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1. Introduction

Spectral methods based on orthogonal polynomials provide an effective analytical framework for
partial differential equations posed on non-Euclidean domains or in weighted settings. On a finite
interval, the Jacobi family forms a flexible basis: Varying the parameters @, 5 > —1 recovers Legendre
and Chebyshev polynomials as limiting cases while preserving orthogonality with respect to the weight

Wap(x) = (1 =01 + x), (1.1)

ensuring completeness and enabling asymptotic estimates central to spectral approximation [1].
Jacobi polynomials also arise as solutions of classical Sturm—-Liouville problems, yielding self-adjoint
operators and a natural spectral structure [2].

In heat conduction problems under axial symmetry, the elliptic operator incorporates geometric
factors that can be absorbed into a suitable weight after reparametrizing the radial variable on a finite
interval. The Dirichlet problem can therefore be formulated as a self-adjoint spectral problem in a
weighted L? space, where the Jacobi basis diagonalizes the angular component. This formulation
is consistent with classical separation-of-variables methods and eigenfunction expansions [3, 4], and
is related to Green’s function representations and Poisson integral methods [5], as well as to L?
frameworks for Dirichlet problems [6].

Orthogonality in L% (a, b) is defined with respect to a nonnegative weight w(x) and takes the form

b
f P,(x) P,(x) w(x)dx = 0, n#+m, (1.2)

where P, and P, are polynomials of different degrees; see [1, Ch. II]. This property enables the
construction of orthogonal bases and underlies spectral methods for the numerical solution of partial
differential equations.

Eigenvalue problems and eigenfunction expansions play a central role in mathematical physics and
engineering. In quantum mechanics, spectral decompositions of self-adjoint Hamiltonians determine
admissible energy levels [7], while in data analysis they underpin the Karhunen-Loeve paradigm [8].
A fundamental structural principle is symmetry: When the governing operator is invariant under a
symmetry group, its eigenfunctions reflect that invariance. For the Dirichlet Laplacian on a spherical
domain, this yields spherical harmonics Y)' as an angular eigenbasis; restricting to axisymmetric
solutions corresponds to the m = 0 sector, that is, zonal harmonics proportional to the Legendre
polynomials P,(cos 6) (the Jacobi case (a,8) = (0,0). This mechanism is exploited here to decouple
the heat equation into independent radial modes; see [9, 10].

The present work studies Jacobi orthogonal polynomials as an analytical tool for boundary value
problems arising from heat conduction in spherical geometries under axial symmetry. The basic
notation and structural properties are reviewed in Section 1.1. A classical separation-of-variables
construction based on spherical harmonics and spherical Bessel modes is presented in Section 1.2
and serves as a reference representation.

The transform framework is introduced in Section 1.3, where polynomial transforms and Jacobi
expansions are formulated in weighted L? spaces. The operator-theoretic foundations for the
partial diferential equation (PDE) analysis, including commutation with time differentiation and
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diagonalization of the Jacobi Sturm—Liouville operator, are established in Section 2.1.1, and their
relation to heat-type evolutions is discussed in Section 2.1.

Building on these results, Section 2.2 derives the Jacobi—spectral solution of the axisymmetric
heat equation in the ball with Dirichlet boundary conditions: The substitution x = cos @ transforms
the angular Laplacian into the Legendre/Jacobi operator, the Jacobi transform decouples the angular
dynamics, and each radial mode is solved using spherical Bessel eigenfunctions and Duhamel-
type formulas, yielding the reconstruction formula (2.9). Finally, Section 2.3 proves the mode-
by-mode equivalence between the Jacobi—spectral representation and the classical separation-of-
variables solution.

1.1. Preliminaries

Throughout the paper we adopt the following notation and conventions. For parameters a,S >
—1, the Jacobi weight is given by (1.1), and the associated weighted space is wa(—l, 1) =
LZ((—I,I),waﬁ(x) dx). The corresponding inner product and norm are defined by (f,g)w,, =

f_ 11 f (x)@a)(, p(x)dx and ||f]] 2, = i )1/ 2 Jacobi polynomials P(a'6 ) are normalized according

Wap*
to (1.1) and the norms h("ﬁ ) in (1. 21) following the conventions of Szegd [1] and the national institute

of standards and technology (NIST) Handbook [11]. For f € L2 ( 1,1), the Jacobi transform is

ddhmdbyf@ﬁKn):\LlijmecwamﬁUjdx:kﬂ@Man)ﬁwn-0,L2w.”

As outlined in the Introduction, the analytical machinery underlying the Jacobi—spectral framework
relies on several structural properties of classical orthogonal polynomials. These families may be
constructed from a differential equation, a generating function, or directly from a Rodrigues-type
representation, and they also satisfy a three-term recurrence relation; see [12, Section 4].

Consider the second-order differential equation p(x) y”(x)+¢q(x) y'(x) + r y(x) = 0, where deg p = 2,
degg = 1, and r € R. A sequence {P,(x)},>o is called classical if each P, admits a Rodrigues formula
of the form

d"
P,(x) = e )—[p (x) w(x)], n=0,1,2,..., (1.3)

where B, is a constant, p(x) is a polynomial with degp < 2 independent of n, and w(x) > 0 is an
integrable weight on (a, b) (cf. (1.2)). In particular, for Jacobi polynomials one recovers (1.1).

