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1. Introduction and definitions

Special functions have extensive applications in mathematics. Many of these applications are
found in statistics, physics, engineering, the theory of elasticity, quantum theory, and Lie theory.
Special functions serve as foundational basis functions within representation spaces for Lie algebras,
and many of their properties can be derived through this perspective. Lie theory, in particular, holds a
significant place in mathematical physics, serving as a valuable tool for exploring differential
equations, special functions, and perturbation theory. Its influence extends beyond elementary particle
and nuclear physics to diverse areas such as continuum mechanics, solid-state physics, cosmology,
and control theory. As a rapidly evolving field, it offers opportunities to leverage numerous advanced
methods from modern mathematics. This approach has been thoroughly explored in the works of
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Manocha [1,2], MoBrlde [3], as well as Miller [4]. The qualitative and geometric foundations of Lie
group theory relevant to special functions are outlined in standard references, such as Miller’s
contributions [5]. Here, we will place particular focus on the Lie group theory presented by Miller,
Khan [6], Srinivasa Bhagavan [7], Thakare [8], and Weisner [9], as this aspect of the subject is among
the most familiar to physicists. Moreover, it is directly applicable to the study of special functions,
particularly in extracting the intricate fine structure of Humbert function .

The confluent hypergeometric function (CHF) ,%,(a;; by; ) is defined by (see [10])

L. _ N (al)ng
,Bolar; b1 ) —KZ:(; R (1.1)

where a;, b, and { represent real or complex numbers, with the stipulation that »; does not assume the
value of a negative integer and (a;), denotes Pochhammer’s symbol

(@), = (a)(a; + D(a; +2)...(a;+«x—-1), keN;
G = 1, k=0.

The CHF, denoted as ,§,(a1; b1; {), adheres to the differential recursion relations

a d
D( g%g(dl;bl;g) :b_l g%g(a1+1;b1+1;§), D{:%,
1 (12)

-b
(D; = 1) ,Gyar; b1 0) :“lb—l‘ JFoarsby + 1,0),

d
O +ay) 4Fy(a1;b150) =ay ;&ylar +1;b15(), O = {d_f’ (13)
O +by = 1) ;Fylar;b1;0) =(by = 1) ;Fylar; by — 1;0),

and

O +ay — by =) ¢&y(a1;b1;0) =(by — ay) 4&4(ar — 1;b130). (1.4)

The hypergeometric function (HF) ,&,(ai, as; by; {) is formally defined as follows (see [10]):

N (al )K(aZ)ng

y8glar,ar;b1;4) = I

(1.5)

k=0
where ay, a,, by and ¢ are real or complex numbers, and for by, it is neither zero nor a negative integer.

The HF & (a1, az; by; {) satisfies the following differential recursion formulas:

aap

D, ,§,(ai,a2;b1;0) = —— ,§ylar + L,a, + 1,0y + 1, 7), (1.6)
1

b

and

O +ay) ,Fyar,a;b1:0) = ay Fy(ar + 1,a2;b13 ),
O +ay) yFy(ar,a2:b150) = ar ;§ylay, a + 1,515 0), (L.7)
O +by = 1) ,Fylar,az;b150) = (by = 1) ,§ylar, az; by = 150),
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[((1 =Dy — axl + by — a1 (a1, a2;b130) = (by — ay) ,&y(ar — 1, a23b130), (1.8)
[0 =D —ail + by — az] ,ylar, ax; b130) = (b — az) ,y(ar, az — 1, b5 0), (1.9)
[((1 =D; + by — a) — ay] ;y(ar,ax;b1: ) = (by — a)) (b1 — a2) ,§yla1, a2 b1 + 1;0),  (1.10)

and

[g(l - {)D{ —apd + b, — d]][@ + Cl]] yi}g(al,az;bl;{) =a;(by—a;—-1) ygg(al,az;bl;{), (1.11)
[((1 =)D —ail + by — ar][O + az] ,Fylar, a2; b150) = ax(by —ap, — 1) ,F,(a1,a2;0150),  (1.12)

and
[((1 =)D + by —a) — ax][O® + by — 1] ,Fylar, a3 b150) (1.13)
=(by—a; — D(by —ax - 1) ,Fya1,a;b1; ), .
and
. (a1 = bpay ) _
(1= 0D - @) Byt asib130) = ST Byl + by + 130, (1.14)
-b
((1 - {)D - 611) ySgla,ar; b3 ) = w ySglar + 1,a2;by + 1; 7). (1.15)

