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Abstract: Let (X #,(-,-)) be a reproducing kernel Hilbert space over a non-empty set .%. Let u, and
u, denote the normalized reproducing kernels of X ». The Berezin number and the Berezin norm of a
bounded linear operator B acting on X # are, respectively, defined by

ber(B) = sup [(Biiy, u)| and  |Bllber = sup [(Biy, ).

AeF AueF

In this work, we establish new upper bounds for these two quantities. In particular, we derive bounds
for their sums and obtain novel estimates for a specific type of product, namely ber(C*8), where C*
denotes the adjoint of C. Some of our results also involve another Berezin-type norm that is equivalent
to the quantities mentioned above. Several applications and improvements of existing results in the
literature are provided.
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1. Introduction

Inequalities are fundamental tools in operator theory. They allow us to compare different measures
of operators, such as norms or numerical values, and to understand their structure. Classical results
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on operator inequalities can be found in [1,2], while recent bounds for the numerical radius have been
established in [3-5]. More recent studies have focused on partial isometries and projections in semi-
Hilbertian spaces [6, 7], A-spectral and A-numerical radius inequalities [8—10], and the properties of
A-normal operators [11].

Reproducing kernel Hilbert spaces (RKHSs) provide a natural and fruitful setting for studying
operators. These spaces, first introduced by Aronszajn [12], have the reproducing property: Evaluating
a function at a point can be expressed as an inner product with a special function called the reproducing
kernel. This property has made RKHSs important in complex analysis [13], probability theory [14], and
applications involving operator inequalities. The theory of Berezin symbols was pioneered in [15, 16]
and further utilized in operator theory in [17]. Recent applications to inequalities can be found
in [18-20].

Studying operator inequalities in RKHSs allows us to explore quantities such as the Berezin number
and Berezin norm, which have been the subject of increasing attention in the literature. Initial estimates
were provided in [21,22], while further refinements and developments appear in [23-25]. These studies
show that establishing sharp bounds and refinements is both mathematically interesting and useful for
applications in functional analysis and operator theory.

We begin with some definitions and notations. Let .%# be a non-empty set serving as the domain for
functions in the RKHS (in applications, .%# is often a subset of R” or C) and let F U(.%) denote the
set of all functions from .% to C. A subset Xo C FU(F) is called a RKHS on .7 if it satisfies the
following conditions:

(1) X is a Hilbert space equipped with an inner product (-, -).
(2) For every A € .#, the evaluation map E, : Xz — C, defined by E (f) = f(A) forall f € X, is
continuous.

By the Riesz representation theorem, for each 1 € .#, there exists a unique function u; € X

such that
S = Ea(f) ={fiur), VfeXsz.
This function u, is referred to as the reproducing kernel at A, and its normalized form is given by
Uy = ”ﬁ The mapping k(z, 1) = (u,, u,) defines the reproducing kernel function of the (RKHS) X .
If {e,} denotes an orthonormal basis for X &, then the kernel function can be expressed as

o0

k(z,A) = Z e (2)e,(A).
n=0
An example of an RKHS is the Hardy space H*(D) over the unit disk D ¢ C, which consists of all
square-summable holomorphic functions on D. The corresponding reproducing kernel, known as the
Szegd kernel, is given by

k(z, 1) = ! —, forz,1eD.
I -z
For foundational theory on RKHSs, we refer the reader to [12, 14]. Further discussions on Berezin
symbols and their boundary values can be found in [26-28].
Let (X #,(-,-)) be an RKHS over .# with associated norm || - ||. For any A € .#, we define the
normalized reproducing kernel u; = <., where u, is the reproducing kernel at . The collection

llueall”

{u, : 1 € .F} forms a total subset of X .
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Given an operator 8 € L(X #), its Berezin symbol B is defined on .F by
B(A) = (B, ).

This concept was introduced by Berezin in [15, 16] and has since played a crucial role in operator
theory.

It is well-known that, in standard RKHSs such as Bergman, Hardy, Fock, and Dirichlet spaces, the
operator is uniquely determined by its Berezin transform. Specifically, for 8,C € L(X#), we have
B = Cif and only if g(/l) = 5(/1) for all A € .%. For further details, see [13, 17].