Substituting the appropriate weights and structural functions p into (1.3) produces the standard
families of classical orthogonal polynomials:

1. Jacobi family. For B, = (—1)"/(2"n!), p(x) = 1 — x2, and w(x) = w,g, one obtains

()

PP(x) = S (1= a+m*

kl XA+ )] @B > -1

(a) Settinga =B =41- 5 yields the Gegenbauer polynomials, for which

1) T(n + 2D + 1) L 1
C(/l) — ( 2 1 — 2\—A+3 1= 2\n+d-5 , 1 _l

(b) For @ = 8 = 0, one recovers the Legendre family:

1
)= 5y o = 1)

Py(x
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(¢c) Fora=8= —%, one obtains the Chebyshev polynomials of type I:

d" I
_ 2 2 n—x

T,(x) = 5o VI =22 (2 = )3,

(d) Fora =48 = % one obtains the Chebyshev polynomials of type II:
d" I

U,(x) = 1 —x2—(* - D™z,

() = 5o V=2 (2 = )]

(e) Fora = -5 and 8

one obtains the type III Chebyshev polynomials:

1 /l—x d" 1 +x
Vn — 1_ 2\n
(%) 2n! 1+xdx”[( *) 1-—x

(f) Fora = % and 8 = —%, one obtains the type IV Chebyshev polynomials:

1 /1+x a" 1-x
— 1= 2\n )
Wa(0) 2"n! 1-x dx"[( ) 1+x}

2. Associated Laguerre polynomials. For B, = 1/n!, p(x) = x, and w(x) = e *x%, one obtains

ex™ d"
L(x) = ' —(d e X", a>—1.
n! X"

1 1
2 2°

In particular, for a = 0,
X dn
Lix) = & Z(eam).
n! dx"

3. Hermite polynomials. For B, = (—1)", p(x) = 1, and w(x) = e~

2 dﬂ 2
H,(x) = (-1)"e* ﬁ(e_x ).

Remark 1.1. (Rodrigues convention and normalization) The constant B, in (1.3) is not intrinsic; it
depends on the choice of p(x) and on the normalization of the orthogonal family. Here we follow
the convention of Szegd, which, with p(x) = 1 — x*, yields B, = (=1)"/(2"n!). Other references
adopt (x* — 1)" instead of (1 — x*)", which leads to B, = 1/(2"n!). For Chebyshev polynomials of the
third and fourth kinds, it is common to introduce prefactors involving double factorials (e.g., 2n—1)!!)
or to define V,, and W, via trigonometric representations, absorbing these constants into the definition.
See Mason and Handscomb [13, Ch. 1, §1.2.3; Ch. 4, §4.5] and the NIST Handbook of Mathematical
Functions [11, Ch. 18, §18.3].

In the rest of this work, all spectral identities, transform formulas and operator relations are written
in terms of the Jacobi family P with the normalization fixed by (1.1) and (1.21). The Chebysheyv,
Gegenbauer, and Legendre cases are only used as limiting examples and may differ by nonzero
multiplicative constants from other common conventions in the literature.

Beyond the orthogonality expressed in (1.2) for polynomial families, one may consider
a system {@,(x)}enuio; Of (piecewise) continuous functions on a finite or infinite interval.
The system is said to be orthogonal whenever condition (1.2) holds. Likewise, it is

orthonormal if (¢,, d,), = fa b w(x) ¢,(x)>dx = 1, for all n. The associated orthonormal family

is given by ligll, = ( [ @00 @0 dx) ., = -, 50 that (Ui = S see [1, Ch. IV]
and [12, §1].

2 .
**, one obtains
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1.2. Solution by separation of variables

In this section we solve the steady heat—conduction problem inside a sphere of radius @ > 0 by means
of an eigenfunction expansion associated with the Dirichlet Laplacian (equivalently, the Dirichlet
Helmbholtz eigenvalue problem); see [3, Chap. 11]. Throughout, we use spherical coordinates (r, 6, ¢)
withO<r<a,0<f<mand0 < ¢ < 2m.

Assume that the source term satisfies F € L*(B,) and, when nonhomogeneous Dirichlet data are
prescribed, that g € L%*(9B,) so that g admits an L*(dB,)-expansion in spherical harmonics. The
separation-of-variables construction is justified by the spectral theory of the Dirichlet Laplacian on
the ball: The Dirichlet realization —Aj on L*(B,) is a nonnegative self-adjoint operator with compact
resolvent and therefore has a purely discrete spectrum 0 < Ay < A, < --- — oo together with a complete
orthonormal eigenbasis {¢:}i>1 € L*(B,) [7,9].

As a consequence, the homogeneous Dirichlet Poisson problem (1.7) admits a unique weak solution
and the eigenfunction expansion yields the L%(B,)-convergent representations in (1.4) ,

F, )2
w= Z <¢3—1L(B) ¢ F= Z<F’ P r2s,) Pr- (1.4)

k>1 k>1

with convergence in stronger norms under additional regularity assumptions on F, which justifies
termwise application of A.

In the special case Q = B,, the eigenfunctions factor into angular and radial components, and the
eigenbasis may be chosen as products of spherical harmonics and spherical Bessel modes, as in the
separable family {¥,,} introduced after (1.5); see also [10]. For nonhomogeneous Dirichlet data, the
standard splitting u = uy + v with v solving (1.11) reduces the problem to a homogeneous Dirichlet
component 1 to which the same spectral representation applies.

Helmholtz eigenvalue problem. Consider the eigenvalue problem
AY +k*¥ =0 inB,, Wy, =0, (1.5)

where B, = {x € R® : |x| < a} and where k > 0 is the separation constant. A complete orthogonal
family of separable solutions is given by

Wim(r,0,0) = julk, ;1) Y, (O, ¢), n=0,1,..., m=-n,...,n, j=12,...,

where j, denotes the spherical Bessel function of order n and Y} the orthonormal spherical harmonics.
The corresponding discrete values of the separation constant k are
IR CEVN,

k,; = 222
5] a >

with £,11/2,; the j-th positive zero of Jn+ 1. The classical radial orthogonality relation reads
2

a3

5 FPorlusr2)) S (1.6)

f 7% julkn 1) julkner) dr =
0

Steady heat equation with source. Starting from u, = kAu + Q and seeking steady states (u, = 0), we
obtain the Poisson problem

Au=-F in0<r<a, u(a,0,¢) =0, (1.7)
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with F' := Q/k. We expand u and F in the eigenbasis {*¥j,,}:

u(r, 0, ) = f] i Z Bjun jnlh 1) Y16, ), (1.8)
j=1 n=0 m=

F(r,0,¢) = f] i D G inkn 1) Y1160, ). (1.9)
j=1 n=0 m=-n

Since each basis function ¥;,, is a solution of the Helmholtz eigenvalue problem (1.5) with
eigenvalue k. j» it satisfies AW, +k;. ¥ jum = 0, and, hence, AYj,,, = —kz ¥ jum- Therefore, substituting
the expansions (1.8) and (1.9) into the Poisson Eq (1.7) and using the orthogonality of the family {¥,,,},
we obtain —k? Bjum = = qjum> Which implies that Bj,, = ‘1’2’“".