We recall here classical definition of ¥; Humbert function defined as follows (see [11, page 59, Eq (42),
page 57, Eqs (28)—(31)], [12, page 225, Eq (24)], and [13, page 384, Eq (5)]):

= K+n KxKn
Vi@ asibi, by vy = Y LRIy o <o, byby 0,412, (116)

(bl)K(bZ)n K!n!

k,n=0

where ay, a», by, by, x and y are real or complex numbers. We can write it as

, o @ea + n)da) XY < (@)y” o
Yi(ai,a2;b1,b2; x,y) = b0, il 2. B! y8g(ar +n,az; b1 x) (L.17)

k,n=0

or

O (a1)(@) X"
i@z b, byi vy = Y G 2 sy, (1.18)
k=0 K‘(bl)K

The extended function is denoted by ¥ Humbert function, and its definition is given by
Yo i1 br = Yarars b (6, 8,1, v, 1) = Wi(a1, az; by, by x, ) s uV" 1. (1.19)

The fundamental components constituting a subspace of analytical functions pertaining to five
variables, namely x, y, s, u, v, and ¢, are associated with the hypergeometric function denoted as ‘¥,
which is defined as V.

In [14], Agarwal and Manocha derived a novel set of generating functions related to
hypergeometric polynomials. Bhagavan employed a group-theoretic approach to analyze generating
functions for hypergeometric polynomials in [15]. Bhagavan and Tadikonda derived the generating
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functions of Chebyshev polynomials by the Weisner method in [16]. Chakrabarti and Chongdar
developed a group-theoretic analysis concerning specific generating functions of hypergeometric
polynomials in [17]. In their study presented in [18], Chongdar explored the group-theoretic aspects
of specific generating functions. In [19], Das studied differential operators for ,&,(—n,B;v; x). Lastly,
in [20], Das explored various aspects of special functions arising from the framework of continuous
transformation groups. In [21], Ghosh derived several generating functions involving hypergeometric
polynomials through a Lie-algebraic approach. In [22], Jagtap et al. investigated generating functions
of a new class of semi-orthogonal polynomials X, (x; a, @) using Lie group theory. In [23], Agarwal
and Jain introduced the dynamical symmetry algebra of ,&, and Jacobi polynomials. Jain and
Agrawal examined Lie theory and the generation functions of certain classical polynomials in [24].
In [25], Karande and Thakare derived results concerning generalized hypergeometric polynomials and
orthogonal polynomials associated with Hermite polynomials. Khanna and Bhagavan formulated
Weisner’s method and Lie group theoretical foundations to derive generating relations for generalized
hypergeometric polynomials in [26,27]. In [28], Khanna et al. established the generating relations for
hypergeometric functions through the use of a Lie group theoretical method. In [29], Singh et al.
derived simplified expressions for bilinear and bilateral generating functions of hypergeometric
polynomials. Srivastava and Dhillon [30] studied Lie operator and Lie group theory of classical
orthogonal polynomials and generalized hypergeometric functions. In [31], Tadikonda and
Bhagavanirredu considered representation of generating relations and SL(2,C) for generalized
hypergeometric functions. In [32], Truesdell investigated unified theory of special functions.
Truesdell [33] studied the theorems related to addition and multiplication concerning special
functions. In [34-36], Miller integrated special functions into Lie group representation theory to
provide a strong framework for their analysis. A partial differential equation (PDE) constructed from
an ordinary differential equation (ODE) is key to this strategy. Redefining ODE parameters or indices
as extra variables expands the domain and makes the ODE a specific instance of a larger PDE. Once
this reinterpretation is complete, they discovered a multiplier representation of a Lie algebra that fits
the PDE’s symmetries. Generalized Lie derivatives, which are small symmetry generators, do this.
These derivatives show how the Lie algebra affects the function space and are essential for
understanding the differential equations’ algebraic structure. Recently, Wang et al. [37-39] derived a
class of extended Lie super algebras and multi-component super integrable hierarchies and their
applications.

