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Abstract: We investigated a class of finite-delay fractional differential equations in which the
differentiation order combined with time and depended explicitly on the past evolution of the state.
The proposed model combined a history-dependent variable fractional order with a nonlinear source
term involving an integral memory functional, rather than a pointwise delay. This structure provided
a flexible framework for describing adaptive memory effects and cumulative nonlocal behavior that
cannot be captured by classical constant-order or pointwise variable-order models. By reformulating
the problem as an equivalent integral equation, we established rigorous existence and uniqueness
results in the Banach space L!(A) using the Banach contraction principle and the Schauder fixed-
point theorem under mild and verifiable assumptions. In addition, Ulam—Hyers stability of the system
was proved, ensuring robustness of solutions with respect to perturbations. An illustrative example,
together with a numerical stability verification, was presented to support the theoretical findings. The
obtained results contributed to the mathematical understanding of delayed variable-order fractional
systems and provided a solid foundation for future studies in engineering, economics, and biomedical
modeling.
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1. Introduction

Mathematical models involving nonlocal operators are widely used to describe memory-driven and
hereditary phenomena in complex systems [1, 2]. Fractional differential equations provide a natural
extension of classical integer-order models. They incorporate long-range temporal interactions and
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nonlocal dynamics in a unified framework [3]. As a result, fractional calculus has found applications
in viscoelasticity, anomalous diffusion, control systems, bioengineering, and economics; see, for
example, [4,5].

To enhance modeling flexibility, variable-order fractional operators have been introduced [6, 7]. In
these models, the differentiation order evolves with time, space, or the system state. This approach
allows the memory intensity to change dynamically [8]. Consequently, variable-order models can
describe processes whose hereditary properties are not constant over time. Significant developments
in this direction can be found in [9].

In many real-world applications, time delays are unavoidable and arise due to finite signal
transmission speeds, feedback mechanisms, or accumulated effects over time [10, 11]. The interaction
between delay effects and fractional dynamics leads to mathematical models capable of capturing both
hereditary behavior and time-lagged responses. This interplay has motivated extensive analytical
studies, particularly concerning the existence and uniqueness of solutions for delayed fractional
systems [12]. Various classes of delayed and variable-order fractional problems have been investigated
using fixed-point techniques and compactness arguments; see, for instance, [13].

However, most existing studies focus on models in which the variable fractional order depends
pointwise on time or on the instantaneous state, and where delay effects are represented explicitly
through the history function u,. In contrast, in many practical situations the influence of the
past is cumulative rather than pointwise, and the intensity of the memory effect depends on the
overall historical behavior of the system. This observation motivates the need for fractional models
incorporating integral memory effects together with variable-order dynamics.

In recent years, increasing attention has been devoted to fractional models incorporating distributed
or integral memory effects, where the past influence is accumulated through convolution-type kernels
rather than represented by pointwise delays [14]. Such formulations arise naturally in viscoelastic
materials, anomalous diffusion, epidemiological systems with cumulative exposure, and adaptive
control problems [15]. Theoretical investigations of fractional integro-differential equations with
memory kernels, nonlocal nonlinearities, and distributed delays have been developed in various
contexts; see, for example, [16]. These studies highlight that integral memory structures often provide
a more realistic description of hereditary behavior compared to classical discrete delays.

Simultaneously, substantial progress has been made in the theory of variable-order fractional
differential equations, where the fractional order depends on time, space, or the system state. Recent
developments include nonlinear variable-order models, state-dependent orders, stability analysis, and
numerical approximation techniques [17, 18]. In particular, variable-order operators have proven
effective in modeling systems with adaptive memory intensity, where the strength of nonlocal effects
evolves dynamically according to the solution trajectory.

Despite these advances, most existing works treat either distributed memory effects or variable-
order dynamics separately. Only limited attention has been paid to systems in which the fractional order
itself depends on the historical trajectory while the nonlinear source term simultaneously incorporates
an integral memory functional. The present work aims to fill this gap by establishing rigorous
existence, uniqueness, and Ulam—Hyers stability results for finite-delay fractional systems combining
these two mechanisms within a unified analytical framework. Motivated by the above discussion, in
this paper we study the following finite delayed fractional differential equation with history-dependent
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variable order:
0

Dy u(r) = ?‘(r, (), f

=r

u(t+s)ds), te]0,T], (1)

u(t) = ¢(1), t€[-r0],

where Dgﬁ””’) denotes a variable-order fractional derivative of Riemann-Liouville type, r > 0 is a
finite delay, ¢ is a given initial function, and ¥ is a nonlinear function involving an integral memory
term. The fractional order «(t, u,) depends on the historical trajectory of the solution, allowing the
memory effect to adapt dynamically to past system behavior. The proposed framework is motivated by
systems in which memory effects are both cumulative and adaptive. Such behavior arises in viscoelastic
materials with evolving microstructure, anomalous diffusion in heterogeneous media, and biological
systems where the influence of the past depends on accumulated exposure. Although the order
function a(t, u,) is introduced in a mathematical setting, it admits a natural physical interpretation. In
viscoelasticity, fractional derivatives model hereditary stress—strain relationships, where the fractional
order reflects the intensity of memory effects. Allowing a to depend on the history segment u,
enables the modeling of materials whose effective memory strength evolves according to accumulated
deformation or loading history.

Similarly, in anomalous diffusion processes, the fractional order quantifies the deviation from
classical Brownian motion. A smaller order corresponds to stronger subdiffusive behavior and
enhanced memory influence. When a depends on the past trajectory, the diffusion regime becomes
adaptive, allowing the system to exhibit variable memory persistence depending on its historical
evolution.

More generally, the dependence of (¢, u;) on the history segment permits the description of adaptive
memory mechanisms, where the strength of nonlocal interactions is dynamically regulated by past
states rather than remaining fixed. This feature enhances the modeling flexibility of the proposed
approach and provides a rigorous analytical foundation for memory-driven systems.

The main objective of this work is to establish rigorous existence, uniqueness, and stability results
for the delayed variable-order fractional problem (1.1). By reformulating the system as an equivalent
integral equation, we develop a fixed-point framework that enables a systematic analytical treatment
of history-dependent memory effects.

The present study provides several distinct contributions to the theory of delayed variable-order
fractional systems:

(1) We propose a unified framework that combines a history-dependent variable fractional order with
a nonlinear source term involving an integral memory functional. Unlike classical models where
the fractional order depends only on time or where delays appear in pointwise form, the present
formulation captures cumulative hereditary effects while allowing the memory intensity itself to
adapt dynamically according to the past trajectory of the system.