The coefﬁc1ents q jnm follow from orthogonal projection usmg (1.6):

2 a o 2m
Gjnm =~ f f f F(r,0,¢) jn(kn,jr) Y™, ¢) * sin 0dpdodr. (1.10)
a j.  (Lariy2,g) 0

Harmonic problem with nonhomogeneous boundary data. For prescribed g(6,¢), the
harmonic problem
Av=0 in0O<r<a, v(a, 8, $) = g6, ), (1.11)
admits the expansion
o) n 7 n
,0,0) = Anm(—) Y0, ¢), 1.12
v(r,6,¢) ZMZ o RACKD) (1.12)

where the coeflicients A,,, are given by
T 2
A, = ff 2(6,8) Y70, ) sin 6.dg do. (1.13)
0 Jo

Combined representation. By superposition, the steady solution corresponding to source Q and
boundary data g is

q nm m m
u(r9¢)—ZZ T Julla 1) Y6, ) + ZZAW Jrree. (a4
j=1 n=0 m=-n n] n=0 m=—n
source contribution, (1.10) harmonic contribution, (1.13)

Axially symmetric case. If g and Q are independent of ¢, only m = 0 terms appear. Using the identity

0 2n+1
Y, (0) = \| —— P,(cosb),
4n
the projection formulas simplify to

2V2n+1 "
_ 2v@n+ Dr ff F(7,0) ju(k, jv) P,(cos 6) r* sin 0 d6 dr, (1.15)
0 Jo

qjn = R
’ a’ ,2,+1(§n+1/2j)
2+ 1
A, = ”2+ fg(Q)P(COSQ) $in 6 d. (1.16)

Inserting (1.15) and (1.16) into (1.14) yields the axially symmetric solution.

AIMS Mathematics Volume 11, Issue 3, 5776-5797.



5782

Remark 1.2. (Radial orthogonality for j,) From [3, Section 4.8, Theorem 3], together with

Ja(x) = Vr/Q2x)J  1(x), one obtains the identity foa r? ]n(%r) jn(%r) dr = %jiﬂ({n,j) ¢ This
"

shows that the orthogonality of spherical Bessel functions follows directly from the corresponding

result for ordinary Bessel functions; see also [3, Section 4.8, Exercises].

Example 1.3. Temperature with boundary data g(6) = 20(1 + cos ), Q =0, and a = 1. Using (1.16)
and the orthogonality of Legendre polynomials, we obtain

Ap=20, A, =20, A,=0 (n>2),

and, hence, by (1.12),
u(r,0) =20+ 20rcosé.

Example 1.4. (Radially weighted dipolar source) Retaining the boundary condition of Example 1.3
and taking a = 1, consider the source

-1+ 5

O(r,0) = 80r cos b, v 5

€ (0,1).

Remark 1.5. Here, y is a free parameter that controls the radial intensity of the dipolar volumetric
heating profile Q(r,0) « ¥ cos 0. The specific value y = (=1 + V5)/2 is chosen solely for illustration
as a representative non-integer exponent, to emphasize that the derivation and modal projection do
not rely on integer powers; no particular physical meaning is intended. In applied settings, y can
be selected from constitutive modeling or fitted from data. The same computation applies to general
exponents under standard integrability/regularity assumptions on the source term (in particular, the
radial projection integrals remain well-defined).

For steady states, Au = —F with F := Q/k. We fix k = 1 (otherwise, q;, scales by 1/«).
In axial symmetry (m = 0), projection of F onto the modes j,(k, jr)Y2(6), with

Lnr1)2,)
knj = ;’
a
vields
2VCn+ D ([T
g = 02t 7 f f F(r,0) ju(ky ) Py(cos 6) r* sin 0.6 dr.
Jrii&nsr2,) Jo Jo
Since
i ! g n=1
f cos @ P,(cos ) sin@d@zf xP,(x)dx ={3’ ’
0 -1 0, n#l,
it follows that
qjo =0, gin=0(n=>2), only n = 1 contributes.
Thus,
320V3x (', .
g —— | 77 G dr (1.17)

3G Jo
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and the integral converges absolutely (indeed for a wider range of exponents; in particular, for any
v > —1) since ji(x) ~ x/3 as x — 0.

The coefficients of the particular solution satisfy

B. = djn _ Yjn

JNTT g0 T 2 :
kn,j n+1/2,j

Hence, the source contribution is

3 =g
u(r,6) = 7= cos6 Y. D i), (1.18)

2
j=1 43/2,4/
The harmonic part uy (as in Example 1.3) is

ug(r,8) =20 + 20 rcosé.

