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Abstract: This paper investigates the finite-time stability (FTS) of a class of fractional-order fuzzy
inertial neural networks (FOFINNs) with time-varying delays. The existing finite-time inequalities
for fractional-order systems pose significant theoretical and practical limitations, as they can yield
unbounded control inputs when the system state approaches zero. To address this issue, this work
introduces a novel finite-time inequality. By incorporating a positive constant into the inequality
structure, the proposed method effectively bounds the control signal, ensuring its practical realizability.
Utilizing this inequality within a Lyapunov framework alongside an order reduction method (ORM), a
composite feedback controller is designed to achieve FTS. Sufficient stability conditions are derived,
and an explicit, computable upper bound for the settling time is established. Numerical simulations
validate the theoretical results and demonstrate the method’s superiority over existing approaches.
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1. Introduction

Neural networks (NNs) have found extensive applications across a diverse range of domains, driven
by their powerful ability to model complex relationships and learn from data. Since their introduction
by Hopfield in 1982, when they were initially described through first-order differential equations, NNs
have evolved significantly in both theory and practical implementation. They have been effectively
employed for stock price forecasting [1]. In the realm of classification, NNs have demonstrated
exceptional performance in categorizing data into distinct classes [2], which is particularly valuable
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in some areas such as medical diagnosis and text analysis. Meanwhile, to further enhance the
interpretability and adaptability of NNs in handling uncertainty, fuzzy information, and complex
nonlinear systems, researchers have integrated fuzzy logic with NNs, leading to the development of
fuzzy neural networks (FNNs). FNNs retain the learning capabilities of NNs while incorporating
the semantic reasoning mechanisms of fuzzy systems, enabling them to effectively integrate expert
knowledge and handle ambiguous or uncertain information in input-output mappings. This hybrid
model demonstrates unique advantages in pattern recognition, decision support, and other scenarios
where high robustness and interpretability are required, thereby expanding the application scope of
intelligent systems in complex real-world environments.

Moreover, when modeling the intricate relationship between magnetic flux and electrical current,
researchers typically utilize integer-order NNs that incorporate inertial terms—systems commonly
referred to as inertial neural networks (INNs). These networks are described by second-order
differential equations, which enable a more nuanced representation of temporal dynamics in systems
where inertia plays a critical role. The concept of INNs was first introduced by Babcock and
Westervelt in their seminal works [3,4], in which they highlighted how the inclusion of inertial terms
significantly contributes to chaotic behaviors in certain systems. Since their inception, INNs have
garnered considerable attention within the scientific community due to their potential applications
and the meaningful insights they provide into complex dynamical systems. For instance, Cui et al.
conducted a comprehensive study on the stability of delayed INNs subject to stochastic impulses, in
which they employed the matrix measure method [5]. Moreover, criteria for ensuring the exponential
stability of INNs with proportional delays have been presented in [6], where the authors applied the
non-reduced order method (NROM). Within the framework of fractional dynamics, the stability of
fractional-order delayed INNs was examined in [7], where the authors used an indefinite Lyapunov—
Krasovskii functional.

However, in certain scenarios, traditional integer-order NNs may fail to effectively capture the
complex memory characteristics and historical dependencies inherent in neuron behavior. To address
this limitation, researchers have turned to fractional calculus—a tool highlighted as pivotal in the
literature [8]. In contrast to integer-order calculus, fractional-order calculus offers a more nuanced
approach, one that enables the simulation of atypical diffusion processes—an ability crucial for
understanding the dynamic behavior of NNs. Building upon the aforementioned developments, to
further integrate the advantages of fuzzy logic, inertial dynamics, and fractional calculus, researchers
have introduced the concept of fractional-order fuzzy inertial neural networks (FOFINNs). This
hybrid architecture uniquely combines the semantic reasoning capabilities and uncertainty-handling
abilities of fuzzy systems, the capacity to model oscillatory and momentum-driven dynamics via
inertial terms, and the proficiency of fractional-order operators in capturing long-term memory
and hereditary properties. The resulting model demonstrates exceptional fidelity and robustness in
describing systems characterized by nonlinearity, ambiguity, and complex temporal dependencies.
Consequently, FOFINNS find significant application potential across diverse advanced fields, including
the forecasting and denoising of financial or geophysical signals with memory [9], the modeling of
biological processes and diagnostic inference in biomedical engineering, and the designing of secure
communication systems based on their rich chaotic dynamics [10].

