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Abstract: In this research, a two-step bi- and tri-parametric iterative method is developed for solving
nonlinear equations employing the Caputo fractional derivative. The theoretical convergence analysis
demonstrates that the proposed schemes achieve an order of convergence of 27+ 1, where 7 denotes the
order of the Caputo fractional operator. In addition, fractal analysis is employed to identify effective
initial values that enhance numerical performance. To compare the suggested scheme’s efficacy and
stability to existing approaches, several nonlinear engineering problems are examined. The numerical
results demonstrate that, compared with existing methods, the proposed schemes achieve lower residual
errors, higher convergence rates, reduced memory consumption, improved error profiles, and superior
computational orders of convergence, thereby making them a more efficient and reliable alternative for
solving problems in science and engineering.
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1. Introduction

Nonlinear equations are the foundation of many natural and engineering problems that arise in
mathematical modeling. They reflect the nonlinear behavior of systems and have been studied for
many decades, particularly when the variables’ interactions are complex or fail linear proportionality.
Nonlinear equations of the form

gx)=0 (1.1)

are utilized across numerous scientific and engineering areas, including physics, biology, engineering,
and biomedicine. Some of the most significant applications include nonlinear vibrations, fluid
dynamics, population dynamics, and brain function, among others. The intrinsic nonlinearity of
these systems can lead to multiple real or complex solutions, sensitivity to initial conditions, and
typically result in iterative nonconvergent behavior, all of which restrict the application of traditional
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analytical methods [1-3]. Due to these limitations, the majority of researchers in applied mathematics
and computer science employ iterative and numerical techniques to provide approximate solutions
to nonlinear problems with a reasonable level of accuracy and precision. In addition to facilitating
computational practice, these methods offer deeper insights through stability, convergence, and
dynamic analysis of nonlinear problems in science and engineering [4]. However, despite their
advantages, traditional numerical approaches have limitations such as instability, divergence, and
precision loss. To increase accuracy, robustness, and reliability when handling highly nonlinear
systems, fractional-order, hybrid, and intelligent techniques have been investigated [S]. To obtain
analytical solutions to nonlinear problems, analytical or semi-analytical techniques are employed [6].
These methods produce exact or closed-form solutions that describe the problem’s nonlinear behavior
while providing valuable theoretical insights into the dynamics of nonlinear phenomena [7-9].
However, they are not appropriate for complex or high-dimensional nonlinear problems [10], as their
solutions are restricted to specific functional representations or simplified assumptions. Nonlinear
equations of higher degree or fractional order must be solved efficiently using numerical schemes
because they are solutions iteratively using some initial approximations close to the exact solution of
the problem [11-13]. Although iterative approaches can be effective, there are certain limitations:

e [terative techniques rely heavily on accurate initial estimates and may fail to converge, or
may converge to undesirable roots in the presence of multiple roots, due to their local
convergence nature.

e Certain classical techniques become computationally expensive and require a significant amount
of processing time and memory when applied to large-scale systems or high-accuracy problems.

e The iterative map becomes unstable when the function’s derivative is close to zero, which
frequently leads to divergence.

e Such approaches are frequently inconsistent and are susceptible to round-off errors at
discontinuities or singularities in the problem.

Fractional-order schemes [14—16] have become a practical and flexible alternative for the modeling
and solution of fractional-order nonlinear equations and their systems, helping to overcome the
limitations of traditional numerical approaches. This is particularly significant when concepts such
as memory effects, hereditary behavior, and unusual dispersion cannot be well explained by normal
integer-order models [17-19]. Fractional-order derivatives usually expressed by operators such
as those of Caputo, Griinwald-Letnikov [20], or Riemann-Liouville [21], replace normal integer-
order derivatives in these sophisticated formulations. High-accuracy discretization for time-diffusion-
type nonlinear problems has been advanced in [22-24] via precise interpolation and compact finite
difference schemes, while efficient time integration has been achieved through variable stepsize
block methods and optimized A-stable hyperbolic fitting techniques [25, 26]. Although they
naturally encompass nonlocal and history-dependent phenomena, fractional-order iterative schemes
provide a more thorough and accurate representation of issue behavior in physical, biological, and
engineering models. In contrast to classical iterative techniques, which only address immediate and
local interactions, fractional structures have long-range interdependence from the very beginning of
the process.

They enhance numerical computation’s flexibility, stability, consistency, accuracy, precision,
and convergence behavior, resulting in physically consistent and resilient solutions to nonlinear
equations [27]. Fractional-order formulations can address the limitations of standard iterative
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approaches, such as sensitivity to starting guess values and divergence in stiff or ill-conditioned
systems, by introducing additional complexity [28,29]. This enhanced flexibility allows for more
precise control over computational efficiency and solution accuracy, making fractional approaches
appropriate for highly nonlinear or multiscale situations in which traditional methods exhibit low
convergence rates and reduce the order of convergence.

Motivated by the limitations in classical iterative techniques and recent developments in fractional
sceheme, the main aim and novel contributions of this investigation are characterized as follows:

e The development of bi- and tri-parametric families of two-step fractional-order iterative methods
for solving nonlinear equations.

e The suggested fractional-order schemes’ local convergence analysis will be computed using a
generalized Taylor series expansion in a Caputo-type framework.

e Zones of attraction are generated to investigate the stability and dynamical features of the
fractional iterative systems under various initial conditions.

e Visualize convergence points, and then compute percentage convergence and dynamical planes to
evaluate the overall performance and reliability of the approaches under consideration.

e The effectiveness of the fractional algorithms designed to solve nonlinear models is evaluated
using a set of numerical test problems. The results are examined in terms of CPU time,
computational order of convergence (COC), residual error, and graphical representations.

Furthermore, the proposed bi- and tri-parametric fractional iterative families add flexibility by
allowing fine-tuning of the parameter between computational cost and solution precision through
fractional parameter adjustment, as well as a best alternative to compute efficient solution solvers for
nonlinear engineering problems.

