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1. Introduction

We consider the following second-order boundary value problem with the differential equation
Y'(x) + [ = g(0)]y(x) = 0 (1.1
and the separated boundary conditions
y(0)cosa + y'(0)sina = 0, (1.2)
y(a)cos B+ y'(a)sinf + f(A)[y(a)cosy +y'(a)siny] =0 (1.3)

where A is a real spectral parameter, g(x) is a real-valued and integrable on [0, a], (1) is an odd real
entire function of A of order less than 1, and sin(8 —y) # 0 ( @8,y € (0,7)). Also, without loss of
generality, we assume foa q(t)dt = 0.
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Second-order eigenvalue problems appear frequently throughout applied mathematics. In recent
years, there has been a notable resurgence of interest in these problems, from a mathematical standpoint
and because of their applications in physics and engineering [5]. Many significant problems in science
and engineering require the determination of the eigenvalues and their associated eigenfunctions
[3,4,15,18]. The general theory of eigenvalues and eigenfunctions represents one of the most profound
and extensive areas within mathematical physics [6,25,26]. In practical applications, such as those
concerning the vibration and stability of deformable structures, the most critical piece of information
is often the smallest eigenvalue [9,19]. Engineers commonly focus on the smallest eigenvalue because
it tends to reveal essential characteristics of dynamic systems. Structural damage caused by seismic
activity can be devastating if the fundamental frequency of the structure (which is related to the
smallest eigenvalue) is close to the frequency of the earthquake [9]. Eigenvalues also play a key role
in determining the stability region of solutions to second-order eigenvalue problems [7]. In general,
computing the eigenvalues and their corresponding nontrivial solutions remains a challenging task.

Boundary value problems with parameter-dependent boundary conditions have gained considerable
importance in mathematical physics and mechanics [17, 23, 24]. It is well known that eigenvalue
problems with eigenparameter dependent boundary conditions are obtained by separating variables in
partial differential equations such as wave mechanics and thermodynamics [20]. Eigenvalue problems
like

V() +[A1-q0)]y(x) =0, a<x<b

P(D)y(a) + Q()y'(a) = 0, (1.4)
R()y(b) + S (D)y'(b) =0

were studied by many researches, where P, O, R, S have linearly dependence on parameter A. The wide
application of such problems in mechanics, physics, and engineering has stimulated people’s interest
in research [2, 16]. Fulton [20] first studied the asymptotic formulae for eigenvalues of the two-point
boundary value problems involving the eigenvalue parameter in the boundary condition at the one
endpoint. In this work, physical applications of such problems are found.

The boundary value problems that interest us in this paper are those where boundary conditions in
(1.4) are replaced by

V(X)) +[A-qg0)]y(x) =0, a<x<b
P(V)y(a) + Q(V)y (@) = 0, (1.5)
R(Vyb) + S(VO)y' (b) =0

where P, O, R, and § are polynomials. Problems of these types have been studied by a few researchers
such as Benedek and Panzone [8], Hochstadt [22], and Kerimov and Mamedov [27] for P, O, R, and §
are linear. Problem (1.1)—(1.3) is a particular case of (1.5).

Several researchers have combined analytical and numerical techniques to investigate classes of
partial differential equations, particularly subdiffusion and nonlinear evolution equations [37, 38].
Many of these problems involve spatial differential operators that can be formulated within the second-
order eigenvalue problem framework. The spectral properties of such operators play a fundamental
role in stability analysis, error estimation, and structure-preserving discretization schemes [35, 36].
Motivated by these developments,we focus on the eigenvalue structure of the problem defined in (1.1)—
(1.3), providing theoretical insights that may also support the analysis of numerical schemes.
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The eigenvalues of the problem (1.1)—(1.3) generally cannot be obtained by analytical methods.
In such cases, the eigenvalues are determined by asymptotic or numerical approaches. When the
boundary conditions do not depend on the eigenvalue parameter, the eigenvalues of Sturm—Liouville
problems are computed numerically by many methods [1, 10, 12]. However, when the boundary
conditions depend on the eigenvalue parameter, the number of available numerical studies is limited.
Tharwat et al. [32, 33] computed the numerical eigenvalues of Sturm-Liouville problems with an
internal point of discontinuity using the sinc method based on the sampling theory and the sinc—Gauss
method. Chanane [13, 14] calculated the eigenvalues of Sturm-Liouville problems with nonlinear
boundary conditions and non-self-adjoint Sturm-Liouville problems by means of the regularized
sampling method. Mukhtarov and Yiicel [29] obtained the eigenvalues and eigenvectors of singular
Sturm-Liouville problems using the Adomian decomposition method.