Hence, the full steady solution is

[3 NI
u(r,0) =20+ 20rcos + yp cos @ Zﬂ JhL32,51)-
n

=1 43/2,1'

Remark 1.6. Using y = (3> jr and the asymptotic ji(y) = siny/y* — cosy/y = O(1/y), we obtain

!
j(; 2 (L) dr = (Xé_/lz,j),

so qj = O /12,].) and Bj; = O((; /32’j). Thus, the series in (1.18) converges uniformly on [0, 1 — g] for
every € € (0, 1), and u is regular at r = 0 because ji(x) ~ x/3.
1.3. Classical polynomial transforms and the Jacobi case

On an interval (a,b) endowed with a weight function w(x) > 0, the polynomial transform of a
function f with respect to a basis {P,},>¢ is defined by the projection coefficients

. b
fn) = <f,Pn>w=f JF(x) Pp(x) w(x) dx, (1.19)
and the inverse expansion takes the form
> /() ,
f) ~ ZO o PO, = (P P (1.20)

If f € L%(a,b), Parseval’s identity holds || flli2 = Yo 'f(h”?lz, and the series in (1.20) converges

in L?U (with pointwise convergence under additional regularity). See [1, Ch. IV], [11, 18.2 and 18.3],
and [15, 16].
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1.3.1. Equivalence with the Rodrigues kernel

As a natural continuation of the structural properties outlined in the previous subsection, the
Rodrigues representation plays a central role in relating differential identities to the algebraic structure
of spectral coefficients. For the classical families, the Rodrigues formula in (1.3) provides a differential
representation of P,, involving a polynomial p(x) of degree at most two and suitable constants B,,.

If 1 is sufficiently regular—for example, if f*~! € AC[a, b]—and the boundary terms

[P wx) fEO =0, k=1,...,n,

vanish, then repeated integration by parts shows that the Rodrigues—kernel transform

b
Tolf) = f £ 0" () ()] d,

B, d"
w(x) dx"
coincides with the polynomial transform defined in (1.19). Hence, 7,{f} = f(n), which yields an
alternative integral representation for the same spectral coefficient; see [11, 18.9.1].

1.3.2. Particular cases

Building on the abstract polynomial transform in (1.19) and (1.20) and on its equivalence with
the Rodrigues kernel discussed above, we now specialize (a,b), the weight w, the orthogonal
polynomials P,, and the norms £/, for the main classical families and their standard specializations.
This will single out the Jacobi case as the natural setting for the angular part of the heat equation and
place Laguerre and Hermite polynomials within the same unified framework.

e Jacobi polynomials PP q, B> —1: _
@,b) = (=1, 1), wap(®) = (1 = (1 + P, Tag(N) == FOn) = [ f(0) PO 03) wap(x) d,

and the squared norms are

2+B+1 Fn+a+DI(n+L+1)
2n+a+p+1 nlI'n+a+p+1)

R = (1.21)
Standard limiting cases include the Gegenbauer, Legendre, and Chebyshev families; see [11,
18.3-18.7] and [14, Ch. 4]. In particular, the choice (a,8) = (0,1) will be used later as
the canonical Jacobi basis adapted to the angular weight (1 + x) arising in the axisymmetric
heat problem.

e Laguerre polynomials LY a>-1:

(a,b) = (0,),  w(x) =x"e™,  f@n) = f fOLYW e dx, b =Tn+a+D/nl,
0

in accordance with [11, 18.18]. These weights are naturally associated with radial problems

on (0,00) and provide a convenient starting point for extensions to non-compact or semi-

infinite geometries.
e Hermite polynomials H,:

(a,b) = R, wlx) = e‘xz, ﬁ;(n) = f(x)H,(x) e dx, h, = 2"n!+/m, as given in [11,

18.15]. The Hermite family underlies gf)oectral representations on the whole real line and is
particularly relevant for Gaussian-type diffusion and harmonic-oscillator models.
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Remark 1.7. (Normalization conventions) Normalization conventions vary across references, altering
both h, and the Rodrigues constants B, in (1.3). Throughout this work we adhere to the conventions
of Szegd and the NIST Handbook. For Chebyshev polynomials of types I and II, see also [13, Ch. 1,
Ch. 4]. In this way, the normalization used for the Jacobi family is fully consistent with the transform
identities and with the spectral mapping properties employed later in the analysis of the heat equation.

2. Results

2.1. Jacobi transform and its link to the heat problem

As discussed in Section 1.2, the separation of variables analysis in spherical coordinates leads, in
the axially symmetric case, to an angular dependence expressed in terms of x = coséd € (—1,1). The
natural weak formulation for the angular variable is then posed in the weighted space L*(—1, 1), which
reflects the geometric factor sin 6 d6 and is consistent with the Legendre-based representation in (1.15)
and (1.16). In this setting, the Jacobi family with parameters (@,8) = (0,0) provides the canonical
orthogonal basis, in agreement with the specialization highlighted in Section 1.3.2.

Accordingly, for each fixed time ¢ we define the Jacobi coefficients of an axially symmetric
profile v(-, 1) by

1 00—~

— _ (0,0) V(1) (0,0)

Vn(t) - f] V(x9 t) Pn (x) dx9 V(-x’ t) ~ Z W Pn (X),
- n=0 "‘n

where 1 is given by (1.21). Projecting the angular part of the heat equation onto the basis (PO o,

and using the diagonalization property of the Jacobi operator (see Theorem 2.4 and Remark 1.1), yields

a family of decoupled evolution equations for the modal coefficients of the form

Ov(D) + K A, V,(8) = fo(0),

where the constants 4, encode the eigenvalues n(n + a + 8 + 1) in the Jacobi Sturm-Liouville problem
and ]7; denotes the corresponding Jacobi coefficients of the source term. Each of these scalar ordinary
diferential equation (ODEs) admits a Duhamel-type representation and is stable in L?; see [3, Ch. 11]
and [11, 18.3].
To illustrate the mechanism in a simpler setting, consider the one-dimensional heat equation
onl=(-1,1):
ou(x,t) = Ku(x, ), (x,1) € I X (0, c0), 2.1

where u denotes the temperature and « > O the thermal diffusivity, together with homogeneous Dirichlet
boundary conditions given by
u(-1,t) = u(l,r) =0, t>0,

and an initial condition u(x, 0) = uy(x) € L*().