Besides, stability is widely regarded as one of the most critical properties of NNs, as it plays a
pivotal role in determining their effectiveness and reliability in various applications [11]. Furthermore,
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stability contributes to the convergence of the learning process, allowing the network to effectively
adapt to new information over time without succumbing to chaotic or erratic behavior. Therefore,
understanding and ensuring the stability of NNs is fundamental to advancing their use in fields
such as artificial intelligence, robotics, and data analysis, and researchers have proposed various
control methods to ensure system stability [12—-14]. Recent research has yielded intriguing results
regarding FOFINNSs [15, 16]. For instance, the study presented in [15] investigates the stability of
FOINNs characterized by delay-dependent impulses, employing Lyapunov—Krasovskii functionals as
a framework for stability analysis. It is noteworthy that the aforementioned literatures [15,16] establish
stability conditions through the design of various controllers. However, in practical applications,
our objective is to attain stability in the model we have developed as swiftly as possible. To
address this pressing need, the concept of finite-time stability (FTS) has gain more attention in recent
years [17-20]. For acheving FTS of systems, many control methods have been proposed, such as
adaptive control [21,22], sliding mode control [23,24], event-trigger control [25,26], and so on. The
design of those controllers is inherently dependent on FTS inequalities, a cornerstone in the theoretical
foundation of FTS research. Given this central role, studies on FTS of NNs leveraging such inequalities
have yielded a series of results. Some results about FTS of fractional-order NNs based on finite-time
inequalities have been obtained in [27-29]. In [27] and [28], several FTS inequalities containing
positive exponential terms are used; however, the proof of these inequalities is based on a controversial
fractional order inequality, which makes the results controversial. Additionally, Li et al. [29] and Du
et al. [30] proposed two fractional-order finite-time inequalities with nonnegative terms. However, the
existence of a negative exponential term will make the control input approach infinity gradually when
the system state approaches zero, which is difficult to realize. Therefore, the finite-time inequality
techniques for fractional-order systems remain to be improved.

Drawing from the preceding discussions, the principal contributions and findings of this paper can
be delineated as follows:

1) By introducing a positive constant term into the designed inequality, the inherent defect that the
controller value tends to zero and increases unbounded with the state of the system is overcome
when the control input is designed by using the existing inequality in [29,30], which lays a strict
foundation for theory and engineering applications.

2) A feedback controller incorporating multiple mechanisms—including linear stabilization,
nonlinear finite-time convergence, and compensation for time delays and fuzzy logic—is
constructed. This controller features a clear structure and can systematically handle the hybrid
dynamics of such complex networks. The controller designed in this paper is also suitable for the
system in [5,6, 16].

3) Based on the new inequality and the order reduction method, Lyapunov theory is employed to
rigorously prove the FTS of the closed-loop system. An explicit expression for the settling time
is derived, clarifying its analytical relationship with system parameters and the fractional order.

Finally, we outline the organization of this paper. The NN models, relevant definitions, assumptions,
and lemmas are pointed in Section 2. In Section 3, we examine the FTS of the delayed FOFINN
through a feedback controller, and the settling time is obtained by finite-time inequality. An example
in Section 4 validates the effectiveness of the thoretical results.

Notations: R is the set that includes all real numbers, and R* = {x|x € R, x > 0}. R™" refers to
the space of n X m-dimensional matrices with real values. R* = R™!. Z* = {x € Z|x > 0}, where
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Z represents all integers. Fuzzy AND and fuzzy OR are, respectively, represented by \/ and A. In
addition, we introduce the following convenient notations: >, = >0, A, = Ay-> and \V/, = \/J,

v=1> v=1"
2. Preliminaries

In this part, we primarily introduce some fundamental concepts.