Meshless methods are among the popular techniques commonly used for the numerical solution of
differential equations. In these methods, it is not necessary to construct a mesh between the nodes. Only
the locations of the nodes are specified, and the shape functions are constructed as part of the solution
procedure. However, studies on the determination of eigenvalues or eigenfunctions of Sturm-Liouville
problems using meshless methods remain relatively limited. Shen [31] determined the eigenvalues of
Sturm-Liouville problems with boundary conditions by employing a local radial basis function-based
differential quadrature (LRBFDQ) collocation method. Reutskiy [30] computed the eigenvalues of
generalized Sturm-Liouville problems, in which the boundary conditions depend on the eigenvalue
parameter, using the asymmetric radial basis function (RBF) collocation method. Baskaya and Sengul
[6] calculated the eigenvalues of Sturm—Liouville problems with integrable and symmetric potentials
by means of the element-free Galerkin method.

The limited number of such studies, together with the fact that mesh generation between nodes is not
required, enhances the applicability of meshless methods to Sturm—Liouville problems. In this study,
we obtain numerical results by employing the interpolating element-free Galerkin method to analyze
the accuracy of asymptotic results, thereby adopting an approach that differs from those available in
the literature. Since the shape functions in this method satisfy the Kronecker delta property, Dirichlet
boundary conditions can be imposed directly without requiring any additional techniques. In contrast,
in the standard element-free Galerkin method, extra procedures such as the penalty method or Lagrange
multipliers are needed to enforce Dirichlet boundary conditions.

Our purpose of this paper is twofold. First, we derive novel asymptotic estimates for the eigenvalues
of the problem (1.1)—(1.3) when the potential function is integrable and symmetric on the finite interval
[0, a]. The symmetry of the potential is of particular importance in quantum mechanics, since it enables
the reduction of the problem to a half-interval formulation. Second, we compute the eigenvalues of
the related problem numerically by employing the interpolating element-free Galerkin (IEFG) method.
The numerical results are used to confirm the validity and sharpness of the asymptotic estimates derived
in this study, which are obtained here for the first time.

2. Asymptotic estimates

2.1. Method

In this section, to determine the asymptotic estimates for the eigenvalues of (1.1)—(1.3), we use a
similar approach to Harris [21]. According to this, we assume that y(x, 1) is a complex-valued solution
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of (1.1) and apply the transform v(x, 1) = y'(x, 41)/y(x, ) to the equation (1.1). This gives the Riccati
equation

V= -+ q-V 2.1)
Let v(x, 1) be a complex-valued solution of (2.1) and define

S(x, ) := Re{v(x, 1)}, (2.2)
T(x,A) := Im{v(x, 1)} . 2.3)

Then any nontrivial real-valued solution of (1.1) may be written as

y(x, A) = R(x, 1) cos(¥(x, 1)), (2.4)
where

R’ )

== S(x, 1), ¥=T(kA). (2.5)

Our approach to approximating the eigenvalues 4,, of (1.1)-(1.2) is to approximate those A, which are
Y(a, ) - ¥(0,) = f T(t, Ddt. (2.6)
0

We suppose that there exist functions A(x) and (1), so that

f i em’q(r)dt‘ < AN,

where

(1) A(x) := fx ¢ |g(1)| dt is a decreasing function of x,

(i) A(x) € L'[0,n],
(ii1) (1) = 0as 4 — oo.
For g € L[0, a], the existence of the A and n functions may be established for A positive as follows: We
note that, avoiding the trivial case fx ¢ lg(t)| dt = 0,

f e2i/ltq(t)dt

| [ e qarl] [ lg@lde, if [ g@ld # 0
F(x, ) := (2.7)

0, if [ lawldr =0,

then 0 < F(x,1) < a, and we set (1) := supo< <. F(x, 1). Note that (1) is well-defined by (2.7) and
n(1) = 0 as 4 — oo [21]. We now approximate to a solution of (2.1) on [0, a] and set

Sf lg()| dt < oo.

