.
Case ∗ I: If h > 0 and ρ = 0, then we have the following:

ℵ±1 (ξ) = ±
√
−abh sechab(

√
hξ),

ℵ±2 (ξ) = ±
√

abh cschab(
√

hξ),

where

sechab(ξ) = 2
aeξ+be−ξ , cschab(ξ) = 2

aeξ−be−ξ .

Case ∗ II: If h < 0 and ρ = 0, then we have the following:

ℵ±3 (ξ) = ±
√
−abh secab(

√
−hξ),

ℵ±4 (ξ) = ±
√
−abh cscab(

√
−hξ),

where

secab(η) = 2
aeιξ+be−ιξ , cscab(ξ) = 2ι

aeιξ−be−ιξ .

Case ∗ III: If h < 0 and ρ = h2

4 , then we have the following:

ℵ±5 (ξ) = ±

√
−h
2

tanhab


√
−h
2
ξ

 ,
ℵ±6 (ξ) = ±

√
−h
2

cothab


√
−h
2
ξ

 ,
ℵ±7 (ξ) = ±

√
−h
2

(
tanhab(

√
−2hξ) ± ι

√
ab sechab(

√
−2hξ)

)
,

ℵ±8 (ξ) = ±

√
−h
2

(
cothab(

√
−2hξ) ±

√
ab cschab(

√
−2hξ)

)
,

ℵ±9 (ξ) = ±

√
−h
8

tanhab(

√
−h
8
ξ) + cothab(

√
−h
8
ξ)

 ,
where

tanhab(ξ) = aeξ−be−ξ
aeξ+be−ξ , cothab(ξ) = aeξ+be−ξ

aeξ−be−ξ .

Case ∗ IV: If h > 0 and ρ = h2

4 , then we have the following:

ℵ±10(ξ) = ±

√
h
2

tanab


√

h
2
ξ

 ,
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ℵ±11(ξ) = ±

√
h
2

cotab


√

h
2
ξ

 ,
ℵ±12(ξ) = ±

√
h
2

(
tanab(

√
2hξ) ±

√
ab secab(

√
2hξ)

)
,

ℵ±13(ξ) = ±

√
h
2

(
cotab(

√
2hξ) ±

√
ab cscab(

√
2hξ)

)
,

ℵ±14(ξ) = ±

√
h
8

tanab(

√
h
8
ξ) + cotab(

√
h
8
ξ)

 ,
where

tanab(ξ) = −ι aeιξ−be−ιξ
aeιξ+be−ιξ , cotab(ξ) = ιaeιξ+be−ιξ

aeιξ−be−ιξ .

By using (2.3)–(2.5) and , we obtain exact solutions of the SSM by Mathematica11.0.

3. Soliton solutions of Kuralay model

This section will describe the conversion of a PDE using a wave transformation and obtaining
soliton solutions of the Kuralay model. By applying the wave transformation to the complex differential
equation:

U(x, t) = M(ξ) e
(
γW(t)+i(vx+κt+℘)− γ

2t
2

)
, Q(x, t) = Q(ξ) and ξ = ηt + sx. (3.1)

We have:

Ut = (ηM
′

+ iκM)e
(
γW(t)+i(vx+κt+℘)− γ

2t
2

)
,

Ux = (sM
′

+ ivM)e
(
γW(t)+i(vx+κt+℘)− γ

2t
2

)
, (3.2)

Uxt = (ηsM
′′

+ iκsM
′

+ iηvM
′

+ ivκM)e
(
γW(t)+i(vx+κt+℘)− γ

2t
2

)
.

Substitute the value of (3.1) and (3.2) into (1.3) to obtain the following:

i(ηM
′

+ iκM) − (ηsM
′′

+ iκsM
′

+ iηvM
′

− vκM) − QM = 0, (3.3)

and

sQ
′

− 4nηMM
′

= 0. (3.4)

By integrating (3.4), we obtain the following:

Q =
2nηM2

s
−
η1

s
. (3.5)

By substituting (3.5) into (3.3), we have the following:

i(ηM
′

+ iκM) −
(
ηsM

′′

+ iκsM
′

+ iηvM
′

− vκM
)
−

(
2nηM2

s
− r

)
M = 0, (3.6)
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where r =
η1
s .