Definition 2.1. [31] For any sufficiently smooth function y(t), the Caputo fractional derivative of order
u € (0,1) is given by

C pys _ "YWy 21
fo y(t) F(l —/l) " (l—’)/)” )/? ( )
where
I'e) = foo e_”)/t_ld’y. (2.2)
0

Definition 2.2. [31]Ify(¢) is a integrable function, the u-order Riemann—Liouville integral of function
¥(t) is given by

73
CDHy(r) = I'y(1) = Ny, 23
DY) = Ly () tw J, a—p (2.3)
Lemma 2.1. [32]Ifuc(0,1),y>1, and y(t) € R, then
WDV (D) <y O D y(0) (2.4)
holds.
Lemma 2.2. [33] Assume gD"y(r) is integrable,
L5 D'Y(6) = y(0) = y(to), (2.5)

where u € (0, 1).

Lemma 2.3. [34] For any constants a,, a, and continous functions y(t), we have
WDy (1) + ax] = a Dy (). (2.6)
Lemma 2.4. [34] For any continuous functions y : [0, +o00) — R and any u € (0, 1), we have
LD ()] < sgn(y(0)g Dy (D). (2.7)
Lemma 2.5. [35] Assume y(t) is a differentiable function. If for any u € (0,1) and a,b € R,
CD'y(t) <aV(t) + b, Vi > 1, (2.8)
then

b b
V() < (V(t) + E)Eﬂ(a(l — 1)) — o (2.9)
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Lemma 2.6. [36] Let6,,...,0, >

0,k>1,and k € (0, 1), then

S nl—K(Z QU)K, > (Z HU)K. (2.10)

Consider the FOFINNs shown below:

gDzﬂO—v(t) :{_ang#O—v(t) - buo_v(t) + Z Cvs’}/s(o—s(t)) + Z szfys(o_s(l - wv(t)))
+ A eus (04t — w (1)) + v sy (0 (t = wsa)))}, € (0, %>. Q2.11)

Take 7,(t) = EUgD”O'U(I) + &,0,(0), €,,&, € R*, and we have

1 \
Do) ={ ~ a0 - Loy
2
gDHO_'U(l) :{(% - au)(}u(t) + (avé:v - bvev - E_U)O-v(t) + EU[Z Cvsys(o-s(t))
£ a0t = w0, + [\ eyy(os(t = 1) (2.12)

+\/ k(@ - oo

a,(8) =¢(8), 7,(8) = P(8), 8 € (=P, 1],

where a, and b, are all positive constants, and w,(¢) € [0, P] is the time-varying delay function that
occures in s-th neuron. c,,, 2,5, M5, and A, denote the weight coefficients between the connnections
of v-th and s-th neurons. e, and k,, are the weights of the fuzzy feedback MIN or MAX template.
¥,(*) is the transfer function. ¢(§) and /() are two continuous functions.

Remark 2.1. In order to simplify the analysis of the system, the order reduction method is often
employed, leveraging a key property of integer-order derivatives—their commutativity %(% f(@) =
% f (). This property is particularly useful when dealing with integer-order INN models. However, in
fractional-order systems, such a property only holds under specific conditions [37]. Specifically, the
composition property of fractional differential operators, expressed as gD‘”gD“2 f(@) = gD’“*“z f(@),
requires that the sum of the orders satisfies y; + pu, < 1.

Remark 2.2. In the process of analysis, the order reduction method (ORM) is mainly used in this paper.
At present, in order to analyze the dynamic properties of inertial neural network models, two methods
are proposed: first is ORM, and the second is NROM. Compared to the NROM, the ORM simplifies
higher-order differential equations to lower-order ones, easing system analysis, though it requires
extra parameters for stability verification. The NROM, with results from [38—41], directly analyzes
INN properties using a clear Lyapunov functional. This approach involves complex derivations without
simplification, leading to more intricate stability conditions.

We assume that the function y,(+) satisfies the following condition.
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Assumption 2.1. Activation y(-) satisfies that

|’)/Y(801) - 7?(@2)' < ¢S|801 - 802|’ ¢s € R+’
where 91, 9, € R.
The definition of FTS is given below.

Definition 2.3. The system described by Eq (2.12) can achieve FTS if it satisfies that lim,_,,) y(t) = 0
and y(t) = 0 for all t > T(yy), where T(yy) is referred to as the settling time.