(ii) The analysis is carried out in the Banach space L'(A) instead of the classical space C([0, T]).
This setting naturally accommodates integrable solutions and integral memory terms, and is
particularly well suited for systems driven by cumulative nonlocal interactions.

(ii1) A quantitative kernel sensitivity condition is introduced to control the dependence of the variable-
order fractional kernel on the history segment. This estimate plays a crucial role in deriving
uniqueness results and extends the applicability of classical contraction-based techniques to
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history-dependent settings.

(iv) Existence results are obtained via Schauder’s fixed-point theorem under weaker growth
assumptions, while uniqueness follows from the Banach contraction principle. In addition, Ulam—
Hyers stability is established for this class of systems, providing explicit robustness bounds with
respect to perturbations.

The proposed framework generalizes several existing delayed and variable-order fractional models
and provides a mathematically rigorous foundation for systems with adaptive and cumulative memory
mechanisms.

The remainder of the paper is organized as follows. In Section 2, we introduce the necessary
preliminaries, definitions, and auxiliary results. Section 3 is devoted to the derivation of existence and
uniqueness results using fixed-point theory. Section 4 shows the Ulam—Hyers stability. In Section 5,
an illustrative example is presented to demonstrate the applicability of the theoretical findings. Finally,
Section 6 concludes the paper with a summary of the results and directions for future research.

2. Preliminaries

This section presents the basic definitions, notations, and auxiliary results that will be used
throughout the paper. Standard concepts from fractional calculus, functional analysis, and fixed-point
theory are recalled for completeness.

Letr > 0and T > 0 be fixed. We define the interval

A:=[-rT], Ay :=10,T], Ay :=[-1,0].

Denote by L'(A,R) (or simply L'(A)) the Banach space of all Lebesgue measurable functions v : A —

R such that ,
f [v(s)|ds < oo,

T
WMl = f v(s)] ds.

For a function u : A — R and ¢ € A, we denote by u, the history segment defined by

equipped with the norm

u,(0) = u(t + 6), 6 € [-r0].
Clearly, u, € L'(A,) whenever u € L'(A).

2.1. Variable-order fractional operators

Let®: A; xR — (0, 1] be a continuous function satisfying
0<D, <D(t,x) D" < 1, (t,x) € Ay xR,

Definition 2.1. The left-sided Riemann—Liouville fractional integral of variable order @ of a function
¢ € L'(A) is defined by
t (l _ S)(I)(s,cp(s))—l

[0 ) ) =
W00 = ) as, o))

@(s)ds, t>0. 2.1
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If ©(¢, o(1)) = @ is constant, then (2.1) reduces to the classical Riemann—Liouville fractional integral
of order ®.

Definition 2.2. The left-sided Riemann-Liouville fractional derivative of variable order A : A{ xR —
(0, 1) is defined by

(DY) (1) = ( 1,0y, 1> 0. (2.2)
When A(t, ¢(t)) = A is constant, (2.2) coincides with the classical Riemann—Liouville fractional
derivative of order A.

It is well known that the semigroup property does not hold for variable-order fractional operators,

namely,

13(190(1))]A(t¢(t))g0(t) + Iqi(hso(l))+/\(h¢(f))(p(t),

in general.

2.2. Auxiliary results

The following lemmas play a crucial role in the analysis of the proposed problem.

Lemma 2.1. Let ® : Ay x R — (0, 1) be continuous. Then, for any ¢ € L'(A), the variable-order

fractional integral I, (th"p(t))go belongs to L'(A) and satisfies

175 el sy < Cillellurays (2.3)
where C, > 0 is a constant independent of ¢. Moreover, for ¢,y € L'(A),
15 0 = 15" Wiy < Calle = Ylluicays (2:4)

for some constant Cy > 0.

Lemma 2.2. Let J be a bounded interval and ¢ € L'(J). Then,

1
}g%z[ e(s)ds = p(t) a.e. te

Lemma 2.3 (Schauder fixed-point theorem). Let E be a Banach space and V be a nonempty, closed,
bounded, and convex subset of E. If T : V — V is continuous and compact, then T has at least one
fixed point in V.

Lemma 2.4 (Banach fixed-point theorem). Let E be a Banach space and T : E — E be a contraction
mapping. Then, T admits a unique fixed point in E.

3. Existence and uniqueness results
In this section, we establish the existence and uniqueness of solutions for the proposed finite delayed
variable-order fractional problem. The analysis is carried out in the Banach space L'(A) by means of

fixed-point techniques.
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Definition 3.1. A function u € L'(A) is said to be a solution of problem (1.1) if it satisfies

0

D$MMU)=?(LM01f

—-r

u(t + s) ds) , forae.teA,

together with the initial condition
u®) = ¢(1), 1€

Before proving the main results, we derive an equivalent integral formulation of problem (1.1),
which plays a crucial role in the sequel.

Lemma 3.1. Let u € L'(A). Then, u satisfies problem (1.1) if. and only if.

t 0
1,7 “u(r) = f T(s, u(s), f u(s +6) de) ds, teA,. (3.1)
0 —-r
Proof. Assume that u € L'(A) satisfies problem (1.1). By Definition 2.2, we may write

Da(z,u,)u(t) B i( t (t — S)_(I(S,MS)
o+ -

0
s\, —1_(1 v u(s) ds) = T(t, u(t),f u(t + 0) d@).

Integrating both sides over [0, ¢] yields
! (t _ s)—(t(‘\‘,us)
0 r(l - a’(S, us))

Since u(0) = ¢(0) and the left-hand side vanishes at ¢t = 0, we obtain C = 0, which leads to (3.1).
Conversely, differentiating (3.1) and using the definition of the variable-order Riemann—Liouville
derivative, we recover problem (1.1). This completes the proof. m|

¢ 0
u(s)ds = f T(s, u(s), f u(s + 6) d0) ds + C.
0 -r

Remark 3.2. The differentiation of the variable-order fractional integral in (3.1) is justified by
the absolute continuity of the integral operator on bounded intervals together with the regularity
assumption (Al), which guarantees that the order function a(t,u,) remains in a compact subinterval

of (0,1). In particular, the kernel % is locally integrable and differentiable with respect to

t, ensuring that the variable-order Riemann—Liouville derivative is well defined almost everywhere.
Therefore, the integral and differential formulations are equivalent in L'(A).

We now introduce the assumptions required for the main existence results:

(A1) The function @ : A; X L'(Ay) — (0, 1) is continuous and satisfies
O<a.<aty)<a* <1, Yy)eA xL'(A).