The extended Humbert function ¥ is a key element of modern computational mathematics, with
applications spanning fluid dynamics, statistical distributions, and quantum mechanics. While
previous studies (e.g., Manocha [2], Miller [5, 36], Shehata and Kumar [40]) have established its
utility in solving complex PDEs, the underlying algebraic structures that govern its behavior remain
an area of active investigation. To address this, the current study aim is to introduce a group-theoretic
framework built on Lie algebra representations for the generalized extended Humbert function ‘P;.
This Lie-theoretic approach provides for the development of a wide class of generating relations that
were previously inaccessible through standard analytical methods. By revealing the function’s
inherent algebraic symmetries, we have developed new E-operators and reduction formulas that
significantly enhance the analytical toolkit for ¥;. These associations and discoveries between the
Humbert function and representation theory suggest that symmetry-based approaches can provide
deeper insights and new analytical tools into special function theory as applications. In the following
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section, we define the generalized extended Humbert function and detail the Lie-theoretic techniques
used to obtain these novel identities.

2. Derivation of main results

Here, the subsequent details will be significant in backing up our primary research outcomes. The
E-operators are

0 0 0
E, = — ts— +y— 2.1
“ S(x8x+s<9s+y6y)’ @D
0 0 1 0 0 0 0
Eag = l/t(btﬂ + )Ca—), Eaé = —()C(l — )C)a— — XSE — Xyﬂ + Vﬂ — Mﬂ), (22)
1/ 0 0
E ’ = — _— _— 1 N 2.3
b v(vﬁ v " xﬁ X ) 2.3)
1/ 0 0
Ey = ~(1Z ——1), 24
%2 t( FYRRET 24)
0 0 0
E = l—x)— —5s— —y— 2.
B (U i yay), 25)
0
E.p = sta—y,and (2.6)
0
Eiap = suvﬂ. 2.7)
We use the relations (a; + n)(a;), = a;(a; + 1), and
0 0 0 0
R _ = 1 A — as — b= b1 b by
xaxx K x5, ya Yy ny,sa K a s uauu azu,vavv blv’t(’)tt byt

The actions of these E-operators on ¥, 4, 5, », are given by

(a)ny" by b
Eal\Pal,az,bl,bz - a1 Z . gg(al +n, a23blvx)sal “ lt z

'(b) !
_ s( 9 EZ‘; ~ Byl + . ag,bl,x)+s_ EZI; Y 5 e mas b
+ ya— Z EZ‘; L Byl + nasi b x))saluazvbltbz
( (,é[);))} (a1 +n) ,Fylar +n+ 1,a b5 x) + Z (@ 'él))"y)n( ai +n) ,&,(ar +n,ay; by; x)
D "
- Z ad ;,?Zi;ll)"y yolar +n, az,bl,x))s“' @b b

ai(a; + 1),)y" 1 by b
= Z T ySolar +n+ 1, ay; by x)s" " u®y 17
=0 I’l( Z)n

= al‘Pa1+l,a2,b1,b2‘
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Hence, we obtain

Eal‘Pal,QZ,bth = al‘I’al"'l,aZsbl»bZ' (28)

Similarly, we can find actions of other E-operators on

EazlPal,az,bl,bz = aZ‘PﬂlﬂZ"’Lbl,bZ’ (29)
Eq¥a, 0y = (b1 = @)Wy ay-10.2 (2.10)
Ey¥a, 000160 = (b1 = DW¥ay.000-155 (2.11)
Ep¥a w616, = (02 = DWay 00,61 .50-15 (2.12)
a(a; — by)
Eal,b1Ta1,az,b1,b2 = b \Pa1+l,a2,b1+1,b2’ (2.13)
1
ai
Eﬂl,bz‘Pal,az,bl,bz = b Ta1+1 az,by b2+1,and (214)
2
aas
Eal,az,bl‘llm,az,bl,bz = bl ‘Pa1+1,a2+1,b1+1,b2- (2.15)