Lemma 2.7. [42] Consider v and s as two states of the FOFINN system described by (2.12). Then,

A\ ewrston = N\ ewrsto

I\ kurston =\ kst

< ) lewlys(on) = vl

W R ACHEPACHE

3. Main results

3.1. Finite-time inequality

In this section, we will present our main results on the FT'S of FOFINN model (2.12) based on the
ORM. Before that, we first give the following lemma, which will be used in the subsequent analysis.

Lemma 3.1. For any p € (0, 1), if there is a function V : R — R such that
CD'V(1) < —aV(n) - bV + ) " +c, (3.1)
where a,b,c > 0, and 2 > n > 1, then we have

Vi e Q= {V(t)'V(t) < 2} fort>T, (3.2)

where T is defined as follows:

T(1 + )

Ty =1y + [ (V"(fo) -+ w)”)]i. (3.3)

Proof. Define set Q = {V(t)‘V(t) < 2} When V(r) ¢ Q, we have

D'V <= bV(D) +y)' . (3.4)
Let V(¢) = V(¢) + . From Lemmas 2.1 and 2.3, we have
DV <pVT (C DMV () = nVTH () D V() < b 3.5)
Furthermore, by Lemma 2.2, we can obtain

bn
(1 + p)

1
n

V() < (V"uo) - (t— ro)”) (3.6)
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Define 2(t) = V'(ty) — r(f—zﬂ)(t — to)*. We can easily observe that 2(¢) is is a decreasing function for

the variable ¢. Hence, there must exists a T; such that 2(T,) = <, and

v <(Vw) - mb - m)ﬂ)l’ —y
S(V”(to) - mbz (T zo)ﬂ)'l’ =", (3.7)
where
Ty =ty + [F(l +”)(\7'7(z0) -C+ l//)”)]’l’. (3.8)
In addition, when V(#o) € ©, we have
LDV < —aV(D) +c. (3.9)

From Lemma 2.5, we have

V(1) < (V(ty) — g)Ey(—a(t )+ S < (3.10)

QI
NI

Thus, we can obtain that when the original value belongs to the residual set, the function will not
exceed the residual set. The proof is complete. m|

Lemma 3.2. For any p € (0, 1), if there is a function V : R — R such that
CD'V(t) <—aV(n) - bV + ), (3.11)

where a,b > 0, 2 > n > 1. Then there must exist a T, such that lim,_,1, V(t) = 0 and V(t) = 0,Vt > T,
where T, is defined as follows:

1

rd +“)(V"(ro) - w)]“. (3.12)

T, =1+ [
Proof. From (3.11), we have
CD'V(t) < —aV(n) = V(@) + )™ < =b(V(t) + ¢)' . (3.13)

Similar with (3.4)—(3.7), we can obtain that

1

- b 7
OEOR m—zmm ) - (3.14)
There must exists a T, such that V"(z,) — F(f—zﬂ)(Tz — 1o =Y, where
(1 s i
T, =10+ [ ( +“)(v"(to) - w)] . (3.15)

O
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Corollary 3.1. For u = 1, if there is a function V : R — R such that
V() <—aV(E) —bVE) + )™ + ¢, (3.16)
where a,b,c > 0,2 >n > 1, then we have
V(it)e Q= {V(t)‘V(t) < 2} fort>T, (3.17)
where T is defined as follows:
Ty = 1+ i(f/’i(zo) 4 w)”). (3.18)
bn a
Corollary 3.2. For u = 1, if there is a function V : R — R such that
V(t) < —aV(t) - b(V(t) + ), (3.19)

where a,b > 0, 2 > n > 1, then there must exist a T, such that lim,_,1, V(t) = 0 and V() = 0,Vt > T,
where T, is defined as follows:

T(1 + )

To=10+ (710t0) - w7). (3.20)
Remark 3.1. In [29, Lemma 8] and [30, Lemma 9], the FTS of fractional-order systems is investigated.
The finite-time inequalities established in these works contain nonnegative terms, which may lead to
a scenario where the associated control term grows unbounded as the system state approaches zero,
posing both theoretical and practical challenges. To address this issue, we introduce a positive constant
into the negative exponential term. This modification ensures an upper bound on the value of the
negative exponential term even when the system state converges to zero, thereby preventing the control
term from tending to infinity.