(A2) The function ¥ : A; xRXR — R is continuous with respect to ¢ and satisfies a Lipschitz condition
of the form

|7 (2, x1,31) = F(t, x2,32)| < Lx1 = x2l + [y1 = yal),
forallt € Ayand x;,y; € R, i=1,2.
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(A3) There exist a function @ € L'(A;) and a constant K > 0 such that
|7, x, )| < la@)] + K(xd + ), Yt x,y) € Ay X R,

It is worth emphasizing that assumptions (A1)—(A3) are standard in the analysis of nonlinear fractional
differential equations and are naturally satisfied in a broad class of practical models. Assumption (A1)
requires the variable order to remain within a compact subinterval of (0,1), which is physically
reasonable since fractional orders outside this range would correspond to non-diffusive or non-memory
regimes. In most applications, the order function is constructed as a bounded continuous functional of
the state or its history, making this condition straightforward to verify.

Assumption (A2) imposes a Lipschitz-type condition on the nonlinear term F. This requirement is
commonly satisfied by reaction terms arising in population dynamics, viscoelasticity, epidemiology,
and control systems, where nonlinearities typically involve bounded rational functions, polynomial
growth, or saturating responses.

Assumption (A3) ensures a linear growth bound, which guarantees integrability in the Banach
space L'(A). Such growth conditions are standard in existence theory and are satisfied whenever
the nonlinear source term does not grow faster than linearly with respect to the state and its memory
integral. Therefore, the proposed hypotheses are mild and compatible with realistic modeling scenarios
involving adaptive memory and cumulative hereditary effects.

Remark 3.3. The Lipschitz condition in (A2) is stated in a global form for simplicity and to allow a
direct application of the Banach contraction principle. However, many nonlinear models arising in
applications satisfy only local Lipschitz conditions.

In such cases, the present results remain applicable on bounded subsets of L'(A). Indeed, if F is
locally Lipschitz in (x,y), then for every bounded ball By = {u € L'(A) : lull1ay < R} there exists a
constant Lr > 0 such that

|F(t, x1,y1) — F(t, X2, y2)| < Lr(|x1 — X2| + |y1 — ¥2l)

whenever x|, |yl < Mg, where My depends on R. The fixed-point arguments in Theorems 3.5-3.9
are carried out on bounded balls By, and the contraction and compactness estimates remain valid
with L replaced by Lg. Consequently, the existence and uniqueness results extend naturally to locally
Lipschitz nonlinearities, provided the solution is sought within a suitable bounded set.

Theorem 3.4. Assume that (A1)—(A2) hold and that

e

Then, problem (1.1) admits a unique solution in L' (A).

Proof. Define the operator A : L'(A) — L'(A) by

¢(I)’ te A27
(Au)t) = (1 (1 = g)etuo-1

0
A m?"(s,u(s),fru(s+9)de) ds, teA,.
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By Lemma 3.1, fixed points of A are exactly solutions of (1.1). We show that A is a contraction on
LY(A).
Let u,v € L'(A). For t € A, we have (Au)(t) = (Av)(t) = ¢(1), s0

[(Au)(t) — (Av)(@®)| =0 fort e A,.

For t € Ay, using assumption (A2),

toe alsug)-1 0 0
(Au)(t) - (AV)(@D)] < %‘T(s, u(s), f u(s +6) de) E T(s, v(s), f v(s + 6) de) s
0 F(Q(S, us)) -r -r

! (l _ s)a(s,us)—l
o I'la(s, uy)

0
(Iu(s) —v(s)| + f (u(s + 0) — v(s + 0)) d@‘) ds.

Moreover,

0 0
‘f (u(s + 0) — v(s + 0))do Sf [u(s + ) — v(s + 0)| d6.

Since a(s, u;) > a. and I'(a(s, u,)) > I'(a.), we obtain the pointwise bound

(1= sy (= syt
Matsu) L)

Hence, fort € [0, T'],

|(Au)(?) = (AV)(D)] <

1 0
L f (t—s)“*_l(lu(s)—v(s)|+ f |u(s+9)—v(s+0)|d9)ds. (3.3)
r(a*) 0 -r

Now integrate (3.3) over ¢ € [0, T'] and apply Tonelli/Fubini:

T
AU = AVl = j; |(Aw)(2) = (Av)(D)| dt

T 0
< L f f(t — 5@t (Iu(s) —v(s)| + f lu(s + 0) — v(s + 0)| d@) dsdt
F(a'*) 0 0 —r

L T 0 .
f (|u(s) —v(s)| + [u(s + 6) — v(s + 0)| dg) (f (t— 5)™! dt) s
I'(e.) Jo . s
T 0 (0%
. f (lu(s) — vl + f lu(s +6) — v(s + 6)| a’H) a-9" ds
He) Jo - .
LT

e

[a. +1) Jy

T 0
(Iu(s) —v(s)| + f lu(s + 0) — v(s + 6)| d@) ds.

Finally, estimate the delay term:

T 0 0 T
f f lu(s + 0) —v(s + 0)|dbds :f f lu(s +6) —v(s + ) dsdb < rllu— vl
0 —-r -r JO

and, clearly, fOT lu(s) — v(s)lds < |lu — vl a). Therefore,

[0%

(L + 1) lu = vl a)-

AU — AWV 1(a) < T+ D
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Set LT
= ——(1 +r).
= P T
By (3.2), we have g < 1, hence A is a contraction on L' (A). The Banach fixed-point theorem guarantees
a unique fixed point of A, which by Lemma 3.1 is the unique solution of (1.1). O

Theorem 3.5. Assume that (Al) and (A3) hold and that

T

Then, problem (1.1) admits at least one solution in L'(A).

Proof. Consider the operator A defined in the proof of Theorem 3.4. We will apply Schauder’s theorem
on a suitable closed, bounded, convex subset of L'(A).
Let Bg :={ucL'(A): llull1a) < R}, where R > 0 will be chosen. For 1 € Ay, [(Au)(?)| = |¢(2)], so

0
f (O dr = Bl
For t € Ay, using (A3) and the bounds a(s, u,) > a., ['(a(s, u,)) > I'(a.),
I'(a,)

< Tt — )%
0 F(a/*)

Integrating over ¢ € [0, 7] and using the same Fubini argument as before,

T
f (A D) dr < s T f (la(s)] + Klu(s)) ds + £——— T f f u(s + )| do dss
0

(0% (7%
K+ )llullpra).-

! _ a,—1 0
(A1) < f &(Ia(s)HKlu(s)HK‘ f u(s + 0) de‘)ds
0 -r

0
(la(s)l + Klu(s)| + Kf lu(s + 6)| d@) ds

<— _—
= T, + 1)”“”””” (@ + 1)

Therefore,
Aullray < NPllzray + m”aﬂmm) + mK(l + PlullLra)-
Let Te
=——K(1 +71).
1= Fa r XA +n

By (3.4), we have n < 1. Choose

@

T
+ ———|la
Il + sl

R =
l-n

Then, for any u € Bg we obtain ||Aull,1n) < R, hence, A(Bg) C Bg.
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Let u, — uin L'(A). Then, u,(s) — u(s) in L'(0, T) and also

0 0
f uy(s + 6) d > f u(s +6)do in L'(0,7),
by dominated convergence/Fubini and the L' convergence on A. Using the continuity of # and (A3),
the integrand in Au, converges a.e. to that of Au and is dominated by an L'-function independent of n
on Bi. Hence, by the dominated convergence theorem,

| Aw, — ﬂu”Ll(A) — 0,

which proves continuity.