Thus, if we define

v(x, A) i= id + Z v(x, ). (2.8)
n=1
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We put this serie into the Riccati equation (2.1) and choose v, so that
Vi +2idvy = gq,
Vh + 2idvy = -7,

and forn = 3,4, ...,

n-2
V4 2idv, = —(V2_ | + 2v, 4 Z Vin)-

m=1

By solving these first-order linear differential equations, we have v,s, such that

vi(x, A) = —e 2 f A g(rydt, (2.9)
va(x, A) = e 2 f it Aydt, (2.10)
and
a n-2
Va(x, 1) =e 2 f MV (8, A) + 2v, (1, /l)va(t,/l)]dt, n>3. (2.11)
X m=1

It is shown in [21] that } ;| v,(x, A) is uniformly absolutely convergent for all 1 > A, and for all
x € [0,a]. It also follows from the choice of v,s that ", v/ (x, 2) is uniformly absolutely convergent.
The series id + Y, | va(x, A) is therefore a solution of (2.1). Hence, from (2.2), (2.3), and (2.8), we can
write

S(x,A) = Re {v(x, )} = Re [Z v, /l)), (2.12)
n=1
Tx,)=Im{px,)}=A1+1Im [Z Va(x, /l)) . (2.13)
n=1

By the definition of n(1) in (2.7), equation (2.8) gives as 4 — oo
v(x, D) = id + vi(x, D) + OGF (D)), (2.14)

where
vi(x, ) = — e 2% f ) XM g(r)dt
=[isin(24x) — cos(24x)] f ) q(t)[cos(21t) + i sin(24t)]dt. (2.15)
Thus, substituting (2.14) and (2.15) into (2.12) gives

S(x, 1) = —(cos(21x)) f ' q(t) cos(2At)dt — (sin(24x)) f () sinRAndt + O(7*(A)).
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Let us define the following notations to abbreviate:

siné, := f ’ q(t) cos(An)dt, cosé&, := f q(t) sin(2Ar)dt.

X

Thus, we can write S (x, A) as
S(x,A) = —sin2Ax + &) + 0% (2)).
Similarly, by using (2.14) and (2.15) into (2.13), T'(x, A) is presented as
T(x,2) = 1 —cos(2Ax + &) + O(*(1)).

Also, by a change in the order of integration we gain, respectively,

i | i |
t, )dt =— N(1 — e¥Ndr = — Ne* U dy
fvl<,> qu()( ity Mfoqoe ,

¢ _ I ¢ 2 2iAt
fovz(t,ﬂ)dt_ﬁfovl(z,@[l—e |at

and
a i a n-2
_ 2 _ L2t
fo vt Dt = fo [vn_l(t,/l)+2vn_1(t,/l);vm(t,/l) [1-e*]dr, nx3.
2.2. Results

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

In this section, we obtain asymptotic formulas for 4, and the eigenvalues of the problem (1.1)—
(1.3), within an error term of arbitrary order under the condition that the potential function g(x) is a
real-valued function that is integrable and symmetric on the finite interval [0,a]. Hochstadt in [22]
used this problem for the inverse approach and took f(1) = cA4, ¢ # 0. We also use this value of f(1)

for the calculation. The other cases can be treated similarly.
Theorem 1. The eigenvalues A, of (1.1)—(1.3) satisfy as A — oo
- “ . |cosa+S(0,)sina
+Dr=da+ y I a(t, Ddt b + tan™ .
(n )7T a HZ:; m {j(: % ( ) } an [ T(O, /l) sin :|

ran”! cosf +cAdcosy + S(a, )(sinf + cAsiny)
[— an .
T(a, )(sinB + cAsiny)

Proof. From (2.4), we have

y(0) cos a + y'(0) sin @ =R(0, 1) cos (¥(0, 1)) cos @ + R'(0, 2) cos (¥(0, 1)) sin
— R(0, )¥’(0, 2) sin (¥(0, 1)) sin «
=R(0, ) sin (¥(0,1) + A)

(2.21)

(2.22)
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where

R'(0,2)
R(0, )

SinA :=cosa + sina and cosA := -¥'(0, ) sina.