3.2. Finite-time stabilization of FOFINN (2.12)
We first give the following controlled FOFINN system:

gD“Uu(f) :{elo_-u(t) - %O-U(t)} + Uy,
2

tc(;Duo_-u(t) :{(% - av)a-v(t) + (avé‘:v - bveu - E_U)O-U(t) + EU[Z Cvsys(o-s(t))
’ ! s (3.21)
+ D 20t = 0 0) + [\ eyt = i)

N

#\ b= o)} +v.

For ease of reference, we introduce some convenient notations: o,(t) = o, d,(t) = 7y, o,(t —
Wy (1) = 07y, 0 (F — Wy (1) = 7, Uy = u,,(2), and v, = v, ().
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Theorem 3.1. Assuming Assumption 2.1 holds, the FOFINN (2.12) is considered to be finite-time
stable when using the following controller:

Uy = = Pu10y _pUZSign(o-u)(lo_vl + l//)l_f — Pyl

Vy = — Nulo_-l/ - Sign(o_-u) Z ﬁvslo-ﬂ - KUZSig”(U_'v)(|O_'u| + w)1—€ — 92, (322)
v, se{l,...,n},

where 2 > € > 1, and 05 > €,(zus| + lews| + lkus)ds. W, pur, Nua , @1, and @, are positive constants.
Besides, the following conditions are satisfied:

1 Y
Nop 2 — + by _ a,, (3.23)

€ €
pul > _é + |au'§:v - bveu - éi| + Z EslcsvlLi- (324)

€ € -
Thus, the settling time is estimated by
A+ p) (- C i

T, =10+ [ Bg“ (v"(zo) -+ w)")]“, (3.25)

where V(1o) = 3, lou(to)l + 2, 10u(to)] and w = {(V(0)| V(1) < Z}.
Proof. Define V = V(o,d,) =2, lo,l + 2, |6,]. Hence

,COD"V < Z sign(av)gD”a'u + Z sign(é'y)gD“d'U

&

. 1 _ . _
< Z Slgl’l(O'U){e—O'U - G_O-U — Pu10y _pUZSZgn(O-v)(lo-U| + l//)l t + Wvl}

v

2

+ Z Slgl’l((j'v){(? - av)o__v + (ava - buev - %)o_v + fu[z Cstj(O-j)

N

3 ai@) + \ @@+ \/ ki)
- 2~<vlo_-u - Slgn(a-v) Z 7-_9vs|0-(;)| - szszgn(d'v)(lé'vl + w)l—f + 80v2}- (326)

Combined with Lemma 2.7, we can obtain

€

L& i
DV < 3 il = ol = pulord = pualend = )
2

# D - a1k, - be — o

(%

+a| Yol + Y kgl + el + )l
S N N N
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=Nl = Y Buslo] = Ralll + ) = 9. (3.27)

From Lemma 2.6, we can get

CD#V< {_ - T Uy~ U} v {___ v vu_ vv_é
Z +Z-q 1'“'*2 pur + |y = bue, = |

U

+ Z eslc‘wlL,-}laul + Z{Z[ey(lzwl + leys| + |kus|)¢>s —p,.j]}|gw|

- vazw ) Z Rua(or, | +9)'~ + Z(govl +P12)

- AV - Zpu2(|0'u| + ) Z Rua(5 ] + )™ + Z(m + 912)

— AV = minlpn Kool Yl + 1+ 20|+ Y+ 910
<—AV - BV(t) +2Ny)' " + C, (3.28)

1 v 1
where ﬂ mln{Nul - - = E + au’ & ~ + Pul — |av'§:v b v€y — E Zs EvlcwILi}9 B = mlnueR+{Pu2, Nu2},

and C = ), (py1 + 9,2)- Then FTS is achieved by ultlizing Lemma 3.1. O

Corollary 3.3. Assume u = 1 and Assumption 2.1 holds, then the FOFINN (2.12) is considered to be
finite-time stable when using the controller 3.22. The settling time is estimated by

1
T, = 1o+ @(v"(ro) (— L) ) (3.29)

where V(ty) = V(ty) + 2Ny and the residual set is defined as w = {V(1)|V(t) < %}.