We show that A(Bg) is relatively compact in L'(A). First, A(Bg) is uniformly bounded in L'(A)
because A(Bg) C Bg. Second, to verify the translation tightness, let 4 — 0 and use Lemma 2.2 together
with the fact that the kernels (z — s)* ! are integrable on 0 < s < ¢ < T. A standard Kolmogorov—Riesz
compactness criterion in L' yields that A(By) is relatively compact. Therefore, A is compact on By.

We have shown that By is nonempty, closed, bounded, convex, and that A : By — Bg is continuous
and compact. By Schauder’s fixed-point theorem, ‘A has at least one fixed point in Bg. By Lemma 3.1,
this fixed point is a solution of (1.1). O

Theorem 3.6. Assume that (A1)—(A2) hold. Suppose, in addition, that there exists a constant C, > 0
such that for all u,v € L'(A),

f(') [(() _ S)a(s,us)—l ~ () - S)a(S’VS)_l
0 I'a(s, uy)) ['(a(s, vs))

< Collu = vl lgleia,)- (3.5)
LA

]g(s) ds

Then, problem (1.1) admits a unique solution in L' (A).
Proof. By Lemma 3.1, u solves (1.1) if, and only if, u is a fixed point of the operator A : L'(A) — L'(A)
defined by
¢(t)’ re A29
(ﬂu)(t) = t (l _ S)a/(s,ux)—l
o Ila(s,uy)
Fix £ € (0, 1) and define the &-regularized operator X, : L'(A) — L'(A) by

0
T(s, u(s),f u(s + 0) d@) ds, teA.

(Xou)(t) = eu(t) + (1 — &)(Au)(t), teA. (3.6)

Clearly, u is a fixed point of A if, and only if, it is a fixed point of X,.
Let u,v € L'(A). Since (Au)(t) = (Av)(t) = ¢(¢) for t € A,, we have

I(X 1) — (Xav)llLl(Az) =gllu— V”L‘(A2) <égllu- V||L1(A)-
On A;, we estimate

[(Xe1)(1) = (XD < lu(t) = (D] + (1 = &)[(Au)(?) = (AVD). (3.7
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Thus, it suffices to bound |[(Au)(¥) — (Av)(?)|.
Write

(Au)(r) — (AV)(D) = f (Kult. $) Fu(5) = K,(t, 5) Fu(5)) ds,
0

where
(l _ s)a(s,us)—l

0
=V F, = > , 0)do|,
[(a(s, 1) ) GE(S ") f us+0) )

and similarly for K, F,. Add and subtract K,,(t, s)F,(s) to get

K. (t,s) =

. (3.8)

I(ﬂu)(t)—(ﬂV)(t)ISj(;IKu(t,S)I |Fu(s) — Fy(s)lds + ﬁ(Ku(ta s) — Ki(1, 5)) Fu(s) ds

By (Al), a(s, us) > a., hence,
(l _ S)a*—l

[Ku(t, $)| < (@)

Using (A2) and the inequality

0
< f lu(s + 6) — v(s + 6)|d6,

0
‘f (u(s + 60) — v(s + 0))do
we obtain 0
|[F,(s)— F,(s) < L(lu(s) —v(s)| + f lu(s + 0) — v(s + 0)|do|.

Substituting into the first term of (3.8), integrating over ¢ € [0, 7], and applying Tonelli/Fubini as in
standard fractional estimates yield

! [o2%
t | K5 )F(s) — Fy(s)lds < —= T+ n)llu =Vl (3.9)
sf() Ll(Al) F(a/* + 1) L (A)
Assumption (3.5) applied with g = F, gives
!
te f(Ku(t, s) — K\(t,5)) F\.(s)ds < Collu = Vil 1Fllziay)- (3.10)
0 L'(A1)

Moreover, by (A2) with (x,,y,) = (0,0) and continuity of ¥, there exist m € L'(A;) and K > 0 such
that

0
|F,(s)| < Im(s)| + f(IV(S)I + f [v(s + 0)| dH),

hence, ||FyllLia,) < Cr(1 + |Vllz1a)) for some constant Cr > 0. In particular, on any bounded ball
Bg € LY(A), |IF,ll11a,) is uniformly bounded by a constant depending on R.
Combining (3.8)—(3.10), we obtain, for u, v € Bg,

AU — ﬂV”Ll(A) < Ogllu - V”LI(A)’ (3.11)
where
O = ﬂ(l+r)+c Cr(1+R)
B T, + 1) o '
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Finally, from (3.7) and (3.11), we conclude
IXstt = Xovllniay < (8 + (1 = 8)Og) [l = VlLia), u,v € Bg. (3.12)

Set o := e+ (1 — £)Og. Even if o > 1, the iterates satisfy

n

o ) . ) ) ) )
IXou — Xovlliay < ) lu — vllz1a) (by induction and the binomial-type estimate for iterates).

Since lim,_,, 0 /n! = 0, there exists ny € N such that 0™ /ny! < 1. Thus, X2 is a contraction on Bg.
By Lemma 2.4 in the iterate form (Lemma 2.4 in your preliminaries), X, admits a unique fixed point
in Bg.

Because the fixed points of X, and A coincide, A has a unique fixed point, and, hence, problem (1.1)
has a unique solution in L'(A). O

Remark 3.7. The global Lipschitz condition in (A2) and the contraction inequality used in
Theorems 3.4 and 3.6 are sufficient conditions ensuring uniqueness via Banach’s fixed point theorem.

However, these assumptions can be relaxed in several directions.

First, if F is only locally Lipschitz in (x, y), the fixed-point argument can be carried out on a bounded
ball Bg C L'(A), where the global constant L is replaced by a local Lipschitz constant L. In this case,
existence and uniqueness remain valid as long as the solution is confined to the bounded set.