These E-operators, along with the four maintenance operators 1,,, 1,,, I5,, and I, and identity operator
I, form a basis. Here, we get

0 0 0 0
ly=s—, l,=u—, I,y =v—, I, =t—, [ =1, 2.16
1 Sas 2 uau bl vav bz at ( )

and

Idl‘Pal,az,bl,bz = al‘I’ﬂlﬂZ,bth’ Iaz\Pal,az,bl,bz = aQTalﬂz,bl,bz’ (2 17)

IbllPal,az,bl,bz = bl‘Pal,azJ)l,bz’ Ihz‘Pal,az,bl,bz = bZ‘Pal,az,bl,bz'

Here, a group-theoretic foundation is presented to deduce reduction formulas for Humbert function ¥;.
First, we assign the operator

E (xi+si+ i)
a= N\ "8 y&y

with action
EoY oy ar0000 = A1Y a1 11,0001, -

To find exp(£E,, ), we utilize the standard Lie theoretic approach, which involves solving the differential
equations to compute in the following results:

T =S when s0) =5 = freS = s @) = o (219)

dx(@) _ _ BN 3

i x(©)sé) with x(0) = x = x(¢) = fs =c=x L x8) =7 e (2.19)
and

d

%f) = YOS Wit YO =y = O = TS =y O =2 220

AIMS Mathematics Volume 11, Issue 3, 5824-5840.



5830

Thus, we get

X y s \¢ 1
exp(§ Eal)\ljal,az,bl,bz = lI’l(al’ab by, by; 1 —fs’ 1 —fs)(l —§s) uyb

=%(a1,az,b1,bz;L Y S)s“l(l £5) U,

1-&s"1-

On the other hand, through direct expansion, it provides

[e) o
& Y &(ar)y
exp(f Eal)‘Pal,az,bl,bz = Z _'(Eal) \Pal,az,bl,bz = | ‘Pa1+v,a2;b1,b2
Vi V!
y=0 v=0
aj
= & ( )V‘Pl(al +V, a2, by, by x, y) s T utV
v=0

By using (2.21) and (2.22), we obtain the formula

(1 =97 (@100, b1 b T T2

Equating the two values of exp(¢ E;, )W, 4,.6,.5,» W€ have the expansion

X "(a v v
(1= €90 0.1 b = 1_ygs):Z§( Doy + v, b1, b 3, )

Z éj (al)v (611 + V)K+n(a2)l<xky ¢
K‘n'(bl)K(bZ)n

_ i (Cll )K+n+v(a2)/<
A kInty (by)bo),

xy'(s8)".

Next, we proceed with the operator

with action

Eaz‘I’al,az,hl,bz = a2‘Pa|,a2+1,b1,b2-

) Z £ (al)v Yi(a) +v,a2;b1, by x,y)s".

(2.21)

(2.22)

(2.23)

(2.24)

To exp(éE,,), we utilize the conventional methodology from Lie theory, which can be established by

addressing the relevant differential equations:

df) u(¢), when u(O)—uz—E—§+c:c— i Su(E) = _Mgcu’
and
dflf) x(&u(¢), when x(0) =x = x(¢) = ;f =c=x .. x(¢&) = 1 _X

(2.25)

(2.26)
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So, this formula reduces to the expansion

X u \®
exp(é E))Ya, a0, = ‘P1(a1,a2 + kb1, by; —— = éu ,y) (1 —fu) vorgbz, (2.27)

Conversely, through direct expansions, it produces

f (aZ)v

al ,a2+v,b1,b>

eXp(é: Eaz)‘Pal ,an, hl b2 Z

Z (aZ)V W (ay,ar + v; by, by x, y) s u b1 (2.28)

E & )V‘I’l(al,ag +v; by, by x, y)s“ u Vb
v !
v=0

Equating two values of exp(¢ E,,)¥,, 4,.6,.6,» We reach the identity

X —a = as)y v
‘Pl(dl,az +v; by, by; —,)’)(1 - sc”) 2= Z ( 23 Yi(ai,a + v; by, by x,y)(Eu). (2.29)
—éu oy

1

In the case z = ué in (2.29), it simplifies to

‘Pl(al,az +v; by, b; L,y)(l —7) @ = Z (a2)v‘1’1(a1,az +v; b1, b5 x, )7 (2.30)
1 -2 v=0 v !