Hence, using (2.5) and (2.23), we find that

A can-! [cosa+S(0,/l)sina]
= —tan

T(0,A)sina

Thus, by considering (1.2) and (2.22), we obtain

_1|cosa+ S8(0,1)sina
¥(0,1) = -A = !
©.4) an [ T(0, Vsina ]

Similarly, the second boundary condition (1.3) is satisfied if

W(a, A) =(n + )z + tan”" [COSB +cdcosy + S(a, )(sinf + cdsin 7)]

T(a, A)(sinf + cAsiny)
for the integer n. The result (2.21) now follows from (2.6), (2.13), (2.25), and (2.26).
Theorem 2. The eigenvalues A, of the problem (1.1)—(1.3) satisfy

_(n+ D a B l
— o 1)7T[COW cota + > fo‘“q(t) cos
+ 0 '*(n)) + O(n~*n(n)), n — oo.

dt]

n

(Z(n + 1)7Tt)
a

Proof. Similar to [6], using (2.18)—(2.20), it is shown that

[oe]

f: Z; Im {v,(t, D)} dt = Z; Im { fo ' a(t, /l)dt}

:% 7! f ) q(f) cos(2Andt + O(A172n(Q)).
0

Now, we calculate tan A from (2.23) using (2.5), (2.16), and (2.17), so that

cosa + S(0,)sina

T(0,A)sina
_ cosa —sinasing + 0O(*(1)
~—Asina [l = 271 cos &y + O 12 ()]

tanA = —

=|-1"cota + 27" singy + O P ()] [1 + 27" cos & + O ()]

=— A cota + A7 singy + O ' ().
With the last equation, one obtains

A=-1"cota+ A7 sin& + O '2(1)).

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)
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Similarly, we take into account (2.26). In this manner, using (2.16) and (2.17) gives

cosf + cAdcosy + S(a,)(sinf + cAsiny)
T(a, A)(sinf + cAsiny)
_ cosfB+cdcosy + O(m*(D) + O (D))
B [+ O@(A)][sin B + cAsiny]
cos B + cAcosy + O(An?(2)))

clsiny|1+ 41508, 0(/1‘1772(/1))]
csiny
= [ coty + O ()| [1 _ o Snh 0(4—1;72(1))]
csiny
= A coty + O ' (). (2.30)

From (2.6), (2.25), (2.26), (2.28), (2.29), and (2.30), we gain
(n+ D+ A7 [coty — cota] + A" sin&y + O ' ()

1
= la+ 5/1-1 sin&y + O(A7*n(2)).

Finally, we prove the result given by (2.27) using the definition of (1) and series error computation in
the last equation. O

Corollary 3. The eigenvalues A, of the problem (1.1)—(1.3) with symmetric potential satisfy

1 a/2 2(n + 1)t
A, :(n + Dz + a [coty —cota + f q(t) cos M dt]
a (n+ Dr 0 a

+ O™ 'P(n)) + O(n™*n(n)), n — co. (2.31)

Proof. To prove the corollary, let us calculate the following integral using symmetric potential, i.e.,
q(x) = qla - x):

fa q(1) cos (2(”"’71)7”) dt :f“ q(a —t)cos (@)dt

/2 /2

0
_ f o) cos (Z(n + Dr(a - u))du
al2 a

al2
:f q(u) cos (2(n + D — W) du
0

a2
_ f (6008 (2(n+1)7rt) .
0 a

a P
f Q(I)COS(M)dt:Z f q(t)cos(M)dt.
0 a 0 P

Substitution of the last equality into (2.27) proves the corollary (4.2). O

This confirms
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3. Numerical method

3.1. The Interpolating moving least squares method

In Section 2.2, the asymptotic results of the boundary value problem (1.1)—(1.3) were obtained. In
this section, a numerical results is proposed for comparison with the asymptotic results. The numerical
method employed in this study is the interpolating element-free Galerkin (IEFG) method [11], which
is the meshfree method. In the IEFG method, the interpolating moving least squares (IMLS) [28]
approach is employed to construct the shape functions.