Second, the contraction condition may be weakened by employing compactness-based techniques.
In particular, by using Darbo’s fixed point theorem or tools based on the measure of non-compactness,
one may obtain existence results under weaker growth conditions without requiring a strict contraction
inequality.

Remark 3.8. Condition (3.5) is a quantitative kernel sensitivity requirement. It controls how much the

variable-order kernel
(t _ S)a(s,u_;)—l

I'(a(s, uy))
changes when the history-dependent order a(s, uy) is evaluated at two different histories u; and v,. In
other words, (3.5) guarantees that the mapping

K.t s) =

ur— (s> K,(,s))

is Lipschitz (in the L'-operator sense) with respect to u. A convenient sufficient condition for (3.5) is
the following: assume that a(t,¥) € [a.,a*] C (0, 1) and that « is Lipschitz in  in the form

|, Y1) — a(t, Y2)| < Lol = ¥2lloig-ron» 1€A. (3.13)

N (t—s)1"!
TG

Then, using the mean value theorem and the smoothness of on |a., @], one obtains
|Ku(ta S) - Kv(t’ S)l < CO |a’(S, us) - CL’(S, Vs)l < COLa”us - Vs”L'([—r,O]),

where Cy depends only on «.,a”,T (and arises from bounding |0,[(t — YT on [a., a*]). After
integrating in s and t, this yields (3.5) with C, = CyL,.
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Let ay € C(Ay) with ay(t) € [a., @] and define
0
a(t,y) = o, 0 (Oéo(l) +ﬂf Y(0) dﬁ),

where 1l,, o+ denotes the projection onto [a.,a*] and u > 0 is a constant. Since ‘ f_ Or(tm - lﬂz)‘ <
lr1 = ollr=rop, we obtain (3.13) with L, = u, hence, (3.5) holds.

Theorem 3.4 uses the contraction condition (3.2) and estimates the kernel by a uniform upper bound
depending only on a., without requiring a Lipschitz dependence of the kernel on u. In contrast,
Theorem 3.6 is designed to handle situations where (3.2) may fail. It separates the estimate of
(Au)— (Av) into a term controlled by the Lipschitz constant of F and a second term involving (K, — K,),
which is exactly where (3.5) is used to control the sensitivity of the kernel with respect to the history-
dependent order.

Theorem 3.9. Assume (A1)—(A3). Let A : L'(A) — L'(A) be the operator
P(1), t€ A =[-r0],
(ﬂu)(t) = t (l _ S)a/(s,ux)—l
o Tla(s, uy))

0 (3.14)
T(s, u(s),f u(s + 60) d@) ds, teA =1[0,T].

Suppose there exists a constant C; > 0 (depending only on a.,,a*, T) such that for every g € L'(A)),

! t— a(s,ug)—1
e L g(s)ds

T(a(s, u,)) < Cilighuay  for all u € L'(A). (3.15)
0 s Ug

LAy

If
CIK(1+r) <1, (3.16)

then problem (1.1) has at least one solution in L'(A).

Proof. By Lemma 3.1, solutions of (1.1) are precisely fixed points of A. We apply Schauder’s fixed-
point theorem on a suitable closed bounded convex set.
Let Bg :={ucL'(A): llull1a) < R}, where R > 0 will be chosen later. Fix u € Bg. For t € A,,

(Aw)®)| = oD, = [ Aullpiay = l@llLiay)-

For t € A, denote

0
G,(s) := T(s, u(s),f u(s +6) d@).

0
|f u(s + 6)do

0
|G,(s)| < la(s)] + Klu(s)| + Kf lu(s + )| d6.

Using (A3) and the estimate
0
< f lu(s + 6)| dé,

we obtain for a.e. s € Ay,
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Integrate over s € [0, T] and remember that u € L'(A) yields

T A0
IGulliayy < llallpra,y + Kllullzia,) + Kf f lu(s + 0)|dds
0 -r

< llallpia,y + Kllullpray + Krllullzia
= llallzayy + K1+ n)llullpiay < llallpa,) + K(1+r)R. (3.17)

Now, apply the operator estimate (3.15) with g = G, to get
AullL1a) < CillGulleiayy < Chllallpia,) + CiK(1 + r)R. (3.18)
Therefore,
AUl 1y = AUl 1 (ar) + 1AM 1A S Dlliay) + Crllallia,y + CrIK(1 + rR. (3.19)
Letn := C;K(1 + r). By (3.16), n < 1. Choose

_ Pl (ay) + CillallLia,)
1-n '

R:

(3.20)

Then, (3.19) implies || Aul|.1a) < R, hence,
ﬂ(BR) C Bg.

Since Bg is nonempty, closed, bounded, and convex in L'(A), it is an admissible set for Schauder.
Let u, — u in L'(A) with u,, u € Bg. Then, u, — u in L'(A,) and, by Fubini’s theorem,

0 0
fu,,(-+6)d9—>fu(-+0)d0 in L'(A).

r

By (Al), a(:,(u,).) is bounded in [a., "] and measurable. Moreover, (A3) and the uniform bound
lln]l1(a) < R yield a uniform L'-dominating function for G, on A;. Since ¥ is continuous, we have
G, (s) = G,(s) for a.e. s (up to a subsequence). Hence, by dominated convergence, ||G,, — GyllL1(a,) —
0.

Finally, apply (3.15) to g = G, — G,, to obtain

A, — Aull ra,) < CillGu, — GullLra) = 0,

and on A, we have Au,, = Au = ¢. Therefore, |[Au, — Aull.1») — 0, which proves continuity.

We show that A(Bg) is relatively compact in L!'(A). First, A(Bg) C By gives uniform boundedness
in L'(A).

Next, let 7 € R with |h| small. For u € By, consider the translation w,(f) := (Au)(?) on A,. By the
integrable kernel structure and the uniform L!-bound on G, in (3.17), one obtains

Iw.(- + h) — Wu(')”L'(Al) —0 ash—0,

uniformly in u € By (this follows from standard continuity of fractional-type integral operators in L').
Hence, by the Kolmogorov—Riesz compactness criterion in L', A(By) is relatively compact in L'(A)).
On A,, A(Bg) is the singleton {¢}, so compactness is immediate. Therefore, A : B — By is compact.