Finally, we use the operator

0 0 0 0
E, = ;(x(l - x)a - uﬂ - xsm + Vﬂ)

with action

E“Q\Pal,tlz,bl,bz = (bl - aZ)Talﬂz—l»blsbz'

Computing the operation of a one-parameter subgroup using the conventional multiplier representation
approach for the Humbert function ¥, involves solving the associated differential equations:

de) = —1 when w(0) =u=u@)=—~¢+c=>c=u - u)=u-¢ (231)
d;(;) Vg en v(0) = v = (&) = u—if Sc=uv, oovE) = u”_v z (2.32)
and
dx(§) _ x(§)d - x(£)) _ X&) o« _u .
7 @) , when x(o)_x::’l—x(g)_u—gzc_l—x’”x(f)_u—f(l—x)’
(2.33)
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ds® __s@x@® _ __w-9 =8
g up o OO T ) T O T Ty
(2.34)

If exp(é Eaé), the formula reduces to

xu su—=§& \" o w A\
XPE E)Wa a0 = Vi1, @i br, b — . I X i £ 5) @9 (H) 2 (2.35)
and
(b1 — az),
eXp(é Ey )‘Pal az,br.by — Z él:l—z‘l‘al,az—v’hl,bz
v=0
Vb, — .
Z M Yi(ai,a; — v; by, by; x,y)s"u™ Vb (2.36)
v=0

V(b — an),
—ZM Yi(a,a, — v; by, by x,y)s“u™” rybighe,

y=0

Thus, simplifying, we obtain the generating function

\P](Clla ar; b], bg; ’y)(u — é’.‘(l _ )C))_ (I/l _ ‘f)a|+a2—b] ubl_az

xu
u—&(1 —x)

' (2.37)
(b — ay),
- Z g(ly—VaZ)‘Iﬁ(al,az = Vibi b x,

Next, the operator is utilized

with action
Ey Yoy 005100 (%, ¥, S0, v, 1) = (b1 = DWay a5, 01-16, (X, Y, 8,1, v, 7).

To find exp(£Es; ), we apply the standard Lie theoretic approach, which involves solving the associated
differential equations

d:i(;) =1 when v(0)=v=vé) =&+ c=v, . WE) =v+E (2.38)
and
d’;(;) . ’vcg nK0) = xS XO =+ > =, (@) = o (2.39)
So, the operator becomes
X(V +§) ai . ,a by b
exp(f Eb'l )\I’al,@,bl,bz = lIll(ala a; bla b2; ,)’)S 'u 2(V + g) . (240)
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Conversely, through direct expansion, it results in

V(b - V)v
exp(é‘: Eb )lPal axbiby — Z g ! lIIL1|,az,b|—v,bz
'V b _ y
Z f(‘—” Wilan asby - v by xS R (241)
(b, — V),
Z S 1—V) Wi(ar, az; by — v, by x, y) s uvP 2,

which gives the generating relation

W\ (ar, an by — v, bz;x,y>(§) L4

x(v + by 2 (b — v
Tl(‘“’“z?”hbzé( g)ay)(“g) - (1V_')

Here, we use the operator

1/ 0 0
Eh,z = ;(l‘a +y8_y - 1)

with action
Eb;Tal,az;bl,bz = (bz - 1)Ta1,a2,b1,b2—1-
To find exp(¢E b’z)’ we use the standard Lie theoretic technique