Theorem 3.2. Assuming Assumption 2.1 and conditions (3.23)—(3.24) hold, the FOFINN (2.12) is
considered to be finite-time stable when using the controller (3.22) with 9, = 0 and ¢,, = 0.
The settling time is estimated by

1

T, =t + [F“B; “)(\7"@0) - w)]“, (3.30)

where V(ty) = V(ty) + 2Ny

Remark 3.2. In controller (3.22), terms —p,10,(t) and —N,,5,(t) are used to overcome the linear
growth term in the system (2.12); terms —p,,sign(o,(1))(|o ()| + ¥)'~¢ and -8, sign(a,(1))(|15,(1)| +
W' are designed to dominate the nonlinear part of system (2.12) to ensure FTS; term
—sign(G,) Y 9sl0| is used to handle the effect of delay terms and fuzzy logics in the system; terms
1 and @, are introduced to handle the nonnegative term in the established fractional-order finite-
time inequality, ensuring that the settling time can be accurately estimated even in the presence of such
terms.

AIMS Mathematics Volume 11, Issue 3, 5936-5953.



5946

4. Examples

In this part, we present numerical examples to validate our results via Simulink and FOTF
toolbox [43].

Example 4.1. Consider system (3.21) withu =0.49, ¢, = =&, =& =1, a; = 2.9080, a, = 0.8252,
by = 1.3790, b, = 1.0582, ¢;; = —0.4686,c;, = 1.0984,c51 = —0.2725,¢5, = —0.2779, z;; =
0.7015, z1, = —0.3538, 251 = —2.0518, 22, = —0.8236, e, = —1.5771, 1, = 0.2820, e5; = 0.5080, e5, =
0.0335, ki1 = —1.3337,k1» = 0.3502, ky; = 1.1275,kzp = —0.2991, and w,(f) = % Figure 1
shows the dynamic behaviour of FOINN (2.12). Without the controller, we can clearly observe that
FOFINN cannot achieve practical FTS. From Theorem 3.1, we have 9y, > 3.1623, 91, > 0.9860,
1 > 3.6873, and 9y, > 1.1562. Select pyy = 12, pyy = 13, 811 = 14, Ry =22, p1p = 12, poy = 13,
Nip =14, 8p =10, 91 = 1.2,010 = 1.5,051 = 21,90 = 1.2, O, = [21,13;12,11], and £ = 1.8.
Then we can obtain A = 11.3907, B = 10, and C = 6. After verification, the conditions (3.23)
and (3.24) are satisfied. Set y = 1. According to Theorem 3.1, the settling time can be estimated as
T, = 1.9173 under the initial values o(ty) = 1.2, 02(ty) = —1.3, 03(ty) = =2.5, and o 4(ty) = 1.4. The
trajectories of system (3.21) with controller (3.22) are shown in Figure 2. It can be observed that the
FOFINN (2.12) achieves PFTS under the designed controller before T;.

—Ul(t)-
—Uz(t)
P 51(0{
g 0 —;z(t)-
0 10 20 30 40 50 60 70 80 90 100
Time t
8 T T T T T T T T T
—V(t)
6 — -Residual set
()
B4
>
2 -
0____I____I___I____I____I___I____I____I___I_ I
0 10 20 30 40 50 60 70 80 90 100
Time t

Figure 1. Trajectories of system (3.21) without control input.
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o st
(_:U )q 0 002 004 006 008 0.1 — 02
> 1\ 7
0
2 - 02 -
0 2 4 6 8
_3| I I I L <10 I I I I
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
Time t

T T T — V (t) I
— -Residual set

0 0.01 0.02 003 004 005 0.06 0.07 0.08 0.09 0.1
Time t

Figure 2. Trajectories of system (3.21) with controller (3.22).