The Berezin set, Berezin number, and Berezin norm of an operator B are defined, respectively, as

o

Ber(B) := {(Bu,u)) : A € F),  ber(B) := sup (B, )

AeF

and [|Bllyer := sup { [(Bi1, 1,0 : A € F|.

We also recall the quantity
1Bllge: := sup lIBuall.
AeF
Since the set {u; : 1 € F} is complete in Xz, it follows that ber(:), || - [lper, || - llgz are norms on
L(X #), satisfying the inequality

ber(B) < |Bllper < [|Bllger < 1Bll, ¥ B € L(X5). (1.1)

Let us explore how these quantities behave under powers and adjoints. In particular, the property
ber(8) = ber(8”) and [|Bllper = [|B|lner holds for all B € L(X ). However, the identity |8l =
|B*[|5e; may fail in general, as shown through counterexamples in [29].

In [23, Proposition 2.11], it was shown that if 8B is a positive operator on Xz, denoted by 8 > 0,
meaning that (Bu,,u,) > 0 for all 1 € .7, then

ber(8) = |Bllper- (1.2)

Furthermore, we note that Ber(8) C W(8), where W(8) denotes the numerical range of 8B, and this
implies ber(8) < w(B), where w(-) is the numerical radius. While w(8") < «"($B) holds for all positive
integers n, this inequality does not necessarily extend to ber($"), even when 8 is a positive operator.

In the next elementary example, we show that the Berezin number, the Berezin norm, and the norm
Il - llzer do not, in general, satisfy the corresponding power inequalities, even when the operator is
positive.

Example 1.1. Consider C? as a RKHS and let 8 = % (i i) € L(C?). Then
2 11 2
ber(8°) = ber(8B) = 3 > 1 = ber-(8).

Similarly, it can be seen that ||B*[lper < Bl and |[|B%[lz < IIBII%er are not verified, even though B is
positive.
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The structure of this paper is organized as follows. Section 2 introduces several key and well-known
lemmas that serve as the basis for our main results. In Section 3, we present our primary contributions,
establishing new upper bounds for the Berezin number (ber(-)) and the Berezin norm (|| - ||per). In
particular, we derive bounds for the sums of these quantities and obtain novel estimates for the product
ber(C*8), where C* denotes the adjoint of C. Furthermore, we investigate another Berezin-type norm,
Il - lle» showing its equivalence to the main quantities studied. The paper concludes with several
applications that yield significant improvements over existing operator inequalities in the literature.

2. Foundational lemmas

In this section, we state several well-known lemmas that will be used later in proving our main
results. Throughout this section, (X, (-, -)) denotes a complex Hilbert space, equipped with its standard
inner product (-, -) and the associated norm || - ||.

The following result establishes a general, foundational inequality bounding the magnitude of the
inner product [(x, y)|, serving as a refinement of the well-known Cauchy-Schwarz inequality.

Lemma 2.1. [/30] Consider x,y € X and € € [0, 1]. Then, we have

)] < eIV + (1 = &)[x |l < ldivl 2.1)

A refinement of the first inequality in (2.1) appears in [31] as the following lemma, providing a
sharper version of the Cauchy-Schwarz inequality.

Lemma 2.2. Let x,y € X, and € € [0, 1]. Then

X < VORIV + AclCx, Iyl < [1xllilyll, (2.2)

forall x,y € Xz, where
O, =min{e,1 — ¢} and A, =max{e, 1 - ¢}.

The next lemma presents a Buzano-type inequality that plays a crucial role in deriving bounds for
the products of inner products.

Lemma 2.3. [32] Suppose that x,y,u € X satisfy ||ul| = 1. Then

126, wyaa, ° < PR + [ [+ 20elliyll| e 9|+ 4]¢e, G, |l + ¢ y9)).

This lemma is the well-known Holder-McCarthy inequality, which relates the power of the
expectation of a positive operator to the expectation of its power.

Lemma 2.4. (See [33, Theorem 1.2]) Let B € 1L(X) be a positive operator X, denoted by B > 0,
meaning that (Bx, x) > 0 for all x € X. Then for all x € X with ||x|| = 1 and for all real numbers r > 1,

the following inequality holds:
(Bx, x)" <(B'x, x).