Since A : By — By is continuous and compact, Schauder’s fixed-point theorem guarantees the
existence of u* € By such that Au* = u*. By Lemma 3.1, u* is a solution of (1.1). |
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Theorem 3.10. Let {v,} € L'(A) and v € L'(A) be such that
”Vn - V”U(A) — 0 (l’l — OO)

Assume (A1)—(A3). Then, the following convergences hold:

0 0
Hf Va(- + 60)dO — f v(- + 60)do

0 0
”T(-, vn(-),f Va(- + 0) d@) - T(-, v(-),f V(- + 0) d@)

Consequently, the operator A defined in (3.14) is continuous on bounded subsets of L'(A).

— 0
LA

, (3.21)

— 0. (3.22)

L'(Ap

Proof. First, by Fubini’s theorem and Tonelli’s theorem,

T 0 0 T
sf f |vn(t+0)—v(t+9)|d0dt:f f v, (t+0)—v(t+0)| dt d6.
L(A1) 0 —-r -r JO

By the change of variables s = ¢ + 6,

0
l|f (va(- +0) = v(- + 0)) dO

T T+6
f [V, (t +6) —v(t + 6)|dt = f [V (s) = v(S)lds < vy, = VllLia)-
0 0

0 0
'lf vn(-+9)d0—fv(-+0)d9

which proves (3.21).
Next, define

Hence,

< rlve = vl — 0,
LY(A1)

0 0
Y, (1) = f vu(t+6)de, Y(¥) := f v(t + 0)de.

Then, v, — v in L'(A)) and ¥, — Y in L'(A;). By passing to a subsequence, we may assume
vu(t) = v(t) and Y, (t) — Y(¢) for a.e. t € A;. Since ¥ is continuous, we have pointwise convergence
a.e.:

Ft,va(0), Ya(1)) = F(2,v(0), Y ().
Moreover, by (A3),
|71, va(0), Ya(0)| < la(@)] + K(va(D] + 1Y, (0)).
Using (3.21) and the boundedness of {v,} in L'(A) (since v, — v), the righthand side is dominated by
an L'(A,)-function independent of n. Thus, by the dominated convergence theorem,
|FCva(), () = FCvO, YO, = O
which proves (3.22).

Finally, using the operator bound (3.15) (or Lemma 2.1 in your preliminaries), we obtain

1AWV, = AVzay < Cr [|FCva0), Ya(D) = FC O, YOy = 0.

(A1)

On Ay, Av, = Av = ¢, hence, | Av, — AV||1n) — 0. Therefore, A is continuous on bounded subsets
of L'(A). O
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Let By c L'(A) be a bounded ball and define W := A(Bg). To apply the Kolmogorov—Riesz
compactness criterion in L'(A;), it suffices to show that

sup [w(- + h) = wOllpiay — 0 ash — 0. (3.23)

weW

Fix u € Bg and write w = Au on Ay:

(l _ s)a(s,us)—l

0
m, G,(s) := 7:(5, u(s), f:r u(s + 6) d@),

w(r) = f K,(t,5)G,(s)ds, K, (,5) =
0

By (A3) and the boundedness of Bg, there exists My > 0, such that

sup |Gullzia,) < Mg. (3.24)

ueBg

Moreover, by (Al), forall0 < s <t <T,

(l _ S)a*_l

0< Kyt s) < @)

For h small, we estimate (for ¢ € [0, T'])

t 1+h
w(t + h) —w(t) = f (K (t + h,s)— K,(t,5)G.(s)ds + f K, (t+ h, s)G,(s)ds,
0 t
and, therefore,
T t T t+h
W + ) = wOllay < f f |K(t + 1, 5) = Ko(2, 5)| G ()| ds dt + f f K.(t + h, $)|G,(s)|ds dt
0 0 0 t
=: I,(h) + L(h).

For I,(h), using K, (t + h, s) < % and Fubini,

1 T t+h | s /R
L(h) < t+h—95)""|G,(s)dsdt < ————||G, < ——— Mg,
2(h) @) fo fl ( $)“1Gu(s)l ds Fl@ & 1)II lzian T 7 1)k
which tends to O uniformly in u € Bg.
For I,(h), note that for a.e. s < ¢ the kernel K,,(¢, s) is continuous in ¢ and bounded by (I}EZ;—I , which
is integrable on {0 < s <t < T'}. Thus, for each fixed u € Bg,

T

L
by dominated convergence, and the domination is uniform on Bg to (3.24). Hence, I;(h) — 0 uniformly
inuceE By.

Combining the bounds on /;(4) and I;(h) yields (3.23). Therefore, W = A(Bg) is relatively compact
in L'(A), and, consequently, A is compact on Bg.

K.t +h,s) = K, 9)|IGu(s)dsdt = 0 (h — 0)
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4. Ulam-Hyers stability

We now investigate the Ulam—Hyers stability of problem (1.1).

Definition 4.1. Problem (1.1) is said to be Ulam—Hyers stable if there exists a constant C > 0 such that

for every & > 0 and every function v € L'(A) satisfying

<eg
L'(Ay)

b

0
DI (r) - ?(z W), f v(t+0)d9)

r

there exists an exact solution u of (1.1), such that
v —ullg1a) < Ce.

Theorem 4.1. Assume that (A1)—(A2) hold and that

[

T
- 11 1.
9= T s 0 <

Then, problem (1.1) is Ulam—Hyers stable. In particular, one may take

1
C=—.
l-g

4.1)

4.2)

Proof. Lete > 0 and let v € L'(A) be an e-approximate solution in the sense of (4.1). By Theorem 3.4,
there exists a unique exact solution u € L'(A) of (1.1) corresponding to the same history function ¢ on

AZ = [_r’ O]
Define the residual function e : A; — R by

0

e(t) := D" v(t) - T(t (), f v(t+9)d0).

r

Then, (4.1) is simply |lell 1)) < &.

4.3)

Using Lemma 3.1 (the integral formulation) applied to v with order a(z, v,), we obtain for a.e. t € A;:

t 0 t
17y = f T(s,v(s), v(s+9)d9) ds + f e(s)ds.
0 —-r 0

Equivalently, applying the operator form used in Theorem 3.4, we may write
V(1) = (Av)(1) + (Ee)(D), 1€ A,

where A is the solution operator defined in Theorem 3.4, and

a(s,vy)—1
Eo)1) = f (r(;() — ets)ds

On the history interval A,, we also have

V(1) = ¢(1) = (Av)(D), SV

4.4)

4.5)
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hence, (4.4) holds on all A if we set (Ee)(¢) = 0 forr € A,.
For t € Ay, by (A1) we have a(s, v,) > a., and since I is positive on (0, 1),

(t _ S)a(s,vs)—l - (l _ s)a*—l

[la(s,vy)) — Tl
Therefore, from (4.5) we obtain
[(Ee)(®)| < r(;) f(;(t — )% e(s)| ds.