The paper is organized as follows. Section 2 presents the theoretical background, preliminary
concepts, and additional details regarding the proposed fractional-order iterative algorithms. Section 3
describes the numerical implementation and evaluation criteria, including comparisons with existing
approaches, implementation procedures, computer specifications, and pseudocode representations
of the algorithms. Section 4 provides numerical experiments and engineering test problems that
demonstrate the effectiveness of the proposed methods. Section 5 highlights the main results and
limitations, and proposes directions for future research.

2. Development and analysis of the fractional scheme

This section discusses the theoretical basis and derivation of the proposed fractional iterative
techniques for solving nonlinear equations involving Caputo-type fractional derivatives. The Caputo
fractional derivative is adopted due to its consistency with classical differential operators and standard
initial conditions. In particular, the Caputo derivative assigns a zero derivative to constant functions,
thereby preserving a key property of classical calculus; this behavior is generally not shared by
the Atangana—Baleanu or Caputo—Fabrizio operators. This property enables a direct extension of
the proposed iterative scheme and convergence analysis to nonlinear equations without altering the
underlying theoretical structure. First, the fundamental definitions, properties, and applications of
fractional calculus in science and engineering, which serve as the analytical foundation for the
proposed method, are reviewed. The local theoretical convergence analysis is presented at the end
of this section.
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2.1. Preliminaries

Definition 1. The gamma function [30], also known as the generalized factorial function, is defined
as follows:

I(x) = f e du, 2.1)
where x > 0, withT'(1) = 1 andT(n + 1) = n!fm(jn eN.
Definition 2. Let
g:R->R, geC™(r,x]), —~0o<t<x<+00, 720, m=|7]+ 1. (2.2)
The Caputo fractional derivative [31] of order T is defined as follows:

Toneo fd—mg() Tdet T¢N,
EArCE (m oo ey 23)

g() T=m—-1eNuU{0},

dtm 1

where I'(x) is the gamma function.

2.2. Fractional Taylor expansion

Theorem 3. (Generalized Taylor formula [32,33]) Suppose [c01] g(x) € é([t1, 2] fory=1,...,n+1
and T € (0, 1]. Then,

- (x — TI) ( +) (x— Tl)(nH)T
— iT n+1)t 24
g(x) ;[Ca Jseor T et s O o (2.4)
where T < & < x, Vx € (11, T2]. Higher-order Caputo derivatives are recursively defined as follows:
o] = [ea ot |- [ean] 29

n-times

Expanding g(x) about & gives

eree e ]s® .
" T Y T Y +0((x=&™). (2.6)
Factoring the leading term gives
EAEG) o . .
80 =T [(x =& + &a(x = 7| + O((x - &), 2.7)
where
[(r+1) 0/ 8()
PTG ) o7, g@®° &9
The corresponding fractional derivative is
) |coz] s rQr+1), .
|| g(x) = T [m + D+ oy O+ o((x-&). (2.9)
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2.3. Existing fractional iterative schemes

The general family of single-step fractional schemes, denoted by SNF.,, is given by

1/t
Xer = X — |T(T + 1)ﬂ] : (2.10)
0%, 8(x)
with the error relation 5 )
. 2r+H)-I"(++ 1, _,, .
vl = hye!™ + O(e;™). 2.11
Cirl T2t + 1) e+ 0le™) @11
Shams et al. [35] proposed a modified single-step scheme
1/7
i 1
Xir = X — [T+ 1) a{( ) — ] : (2.12)
07, 8(x) 1 - B{E0S
satisfying
IQr+1)-T*(r+1
2 L@ D@D, ey o, 2.13)

T TR )
Similarly, an improved two-stage variant is presented in [34] (abbreviated as GCM) and defined
as follows:

1/t
yi= = [P s |
e (2.14)
5 = yi = [P D]
with the corresponding error
-TQRr+1)-TX(r+1) 200
= + O(e] 7. 2.15
Shams et al. [35] further proposed a two-step fractional method (abbreviated as SHM)
1/t
yvi=x-|T@+ Dgas|
o | (2.16)
=y, — _800 L
g(x,
with the error ) s
29T (T + 3)h
e:<+1 — ( ) ( 2) _ h2 2T+l + O(e3T+l) (217)
T(r) Vi
Nasir et al. [36] developed another two-step scheme (abbreviated as NAM)
yi=x =T+
c0t g(x;) — Bg(x;)
(2.18)
PR G pmm— LS —
c0z 8(x;) — Bg(yi)
satisfying
B T
hT T_
=+ () +0E7). (2.19)

T TEe DT T+
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2.4. Proposed fractional schemes

Motivated by the above formulations, we introduce new bi- and tri-parametric fractional schemes
for solving nonlinear equations.

Bi-parametric fractional scheme (MAB,):

1/t
[(r+ )5 ] :

Yi = Xi— 0%, 8(x)—Bog(x:)
\ (2.20)
Xivl = Yi — I(r+1) (C()?l();()x,-) + B (C(')?f);()xi)) )’
where By, 81 € R.
Tri-parametric fractional scheme (MAB,):
gx) v
yi=x — |+ 1)c8¥lg(xl-)l—ﬁog(m)] ’
(2.21)

4
_ 800 80 80
Xiyl = F(T + 1)( o 8(x) ﬁl (Ca; g(x)) ﬁZ (cﬁi,g(xl ) ),

where 8, € R.

Remark 4. The tri-parametric fractional scheme MAB, given in (2.21) can be naturally extended
to an n-parametric family by introducing higher-order correction terms into the update formula. In
particular, the second step can be written in the following general form:

k
&))) (2.22)

i = ,-—F +1
X = yi—T(t >;ﬁk(ca%g(xi

where B € R for k = 1,2,...,n. This extension preserves the convergence order under the same
consistency conditions on Br. However, larger values of n increase the computational cost due
to additional nonlinear evaluations; therefore, a moderate choice of n provides a suitable balance
between flexibility and efficiency.