The following result, often referred to as a Buzano-type inequality, provides an upper bound for the
product of two inner products involving a unit vector.
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Lemma 2.5. [34]Ifa,b,e € X, and |le|| = 1, then

[a. eXe, Y] < 5 (Ml + [(a, Y. 2.3)

The following is a generalized Buzano-type inequality (2.3), which serves as a foundation for our
subsequent operator inequalities. A version of this result is stated in [30]. Namely, for every a,b,e € X
with |le|| = 1 and B € [0, 1], we have

1 1 -
;'8 lalllibl] + 2ﬁ

Exploiting the inequality (2.4) together with the convexity of f(f) = #° (s > 1), we obtain the
following crucial lemma.

(a, e){e, b)| < Ka, b)l. 2.4)

Lemma 2.6. For every a,b,e € X with |le|| = 1, B € [0, 1], and s > 1, we have

1+ 1 -
(@, e)e, bY]* < Tﬁnansnbnf " 25

The next lemma is a standard £, space inequality for norms, derived from the parallelogram law for
p =2, extended to p > 2.

[a, b)|’. (2.5)

Lemma 2.7. Leta,b € X. Then
1
llall” + Ibl|” < 5 (la + b||” + |la - blI"),

forall p > 2.

The next result is the basic power mean inequality for positive real numbers, essential for separating
terms with powers g > 1.

Lemma 2.8. Let a; be positive real numbers (i = 1,2, ...,n). Then for all ¢ > 1, we have
n q n
a;| < n?! CZ?.

This simple but powerful lemma provides a bound on the real part of an inner product, fundamental
for norm calculations.

Lemma 2.9. Suppose u,v € X. Then

R () < 5 (Il + I01P).

where R(-) denotes the real component of complex numbers.

The following inequality gives an alternative bound on the real part of an inner product in terms of
the norm of the sum of the vectors.

Lemma 2.10. Letu,v € X. Then

R (u,v)) < ;1 Il + V).
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This lemma contains a fundamental mixed Cauchy-Schwarz inequality for operators, relating the
inner product of vectors transformed by an operator to the inner product of vectors transformed by the
absolute value of the operator.

Lemma 2.11. Let B € L(X). Then for all x,y € X, we have
K(Bx, y)| < (1Blx, x)7(|B"]y, y)?, (2.6)

where |B| = (B*B)% denotes the absolute value of B.
3. Main results

In this section, we present our main results. Throughout, (X #, (-, -)) denotes an RKHS defined over
a non-empty set .%, equipped with its standard inner product (-, -) and the associated norm || - ||.
To establish our first main result, we begin with the following lemma.

Lemma 3.1. Let B,C € (X ) be positive operators. Then for all real numbers r > 1, the following
inequality holds:

HB+C ' < HBr+C’
2 - 2
Proof. Let u, be a normalized reproducing kernel in X ». Since the function h(f) = " is convex on
[0, o) for r > 1, we obtain
B+C _\\ _ ((Bupwy) +(Cup, )\
< U, Mﬁ> = 5
< (Bup, uy)" + (Cug, uy)"
B 2
< (B'up, u) +(Clug, uy)

2
B +C . __
:< 3 MAJM)

< ber(ﬂr al Cr).

ber ber

(by Lemma 2.4)

Since % > 0, then by applying (1.2), we obtain
B+C_ .\
(< 3 u,, I/t,1>) <

Taking the supremum over all all 1 € .% in the last inequality yields

B +C
2

ber

ber’ B+C < iBr+C’
2 B 2 ber
This completes the proof by taking (1.2) into account since % > 0.

We now in a position to investigate our first main result concerning the Berezin number in L(X #),
elucidating the bounds on the operator products.
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Theorem 3.1. Let B,C € L(X ). Then for any € € [0, 1], we have the following inequality:
(-

2
< I8t +1cl
—2

ber’ (€ B) < L2 per (¢ 8) 181> + ICI”

ber ber

& 4 4
+ 5|||B| +IC|

il
ber *

Proof. Fix € € [0, 1], and let i, be a normalized reproducing kernel in X ». Applying Lemma 2.1 with
x = Bu, and y = Cu,, we obtain

(i, Ciin|” < (1 - DIBHNICE N |(Bita, Citn)| + ell Bl PICTP
= (1 — &) V(B 0,y VAICP, ) [(C By, )| + (IBP1, i )ICI1,, 1)

Now, applying the arithmetic-geometric mean inequality yields

l1-¢ i — > S —
( 5 )ber(C'B)<(|B|2+|C|2)uﬂ,uﬁ>+5(<|B|2uﬁ,uﬂ>2+<|C|2uﬂ,uﬂ>2).

c'Bu,w)| <

Since both |BJ? and |C|? are positive operators, we can apply Lemma 2.4 to get

(-9
2

c* B )| <
< (1 _
-2

ber (C'B)X(BI” +ICPiw i) + (18" + CI') . i)

%) ber (C*B) ber (B +ICP) + gber (181* +1Ct*).