Our goal is to solve (2.1) through spectral decomposition using the Jacobi transform, understood
as the projection of u(-,7) onto P"? with respect to the weight (1 — x)°(1 + x)® on (-1,1). In the
uniform case (a,8) = (0,0), one recovers the classical Legendre expansion. Other choices of («,3)
adapt the basis to geometrically induced weights or to nonuniform boundary conditions, in direct
analogy with the uniform-weight setting arising in the axisymmetric spherical problem. In all cases, the
Jacobi—spectral decomposition diagonalizes the spatial operator and reduces the PDE to a collection
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of scalar ODEs for the temporal coefficients, solvable via Duhamel’s principle and guaranteeing
existence, uniqueness, and stability in L? under standard assumptions; see [1,3,11].

Proposition 2.1. (Jacobi weight integral (Beta function)) For a,f3 > —1, the Jacobi weight satisfies

IMNa+DI'BG+1)

1
1= 0%1 dx = 2(1+,8+1 B 1, 1= 2(1+,B+1
[1( 0%(1+ xf dx (@+1,B+1) Tatfs2)

Proof. Setting t = ]%‘ reduces the integral to the classical Beta identity. O

Theorem 2.2. (Jacobi series and inversion) If f € Liw(—l, 1), then its Jacobi expansion converges

inl? ,
.
&) /\(Q,ﬁ)
’ N [P
f@ =) a PP inkl,,, 4=,
n=0 hn

with h*? given by (1.21). If, moreover, f is continuous and satisfies a suitable Dini-type condition with
respect to the weight, the convergence is pointwise on (—1,1); see [11, 18.2 and 18.3] and [17, Ch. 7].

Jacobi operator and spectral mapping. As established in Remark 1.1 and in the preceding discussion,
all polynomial identities, transform formulas, and operator relations involving Jacobi polynomials
are understood with the normalization fixed by (1.1) and (1.21). In particular, the spectral mapping
identities for .Z, 3 below, as well as Theorem 2.4, are to be interpreted within this convention.

Define the self-adjoint Jacobi operator by

1
woz,,B(-x)

d
Lopf(x) = — A =) o) £ (). (22)

densely defined in Limﬁ(— 1, 1) under the boundary conditions (1 ¥ x)**(1 + x)’*! f’(x) = Oasx — =1,
With this convention, the Jacobi polynomials are eigenfunctions of .Z, 4:

Z,,ﬁP,(;”ﬁ) =n(n+a+p+1)PP, n=0,1,2,...,

and, therefore, for every f in the domain of %, 5, (Tos(-Lopf))(n) = n(n + @ + B + 1) F@B(n). Thus,
the Jacobi transform diagonalizes .Z, s with eigenvalues n(n + a + 8 + 1); see also Section 2.1.1.
Commutation with time derivatives.

If f(-,1) € Li(,ﬁ and 9,f(-,1) € Lﬁw for ¢ in an interval, then, by Leibniz’s rule, the Jacobi
coefficients satisfy
d 1
Et]mﬁ)(”’ S f (0:)(x, 1) POP(x) o p(x) dx = (T o5 0,1 ) (1, 1). (2.3)
-1

Examples.

1. If f is a polynomial of degree m, then F@B(n) = 0 for all n > m.
2. If f(x) = PP (x), then f@P(m) = h™ 6,
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3. Generating function. Let R = V1 — 2xz + z> with |z] < 1 and define ( [11, 18.12.1]).

F.(x) = Z PP (x) " = 2°PR (1 =2+ R “(1 + 2+ R)”,
n=0
Applying J, s termwise yields
TaplF)(n) = BP 2",

4. Transform of x". The leading coefficient of P equals 2%,(2":”'8) [11, 18.3.1], hence,

n n+a 1
Faoplx'}(n) = 2 ReP) = Qrratpt I'h+a+ DI'(n+B+1)
: (2n+a+ﬁ) 2n+a+p+1  TI'Cn+a+pB+1)

5. Legendre moment. For p > —1, the weighted Legendre moment is given by
I(p+ 1)
IF(p—-n+1DI(p+n+2)

6. Moment-type transform. Let @, 8> —1 and R o > —1. Then,

1
f (1 + x)? P,(x)dx = 27*!
-1

1
Tapl(l = )7 "N n) = f (1= x)7(1 + x PP (x) dx
-1

27+ DI+ B+ D@ — 0 + n)
B n'Ta—-o)TB+o+n+?2) '
(@)

Proof. Use the hypergeometric representation of P, ™, set ¢t = 12;", apply Euler’s moment identity
for ,F, and then invoke Saalschiitz’s theorem. O

Remark 2.3. Analytic continuation extends the result to « — o € {0,—-1,-2,...}, recovering the
orthogonality case: If o = a, the integral vanishes for n > 1 and equals 2*P*'B(a + 1,5 + 1)
forn =0.

7. Cross-parameter transform. Let a, 8,0 > —1 and m,n € Ny. Then,

1
Tap{(1+ 0)7PPEO(x)} (n) = f (1 =21 + x)7 PP (x) P (x) dx
-1

COE=>D D < n,
0, m>n,

where A% is given by (1.21), and

C(a;,B—m') _ (ﬁ_ O-)n—m (CZ +o0o+m+ 1)n—m
T —m) @ mt 1),

Proof. Use the parameter-connection formula ( [11, 18.18.22]).