Let y"(x) denote the approximation function for the solution y(x) of the problem (1.1)—(1.3). Let
X = {xy, x2, ..., x5} represent the set of nodes selected in the domain of the problem, Q = [0, a], where
N is the number of nodes. Furthermore, let po(x) = 1, pi(x), ..., p,(x) denote the given basis functions,
where m + 1 represents the number of basis functions. In the IMLS method, the new basis functions
are defined using these original basis functions. The first basis function is obtained by normalizing the
basis function py(x)

Po(x)

Do(x; X) = . 3.1
PO D) = o G-
Here, the inner product is denoted by
N
(F8)r = D w(x, x) f(x)g(x) (3.2)
i=1
and the norm associated with this inner product is denoted by
N 1/2
A1l = [Z wix, x»f%x»] : (3.3)
i=1

In equation (3.2), the subscript x denotes a point in the problem domain €2 and w(x, x;) represents the
weight function associated with the node x;. In this study, the weight function w(x, x;) is defined as
follows:

2= —a — x|l < p:
Wix 1) = =17 Hlx = xill < pi (3.4)
0, others.

Here, p; denotes the radius of the influence domain associated with the node x;,i = 1, 2, ..., N, parameter
@ is an even positive integer, and || - || represents the Euclidean norm [34]. Thus, the influence domain
of x; can be expressed as

Q; = {xlllx - x|l < pi, x € Q}.

From the definition of the weight functions w, for any point x, only the weight functions whose
influence domains contain this point will have nonzero values. Therefore, for a given x € Q, the
set of indices of the weight functions whose influence domains include this point can be denoted by

7o = Ulllx = x;ll < pr, x; € X}
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With these definitions, the basis function py(x; X) in equation (3.1) is obtained as

1
Po(x; X) = ]1/2. (3.5)

[Zle‘rx w(x, xp)

The remaining basis functions are constructed to be orthogonal to the basis function py(x; Xx)
Pi(x;X) = pi(¥) = Spi(x), i=12.,m. (3.6)

Here, S is a linear operator defined as

Spix) = > vl x)pilxy), (3.7)
Iet,
and . x1)
w(x, x;
v(x,x)) = =———. (3.8)
! ZJETX W()C, XJ)
Using the newly defined basis functions, the local approximation function y"(x) is defined as
hiv =Y — % (v % N
¥ B) = Pols Dag(x) + > pilx; Dai(x). (3.9)
i=1

where X is a point within the influence domain of x, and a;(x), i = 0, 1, ..., m are the unknown functions.

In the IMLS method, for a given point x, the unknown functions are determined by minimizing the
weighted discrete L, norm of the difference between the local approximation function y"(x, X) and the
function y(X)

min J = Iy (x,) = YOI = ) wie, x)l"(x, xp) = yi TP, (3.10)
Iety
or, equivalently
() = Y'(x. ), Po)s = O, 3.11)
0C) =y (x,), p)e =0, i=1,2,..,m. (3.12)

Here, y; = y(x;) is called the nodal parameter. By utilizing the properties of the inner product, it is
obtained that

ao(x) = (y, Po)x (3.13)

and

m

D @B B = =8, J=12,m (3.14)

i=1

where Sy = /. v(x, x7)y;. Because of (Sy, pj) = 0,i =1,2,...,m [34], equation (3.14) is written as

m

DB e = 0o P J = 1.20m, (3.1)

i=1
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(3.15) can be expressed in matrix form as
A(xa(x) = F,(x)y.
Here,
a’ (x) = (a1(x), ax(x), -, (X))
Y = Gy W)
A(x) = Fu(0)F (x)