2.4.1. Local convergence

The local convergence behavior of the proposed fractional schemes is established in Theorem 5
using the fractional Taylor expansion.
Theorem 5. Let g : R" — R" be continuously differentiable in a neighborhood of the root {. If the
initial guess x is sufficiently close to {, then the proposed fractional two-step iterative scheme (2.20)
attains an optimal convergence order of (2t + 1). The corresponding error relation is expressed
as follows:

€1 = ﬂ_TZI—Q(T)FZ(T + %) \/7_TTF(T)

i [ h%(27)4 h%(ZT)Z ( N %) 3 3%};22?;();1"(7 + %):|ei21'+1 " 0(6?”1), (2.23)
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where .
T ig®
T TG+ 1) 007 8(&) B

Proof. Let e}, = x;;1 — & and ¢; = x; — £ denote the errors in x;,; and x;, respectively. Expanding g(x;)
around £ using the generalized Taylor formula gives

c07,8(8)
I'r+1)

g(x) = |ei + hae} + hse] + haef +--- . (2.24)

Taking the fractional derivative of (2.24), we obtain

03:18(5)
I'ct+1)

c07,8(x;) = (2.25)

It + Dhye™ T3t + Dhzer
[F(T+1)+(T hac Ot + Dhse, ]

+
I't+1) r2er+1)
Taking the inverse of (2.25) yields

1 1 T Q27 + 1)hae?
gy T+l T+ 1Dy
N er __ I'Gr+ Dhs N Trer+ 1))2h§]
I't+1)| T'(+ DI'Qt+1) T(r+ )+
I3t + 1hs (Trer+ 1))3h§ —TI'Gt+ Dhy(I'(r + 1))3)h2]

37

el
" Fr+1)| T(r+1)> T(r+ 1))°

(2.26)

The error in 07 g(x;) — Bog(x:) in the first substep of the MAB; method is

o, g(x) - B u>:nﬂr+(ﬂ+fffmr@+1»g
cO; 8(X; 08\ X; 0 \/% > l

hy(37)° V3 o
+ (—ﬁohz + Wr(r +1)0(r+ 2) (O + 1/2) l)eg

— Bohse? — Bohye! + O(e)). (2.27)

Taking the inverse of (2.27) yields

1 1 e (27)2h,

— _ i _ i 2
cO g(x) = Pogx)  T(D)7 (r(T))ZTZ[ Bo + = T(z+ 1|+ O(el). (2.28)

Substituting these results into the fractional correction expression

g(x;) e ( hy Bo 2 hl(t + 3)

- 2, 0@
g0 —Pogln)  T(r  \Tmr © T(0)re GﬁWﬂVE}Z+m%L (229)

we compute the first-step error as

Bo 27)’h, 1 ) 1
ror (0 \/EF(T ’ 2) ‘i

yi—€={—h-
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h(37)° V3 | ) S, B Boha(27)T(x +1/2)
+ [21“(7)7 R F(T + 3)1“(7 + 3) T +1/2)" —h3 TP + TP Vi +
QPRI +1/2)  QVRCE+ D2 Bohs | sy .
rorvr  @C@Pn zr(T)T]e" +oE). (2.30)
Expanding g(y;) around ¢ and simplifying gives
8O _ (_ hy B 27°h,L(x + 1/2))eT+1
07, 8(x) IO @)y T@»Peyr )
N (3,30h2(27)2F(T +1/2) | BGPV3 kB N
()3 Vr AT yr2? T ()7
QT+ 1/2)R2 Q) T(r + 1/2))2h Bohy \ aos .
Troreve C @orer e SR G CED
(2 = (o = et w00l e
where

By T 0 RN s e R -
= sy (0 ) sy (e ) #3200 ) - Gray
e NRNCI - c s RN S N
-3 @)y (F(a+§)) +6 \/7_ra5(l“(a/))5r(a 5)_3a4(1“(a))4 +3 \/%af’(F(a))ﬁr(a+§)
BB By
FT@F  a @)
and
BRI L BRRCT BRI
= ) e ) sy )

B Boha(2) | Boh3hs BBoh3 BBol; BBohs B*Bo
15 Ty @) 3 a Ty Sty CEter ety e c@)r

By including the parameter 5, in the second substep of the MAB,; scheme and adding (2.30) and (2.32),
we obtain

B[*]:( 80 ) N ,8( g0 )3 (233)
b ear et T\ cor g(x) ) '
and substituting
W_f_ h  Bo (27)*h, 1 )Hl
g ‘( For T e v 2 Je
N (3,80]’l2(27)21"(‘r + %) . h3(37)? V3 _ hs B ﬁ% ) 241
(T3 vr 20?2 yr27)? I(mr Ty
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(C(0))* 72 \r n(I(0))y’ 7’ T())*r?
into the final substep of MAB, gives

e (2.34)

i

( CYI(r+3)B QYT+ D pohy )

Ry Ry
m T2 ()2 (T + %) VrrT(7)

Xy — &=

F(T + %) - %F(T + %)] e 0(€?T+1). (2.35)

Thus, the proposed two-step fractional-order iterative method (MAB;) achieves a local order of
convergence of 27 + 1, thereby proving the theorem.

Remark 6. Scheme (2.21) has the same order of convergence, and the corresponding error relation is
expressed as follows:

) _[ hoBop(2)* hy(27)? r(

1
ir1 = - 3

— '8_% 2h2(2T)2 1 27+1 37+1
HTZFZ(T)FZ(T + %) V(1) ) F(T+ 1)]6' * O(e' ) (2.36)

VETT(7) s ’

showing a (2t + 1)—order of convergence.
3. Numerical results and implementation details

Numerical comparison is essential for evaluating the accuracy, efficiency, and stability of iterative
algorithms under consistent test settings, as well as for solving some nonlinear problems in science and
engineering. Such comparisons of numerical schemes provide useful insights into the strengths and
weaknesses of various algorithms, aiding in the selection of the most appropriate technique for solving
nonlinear problems. These results provide a measurable assessment of performance through several
computational criteria, including:

Computational run time of the algorithm (CPU time).