By separating the real and imaginary parts of (3.6),

M
′′

+
(κ(1 − v) − r)

ηs
M +

2nM3

s2 = 0, (3.7)

and

(η − κs − ηv)M
′

= 0. (3.8)

The imaginary part (3.8) provides the following:

s =
η(1 − v)

κ
. (3.9)

Substitute the value of s into (3.7) to obtain the following ODE:

M
′′

+
κ(κ(1 − v) − r)
η2(1 − v)

M +
2κ2nM3

η2(1 − v)2 = 0. (3.10)

Balance the terms to get the homogenous constant D = 1, which reduces (2.4) into the following:

M(θ) = γ0 + γ1ℵ(θ). (3.11)

Substitute the value of (3.11) along (2.5) into (3.10) and gather all coefficients of the polynomial to
obtain algebraic equations.

ℵ(θ)0 :
2γ3

0nκ2

η2(1 − v)2 −
γ0κr

η2(1 − v)
+

γ0κ
2

η2(1 − v)
−

γ0κ
2v

η2(1 − v)
,

(ℵ(θ)) :
6γ2

0γ1nκ2

η2(1 − v)2 + γ1h −
γ1κr

η2(1 − v)
+

γ1κ
2

η2(1 − v)
−

γ1κ
2v

η2(1 − v)
, (3.12)

(ℵ(θ))2 :
6γ0γ

2
1nκ2

η2(1 − v)2 ,

(ℵ(θ))3 :
2γ3

1nκ2

η2(1 − v)2 + 2γ1.

We obtain the following:

γ0 = 0; γ1 = ±
iη(v − 1)
√

nκ
; h = −

κ(r + vκ − κ)
η2(v − 1)

. (3.13)

The exact solution of (1.3) can be obtained in a following way by using (3.13) with (3.11) and (3.5).
Case ∗ I: If h > 0, and ρ = 0, then we have the following:

U±1,1 = ±

( iη(v − 1)
√

nκ

) 
√
−abκ(r + vκ − κ)

η2(v − 1)

 Sechab


√
−
κ(r + vκ − κ)
η2(v − 1)

(ξ)




e
(
γW(t)+i(vx+κt+℘)− γ

2t
2

)
,

AIMS Mathematics Volume 11, Issue 3, 6050–6079.



6058

Q±1,1 = ±
1
m

[−η1 + 2ηn
(
iη(v − 1)
√

nκ

)2

√

abκ(r + vκ − κ)
η2(v − 1)


2

Sechab


√
−
κ(r + vκ − κ)
η2(v − 1)

(ξ)


2

],

U±1,2 = ±

( iη(v − 1)
√

nκ

) 
√
−

abκ(r + vκ − κ)
η2(v − 1)

 Cschab


√
−
κ(r + vκ − κ)
η2(v − 1)

(ξ)




e
(
γW(t)+i(vx+κt+℘)− γ

2t
2

)
,

Q±1,2 = ±
1
m

[−η1 + 2ηn
(
iη(v − 1)
√

nκ

)2

√
−

abκ(r + vκ − κ)
η2(v − 1)


2

Cschab


√
−
κ(r + vκ − κ)
η2(v − 1)

(ξ)


2

],

where
ξ = ηt + sx,

−abκ(r + vκ − κ)
η2(v − 1)

> 0, and
−κ(r + vκ − κ)
η2(v − 1)

> 0.