SN B - )i+ +k+ 1),k
P(a’ﬁ) — (ﬂ g )n k(a n P(a,rr) ,
w0 kZ;‘ @ik, x W

Taking the inner product with P& yields C,,,,; multiplying by A" gives the stated coefficient.
|
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2.1.1. Properties of the Jacobi transform

Before applying the Jacobi transform to the heat equation, we fix the functional framework and
two structural properties that will be used repeatedly. We work in the weighted space Liaﬁ(—l, 1) with

weight defined in (1.1) and adopt the classical normalization for PP see [1,11]. Within this setting
we establish: (i) A commutation rule between the transform and time differentiation under minimal
regularity in ¢, and (ii) the diagonalization of the Jacobi Sturm-Liouville operator, which yields the
eigenvalues n(n + a + S + 1).

The boundary conditions that ensure the cancellation of integration—by—parts terms are stated
explicitly, guaranteeing the validity of the operator identities. These results decouple the thermal
dynamics into a family of scalar ODE:s for the spectral coefficients and underpin the Duhamel formulas
and stability bounds derived later.

Jacobi differential operator and its spectral property.
Define the Sturm-Liouville operator

Roglf1(x) = (1 = 2)™(1 + x)7F %((1 — 0T+ P (), (2.4)
with domain
DR) :={f: 1-2))f € ACu(-1,1), RIfl€ L, . lim (1% DA =0l (@25)

Observe that R = -7, 3, where .Z, 4 is the self-adjoint Jacobi operator introduced in (2.2); see [11,
18.9.1].

Theorem 2.4. (Diagonalization via the Jacobi transform) For every f € D(R) and all n > 0,

(TaptRI W) = =n(n+a+B+ 1) [P (n). (2.6)
Proof. Using (2.4) and performing two integrations by parts (the boundary terms vanish due to (2.5)),
1
JoplRIf TN ) = I 1 PP (x) %((1 — X )Was(X) f '(X)) Wop(x)'dx
1
= - f (1 = P)wapg(PSPY (0 f (x) dx
-1
1
= f ((1 = )PEPY +[B = a = ( + B+ 2xI(PTPY ) f(x) wap(x) dx.
-1

The Jacobi differential equation, (1 — x>)y” + [8—a — (@ + B + 2)x]y’ + n(n + a + B + 1)y = 0, implies
the desired identity. O

Remark 2.5. Working directly, by (2.6), with £,5 = —R yields (Jopg{-ZLopf})(n) = n(n + a +
B+ 1) fP(n). Under the boundary conditions in (2.5), the operator %, g is symmetric and positive
in Lﬁw with dense domain; see [1, Ch. IV] and [11, 18.9].
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2.2. Solution of the heat equation via the Jacobi transform

The relation between Jacobi polynomials and the heat equation under Dirichlet boundary conditions
follows from the spectral analysis of the angular component of the spherical Laplacian. The
substitution x = cos6 transforms the angular operator into a one—dimensional Sturm-Liouville
operator on (—1,1); in the standard axisymmetric setting this reduces to the Legendre operator,
corresponding to the choice («, 8) = (0, 0) within the Jacobi family.

We formulate the angular analysis through the Jacobi operator R,s defined in (2.4), whose
eigenfunctions are the polynomials P,({”'g ) with eigenvalues —n(n + a + S + 1) (Theorem 2.4). Projection
of the heat equation onto this basis shows that the Jacobi transform 7,4 diagonalizes the angular
component and reduces the problem to a countable family of radial Bessel-type evolution equations,
each satisfying the Dirichlet condition at r = a.

The corresponding radial eigenfunctions, given by spherical Bessel functions vanishing at r = a,
together with Duhamel’s principle, determine the modal coefficients ¢, ;j(f). The full solution is
recovered through the Jacobi inversion formula (2.9), with convergence in the appropriate weighted L?
spaces. Finally, Theorem 2.7 establishes that this Jacobi—spectral representation coincides, mode by
mode, with the classical separation—of—variables solution of Section 1.2.

We now apply the Jacobi spectral framework to the axisymmetric heat equation inside a spherical
domain of radius a > 0.

2 1
Ot = K(ttrr + Zu, + = (g + cotOug)) + Q(r,0,1),  0<r<a, 0<f<m t>0, (2.7)
r r
with Dirichlet boundary condition
u(a,0,1) = g(,1), O<O<m t>0,

regularity at » = 0, and initial condition u(r, 8, 0) = uy(r, 8). The parameter x > 0 denotes the thermal
diffusivity. Angular change of variables and the Jacobi operator. Set x = cosf € (—1,1). A direct

computation shows that
0
Ugg + cOtOug = —[(1 - xz) ux] =: Roolu].
ox
the Jacobi Sturm—Liouville operator with (a, 8) = (0, 0). For general o, > —1,

Raglv] = (1 - x)7(1 + x)—ﬁ%((l — 0T+ P,

and Ry = 0,[(1 — x*)u,]. Thus, (2.7) becomes
2 1
Ou = K(urr +—u, + —2R0,0[u]) + O(r, x, 1), (r,x, 1) € (0,a) X (=1, 1) X (0, 00). (2.8)
r r

Jacobi transform in x and modal decoupling. For (a, 8) arbitrary, define the Jacobi coeflicients

1
wP(r,t) = f u(r, x, 1) PP (x) (1 — x)*(1 + x)’ dx, n=0,1,....
-1
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The physical axisymmetric case corresponds to (@, ) = (0,0). Using the commutation property (2.3)
and the diagonalization in Theorem 2.4, we obtain

nn+a+p+1)
2

2 —
(9@,“’[}) — K(arrﬁﬁzaﬁ) + ;arﬂ;&ﬂ) _ Efla,ﬁ)) + Q’(;tﬁ)’

where ]
0“P(r, 1) = f O(r, x,£) PP (x) (1 = x)*(1 + x)’ dx.
-1
The boundary condition projects as
1
uPa,n =g P10, g = f g(x, 1) PP (x) (1 — x)*(1 + x)P dx.
-1
Homogenization and Duhamel’s principle. Write u = v + w with v solving the stationary

harmonic problem
Av=0 inO<r<a, v(a, x) = g(x, 1),

so that w(a, x,t) = 0. Then,

2 1 ~ ~
ow = K(w,, + ;wr + ﬁRO,O[W]) + 0, 0 :=0-0v.