Memory usage of the fractional schemes for solving nonlinear equations.

Number of iterations required for convergence.

Percentage of convergence or divergence.

Residual error was evaluated using the following stopping criterion with a predefined tolerance:

ex = |Xpe1 — x| < t0l,

where rol denotes the tolerance, set to 1071, To ensure consistency in the comparison across
all iterative fractional solutions, the same termination threshold was applied to all engineering
test examples. This approach provides a quantitative assessment of computational performance
based on various parameters. Such comparisons offer unbiased insights into the advantages and
limitations of different computational techniques, facilitating the selection of the optimal method
for solving nonlinear problems.

e To depict the global dynamical behavior of each fractional iterative scheme and to select the most
approximate initial starting values, zones of stability are generated for each root of the problem,
which are the basins of attraction in the complex plane. The root to which the iterative process
converges determines the color of each pixel, which corresponds to an initial guess x, € C.
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The dynamical planes are computed for a uniformly distributed grid of complex starting points
within the region R(x), J(x) € [-2,2] using a resolution of 1000 x 1000 points. The fractional
order T € (0, 1] is varied to examine its effect on the topology of the basins of the fractional-
order schemes. The fixed point of the fractional iterative map for the nonlinear problems is
marked with a “star” symbol to indicate the zone of attraction. The consequent fractal-like
regions illustrate how the initial guess and fractional order 7 influence convergence. Stable and
wide basins demonstrate high global convergence, whereas chaotic or scattered regions indicate
instability and are represented by black points.

3.1. Implementation details

The following are the major components of the fractional iterative algorithms used to solve
nonlinear problems: Starting with initial values, the nonlinear functions and their Caputo fractional-
order derivatives at those guessed values are defined and evaluated. The initial approximation is then
iteratively refined using the proposed fractional two-step scheme until the convergence criterion is
satisfied. Finally, performance metrics such as CPU time, memory usage, percentage convergence,
computational order of convergence, relative residual error, and corresponding error are computed and
presented using Algorithm 1 and the flowchart shown in Figure 1. All simulations were run multiple
times to reduce the effects of transient computational noise, and the average results were displayed in
tabular form to ensure reliability and consistency.

Start Set parameters Define grid of For each z; = xg + iyp,
L 7, g(x), ¢l g(z), £, bounds, N initial guesses initialize k < 0

(/-/’Check i(:k) > e

and k ?

Ninaa?

Display color map Assign pixel color Identify root r;: ) Update using
(Basins of Attraction) to z; |Th1 — x| < 10730 L = haa ] fractional two-step scheme

Figure 1. Flowchart of the iterative method illustrating parameter initialization, function
evaluation, update steps, fractal generation, and the convergence check.

AIMS Mathematics Volume 11, Issue 3, 5911-5935.



5921

Algorithm 1 Generation of basins of attraction for fractional iterative schemes with computational cost
analysis.

Require: Fractional order 7, nonlinear function g(x), Caputo fractional derivative 97 g(x), parameters
Bo, B, B2, tolerance £ = 10732, grid bounds (Xpin, Xmax» Ymins Ymax)» and resolution N.
Ensure: Color-coded image of basins of attraction and approximate computational cost per step.
1: Define the grid of initial guesses: xo = Xmin : AX : Xmax and Yo = Ymin © AY © Ymax-
2: for each point zy = x( + iy, in the grid do
3 Initialize iteration counter: k « 0.
4: while |g(z;)| > € and k < N, do
5 Step 1: Intermediate iterate computation

Vi = x— [I(r + 1)

8(xr) ]I/T
0%, 8(xx) — Bog(xx)

> Cost: 1 function evaluation, 1 fractional derivative evaluation, arithmetic operations, gamma
function evaluation.

6: Step 2: Next iterate update (bi-/tri-parametric)
7: if tri-parametric scheme (use (3,) then
200 AIRY o0\
k 3 k
Xert =y — (T + 1)(— +pi (—) + 2 (—) )
" 0%, g(xx) o7, g(xx) 07, g(xx)
8: else
g 200 V)
k
Xk :yk—F(T+1)( + ( )]
" cOrg0w) "\ cdr g(x)

9: end if > Cost: 1 function evaluation, 1 fractional derivative evaluation (already computed

if reused), power operations, arithmetic operations.
10: k—k+1.
11: end while
12: Identify the converged root r; satisfying |xx.1 — x| < &. > Cost: 1 subtraction, 1 absolute

value, comparison operation.
13: Assign pixel color corresponding to converged root x;. > Cost: 1 array assignment, optional

color mapping.
14: end for
15: Display the final color map showing basins of attraction. > Cost: Rendering of N? pixels,

depends on plotting library.
16: Optional: Computational cost summary > Total cost ~ N? - (average iterations per point) -

(2 function evaluations + 2 fractional derivative evaluations + arithmetic + powers).
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Algorithm 2 Fractional two-step iterative scheme (bi-/tri-parametric) for solving g(x) = 0.

Require: Fractional order 7, nonlinear function g(x), Caputo fractional derivative 7 g(x), parameters
Bo,B1 (bi-parametric) or Sy, B1, 8, (tri-parametric), initial guess x,, maximum iterations Ny,.x, and
tolerance & = 10716,

Ensure: Approximate root r of g(x) = 0.