pi(x;x1)  pi(xsxa) - Pr(xsxy)
F) = ﬁz()c.;xl) 152()C.;X2) ﬁz(x‘;xN)
Pm(X;x1)  Pm(X;x2) -+ P xn)

and F,,(x) = (W j(x))mxv 1S @ matrix, where

_ w(x, x;)pr(x; x;), X # X
Wij(x) =
Zle-rx,hﬁj W(Xj’ xl)[pk(xj) -pi(xp], x= Xj.
Therefore, from (3.16), the unknown vector is obtained as
a(x) = A™' ()F,(x)y.
Consequently, the local approximation is determined from (3.9) as
(B =Sy + ) ai0pix; 0.
i=1
The global approximation is then obtained as
N

V') = Sy+ D ai0gi) = By = ) $i(x)y(x).

i=1 i=1
Here,
D(x) = (¢1(x), 2 (x), -, (X)) = V' + p (WA (D)F,(x)
is called a shape function, where
v = (00, 1), V(X x), -+, V(x, X))
P’ (x) = (g1(x), ©2(x), -+ , gm(X))
gi(x) = pi(x) — S pi(x).
The first derivative [34] of the shape function is obtained as
D ;(x) =V} (x) + DA (OF,(x) + p" (DA™ (D)F,.i(x)
+p (VAT (DF, (1)
where
F, i(x) = (Wi(X))men
wi(X, X)) Pr(x; Xj) + w(X, X)) Pri(x; X)), X # X,
Direroazj Wil xppe(x)) — pr(xp], X=X

A7 () = AT (A (DA ().

wii(x) = {

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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3.2. The Interpolating element free Galerkin method

The IEFG method is a meshfree technique developed for the solution of differential equations.
In this method, the shape functions are constructed using the IMLS approach. Typically, the weak
form of the problem is employed in the solution procedure. Moreover, the weak form is obtained by
multiplying both sides of (1.1) by a test function u(x) and integrating over the problem domain, which
yields

lﬁwuqux+l:V?—¢mbumqu=a (3.22)

By integration by parts and using the boundary conditions in (1.2) and (1.3), the weak form of problem
for f(1) = cAis obtained as

cos(a) cAcos(y) + cos(B)
sin(a@) Y(Ou0) = cAsin(y) + sin(B) y@yp(a)
—l:yuwxm¢m+l:Lﬁ—quﬁﬂxwuwxzo. (3.23)

Substituting the approximation given in (3.19) into the weak form in (3.23) and taking the shape
functions as test functions leads to the system of equations

N cos(a) cAcos(y) + cos(B)
gﬂﬁﬁﬁmm@‘amm+M@@@W4”
N a d ; do;
£ fo (22 = g(x)) gi(x)g ;(x)dx — fou % (Z)(Cx)dx] yi =0, (3.24)
i=1

j=1,2,..,N.If

OV (M deix) ()
<&mf@mmmummr@wmmum,1£ ML g

K;;:= f ¢i(0)(x)dx,C;j = f q(x)pi(x)p(x)dx,1 < i, j <N,
0 0

are defined in (3.24), the system equation is found as

A
costa) p _ cAcos) + cosB) p_yr i 2k —cly =o0. (3.25)
sin(a) cAsin(y) + sin(B)
Therefore, the numerical eigenvalues of (1.1) are determined as the roots of

cos(a)B B cAcos(y) + cos(B)
sin(a@) : cAsin(y) + sin(B)

F(d) = det[ B, — M+ 2’K - C] ) (3.26)

To find the roots of the function in the equation (3.26), the Newton-Raphson method is applied in this
article.
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6042

4. Examples

In this section, we present a few examples to demonstrate the effectiveness of the method and to
assess the agreement between the asymptotic and numerical results. For this purpose, the relative error
between the numerical eigenvalues obtained using the IEFG and asymptotic approximations of the
eigenvalues is evaluated for each n:

|[numerical eigenvalue using IEFG—asymptotic eigenvalue| @.1)

Erelative = ; i i
relative numerical eigenvalue using IEFG

Example 1.