Integrating over ¢ € [0, T'] and applying Tonelli/Fubini,

T
IEellzia) = fo [(Ee)(®)| dt

T
< F(;*)f(; ﬁ(t—s)“*_lle(s)ldsdt

1 T T B
= F(a/*)f(; |e(s)|(£ (t—19) dt)ds

(T (T — )™
_F(a/*)j; le(s)| E— ds

< — .
T+ 1) ||€||L1(A1)

Using [lell.ia,) £ &, we conclude 3

ICellL1a) < ms. (4.6)
Since u is the exact solution, it is the fixed point of A, i.e.,
u = Au.
Subtracting this from (4.4), we obtain,
v—u=(Av — Au) + Ee.
Taking the L'(A) norm yields
v — M||L1(A) <||Av - AM”LI(A) + ||8€||L1(A)- 4.7)

From the proof of Theorem 3.4, the operator A is a contraction on L!(A) with constant ¢ given by (4.2),
namely,
lAv = Aullpiay < gllv = ullpia)-

Substitute this and (4.6) into (4.7) to get

[0

v —=ullziay £ gllv—ullpipy + =————— €.
L' =49 LY(A) (. + 1)
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Rearranging gives
[0

1- - <—¢,
( Qv u”L‘(A) T+ &
hence,
v =t < T
V—u S &
PO =1 g T + 1)
Since ———— r( +1) is a fixed constant, this establishes Ulam—Hyers stability. In particular, one may take
T 1
T, +1) 1-¢
This completes the proof. O

5. Examples

In this section, we provide an illustrative example showing that the hypotheses of Theorems 3.4
and 3.9 can be satisfied for the proposed problem (1.1).

Example 5.1. Let 7 = 2 and r = 1. Consider the finite delayed variable-order fractional problem

0
a(t ) y(f) = (l‘ u(t),f u(t + 6) d9) , t€][0,2],

. (5.1
I/t(t) = ¢(t)’ te [_1’ 0]’
where the variable order is defined by
1 t 1 1 1
w LY([-1,0D
and the nonlinear term is given by
el x e—z y
t = — : t,x,y) € [0,2] x R, 5.3
Tex) ="t e Tapr RV (5.3)
The history function ¢ is assumed to belong to L'([-1, 0]).
Proof. We verify assumptions (A1)—(A3).
From (5.2) we have a(t, ) continuous in both variables. Moreover, since ¢ € [0,2] and W €

(0, 1], it follows that
1 1
LyYy)>-+0+0=- = a,,
a(t,y) > ) +0+ ) a

and
(t)1+2+1—11 1 n
R TR ID T Rl T Rt
Hence, 0 < a, < a(t,y¥) < a* < 1 for all (¢,¢), and (A1) holds.

For any z € R, the function g(z) := TII satisfies

lg(z1) — g(z2)| < 21 — 2al, 21,22 €R,
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since g is globally Lipschitz with constant 1. Using (5.3), we obtain, for any 7 € [0, 2] and (x;,y;) € R,

IF(t, x1,31) = Ft, %2, y2)]| < %lg(xo —g(w)l + %|g(m — gl
1
< 8(|x1 — Xa| + [y1 = y2l).

Thus, (A2) holds with Lipschitz constant L = é Again, using |g(z)| < 1, we get

F (1,51 < g0l + =gl < %

Hence (A3) holds with a(r) = 3 € L'([0,2]) and K = O (or alternatively with any K > 0 and a(?) = 3)-
Therefore, all hypotheses of Theorem 3.4 are satisfied. In particular, since L = é and r = 1, the

contraction condition T

INa. +1)
is fulfilled for T = 2 and .. = }l. Consequently, problem (5.1) admits a unique solution in L'(A).
To illustrate the necessity of the linear growth term in assumption (A3), consider the modified
nonlinear function

Ll+r <1

—t -t

~ e X e y 1
Ft, P = + — + — + .
Gx) = m T e Tap T30

Clearly, F is continuous in all variables. The first two terms are globally bounded as in Example 5.1,
while the additional linear term %(x + y) introduces genuine linear growth.
We estimate

~ 1 1
|F(7, x,y)| < 37t g(IXI + [yD).
Hence, assumption (A3) holds with

1 1
a(t) = = € L'([0,TY), K=—->0.
3 5
In this case, the growth term proportional to |x| + |y| is essential and cannot be absorbed into
a(t). Therefore, condition (A3) with K > 0 plays a nontrivial role in verifying the hypotheses of

Theorems 3.5-3.9. O

Example 5.2. Consider Example 5.1 with 7 = 2 and r = 1, and

t t

(t.0) 1+t+ 1 1 F ) e’ x +e‘ y
at, ) ==+ -+ =5, ,X,Y) = — — .
4 8 201+ ||1//||il([_1’0]) 6 1+x] 6 1+1y

As shown in Example 5.1, we have @, = 1/4 and the Lipschitz constant in (A2) is L = 1/6.
Define

(o

T
q .= mL(l +r).

WithT =2, r=1,a,=1/4,and L = 1/6, we obtain

H1/4 /4
2

|
- 2 ~ 04373 < 1.
TG5/4) 6 3T(5/4) <

q
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Hence, the hypotheses of Theorem 4.1 hold.
Therefore, for every £ > 0 and every g-approximate solution v (in the sense of Definition 4.1), there
exists the unique exact solution u such that

T 1
- <Ceg, C= . .
11% M||L1<A) sC¢ Ta.+1) 1—¢
Numerically,
2174 1
C ~ 2.3318.

T T(5/4) 1-04373

For instance, if € = 1072, then every g-approximate solution satisfies the explicit stability estimate as
shown in Figure 1.

v —ullpiay < 2.3318 X 1072

10° .
O Numerical error
= == Ce¢ (upper bound) P
-1 L - s il
10 = -~
B (0]
it o]
il i - ;
< - (o]
T -
= = = o
=
> . e ” o ]
= 10 B o
- -
o o]
104 Q : : L]
(0]
10 ‘ :
1074 107 1072 107"

E

Figure 1. Ulam-Hyers stability for Example 5.1. The numerical error [|v — ul[1s) grows
linearly with the perturbation size &, in agreement with the theoretical bound [[v—u/|.1») < Ce.