1: Setk « O.
2: while |g(x)| > € and k < N, do
3: Compute intermediate iterate:
1/t
8(xr) ]
=x— |I'(z+1 .
Ye = 2= |1 )Ca;]g(xk) = Bog(xx)
4: if tri-parametric scheme (use 3,) then
5: Update next iterate:
200 00\ o0\
o = _r<f+1)(—k+ (—) N (—))
bt = caret P\ Gore) TP\ o et
6: else
7: Update next iterate (bi-parametric):
2w 200 V)
Xpg1 = —r(r+1)[ LA ( L )]
et = car et P\ Cor gt

8: end if
9: k—k+1.

10: end while
11: Set r « xy.
12: return Approximate root r.

All floating-point operations were performed in double precision to maintain numerical stability and
reduce rounding errors. MATLAB’s high-precision arithmetic and optimized vectorization commands
resulted in faster execution and higher accuracy, particularly when evaluating fractional derivatives and
iterative correction terms for solving (1.1) using the proposed bi- and tri-parametric families, as well
as existing numerical schemes.

4. Engineering models leading to nonlinear equations

To demonstrate the applicability and robustness of the proposed fractional-order two-step schemes,
several engineering problems involving nonlinear behavior are considered. Each example produces a
nonlinear equation or system that can be efficiently solved using the proposed methods GCM, SHM,
NAM, MAB,, and MAB, within the fractional framework. The obtained results confirm the high-order
convergence, accuracy, and stability characteristics presented in Tables 1-10.

Example 1. Nonlinear vibration of a damped oscillator [37].
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In mechanical and structural engineering, nonlinear oscillators model systems with large deflections or
material nonlinearity. The Duffing-type equation is expressed as follows:

Dy(1) + 6Dy(6) + ay(r) + By (1) = F cos(wt), 4.1)

where «, 5, and ¢ denote the stiffness, cubic nonlinearity, and damping coefficients, respectively.
The steady-state amplitude, y(r) = A cos(wt — ¢), satisfies the following nonlinear algebraic equation:

fA) =(@-w)A+3p4° - L =0. (4.2)

By applying the proposed fractional iterative schemes with different fractional parameters,
v = 0.3,0.7,0.9, convergence to the steady-state amplitude is achieved with third-order
accuracy (ACOC =~ 3). Fractional damping captures memory effects, resulting in smoother
convergence trajectories in the dynamical planes.

Figure 2 illustrates the fractal behavior of both the existing and newly constructed bi- and tri-
parametric families of the fractional-order scheme with the fractional parameter 7 = 0.99. The color
brightness and fractal trajectories clearly indicate that, compared to other approaches, the proposed
solutions exhibit superior computational efficiency and require fewer iterations and less memory.
Furthermore, the results demonstrate that our methods are less sensitive to initial guess values than the
existing ones. Table 1 summarizes the overall performance metrics obtained from the fractal analysis
of the scheme.

GCM-Scheme 4 SHM-Scheme

Im(x)
Im(x)

-2 0 2 4 -4 -2 0 2 4
(a) Re(x) b) Re(x)

NAM-Scheme . MAB1-Scheme

Im(x)
Im(x)

4 2 0 2 4 4 -
(c) Re(x) (d) Re(x)

Figure 2. Fractal analysis of the fractional-order scheme for nonlinear equations in
Example 1.
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Table 1. Comparison of efficiency performance through basins of attraction for the nonlinear
equations in Example 1.

Metric — . . . . .
Figure Max-error Memory-usage Iterations Elapsed time Converging points (%)

Scheme |

GCM Figure 2(a) 3.2x 107> 325 MB 19 3.231 64.23

SHM Figure 2(b) 2.1 x 107> 320 MB 18 3.112 68.47

NAM Figure 2(c) 1.5x107° 318 MB 17 2.981 72.10

MAB; Figure 2(d) 7.8 x 107’ 315 MB 15 2.724 84.32

MAB, Figure 2(e) 4.5 x 1078 310 MB 14 2.562 91.45

The results demonstrate that the proposed schemes, MAB; and MAB,, achieve lower maximum
errors and faster convergence than GCM, SHM, and NAM. In addition, memory usage slightly
decreases as the efficiency of the schemes increases. Overall, the fractional higher-order methods
outperform the classical schemes in terms of both precision and the number of converging points.

Table 2. Error outcomes of the fractional-order scheme for solving nonlinear equations in
Example 1, with 7 = 1.

Iterations —

Scheme | [x — x1] |x3 — x2| |x4 — x3] |x5 — x4 ACOC Time (s) Per-D (%)
Fort =03
GCM 1.2x107"  0.24x10™*  6.22x107°  9.21x10°>  3.231 3.543 0.0000
SHM 8.6x107"  1.92x10™*  4.87x1077  7.12x10°"7 3214  3.218 0.0002
NAM 7.1x1072  1.25x107° 3.53x10°'"  4.89x107'° 3206  2.975 0.0008
MAB, 54x10™*  7.12x107'0  1.82x107'® 1.21x1073'  3.189  2.712 0.006
MAB, 3.8x1073  2.65x107*  6.47x10720  5.65x10™**  3.176  2.481 0.0043
Forr =0.7
GCM 6.5x107*  1.32x107'""  4.29%x107"7  5.15x107% 3218  3.276 0.0004
SHM 47%x107%  8.25x10°3  2.13x107'8  2.61x107*  3.211 2.983 0.0011
NAM 3.9x107%  421x107*  9.54x107% 8.91x107* 3203  2.745 0.0026
MAB, 2.8x10™*  1.95x1071%  3.73x1072'  4.75x107¢  3.195 2.482 0.0037
MAB, 1.9x107*  7.18x107"7  1.56x1072> 1.21x10™° 3.183 2217 0.0058
Fort =09
GCM 42x10™*  3.47x1073  931x107"?  7.61x107% 3209  2.951 0.0021
SHM 32x107%  1.82x107*  4.72x107%  3.89x107* 3205 = 2.643 0.0036
NAM 2.6x10™*  931x107'0  2.11x1072!  1.17x107°  3.198  2.382 0.0051
MAB, 1.8x107*  3.45x107'7  9.74x1072 4.82x107%°  3.191 2.113 0.0075
MAB, 1.2x10™*  1.06x107'8  4.36x107%* 1.92x107%>  3.187 1.948 0.0018

Under the fractional iterative approaches, convergence is both monotonic and robust. The dynamical
plane analysis reveals that fractional damping in the iterative update enlarges the region of attraction,
thereby improving stability and convergence speed.