Case ∗ II: If h < 0 and ρ = 0, then we have the following:

U±1,3 = ±

( iη(v − 1)
√

nκ

) 
√

abκ(r + vκ − κ)
η2(v − 1)

 Secab


√
κ(r + vκ − κ)
η2(v − 1)

(ξ)




e
(
γW(t)+i(vx+κt+℘)− γ

2t
2

)
,

Q±1,3 = ±
1
m

−η1 + 2ηn
(
iη(v − 1)
√

nκ

)2

√

abκ(r + vκ − κ)
η2(v − 1)


2

Secab


√
κ(r + vκ − κ)
η2(v − 1)

(ξ)


2 ,

U1,4 = ±

( iη(v − 1)
√

nκ

) 
√

abκ(r + vκ − κ)
η2(v − 1)

 Cscab


√
κ(r + vκ − κ)
η2(v − 1)

(ξ)




e
(
γW(t)+i(vx+κt+℘)− γ

2t
2

)
,

Q±1,4 = ±
1
m

−η1 + 2ηn
(
iη(v − 1)
√

nκ

)2

√

abκ(r + vκ − κ)
η2(v − 1)


2

Cscab


√
κ(r + vκ − κ)
η2(v − 1)

(ξ)


2 ,

where
ξ = ηt + sx,

abκ(r + vκ − κ)
η2(v − 1)

> 0, and
κ(r + vκ − κ)
η2(v − 1)

> 0.

Case ∗ III: If h < 0 and ρ = δ2

4 , then we have the following:

U±1,5 = ±

( iη(v − 1)
√

nκ

) 
√
κ(r + vκ − κ)
2η2(v − 1)

 Tanhab


√
κ(r + vκ − κ)
2η2(v − 1)

(ξ)


 e

(
γW(t)+i(vx+κt+℘)− γ

2t
2

)
,
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Q±1,5 = ±
1
m

−η1 + 2ηn
(
iη(v − 1)
√

nκ

)2

√
κ(r + vκ − κ)
2η2(v − 1)


2

Tanhab


√
κ(r + vκ − κ)
2η2(v − 1)

(ξ)


2 ,

U±1,6 = ±

( iη(v − 1)
√

nκ

) 
√
κ(r + vκ − κ)
2η2(v − 1)

 Cothab


√
κ(r + vκ − κ)
2η2(v − 1)

(ξ)


 e

(
γW(t)+i(vx+κt+℘)− γ

2t
2

)
,

Q±1,6 = ±
1
m

−η1 + 2ηn
(
iη(v − 1)
√

nκ

)2

√
κ(r + vκ − κ)
2η2(v − 1)


2

Cothab


√
κ(r + vκ − κ)
2η2(v − 1)

(ξ)


2 ,

U±1,7 = ±[
(
iη(v − 1)
√

nκ

)
(

√
κ(r+vκ−κ)
η2(v−1)
√

2
(Tanhab


√

2
κ(r + vκ − κ)
η2(v − 1)

(ξ)

 ± i
√

ab

Sechab


√

2
κ(r + vκ − κ)
η2(v − 1)

(ξ)

))]e(
γW(t)+i(vx+κt+℘)− γ

2t
2

)
,

Q±1,7 = ±
1
m

[−η1 + 2ηn
(
iη(v − 1)
√

nκ

)2

(

√
κ(r + vκ − κ)
2η2(v − 1)

(Tanhab


√

2
κ(r + vκ − κ)
η2(v − 1)

(ξ)

 ± i
√

ab

Sechab


√

2
κ(r + vκ − κ)
η2(v − 1)

(ξ)

))2],

U±1,8 = ±[
iη(v − 1)
√

nκ
(

√
κ(r+vκ−κ)
η2(v−1)
√

2
(Cothab


√

2
κ(r + vκ − κ)
η2(v − 1)

(ξ)

 ± √ab

Cschab


√

2
κ(r + vκ − κ)
η2(v − 1)

(ξ)

))]e(
γW(t)+i(vx+κt+℘)− γ

2t
2

)
,

Q±1,8 = ±
1
m

[−η1 + 2ηn
(
iη(v − 1)
√

nκ

)2

(

√
κ(r + vκ − κ)
2η2(v − 1)

(Cothab


√

2
κ(r + vκ − κ)
η2(v − 1)

(ξ)

 ±
√

abCschab


√

2
κ(r + vκ − κ)
η2(v − 1)

(ξ)

))2],

U±1,9 = ±

[
iη(v − 1)
√

n κ

±
√
κ (r + vκ − κ)
η2(v − 1)

2
√

2


(
cothab


√
κ (r + vκ − κ)
η2(v − 1)