To support the theoretical stability result in Example 5.1, we briefly describe the numerical
procedure used to generate Figure 1. The variable-order fractional problem (5.1) was first reformulated
in its equivalent integral form (3.1). The interval [0, 7] with T = 2 was discretized using a uniform
grid
T
Na
with N = 200 in the simulations. The variable-order Riemann-Liouville fractional integral was

t, = nh, n=0,1,...,N, h=
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approximated using a fractional trapezoidal-type quadrature rule:

n—1
[ a(ti,uy )—1
) ~ 3 U u(toh.
k=0 F(a(tk’ ulk))

0
f u(t, + 0)do

was computed using a standard rectangle rule on the delayed grid.
To construct an g-approximate solution v, we perturbed the exact numerical solution u by adding a
small disturbance of magnitude ¢, i.e.,

The integral memory term

v(t,) = u(t,) + 8§n,

where {£,} is a bounded random sequence with |&,| < 1. The L'(A)-error was then computed as

N
= wlliay = B Y Iv(t) = u(ty).
n=0

The resulting numerical errors for different values of € exhibit linear growth, in agreement with the
theoretical estimate
v —ullia) < Ce,

where C is given explicitly in Theorem 4.1.

To further illustrate the applicability of the theoretical results, we investigate the influence of the
delay parameter r and the structure of the variable-order function a(t, ¥). Keeping all parameters as in
Example 5.1, we vary the delay length r and compute the contraction coefficient

[0

T
q(r) = mL(l + r).

As expected, increasing r enlarges the effective memory contribution and increases the stability
constant. Numerical simulations confirm that larger delay values lead to stronger cumulative memory
effects and slower decay of perturbations. We compare the history-dependent order (5.3) with a purely
time-dependent alternative .
t
a(t) = Z + g

The comparison shows that the history-dependent term enhances adaptive behavior: when the L'-norm
of the history increases, the fractional order decreases slightly, strengthening memory persistence. This
demonstrates the practical role of the history-dependent mechanism in shaping system dynamics.

5.1. Discussion on the influence of parameters and order function

It is instructive to briefly analyze how variations in the model parameters and in the order function
a(t, u,) influence the qualitative behavior of the system. From Theorems 3.4 and 4.1, the key quantity
governing uniqueness and Ulam—Hyers stability is the contraction constant

T

q= mL(l +7), (5.4)
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where a, = inf(; ) a(t, ). The delay parameter appears linearly in the factor (1 + r). Thus, increasing
the memory window enlarges the contraction constant g, making the stability condition ¢ < 1
more restrictive. Consequently, longer cumulative memory effects require weaker nonlinear feedback
(smaller Lipschitz constant L) to preserve uniqueness and stability. The term F(Z:l) 1S increasing
with respect to @, on (0, 1). Hence, larger fractional orders enlarge the contraction constant g. In
contrast, smaller fractional orders strengthen the smoothing effect of the fractional integral operator
and improve stability. This observation reflects the regularizing role of stronger memory effects in
fractional systems.

Changes in the functional dependence of @ on the history u, directly affect the lower bound
«@,. For instance, if a(t,u,) decreases when the history norm |lu,l|;1-.p increases, then stronger
historical influence may reduce a. and thereby improve stability. Conversely, if @ approaches 1, the
model becomes closer to a classical differential equation and the contraction condition becomes more
restrictive. The Lipschitz constant L scales the stability threshold directly. In fact, the contraction
condition g < 1 can be rewritten as

INa. +1)
To(1+7r)
which provides an explicit quantitative criterion for admissible nonlinear response intensity. Smaller
values of L enlarge the stability region, while stronger nonlinear amplification may violate the
uniqueness condition.

These observations show that the theoretical results obtained in this work provide explicit
quantitative relationships describing how the delay length, memory order, and nonlinear strength
jointly determine existence, uniqueness, and robustness of solutions.

L< (5.5)

5.2. Comparative numerical analysis

To further investigate the influence of model parameters on the system behavior, we perform
additional numerical experiments focusing on the delay length r and on different forms of the variable-
order function a(t, ¥).

Keeping all other parameters fixed as in Example 5.1, we vary the delay length and consider r €
{0.5, 1, 1.5}. Recall that the contraction coeflicient

(o

T
Q(I’) = mL(l + I")

depends linearly on (1 + r). Thus, increasing the delay enlarges the effective memory contribution and
leads to larger stability constants.

The numerical simulations confirm this analytical observation. In particular, the accumulated
solution norm

N
lrllzray )l
n=0

increases moderately as r becomes larger, indicating that stronger cumulative memory effects amplify
the system response and enhance persistence.

Next, we compare the original history-dependent order function defined in (5.2) with two alternative
forms:

t 1 ¢ u
+ -, aot,y)=—+ s+ —-—-——,
8 2 4 8 1T +IWllug-10)

I

a/l(t’ lﬂ) =
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where ¢ > 0 controls the strength of the history dependence. When p = 0, the system reduces to a
purely time-dependent order, corresponding to a fixed memory evolution determined solely by time.
For u > 0, the fractional order decreases as the history norm increases, which corresponds to stronger
adaptive memory effects.

The numerical results (see Figure 2) show that increasing u enhances the sensitivity of the solution
to past states, producing slower decay and stronger memory persistence compared to the purely time-
dependent case. This comparison confirms that the history-dependent component of the order plays a
significant role in shaping the qualitative dynamics of the system.
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045y history-dependent order, r=1.0
g history-dependent order, r=1.5
lc-j 0.4 r |= = =—time-dependent order, r=0.5
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Figure 2. Accumulated L'-norm fot |u(s)| ds for different delay values r and two variable-
order functions. Solid curves denote the history-dependent order, while dashed curves
correspond to the purely time-dependent order.

6. Conclusions

In this work, we studied a class of finite-delay fractional differential systems with a nonlinear
variable order depending on the past evolution of the state. The proposed model combines two
mechanisms: a history-dependent fractional order and an integral memory term in the nonlinear
source. This formulation allows cumulative hereditary effects to be incorporated in a flexible and
mathematically consistent manner. We reformulated the problem as an equivalent integral equation.
Using fixed-point techniques in the Banach space L'(A), we established existence and uniqueness
results under mild assumptions. Both the Banach contraction principle and the Schauder fixed-
point theorem were applied. In addition, Ulam—Hyers stability was proved, providing quantitative
robustness of solutions with respect to perturbations. An illustrative example was presented to verify
the theoretical assumptions and to demonstrate how parameter variations influence stability. The
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numerical experiment confirms the linear stability behavior predicted by the theory. Future research
may address asymptotic behavior and attractivity of solutions. Extensions to infinite-delay problems,
impulsive systems, or stochastic effects are also promising directions. The development of efficient
numerical schemes and applications to real-world problems in engineering, economics, and biomedical
sciences remain important topics for further investigation.
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