1
y'(x) + /lz—lx(l—x)|+8 yx)=0, 0<x<1

¥(0) + V3y'(0) = 0,
V3y(1) +y'(1) + AV2[y(1) + y'(1)] = 0

(4.2)

) ) ) ) 1 )
In our first example, we use the basic symmetric potential function g(x) = |x(1 — x)| — — on the interval

[0, 1]. This absolute value function is not continuous at the endpoint zero (0); however, it is integrable
on the given interval. Additionally, we take v = /4, @ = n/3, 8 = n/6, and ¢ = 1 in (1.1)-(1.3),
and we have problem (4.2). Thus, using Theorem 2.2, we obtain the asymptotic estimates of the
eigenvalues of (4.2) as

1- RN N + O(n” ' (n)) + O(n~n(n)). 4.3)

A =(n+ 1 _
(Dt 3 dn+ e

If the numerical results are determined using the roots of the function F' in (3.26) for p; = 0.012, N =
100, Table 1 is obtained.

As shown in Table 1, the asymptotical and numerical approximations are consistent. Moreover, the
last column of the table shows that the relative errors are generally small. Except for the first value and
for large n, these errors are observed to be on the order of 107*. Figure 1 shows the relative error plots
for the corresponding values of n.

From Figure 1, while the errors for the first three eigenvalues and for large values of n are on the
order of 1073, the errors for the other values of n are approximately on the order of 107%.
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Table 1. Eigenvalue comparison for the symmetric potential g(x) = |x(1 — x)| — 2

n  Asymptotic Appr. IEFG Appr. Relative Error (E)
1 6.3494 6.3588 0.0015
2 9.4693 9.4741 0.0005
3 12.5999 12.6028 0.0002
4 15.7348 15.7368 0.0001
5 18.8719 18.8735 0.0001
6 22.0103 22.0118 0.0001
7 25.1495 25.1510 0.0001
8 28.2893 28.2908 0.0001
9 31.4294 31.4312 0.0001
10 34.5697 34.5720 0.0001
11 37.7103 37.7131 0.0001
12 40.8510 40.8545 0.0001
13 43.9919 43.9962 0.0001
14 47.1329 47.1382 0.0001
15 50.2739 50.2805 0.0001
16 53.4150 53.4231 0.0002
17 56.5561 56.5660 0.0002
18 59.6973 59.7093 0.0002
19 62.8386 62.8529 0.0002
20 65.9799 65.9969 0.0003
30 97.3937 97.4631 0.0007
40 128.8086 128.9791 0.0013
50 160.2239 160.4391 0.0013
75 238.7628 238.6293 0.0006
-3
1 .5 ’ﬁ1 0 T T T T T T T
=] =]
1k 1
2
£
[
- =}
=]
0.5r@ 1
=]
=] omm
[sassnnnannsn]
0 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80
n

Figure 1. Relative errors for the symmetric potential g(x) = |x(1 — x)| — 2
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Example 2.

y/(x) +[A*=sin(]l =x) + 1 —cos 1]y(x) =0, 0<x<2
y(0)+y'(0) =0,

NG (4.4)
0.5y(2) + (7 + 0.5/1) y(2)=0

In the second example, the potential function is treated as g(x) = sin(|1 — x|) — 1 +cos 1. It is symmetric
and integrable on [0, 2]. However, note that it is not continuous at midpoint 1. For this example, we
choosey =n/2, @ = /4, B =n/3,and ¢ = 0.5 in (1.1)—(1.3), and we have problem (4.4). Hence, with
Theorem 2.2, the following asymptotic approximations for the eigenvalues of (4.4) are determined:

A, + O(n~'n*(n)) + O(n™*n(n)). 4.5)

_(n+ Dr N 2 cos(nm) + cos 1
2 (n+ Dn (n+ 122 -1

For the selected parameter values, the asymptotic and numerical values, along with the resulting
relative errors, are presented in Table 2.

As shown in Table 2, the asymptotic estimates are consistent with the numerical results. For the first
15 eigenvalues, the relative errors are generally on the order of 1073, while for the next 15 eigenvalues,
they are on the order of 10™. For large eigenvalues, the errors increase to approximately 107>, The
relative error plots for corresponding to the values of n are given in Figure 2.