ξ

2
√

2

 +

× tanhab


√
κ (r + vκ − κ)
η2(v − 1)

ξ

2
√

2


)]

e

(
γW(t)+i

(
vx+κt+℘

)
−
γ2t
2

)
.
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Q±1,9 = ±
1
m

[−η1 + 2ηn
(
iη(v − 1)
√

nκ

)2

(

√
κ(r+vκ−κ)
η2(v−1)

2
√

2
(Cothab


√

κ(r+vκ−κ)
η2(v−1) (ξ)

2
√

2

 +

Tanhab


√

κ(r+vκ−κ)
η2(v−1) (ξ)

2
√

2

))2],

where

ξ = ηt + sx, and
κ(r + vκ − κ)
η2(v − 1)

> 0.

Case ∗ IV: If h > 0 and ρ = h2

4 , then we have the following:

U±1,10 = ±

( iη(v − 1)
√

nκ

) 
√
−
κ(r + vκ − κ)
2η2(v − 1)

 Tanab


√
−
κ(r + vκ − κ)
2η2(v − 1)

(ξ)


 e

(
γW(t)+i(vx+κt+℘)− γ

2t
2

)
,

Q±1,10 = ±
1
m

−η1 + 2ηn
(
iη(v − 1)
√

nκ

)2

√
−
κ(r + vκ − κ)
2η2(v − 1)


2

Tanab


√
−
κ(r + vκ − κ)
2η2(v − 1)

(ξ)


2 ,

U±1,11 = ±

( iη(v − 1)
√

nκ

) 
√
−
κ(r + vκ − κ)
2η2(v − 1)

 Cotab


√
−
κ(r + vκ − κ)
2η2(v − 1)

(ξ)


 e

(
γW(t)+i(vx+κt+℘)− γ

2t
2

)
,

Q±1,11 = ±
1
m

−η1 + 2ηn
(
iη(v − 1)
√

nκ

)2

√
−
κ(r + vκ − κ)
2η2(v − 1)


2

Cotab


√
−
κ(r + vκ − κ)
2η2(v − 1)

(ξ)


2 ,

U±1,12 = ±

[ (
iη(v − 1)
√

nκ

) (√
−
κ(r + vκ − κ)
2η2(v − 1)

×

(
Tanab

(√
−2

κ(r + vκ − κ)
η2(v − 1)

ξ
)
±
√

ab

Secab

(√
−2

κ(r + vκ − κ)
η2(v − 1)

ξ
)))]
× e

(
γW(t)+i(vx+κt+℘)− γ

2t
2

)

Q±1,12 = ±
1
m

[
− η1 + 2ηn

(
iη(v − 1)
√

nκ

)2 (√
−
κ(r + vκ − κ)
2η2(v − 1)

(
Tanab


√
−2

κ(r + vκ − κ)
η2(v − 1)

(ξ)

 ± √ab

× Secab


√
−2

κ(r + vκ − κ)
η2(v − 1)

(ξ)

))2]
,

U±1,13 = ±

[ (
iη(v − 1)
√

nκ

) (√
−
κ(r + vκ − κ)
2η2(v − 1)

(
Cotab


√
−2

κ(r + vκ − κ)
η2(v − 1)

(ξ)

±
×
√

abCscab


√
−2

κ(r + vκ − κ)
η2(v − 1)

(ξ)

))]e(
γW(t)+i(vx+κt+℘)− γ

2t
2

)
,
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Q±1,13 = ±
1
m

[
− η1 + 2ηn

(
iη(v − 1)
√

nκ

)2 (√
−
κ(r + vκ − κ)
2η2(v − 1)

(
Cotab


√
−2

κ(r + vκ − κ)
η2(v − 1)

(ξ)

 ± √ab

× Cscab


√
−2

κ(r + vκ − κ)
η2(v − 1)

(ξ)

))2]
,

U±1,14 = ±

[ (
iη(v − 1)
√

nκ

) ( √
−
κ(r+vκ−κ)
η2(v−1)

2
√

2

(
Cotab


√
−
κ(r+vκ−κ)
η2(v−1) (ξ)