G)

i =1 when t0)=t=té)=E+c=>c=t, 0 () =t+¢€ (2.43)
and
dy@ _y&) . yt+4)
—= =—= with y(0) =y = y(&) = c(t + ):>c—— y(¢) = . (2.44)
dE 1@ y y =& 3 3 ;
So, we get
(f )\
eXD(E Ex)War o = Wilan,az: by, by v, 2y ey 4 g (2.45)
Conversely, through direct expansion, it produces
y(b _V)v
exp(f Eh )‘Pal Jaz,b1,by = Z é: 2 ‘Pal,az,bl,hz—v
Vb, — ,
Z f( 2 V) 2= " \(ay,as; by, by — v x, y)sTutV (2.46)
=) v b _ ,
= Z M\Ijl(alaa% blabZ —v; x’y)smuazvb] tbz %
v!
v=0
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which gives the generating relation

t by > (b, — ) v
‘Pl(al,az;bl,bz;% X +§))(1 + §) = E —( 2! Wi(ar,ax; 01,07 — v; X,y)(g) . (2.47)
t t eyl t
Here, we use the operator
0 0 0
B = (=02 =52, 2)
Lhi SV(( x)ax *ds y(?y

with action

a(ay — by)
by

Eal,bl‘Pal,aQ,bl,bz - \Pa1+l,a2,b1+l,b2-

To find exp(£E,, 5, ), we employ the standard Lie theoretic approach, which involves solving differential
equations to compute the results

d;—(gf) = s*(£)v with s(0) = s = _%f) =vE+c=c= —%, o8 = I —vas (2.48)
and
dx(€) B ) 3 ¢ . _x—¢&vs
7 =(x(&) — Ds(&)v with x(0) = x = x(¢) = I évs +1l=c=x-1, . x(¢) = vy’ (2.49)
So, we get
exp(f Ea1,b| )‘I’al,HZ,bl,bZ = \P](Cll, as; bl, bz; )IC : gzz,y)( 1 —sfvs) u“zvb‘ lbz. (250)

Conversely, through direct expansion, we obtain

O E(ar),(ar - by),
exp(é‘: Eal,bl)Tal,az,bl,bz = Z v '(b ) Ta1+v,a2,b1+v,b2
=0 \U1)y

_ o (ar)(@a — by),

BTN Yi(a; +v,a2;b) +v, bz;x,y)(f s v) sy (2.51)

v=0

_ Z (al)v(al - bl)v Z (Cl] + V)K+n(a2)KxKyn (g s V)VSaluazvbltbz-
21T VG, A Kinl(ey + ) (bo),

Equating the two values of exp(¢ E,, »,), we get

x—E&sv s \“
Wi (ar, az; by, ba; , ( ) gt
1(ar, ax; by, by 1 —ésv y) 1 —&sv uw-y
= (a)),(az — by)y(a +V)K+n(a2)K'xKyn( )V | ay. by b
a a t 2
by 1o+ b, Y)Y (2.52)

v,k,n=0

i (Clz - b])v(al)v+/<+n(a2)l<-xkyn (é: s V)Vsal a b1tb2’

Ay 1By (oo o

v,k,n=0
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(1 —fsv)_“"{’](a],az;bl,bz;x_ ,
1-€&sv

[e8)
v,k,n=0

k!nly !(b])V+K(b2)l’l
Setting & sv — 1,

‘I’l(al,az,az —b1;b1,b2;x,y, 77) =(1-n" “I’l(al,az, bl,bz,

(a2 = b1)y(@1)ysisn(@2) X" ( : )V

(al )V+K+n(a2)K(a2 - bl )vxKyn

v,k,n=0

we arrive at the reduction formula

which gives the generating relation

x—
(1 _U)_al\yl(alaa2;bl’b2; n,y)z

l-n

Now, we use the operator

Ky 10)yeeb)n

& sv 2 g y
y) = ; > !(Em,az) lPal,az,bl,bz(x, v, S, U, v, t)
(2.53)
-n y)
1 -
(2.54)
—a x_ ]7
‘I’](abaz,az —by;b1,by; x, Yy, 77) =1-n 1\{;](al’a2;b]’b2; — n’y), 2.55)
S (a)(az = by),
M‘P](d] +v,a;; b] +v, bZ, X, y)nv (256)
v '(bl)v
0
Eal,b2 Sta_y