Projecting,

nn+a+pL+1)
2

2
at@a,ﬁ) — K(arrwgﬂ,ﬁ) + _arw’(;t,ﬁ) -
r r

=(a,B)
weP N+ 0, . wPa1=0.

Radial eigenfunctions and spherical-Bessel expansion. For each n, the radial operator

nn+a+p+1)
72

2
-E,(,laﬁ) = arr + _ar -
r

admits eigenfunctions j,, («r), with

1 \/ 1
Vpi=—=+/nn+a+B+1)+-—.
sty rat B+
Dirichlet at r = a yields k,; = a,,1,2,/a, where a,; is the jth positive zero of J,. The
normalized eigenfunctions
jv,,(Kn,jr)

”jvn (Kn,j')lle(r2dr)

Spn,j(r) =

form an orthogonal basis in (0, a) with respect to the weight %, and generate the semigroup

[Se]

K. (@) — KK .
) = e f e (),

J=1
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Duhamel formula. The modal coefficients satisfy

—(@,B)

d =
i+ i i) =40, 0, @n) € j(0) = WP, 0), 000,

and, hence,
!

—(@p)

) 2y =

Cn,j(f) =e KK"*thn,j(O) +f e K 5) <Qn ('9 S), ‘;Dn,j>rds-
0

Reconstruction of the solution. The complete solution is

NLLAMCRN
U5, 0) = V00 + ) = ) ) (), (2.9)
n=0 n j=1

where 2” is given in (1.21).

Remark 2.6. In the physical model (2.8), the operator Ry corresponds to (a,) = (0,0) (Legendre
case). If an angular drift modifies the operator to R, g with a, B # 0, this adds the first-order term [(8—
a)—(x+B+ 2)x];‘—§ to (2.8), or equivalently incorporates it into Q. The derivation above remains valid
for general (o, B); the physical case is simply (0, 0).

We now consider the time—independent boundary case. When the boundary data does not depend on
time, the solution naturally decomposes into a stationary component determined by the harmonic lifting
of the boundary condition and a transient component satisfying homogeneous Dirichlet conditions. The
stationary part corresponds to the steady regime of the reconstruction formula (2.9) and is obtained
from the spectral resolution of the associated harmonic problem in the ball.

If g is independent of ¢, the stationary component is

o —~a,p) —1+dy

v(r, x) = %(g)zﬂ({’ﬁ)(x), A= T +dnnta+p+1). (2.10)
n=0 "*n

This representation provides the Jacobi—spectral description of the steady solution associated with
the Dirichlet boundary data. In the following subsection we establish that this stationary Jacobi
representation coincides, mode by mode, with the classical separation—of—variables expansion obtained
in Section 1.2, thereby proving the equivalence between both constructions.

2.3. Equivalence of the solutions: separation of variables vs. Jacobi transform

Theorem 2.7. (Equivalence of the separation-of-variables and Jacobi-transform representations) Let
u be the stationary solution of —Au = Q in the ball B, with Dirichlet boundary data ulsp, = g. Then,
the representation obtained by separation of variables in Section 1.2 (see (1.14)) coincides, term by
term, with the representation obtained via the Jacobi transform in Section 2.2 (see the reconstruction
scheme (2.9) in the steady regime).

Proof. We first compare the angular dependence. Since u satisfies

o(r*u,) + ax[(l - x%) W p(X) ux] = 42050 a(r*u,) + 0,{(1 = xP)u,],

wa,ﬁ(x)
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the angular dependence can be expanded in the Jacobi basis as
u(r,x) = > Up(r) Pe?(x), (2.11)
m=0

where in the physical case (a, ) = (0,0), one recovers the Legendre basis.
Using the self-adjoint Jacobi identity

d

(1= wup0y 0] = —mlm + @ +f+ Doy (= PP,

multiplying by wa,ﬁ(x)P,(,“’ﬁ )(x), and integrating over (—1, 1) gives, by orthogonality,
1
f (1 = Pty PP wygdx = —n(n+a + B+ 1) U, (r) KP.
-1

Hence, U, satisfies the radial ODE
PU(r) + 2rU() — n(n + a + B+ 1) U,(r) = 0.

A power-law ansatz U,(r) = r" yields

2 —li/b,

m +m-nn+a+f+1)=0,  m=——, A= A1+4n(n+a+p+1).
Thus, »
Unr)=A,r 2,

since regularity at r = O forces the removal of the singular branch. Writing

—1+4
7 —1+An

Un(r):Cn(c—’;) L C = AT, 2.12)

and imposing u(a, x) = g(x) in (2.11), we obtain

g(x) = ) Cp PeO(),

m=0

SO projection gives

2@h)
c =80
hi:hﬁ)

Substituting into (2.12),
2@p) Ln

g (n) (r\ 2
Un(r) - h(a"B) (5) ’

and, therefore,

[

2@p) lydm
. g (m) (r\— (@)

m=0

which agrees with the stationary Jacobi-transform representation (2.10).
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The stationary radial equation is of Euler—Cauchy type, and its regular solutions near » = 0 are
necessarily of power type. More precisely, the associated indicial equation yields two characteristic
exponents, and regularity at the origin selects the admissible exponent m,, . The Dirichlet boundary
condition at r = a uniquely determines the radial profile in terms of its boundary value, leading to
the representation

U,(r) = Uy(a) (r/a)™+,
which establishes (2.12).
Incorporation of the source term. In the stationary problem the quantities depend only on the radial
variable r. We therefore define the Jacobi projections

1 1
U,(r) := f W p(X) u(r, x) PP (x) dx, 0,(r) := f Wap(x) O(r, x) PP (x) dx.