2
√

2

 +

× Tanab


√
−
κ(r+vκ−κ)
η2(v−1) (ξ)

2
√

2


))]

e
(
γW(t)+i(vx+κt+℘)− γ

2t
2

)
,

Q±1,14 = ±
1
m

[
− η1 + 2ηn

(
iη(v − 1)
√

nκ

)2 ( √
−
κ(r+vκ−κ)
η2(v−1)

2
√

2

(
Cotab


√
−
κ(r+vκ−κ)
η2(v−1) (ξ)

2
√

2

 +

× Tanab


√
−
κ(r+vκ−κ)
η2(v−1) (ξ)

2
√

2


))2]

,

where
ξ = ηt + sx, and −

κ(r + vκ − κ)
η2(v − 1)

> 0.

4. Simulation and discussion

The 3D solution graphs denote the time progress of the solitons with a smoother and definite
propagation centered on time. These results confirm the correctness of the analytical solutions and
highlight the stability of the soliton profiles in the absence of perturbations. In contrast, the stochastic
3D graphs demonstrate how random fluctuations influence the dynamical behavior of the system.
Specifically, the oscillations of the soliton amplitude and the width in response to stochastic noise
indicate how sensitive the system is to external noise and irregularities in dispersion. These effects
provide a physical interpretation of the modeled dynamics, showing that the obtained solutions remain
valid under uncertainties. Additionally, the stability properties and bifurcation trends are further
accentuated in the solution and analysis graphs, which further reinforce the relationship between the
analytical solution and its physical implications.

To evaluate the physical reliability of these solutions, we utilized a Monte Carlo approach that
involved the ensemble averaging of N = 20 independent stochastic realizations. Rather than relying on
a single snapshot, this statistical method allows us to observe how the waves behave in a realistic, noisy
environment. The Ensemble Mean Profiles (Figures 1–12) demonstrate remarkable structural stability.
Despite the presence of Brownian noise, the bright and dark soliton morphologies remain intact. This
suggests that the nonlinearity in the CKM effectively acts as a self-correcting force that prevents the
wave from dissipating. Our Variance and Standard Deviation maps (Figures 1–12) further reveal that
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the fluctuations are not randomly spread but are localized at the high-energy wave crests. Physically,
this anchoring is crucial for applications such as optical fiber communication, as it implies that while
noise may cause a minor amplitude jitter, the signal’s core coherence is preserved over long distances.
Similarly, in biological microtubules, this clustering ensures that ionic signals remain distinct despite
microscopic thermal chatter. The 2D Ensemble plots (Figures 1–12) confirm this by showing individual
random paths (gray lines) tightly clustered around the mean trajectory. This proves that our solutions
are not mere mathematical artifacts but are robust enough to sustain information transport in the open
(noisy) systems common in experimental physics and biology.

The noise intensity parameter γ is a very important factor in determining the stochastic process of
the derived solitary wave solutions. When γ = 0, the system reverts to its deterministic form, and the
soliton waves propagate with a constant amplitude and wave shape, as observed in the smooth mean
wave profiles in (Figures 1–12). With an increasing γ, the Wiener process adds a multiplicative white
noise component that gives rise to amplitude fluctuations and surface roughening, which are most
evident at the wave peaks because of the multiplicative nature of the noise term γ dW(t)

dt U. However,
the soliton wave shape is retained, as evidenced by the strong clustering of the 20 Monte Carlo
simulations around the ensemble mean in the 2D plots (panel e) in all figures. This clearly shows
that the nonlinear and dispersive components of the Kuralay model provide a self-correcting process
that ensures the derived solutions are physically valid and meaningful even in the presence of stochastic
noise perturbations.

Without white noise, the solitons behave predictably, whereas the introduction of white noise leads
changes in their trajectories, shapes, amplitudes, and velocities. White noise influence solitons are
crucial for applications in nonlinear optics, telecommunications, and plasma physics [30,31], providing
insights into managing noise in complex systems. Here, we show 3D and 2D visualizations of the
obtained solutions.

AIMS Mathematics Volume 11, Issue 3, 6050–6079.