From Figure 2, it is observed that while the initial relative errors are approximately on the order of
1072, the other eigenvalues exhibit much smaller error values.

0.06 =] T T T T T T T

0.05 ]

0.04 | 1

0.03 ]

relative

E

0.02 | 1

0.01 1

Figure 2. Relative errors for the symmetric potential g(x) = sin(|1 — x[) — 1 + cos 1.
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Table 2. Eigenvalue comparison for the symmetric potential g(x) = sin(|]1 — x|) — 1 + cos 1.

n  Asymptotic Appr. IEFG Appr. Relative Error (E)
1 2.8195 2.9980 0.0595
2 4.5039 4.6167 0.0244
3 6.1236 6.2085 0.0137
4 7.7275 7.7942 0.0086
5 9.3185 9.3742 0.0059
6 10.9049 10.9523 0.0043
7 12.4867 12.5283 0.0033
8 14.0666 14.1035 0.0026
9 15.6443 15.6777 0.0021
10 17.2210 17.2515 0.0018
11 18.7965 18.8249 0.0015
12 20.3714 20.3980 0.0013
13 21.9457 21.9709 0.0011
14 23.5195 23.5437 0.0010
15 25.0929 25.1164 0.0009
16 26.6661 26.6891 0.0009
17 28.2390 28.2618 0.0008
18 29.8116 29.8345 0.0008
19 31.3841 31.4073 0.0007
20 32.9564 32.9802 0.0007
25 40.8162 40.8469 0.0008
30 48.6742 48.7190 0.0009
40 64.3871 64.4798 0.0014
50 80.0981 80.2113 0.0014
75 119.3721 119.3088 0.0005

5. Conclusions

In this paper, we aim to study the eigenvalues of a second-order boundary value problem in which
the square root of the eigenvalue parameter appears in the boundary conditions, under the assumption
that the potential function is integrable and symmetric on the given interval. We first seek the
asymptotic eigenvalues of the problem, and then employ a numerical approach to verify the validity
of the asymptotic results. In Section 2, we use the method improved by Harris in [21] for asymptotic
approximation, and in Section 3, we deal with the IEFG method to find the eigenvalues numerically.
The absence of a requirement to define a mesh between nodes provides a significant advantage for this
method in solving differential equations. Furthermore, the approximation error of this method satisfies
" (x) — u()||o@) < cllw™ | po@pe™ !, u € C™(Q), where c is a constant and p = max,<;<y{p;} [34].
Since smaller values of p; in the examples lead to smaller error values, it is demonstrated that the
numerical results can be used to compare the accuracy of the asymptotic results.

In Section 3.1, we present the general forms of the shape functions and their derivatives obtained
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via the IMLS method. Since the IEFG method relies on the weak form, the weak formulation of the
problem is derived in Section 3.2. Choosing the shape functions as test functions, the system equation
in (3.25) is obtained. From (3.25), it is observed that non-trivial solutions arise when the determinant
of the coefficient matrix is zero. In (3.26), F'(1) is defined as the determinant of the coefficient matrix
in the system matrix. Therefore, the values that make this function zero correspond to the eigenvalues
of the boundary value problem (1.1)—(1.3). In this study, the Newton—Raphson method is employed to
compute the zeros of the function F(A).

In Section 4, two test problems are considered. The domain of the first problem is [0, 1], whereas
the second problem is defined on [0, 2]. For parameter values, the asymptotic and numerical results,
along with the relative error values defined in the equation (4.1), are presented. In the numerical
implementation, 100 nodal points are used for both problems. Tables 1 and 2 show that the numerical
eigenvalues are consistent with the asymptotic eigenvalues. From Figures 1 and 2, the maximum
relative error is observed to be on the order of 1073 for the first problem and on the order of 1072 for
the second problem. The tables also indicate that the relative errors are generally on the order of 107*
in the first problem, while in the second problem, they reach approximately 1073 at some points. These
results indicate that the error between the asymptotic and numerical approximations for the eigenvalues
remains small in both problems.
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