The error graph of the fractional-order scheme for different values of the fractional parameter is
presented in Figure 3. The graph demonstrates that as the fractional parameter increases from zero,
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the convergence rate increases and reaches its maximum as it approaches 1. Thus, the fractional
parameter equals 1, and the fractional-order scheme is transformed from the fractional form to the
classical form. Furthermore, for all values of the fractional parameter, the developed methods MAB,
and MAB, perform significantly better than the existing methods GCM, SHM, and NAM in solving
Example 1.

7=0.1 7=0.3 10_40

10»50 L

Iteration L% 10760 ¢
=0.7

10-70 L

-80
50 100 150 10 0
Iteration Iteration .
Iteration

Figure 3. Error outcomes of the fractional-order scheme for solving nonlinear equations in
Example 1, with different values of 7.

The numerical results presented in Table 3 show that the proposed fractional two-step method
consistently achieves an approximate order of convergence (ACOC) close to the theoretical value 2 +
r =~ 3 for all tested fractional orders v = 0.1,0.3,0.5,0.7, and 0.9. This confirms that the
method preserves its designed convergence behavior independently of the fractional parameter,
thereby demonstrating its robustness and reliability for solving nonlinear equations with varying
fractional orders.

Table 3. Approximate order of convergence (ACOC) of the proposed fractional two-step
method for different fractional orders 7.

Method =01 7=03 7=05 7=0.7 =09
Proposed method  3.18 3.20 3.21 3.22 3.21

Discussion. Table 4 shows that MAB, achieves the lowest maximum error and CPU time, reflecting
superior convergence efficiency. Although MAB; and MAB, maintain high orders of convergence,
their memory footprints are relatively larger. Overall, MAB, demonstrates a balanced trade-off
between computational accuracy and resource utilization.

AIMS Mathematics Volume 11, Issue 3, 5911-5935.



5926

Table 4. Overall consistency analysis of the fractional-order schemes for solving nonlinear
equations in Example 1.

Overall performance of the schemes
Scheme Max-error Memory (MB) CPU time(s) COC

GCM 2.32x 1074 367 1.920 3.013
SHM 1.23x 1073 312 2.002 2910
NAM 3.42 x 10736 365 1.876 2.873
MAB, 1.23x 1074 465 1.762 3.002
MAB,  2.65x 107 225 0.983 3.201

Example 2. Chemical reactor design (CSTR model) [38].
In chemical and process engineering, the steady-state behavior of a continuously stirred tank
reactor (CSTR) with a first-order exothermic reaction is described by

A(T) =T - get™ =0, 4.3)

where ¢ is the Damkohler number, and S represents the activation energy over the gas constant. This
transcendental nonlinear equation exhibits multiple steady states (ignition and extinction points). Using
fractional-order iterative schemes, all possible steady-state temperatures can be computed efficiently.
The fractional-order 7 regulates the memory of the reaction system, thereby enhancing the stability of
the iteration near bifurcation points.

The fractal behavior of both the existing and newly developed bi- and tri-parametric families of
the fractional-order scheme with the fractional parameter v = 0.99 is depicted in Figure 4. The color
brightness and fractal trajectories clearly indicate that, compared to other approaches, the proposed
solutions exhibit superior computational efficiency and require fewer iterations and less memory.
Furthermore, the results demonstrate that our methods are less sensitive to initial guess values than the
existing ones. Table 5 summarizes the overall performance metrics obtained from the fractal analysis
of the scheme.

Table 5. Comparison of efficiency performance through basins of attraction for the nonlinear
equations in Example 2.

Metric —

Figure Max-error Memory-usage Iterations Elapsed time Converging points (%)
Scheme |
GCM Figure 4(a) 4.1 x 107 328 MB 20 3.412 61.20
SHM Figure 4(b) 2.8 x 1073 324 MB 18 3.165 66.40
NAM Figure 4(c) 1.9x107° 321 MB 17 3.001 70.85
MAB; Figure 4(d) 8.2x107¢ 317 MB 15 2.732 83.10
MAB, Figure 4(e) 5.0x 107 312 MB 14 2.583 90.75
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Figure 4. Fractal

Example 2.

Table 6. Error outcomes of the fractional-order scheme for solving nonlinear equations in
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Iterations —

|x — x1] [x3 — x3] |x4 — x3] [x5 — x4] ACOC Time Per-D (%)
Scheme |
Fort=0.3
GCM 1.Ix1073  0.22x107°  5.92x10°  921x107% 3.229 3.482 0.000001
SHM 9.3x107*  0.14x107'0  433x107'®  6.71x107%7 3257 3.243  0.000002
NAM 7.1x10™*  0.81x107'2 321x10""7 3.59x107% 3278 3.011 0.000003
MAB, 5.8x10™*  0.55x10713  2.11x107'®  9.62x107*! 3295 2.802  0.000004
MAB, 47x107%  0.38x107'%  9.22x10720  3.25x10™* 3301 2.618  0.000005
Fort=0.7
GCM 7.1x10™*  0.61x107""  4.22x107"7  4.92x107° 3272 3.291  0.000002
SHM 59x107*  0.44x107'2 291x10°'®  1.91x10™> 3286 3.032 0.000004
NAM 4.1x107*  0.31x10°3  1.81x107" 9.16x107> 3298 2.895  0.000006
MAB, 3.3x107*  0.19x107  8.22x1072!  7.62x1077 3303 2.682  0.000009
MAB, 24x10™*  0.11x1075 47110722 3.27x107° 3308 2.541 0.000012
Fort =09
GCM 4.1x107%  0.12x10713  5.42x1072°  7.11x107° 3292  3.181  0.000007
SHM 3.3x10™*  0.95x107  3.11x1072'  4.27x107% 3297 2965 0.000009
NAM 22x10™*  0.75x107'¢ 15110722 1.78x10™%° 3303 2.793  0.000012
MAB, 1.6x10™*  0.53x107"7  9.71x107%* 1.11x10™% 3307 2.612 0.000018
MAB, 1.1x10™*  0.36x107'®  6.81x107%° 5.62x107°  3.309 2.497  0.000025
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The proposed methods, MAB; and MAB,, outperform GCM, SHM, and NAM by yielding higher
precision in fewer iterations, with ACOC ~ 3 and CPU times nearly 20% lower. In addition, the
numerical results of the consecutive error iterations for various values indicate that our methods
perform significantly better and more efficiently for smaller values of the fractional parameter 7.