with action

Eal,hz‘Pal,az,bl,bz =

a;
_‘Pa1+l,a2,b1,bz+l .
by

To find exp(¢éE,, »,), we employ the standard Lie theoretic approach, which involves solving the

associated differential equations

d
%‘f) =st with yO)=y=y¢)=sté+c=>c=y, .. y(&) =y+ sté. (2.57)
So, we get
exp(é Eayp)¥Wayaninpn = Vi(ar, az; by, by x,y + sté)s"uv" 1. (2.58)
Conversely, through direct expansion, one can arrive at
&)y
eXp(‘f Ea1 bz)‘Pal ,an, b] bz Z '(bl ) a1+v,a2,b1,b2+v
(2.59)
é: (al)v

14 '(bZ)v
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which gives the generating relation

WVi(ar,a2; b1, b2 x,y + st&) = (,Cz;)v) Yiar +v,a2 +v; by, by x, y)(Est)”. (2.60)
By equating two values of exp(¢ E,, »,), we get
o £ (@),
exp(f Eal,bz)‘Pal,az,bl,bz = Z m‘Pal+V,a2+v,b1+V,b2
R L P A S T o
'(bZ)v
(2.61)
g (al)v (a] + V)K+n(a2)KxKyn Sa|+vuazvhlth2+v
Za Y U(by), Knl(by)(bs + 1),
— i é:y(al)K+n+v(a2)K-xKy sa1+v ar hlth2+v
kY Dby
So, we can write the generating relation
K+n+v K xK " t v
Wi(a1, a2 by, by X,y + sté) = (1)eeneo(2)e LIUES (2.62)

(b)(by +v), k!nly!

v,k,n=0
Now, we use the operator

0
Eal,aZabl Suy

0x

with action
ajap
Eal,aZ,bl‘Pal»az,bth: b ‘Pal+1,az+1,b1+1,b2'
1

To find exp(€E,, 4,,), we employ the standard Lie theoretic approach, which involves solving the
corresponding differential equations

dx(£)
d&

= suv with x(0) =x = x(&) = suvé+c= c=x, .. x(£) = x + suvé. (2.63)

So, we have
exp(é‘: Eal,az,b1)Ta1,az,b1,b2 l(al’ a; bl’ bZ, X+ SuVé‘: y)sal 2 bl tbz' (264)
On the other hand, direct expansion allows us to achieve

é‘: (al)v(aZ)v
exp(é: Ea1 ,az, b] )Tal ,an, b] b2 Z TTQ1+V,a2+V,b1+V
(2.65)

a)),(a
f—( Dula2)y Wi(ar + v, ar + viby + v, by x, y)s“ Ty

- =0 v '(bl)v ’
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which gives the generating relation

Wi(ai,az; by, by x + suvé,y) = MTI(QI +v,ay +v;by + v, by x, y)(Esuv)”. (2.66)

=0 v ‘(bl)v

By using (1.16) and (2.66), we get

(al)v(aZ)v (al + V)K+n(a2 + V)KXK)’" ai+v. ar+v, b1+v

Eu a h = e
APE Ens W = 2 S50 i v S

v,k,n=0

oo (2.67)
— Z (al)K+n+V(a2)K+VxKyn sa1+vua2+vvb1+vtb2
— Kk!nly !(bl)K+v(b2)n '
v,k,n=0
So, we can write the generating relation
Wil by by xtswn, )= Y O e ey SV .68
V=0 (bl)K+v(b2)n K:nwvy .

3. Conclusions and concluding observations

This study introduces a group-theoretic framework based on Lie algebra representations to develop
a wide foundation and establish a broad class of generating relations for the Humbert function ¥;.
The results have been applied to formulate E-operators and derive reduction formulas, thereby
enhancing analytical methods for investigating ¥,. This approach uncovers the function’s underlying
algebraic symmetries and paves the way for diverse applications in mathematical physics, statistics,
and engineering. The associations between the Humbert function and the representation theory of Lie
groups and algebras point to suggest interesting future study and exploration in special function
theory and symmetry-based mathematical approaches.
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