6063

(a) 3D Stochastic Solitary Wave Profile (b) 3D Mean Solitary Wave

(c) 3D Variance Solitary Wave

Fluctuation

0.1

0.2

0.3

0.4

(d) Standard Deviation of
Stochastic Solitary Wave
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3.5

(e) 2D Ensemble Average Vs Mean

Figure 1. Parameters used for the above 3D and 2D plots of |U+
1,1| are a = 0.5, b = ν = κ =

℘ = e = r = 1, and η = i, while keeping the intensity γ = 1, with v = 2.
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(a) 3D Stochastic Solitary Wave Profile (b) 3D Mean of Stochatic Solitary Wave

(c) 3D Variance of Stochastic Solitary Wave
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(d) Standard Deviation of Stochastic
Solitary Wave
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-0.5
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Stochastic Ensemble vs. Mean at t

(e) 2D Ensemble average Vs Mean Stochastic Solitary Wave

Figure 2. Parameters used for the above 3D and contour plots of Re(U+
1,1) are a = 0.5, b =

ν = κ = ℘ = e = r = 1, and η = i, while the intensity γ = 1, v = 2.
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(a) 3D Stochastic Solitary Wave (b) 3D Mean of Stochastic Solitary Wave

(c) 3D Variance of Stochastic Solitary Wave
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(d) Standard Deviation of Stochastic
Solitary Wave
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Stochastic Ensemble vs. Mean at t

(e) 2D Ensemble Average Vs Mean of Stochastic Solitary Wave

Figure 3. Parameters used for the above 3D and contour plots of Im(U+
1,1) are a = 0.5, b =

ν = κ = ℘ = e = r = 1, η = i, and v = 2, and the intensity γ = 1.
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(a) 3D Solitary Wave Profile
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(b) 3D Stochastic Solitary Wave

Figure 4. Here, the parameters used for the 3D and contour plots of Q1,1 are a = 0.5, b =

ν = κ = ℘ = e = r = 1, η = i, η1 = 2, and v = 2.
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(a) 3D Stochastic Solitary Wave (b) 3D Mean of Stochastic Solitary Wave

(c) 3D Variance of Stochastic Solitary Wave
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Wave

Figure 5. Here, the parameters used for the 3D and 2D plots of |U+
1,7| are a = 0.1, ν = b =

κ = ℘ = η = e = 1, r = −2, and v = 2, while keeping the intensity γ = 1.
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(a) 3D Stochastic Solitary Wave (b) 3D Mean of Stochastic Solitary Wave

(c) 3D Variance of Stochastic Solitary Wave
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Solitary Wave
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(e) 2D Ensemble Average Vs Mean of Stochastic Solitary Wave

Figure 6. Here, the parameters used for the 3D and 2D plots of Re(U+
1,7) are a = 0.1, ν =

b = κ = ℘ = η = e = 1, r = −2, and v = 2, while keeping the intensity γ = 1.
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(a) 3D Stochastic Solitary Wave (b) 3D Mean of Stochastic Solitary Wave

(c) 3D Variance of Stochastic Solitary Wave
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(e) 2D Stochastic Ensemble Vs Mean at t = 1

Figure 7. Here, the parameters used for the 3D and contour plots of Im(U+
1,7) are a = 0.1, ν =

b = κ = ℘ = η = e = 1, r = −2, and v = 2, while keeping the intensity γ = 1.
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(a) 3D Solitary Wave
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Figure 8. Here, the parameters used for the 3D and contour plots of Q1,7 are a = 0.1, ν =

b = κ = ℘ = η = e = 1, η1 = 2, r = −2, and v = 2.
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(a) 3D Solitary Wave (b) 3D Mean of Stochastic Solitary Wave

(c) 3D Variance of Stochastic Solitary Wave
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(e) 2D Stochastic Ensemble Vs Mean at time t = 1

Figure 9. In the figure above, we used the following parameters to plot the 3D and 2D graphs
for |U+

1,13|: a = 0.1, ν = b = κ = ℘ = e = r = 1, v = 2, and η = i, while setting the intensity
γ = 1.
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(a) 3D Stochastic Solitary Wave (b) 3D Mean of Stochastic Solitary Wave