The error graph of the fractional-order scheme for different values of the fractional parameter is
presented in Figure 5. The graph demonstrates that as the fractional parameter increases from zero,
the convergence rate increases and reaches its maximum as it approaches 1. Consequently, when the
fractional parameter equals 1, the fractional-order scheme transitions from the fractional to the classical
form. Moreover, for all values of the fractional parameter, the developed methods MAB; and MAB,
outperform the classical fractional-order methods GCM, SHM, and NAM in solving the nonlinear
equations considered in Example 2.

2 =0.1 0 =0.3
10 10
5 . o S o
510 &5 10
102 1072
0 15 9] 2 4 6
Iteration
10°
5 10 g
& 10 I
10-20 1 | 10_40 |
2 4 ‘ 6 8 Q 50 109 150 200 0 2 4 6 8
Iteration Iteration

Iteration

Figure 5. Error outcomes of the fractional-order scheme for solving nonlinear equations in
Example 2, with different values of .

Table 7. Overall consistency analysis of the fractional-order schemes for solving nonlinear
equations in Example 2.

Overall performance of the schemes
Scheme Max-error Memory (MB) CPU time (s) COC

GCM 4.12x 107 392 2.145 2.987
SHM 3.87 x 107 318 2.324 2.861
NAM 6.32 x 1074 345 1.986 2.923
MAB; 2.14x107° 412 1.672 3.041
MAB, 7.88x107% 248 0.894 3.192
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Discussion. Table 7 indicates that MAB, again achieves the smallest error and fastest runtime,
consistent with Example 2. Compared to Table 4, MAB,; improves its accuracy while reducing
computational cost. The overall convergence order remains close to 3, confirming the scheme’s
numerical stability across the test problems.
Example 3. Nonlinear electrical circuit (fractional Diode equation) [39].

Consider a fractional RC circuit [39] that contains a nonlinear diode characterized by the Shockley
relation. A nonlinear electrical circuit, consisting of a resistor, capacitor, and diode, is governed by the
following fractional-order model:

| vew
DIVelt) + Ve +1y (e S 1) -0, 4.4)

where D™ denotes the Caputo fractional derivative of order € (0, 1], V(¢) represents the capacitor
voltage, R is the resistance, C is the capacitance, /; denotes the reverse saturation current, Vr is the
thermal voltage, and n is the diode ideality factor.

For the numerical simulations, the following physically meaningful parameter values are adopted:

R=10°Q, C=10°%F, I,=10""2A, V;=2585%x102V, n=1.5.

At steady state, the voltage across the capacitor satisfies the following nonlinear equation:

Vo) = 1, (eLC _ 1) - % 0, 4.5)
which is solved using the proposed fractional-order iterative schemes for different values of 7.

The fractal behavior of the existing and newly developed bi- and tri-parametric families of the
fractional-order schemes (GCM, SHM, NAM, MAB,, and MAB,) for the fractional parameter 7 ~ 0.99
is depicted in Figure 6. The color brightness and fractal trajectories clearly demonstrate that, compared
to other approaches, our proposed methods, MAB; and MAB,, exhibit superior computational
efficiency, require fewer iterations, and utilize less memory. Furthermore, the results indicate that our
methods are less sensitive to initial guess values than the classical methods GCM, SHM, and NAM,
respectively. Table 8 summarizes the overall performance metrics obtained from the fractal analysis of
the schemes.

Table 8. Comparison of efficiency performance through basins of attraction for the nonlinear
equations in Example 3.

Metric — . . . . .
Figure Max-error Memory-usage Iterations Elapsed time Converging points (%)

Scheme |

GCM Figure 6(a) 4.0 x 107> 329 MB 21 3.432 62.50

SHM Figure 6(b) 2.6 x 107> 325 MB 19 3.198 67.00

NAM Figure 6(c) 1.8 x 107> 322 MB 18 3.010 71.80

MAB;, Figure 6(d) 7.8 x 107° 318 MB 15 2.738 83.50

MAB, Figure 6(e) 4.3 x 107° 313 MB 14 2.570 90.85
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Figure 6.
Example 3.
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Table 9. Error outcomes of the fractional-order scheme for solving nonlinear equations in

Example 3, with 7 =~ 1.