Taking the supremum over all A € .7 in the last inequality gives

ber’ (C*8) < a ;8)

ber (C*B) ber (IB]* + [CI*) + gber (181 +1Ct*).

Since |B> + |C|* > 0 and |B|* + |C|* > 0, then we apply (1.2) to obtain
(1-¢)

ber’ (C*8B) <

yl
ber *

ber (€)1 + ICP,, + 5 181 + I

This proves the first inequality in Theorem 3.1.
Next, since both |B[*> and |C|* are positive operators, then by using Lemma 3.1 for r = 2, we
deduce that

(1-2)
4

2 2

a _8)H|B| e

ber’ (C*8) <

i8¢ +1CPlly,, + 5 18" + L]
2

&
T 5 |||B|4 T |C|4||ber

ber

E
+5 I8+ icr|

ber

ber

S(l—g)‘

1 _
- 2‘9) 81 +Icl

18* +ICI*
2

il
ber

€ 4 4
+ 5 |||B| + |C| ||ber '
This establishes the second inequality in Theorem 3.1, completing the proof.
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Let D = {z € C : |z] < 1} be the open unit disk in the complex plane. The Hardy space H?*(D)
consists of analytic functions f on D such that the coefficients of their power series expansion are
square-summable. The reproducing kernel for H*(D) is the Szegd kernel, defined by

1
k )= ———, /I,Z e D.
D)=
By the reproducing property, the squared norm of the kernel is given by

2 _ — —
kall™ = <kas ka) = ka(A) = TR

Therefore, the normalized reproducing kernel /k\l is obtained by

ki@ _ N1-laP

T, (2) = - Ly
&= T T

For a function ¢ € L(T), the Toeplitz operator Ty on H*(D) is defined by Ty f = P(¢ f), where P is the
orthogonal projection from L*(T) onto H*(D). The Berezin symbol of T, denoted by Ty, is given by

Ty() = (Toky, ky).

This transform corresponds to the Poisson extension of the symbol ¢. The Berezin number of the
Toeplitz operator is then

ber(T,) = sup [T,(A).
AeD

We can apply Theorem 3.1 to estimate the Berezin number of the product of two Toeplitz operators.
The following corollary provides a novel bound for the product operator 7, 7.

Corollary 3.1. Let ¢, € L*(T). For any € € [0, 1], we have

% l - 8 *
ber*(T;Ty) < Tber(TwT(p)HlT(,,lz + T,

+ §|||T¢|4 + [T,

ber ber’

This result offers an explicit upper bound for the Berezin number of the product 7, T in terms of the
Berezin norms of the moduli of the individual Toeplitz operators, providing a useful tool for analyzing
operator products in function spaces.

Our subsequent result is presented below, with our core method relying on Lemma 2.3.

Theorem 3.2. Let B € (X ). Then

1 1 1
4 * 2 2
ber'(B) < o[BI + 181 + — ber’(8) + 3 ber’(B) ber(8?)

+ 1—12||I13|2 +18°P|(ber(8) + 2ber*(B).

Proof. Let u, be a normalized reproducing kernel in X . By applying Lemma 2.3 with u = u, and
then replacing x and y with Bu;, and B*u,, respectively, we have

AIMS Mathematics Volume 11, Issue 3, 5738-5758.
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12|(Bin w)|* < IBRIPIB TP + [(Bity, B + 2Bl BBy, B
+ 4B m)| (IBLINB T + (Bt BT
= (1B, W)IB P, 100 + 2 VB, 1, XIB P, 1)) (B2, 10|
+ 4By, w)[* (VABPLL 0)(B P, i) + (B2, 1)) + (B AT