(c) 3D Variance of Stochastic Solitary Wave
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(e) 2D Stochastic Ensemble Vs Mean at time t = 1

Figure 10. In the figure above, we used the following parameters to plot the 3D and 2D
graphs for Re(U+

1,13): a = 0.1, ν = b = κ = ℘ = e = r = 1, η = i, and v = 2, with the
intensity γ = 1.
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(a) 3D Stochastic Solitary Wave (b) 3D Mean of Stochastic Solitary Wave

(c) 3D Variance of Stochastic Solitary Wave
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(e) 2D Stochastic Ensemble Vs Mean at time t = 1

Figure 11. In the figure above, we used the following parameters to plot the 3D and 2D
graphs for Re(U+

1,13): a = 0.1, ν = b = κ = ℘ = e = r = 1, η = i, and v = 2, with the
intensity γ = 1.
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(a) 3D Solitary Wave
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Figure 12. Here, the parameters used for 3D and contour plots of Q1,13 are a = ν = b = κ =

℘ = η = e = r = 1, v = 2, and η1 = 2.

5. Conclusions

This study determined the outstanding efficiency of the SSEM to solve the CCK model, thereby
yielding exact soliton solutions that are essential to separate wave propagation dynamics. By joining
the Wiener process, we provided a robust framework to analyze stochastic behavior, completed
by 3D and contour plots that brightly captured the complex dynamics of the system. Our results
exposed the stabilizing role of multiplicative noise and presented new insights into how variations
influence and regulate complex systems. These results hold important implications for various fields
in physics and engineering, thus providing a foundation for future investigations into nonlinear
phenomena. By joining analytical accuracy with real-world complexity, this research not only advances
our understanding of stochastic and nonlinear systems, but also opens new avenues to explore the
interaction of noise and its consistency. Furthermore, the analysis of the noise intensity parameter
γ demonstrates that although increasing the stochastic strength induces the amplitude fluctuations
and surface irregularities through multiplicative Wiener perturbations, the essential soliton structure
remains preserved, thus confirming the inherent stability and physical robustness of the derived
solutions under stochastic effects. It is worth noting that previous studies on the complex coupled
Kuralay model mainly addressed analytical solutions, whereas, in this work, we derived explicit
solitary wave solutions. Furthermore, the SSEM was applied to this equation for the first time,
which underscores the novelty of our approach. These contributions extend the available literature
by providing new exact solutions and deeper physical insights into the system’s stochastic. This
comprehensive parameter exploration reveals intricate dynamical regimes, thereby highlighting the
sensitivity of the system’s behavior to changes in the physical parameters.In future work, we plan to
extend the analysis to explore lump solutions, which represent localized wave structures with complex
interactions. This work stands as a demonstration of the power of advanced mathematical approaches
in decoding the mysteries of nature and engineering, paving the way for transformative findings in
related domains.
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6. Future directions

This study provided analytical insight into solitary wave dynamics and chaos in a stochastic
CCK model using the SSEM. Several extensions of the present work can be considered in future
research. One possible direction is the application of the proposed approach to higher-order and more
complex stochastic nonlinear evolution equations, where additional dispersion and nonlinear effects
may lead to richer wave structures. In this context, the construction of exact solutions for higher-order
stochastic models, such as the modified Gerdjikov–Ivanov equation, represents a promising avenue
for a further investigation [10]. Another important extension involves fractional-order stochastic
models, which are capable of capturing memory and nonlocal effects in physical systems such as
fluid dynamics and optical media. Analytical studies of fractional solitons in higher-dimensional
nonlinear evolution equations have recently attracted significant attention and may benefit from the
methodology developed in the present work [46]. Moreover, a further investigation of multiplicative
noise and stochastic perturbations may enhance the understanding of the soliton stability, noise-induced
chaos, and robustness of wave structures. In particular, stochastic derivative nonlinear conformable
Schrödinger-type equations under multiplicative white noise and conformable derivatives by using
temporal parameters provide a natural framework for such studies [34]. Adapting the proposed method
to these models may lead to new exact solutions with a clear physical relevance.
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