1 1
Jacobi inversion then yields the representation

(o0

PP N
() = ) =g Un), Un0) = D cujon),

n=0 n j=1
where the radial eigenfunctions ¢, ; satisfy

2 nn+a+p+1)

o+ ;go’ - 3 ©+ k,zl’j(,o =0, ¢n,j(a@) = 0.

Projecting the stationary radial equation leads to

2 1 —
U,;’+;U;—”(”+“+ﬁ+ U, =-0,0.  Unw) =0.

r2

Multiplying by ¢, ;(r) r*, integrating over (0, a), and using Lagrange’s identity yields

kn f Un(r)pn ,(P)1* dr = f On(Pn (1P dr.
0 0

With U, = X’ 51 ¢a jepu,; and by orthogonality,

qﬁﬁ)
I gl
where o
q(j(z:ﬂ) = fo fl Wa p(x) Q(r, x) PP (x) @, j(r) ¥ dx dr.
Thus,

o P00
u(r, x) = z(; @B zll Cn,j Pn,j(1)
n= n Jj=

o) 00 (Q,ﬁ) a
_ Z Z Djn [son,,-(r) P! ’ﬁ)(x)]
B 2 112 (a,B) ’
e kg Lol m, &

which matches, mode by mode, the stationary Jacobi-transform reconstruction. This establishes
the equivalence. O
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3. Discussion

Beyond the structural results obtained here, the Jacobi—spectral viewpoint clarifies the interaction
between angular and radial operators in spherical geometries and provides a systematic framework
for incorporating weights and geometric factors into the functional setting. In particular, the
weighted Lz)aﬁ(—l, 1) formulation makes explicit how the angular Sturm-Liouville structure and
normalization constants enter the projection and inversion procedures, while preserving a direct
correspondence with classical modal expansions.

From a computational perspective, the resulting representation is compatible with low-complexity
implementations, where modern fast Jacobi transforms and ultraspherical techniques may be combined
with the analytical formulas derived here; see, e.g., [15, 18-21].

Several directions for future research arise naturally from the present framework:

e Variable coefficients and nonautonomous forcing. Treatment of time-dependent sources and
spatially varying thermal coefficients, where ultraspherical regularizations and well-conditioned
formulations may enhance stability and refine a priori estimates [20, 22].

e Alternative boundary conditions and non-spherical geometries. Extension to Robin or Neumann
boundary conditions and to non-spherical domains, for instance, via ultraspherical spectral
elements, domain decomposition methods, or embedding techniques that preserve the Jacobi—
spectral structure at the local level [21].

e Removal of axial symmetry. Analysis of the full non-axisymmetric case (m # 0), exploiting the
representation of Y in terms of associated Jacobi (Gegenbauer) polynomials together with fast
multidimensional Jacobi transforms [18,19, 23].

e Fractional, inverse, and stochastic models. Application of the Jacobi—spectral framework to
fractional diffusion, inverse problems, and parametric or stochastic models, where Jacobi bases
provide flexible regularization mechanisms and enable efficient transform-based schemes [15].

e Nonstandard orthogonality: Jacobi—Sobolev settings. Extension of the Jacobi transform to
nonstandard orthogonality structures, including Sobolev-type inner products. In particular, it is
of interest to develop transform formulations associated with Jacobi—Sobolev polynomials and to
analyze their structural and spectral properties, following recent developments on their differential
characterization and electrostatic interpretation [24].

e Perturbed spectral problems and Schrodinger-type operators. Study of heat-type equations
under alternative boundary conditions and modified functional settings, together with perturbed
spectral problems associated with Schrodinger-type operators and nonclassical potentials. These
directions relate to recent developments on classical orthogonal polynomials in quantum-
mechanical models and spectral representations of Hamiltonian operators; see [25, 26]. In this
context, Jacobi-based representations may provide a natural analytical framework for eigenvalue
problems, spectral decompositions, and evolution operators.

The proposed formulation provides a symmetry-adapted diagonalization of the angular operator
within a weighted Sturm—Liouville framework, explicit mode-by-mode solution formulas with direct
enforcement of the Dirichlet condition at » = a, and a rigorous equivalence between the Jacobi—
spectral construction and the classical eigenfunction expansion, while remaining compatible with
modern fast Jacobi and ultraspherical computational techniques [15, 18-21]. The present results are
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established under spherical geometry, axial symmetry (m = 0), and Dirichlet boundary conditions;
extensions to more general configurations, including non-axisymmetric settings, alternative boundary
conditions, or non-spherical domains, may require additional analytical structures or numerical
eigenmode approaches. Furthermore, stronger convergence properties and termwise differentiability
typically depend on higher regularity assumptions on the data.

4. Conclusions

The present work develops a Jacobi—spectral framework for the inhomogeneous heat equation
in spherical coordinates under axial symmetry and Dirichlet boundary conditions. The analysis is
formulated in the weighted space Liaﬁ(—l, 1) and is based on a Sturm-Liouville realization of the
angular component of the Laplacian in terms of a Jacobi operator.

Within this setting, the Jacobi transform diagonalizes the angular component and yields a systematic
decoupling of the angular and radial dynamics.

Main contributions.

1. We formulate the angular component of the Laplacian as a Jacobi-type self-adjoint operator .Z,, g
on L7, ,(=1, 1) and identify boundary conditions ensuring symmetry and positivity, leading to a
diagonal angular structure in the Jacobi basis {Pg,“’ﬁ )}nzo-

2. The heat equation reduces to a countable family of radial mode equations after projection onto the
Jacobi basis, each inheriting the Dirichlet condition at r = a and admitting explicit representations
in terms of spherical Bessel eigenfunctions and radial Green kernels.

3. We establish a rigorous equivalence between the Jacobi—spectral representation and the classical
separation-of-variables solution expressed in spherical harmonics and spherical Bessel modes.
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