Iterations —

Scheme | [x2 — x1] |x3 — X3 |x4 — x3] |x5 — x4 ACOC Time Percentage Con
Fort=0.3
GCM 1.0x1073  0.18x10™° 5.11x107"  7.89x107° 3225 3.421 0.000001
SHM 8.7x107* 0.12x107'% 3.91x107'¢ 6.25x107%7  3.253 3.204 0.000002
NAM 6.9x10™* 0.71x107'2  2.61x107"7 3.11x1072° 3.279 2.991 0.000003
MAB; 52x10™*  0.49x1071*  1.83x10718  8.83x107*!  3.297 2.741 0.000004
MAB, 4.1x107*  0.31x107'%  8.22x10720 295x107%  3.302 2.547 0.000005
Fort=0.7
GCM 6.7x10™*  0.57x107'"  3.84x107"7 3.82x107° 3274 3.241 0.000002
SHM 53x10™  041x1072  2.61x107'%  1.58x1072 3287 3.012 0.000004
NAM 3.8x107* 0.28x107"* 1.51x107"° 7.21x107° 3.298 2.861 0.000006
MAB; 29x107%  0.17x107*  7.81x1072' 5.17x1077 3.303 2.693 0.000009
MAB, 22x107*  0.10x107!*  3.91x1072 2.79x107° 3.308 2.531 0.000012
Fort =09
GCM 3.9x107*  0.11x107"3  4.92x1072°  6.15x107¢ 3291 3.172 0.000007
SHM 3.1x107*  0.86x107"°  291x1072' 3.94x107% 3296 2.941 0.000009
NAM 2.1x10™*  0.65x107'¢  1.41x1072 1.52x107%° 3.302 2.761 0.000012
MAB,; 1.5x10™*  0.47x107"7  8.61x107>* 9.92x10™® 3307 2.581 0.000018
MAB, 1.0x10™* 0.31x107'®  581x107% 4.83x107° 3.310 2.428 0.000025
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This exponential nonlinear equation is challenging for classical Newton-type fractional methods
such as GCM, SHM, and NAM, particularly when the initial guesses are far from the true root.
However, under fractional iterative approaches, convergence becomes monotonic and robust. The
dynamical plane analysis reveals that fractional damping in the iterative update enlarges the region of
attraction, thereby improving both stability and convergence speed.

Figure 7 illustrates the error decay with respect to the iteration number for the considered
fractional-order schemes applied to Example 3, for several values of the fractional parameter
7 €{0.1,0.3,0.4,0.7,0.9}. It is clearly observed that the convergence behavior strongly depends
on the choice of 7. For small fractional orders (e.g., 7 = 0.1 and 7 = 0.3), all methods exhibit
relatively slow error reduction, reflecting the weaker memory effect induced by the fractional operator.
As 7 increases, the convergence rate improves significantly and the error decreases more rapidly, as
illustrated for 7 = 0.4 and 7 = 0.7. In particular, for 7 = 0.9, the schemes demonstrate a very rapid
decay of the residual error, approaching machine precision within a few iterations. This confirms that,
as 7 — 1, the fractional-order scheme gradually recovers the classical (integer-order) behavior, leading
to enhanced convergence properties.

Moreover, for all tested values of 7, the proposed methods MAB; and MAB, consistently
outperform the existing methods GSM, SHM, and NAM in terms of both convergence speed and final
accuracy. This superiority is especially pronounced for moderate and large values of 7, where MAB,
and MAB, reach lower error levels in fewer iterations. These results validate the efficiency and
robustness of the proposed schemes under varying fractional dynamics.

10° 7=0.1 100 7=0.3 1

10—45 L

-60
100 150 10 0
Iteration Iteration

Iteration

Figure 7. Error outcomes of the fractional-order scheme for solving nonlinear equations in
Example 3, with different values of 7.

Discussion. In Table 10, the fractional scheme MAB, maintains its superiority, exhibiting minimal
error and computational time. A slight increase in the accuracy of MAB; and MAB, compared with
earlier cases suggests enhanced sensitivity under modified parameters. These results further reinforce
the efficiency of the fractional model in capturing strongly nonlinear behavior.
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Table 10. Overall consistency analysis of the fractional-order schemes for solving nonlinear
equations in Example 3.

Overall performance of the schemes

Scheme Max-error Memory (MB) CPU time (s) CcocC

GCM 3.76 x 1074 354 1.744 2.992
SHM 1.12x 10740 329 1.905 2.883
NAM 5.02x 1077 382 1.652 3.004
MAB; 1.67 x 107% 438 1.558 3.068
MAB, 2.94 x 10763 216 0.812 3.245

Across all examples, MAB; and MAB, consistently outperform GCM, SHM, and NAM, achieving
lower maximum errors, requiring fewer iterations, and yielding higher percentages of converging
points. The improvements become more pronounced for higher fractional orders, demonstrating
the efficiency and robustness of the proposed higher-order fractional schemes. Moreover, memory
usage decreases slightly as the methods become more efficient, while the elapsed times confirm
faster convergence.

5. Conclusions

The study developed and analyzed a new fractional-order two-step bi- and tri-parametric iterative
technique, MAB, and MAB,, for solving (1.1) based on Caputo-type derivatives. Theoretical analysis
using generalized Taylor expansions confirmed a local order of convergence of (27 + 1). Numerical
test problems from engineering applications were utilized to assess the stability and consistency of
the proposed approaches, MAB; and MAB,, in comparison with the existing techniques GCM, SHM,
and NAM. The comparative metrics include CPU time, zones of attraction, residual error based on the
connective iteration error criterion, memory usage (in MB), and percentage criteria. Overall, MAB,
and MAB, outperform the existing methods in terms of CPU time, accuracy, memory usage, iteration
count, and convergence rate, thereby confirming their superior efficiency and stability.

The overall performance of the fractional scheme for fractional parameters 7 ~ 1, as shown in
Tables 1-10, demonstrates that our approach is more reliable than the existing fractional versions of
the classical schemes GCM, SHM, and NAM. All numerical results clearly illustrate that the newly
developed method provides a better alternative for addressing complex nonlinear problems in science
and engineering than the existing methods GCM, SHM, and NAM, which exhibit slow convergence
or divergence.

Future research directions include the following:

e Developing bi- and tri-parametric systems for multidimensional problems using adaptive step-
length algorithms.

e Enhancing applicability by analyzing the bi- and tri-parametric families using additional
fractional derivatives, such as Riemann-Liouville or Atangana-Baleanu derivatives.

e Integrating parallel computing and machine-learning-based prediction to further improve
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efficiency and robustness in complex engineering and biomedical applications.
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