Under the same parameters, the trajectories of system (3.21) with controller (3.22) with ¢, = 0 and
¢, = 0 are shown in Figure 3, which illustrates that the FOFINN (2.12) can also achieve FTS under
the designed controller where settling time is estimated by T, = 1.9358. In Figure 4, we illustrate the
changes of settling time T; with fractional order i and parameter . It can be observed that both T,
decrease as the fractional order u increases, and T increases as the parameter ¢ increases. Besides,
from (3.3) and (3.12), we can easily obtain that T; and T, have the same changing trend with fractional
order u and parameter .

— V()

0.15
4r 0.1
0.05 \
3 -
0
-0.05

/ 0.04 0.06 0.08
1L i

1 1 1 1 1 1 1 1 1 1
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
Time t
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Figure 3. Trajectories of system (3.21) under controller (3.22) with p,; = 0 and p,, = 0.
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Figure 4. Value of T changes with fractional order u and parameter .

We vary the fractional order to integer order. The corresponding trajectory of the system without the
controller is given in Figure 5. Similarly, we can observe that the FOFINN (2.12) cannot achieve PFTS
without the controller. Under the same parameters, the trajectory of system (3.21) with controller (3.22)
is shown in Figure 6, which illustrates that the FOFINN (2.12) achieves PFTS under the designed
controller.

Value

0 10 20 30 40 50 60 70 80 90 100
Time t

Figure 5. Trajectories of system (3.21) without control input when u = 1.

AIMS Mathematics Volume 11, Issue 3, 5936-5953.



5949

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

— V()

— =Residual set
0.15 0.2 7
1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time t

Figure 6. Trajectories of system (3.21) with control input when u = 1.

Remark 4.1. The existing fractional-order finite-time inequalities and corresponding controllers are
summarized in Table 1. We can find that although the finite-time inequalities established in [29,
Lemma 8] and [30, Lemma 9] also contain nonnegative terms, in the controller, their use may lead
to a scenario where the associated control term grows unbounded as the system state approaches
zero, posing both theoretical and practical challenges. To address this issue, we introduce a positive
constant into the negative exponential term. This modification ensures an upper bound on the value
of the negative exponential term even when the system state converges to zero, thereby preventing the
control term from tending to infinity.

Table 1. The existing fractional-order finite-time inequalities and corresponding controllers.

Fractional order inequality Controller
_ _ &e@lle@ . sign(e, (D)o
Lietal. [29] ¢D*V(t) < —aV (1) |L|tvl(|t) _O_ e~ Qusign(e() = Tyg
ell; #
— _'fuev(t) {_ _ o
Du et al. [30] tCDﬂV(t) < _aV_ﬂ(t) _ bV(Z) ‘e l/tu(t) = TleOh |ev(t)| wey(t) leo (Ol
’ le.()l1 # 0

CDV(1) < —aV(t) = b(V(1) + )" + ¢

This paper (1) = =py107 (1) = Po25ign(ay (D)o (D] + 1)~ = Py
CDMV(1) < —aV(t) — V(D) + )

5. Conclusions

In this paper, the FTS of FOFINNs with time-varying delays is systematically studied. The
key innovation lies in the proposed finite-time inequality with improved structure. By introducing
normal numbers into the exponential term, the theoretical defect that the control input may tend to
infinity when the state approaches zero in traditional methods is effectively solved. Based on this,
a compound feedback controller integrating linear stabilization, nonlinear convergence, time delay,
and fuzzy compensation is designed. By combining Lyapunov theory and ORM, the FTS of closed-
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loop system is strictly proved, and the explicit estimation formula of stability time is given. Finally,
the effectiveness and superiority of the proposed method are verified by numerical simulation, which
provides a theoretical framework for dealing with complex NN control problems with memory, fuzzy,
and inertia characteristics. Future research can be further extended to robust control of systems with
random delays, mixed delays, and external disturbances; explore low communication cost control
strategies based on event triggering or quantization; promote the application verification of this
method in practical scenarios such as financial time series prediction and biomedical signal processing;
and extend the theoretical framework to complex-valued, high-order or reaction-diffusion systems to
deepen the finite-time behavior analysis and synthesis of complex neurodynamic systems.
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