Further, by applying the arithmetic-geometric mean inequality, we have
4 1 S e — S S e —
12[Binm)| < (I8P ) + I8P 1)) + (B0, )| (ISP 1) + (B Finy. )
+ 2[ B, T)| (BP ) + (1B P, Ty + 2000, i) + (B2, )|
Further, since |B|? and |B*|* are positive, then by applying Lemma 2.4, we get
12[(Bi, T < ( (IBI* +1B° T, 1)) + ber(B)((IBI + |B" T, 0))
+ 2ber’(B)(((IBI* + |18, 1)) + 2 ber(8%)) + ber*(8%)
1 .
< - ber (1BI* +18°*) + ber(8*) ber (18" + |B°)
+ 2 ber’(B) |ber (|81 + |B°F) + 2 ber(8%))| + ber’(8%).

Since |B|* + |B*|* > 0 and |B|* + |B*|* > 0, then we apply (1.2) to obtain

.. + ber (8181 + 187

a1
12|, w)|* < Slis + 1877

|ber

+2ber’(B)(||B1* + 18|, + 2ber(8%)) + ber’(5%)

|ber

+ ber?(8?) + 4 ber’(8) ber(8?)

|ber
|ber( ber(82) + 2 berz(B)).

= Slis + 18
+ 18P + 18

This gives the following:

1 1
(B, i)' < 5 4|||za| 181l + 75 ber’(8”) + 3 ber’(B) ber(8%)

| 12
+ E”lBlz + |B*|2 (ber(BZ) + ZberZ(B))

|ber
This proves Theorem 3.2 by taking the supremum over all A € .7

The next result establishes a new bound for the Berezin number of an operator sum in L(X ). Our

proof fundamentally relies on Lemma 2.5. The inspiration for our investigation comes from recent
work [9].
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Theorem 3.3. Let B,C € (X #). Then

ber (8+C) < \/min {1(8.0).7(C. B)| + ber* (B) + ber” (C),

where

ot ber (YX).

(X, Y) := ! IXP +1vP,,
2

Proof. Letu, be a normalized reproducing kernel in X 5. Then

K@ +omam) < ((Ba.m)| + [(ca.m)|)
= (B, w)[ + |[(Ciinw)|” + 2 (B )| [, €|
< (B w)[ + |(Cionw)|” + |8 |lcw| + [(Biw, i)

b

where the last inequality follows by applying Lemma 2.5. Furthermore, by using the arithmetic-
geometric mean inequality, we obtain

K@ +0ymm)| < [(Bun,w)|" + [(Cinm)|” + % (||zaﬁﬂ||2 + ||c*m||2) + [(CBiw)|
= (B, w)[ + |[(Ciin )| + %( (18P + 1CP) 2, ) + [(CBitn, )|
< ber? (B) + ber’ (C) + % ber (8] +C*[*) + ber (CB).

By taking the supremum over all A € .% in the inequality above, we get
ber? (B + C) < ber? (B) + ber? (C) + % ber (B +|C[’) + ber (CB).

Applying (1.2) gives

1
ber® (8 +C) < ber* (8) + ber* (C) + Z [[IB1* + IC"F |, + ber (CB). 3.1
Similarly, we can show that
1
ber® (8 + C) < ber’ (8) + ber® (C) + - [[IB°F* + [CF |, + ber (BC). (3.2)

From (3.1) and (3.2), we have

ber’(8+C) < min {% 13+ 1Pl

1
+ ber (CB), 5 (I8 + ICFY,,, + ber (BC)}
+ber? (8) + ber’ (C).
This completes the proof.

Corollary 3.2. For any operator B € 1(X ), we have

1 1
ber (B) < \/Z||IB|2+ B[, + 5 ber (8.

|be

AIMS Mathematics Volume 11, Issue 3, 5738-5758.
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We now explore a key result on the operator norms in L(Xz), showing how the norm of a
specific expression relates to the differences and sums of operators. Our proof fundamentally relies
on Lemma 2.9.

Theorem 3.4. Let B,C € (X #). Then

BE+ICPF 1
”M <2 (1B~ CI + 1B+ CIL).

ber
forevery p > 2.

Proof. Letu, € X4 be a normalized reproducing kernel and p > 2. By using Lemma 2.7, we have
1 _ _
S (lB+om|” + & - ") = |sa]|” + |cml” (33)
Furthermore, by applying the second inequality in Lemma 2.8, we infer that
|5l + ol = (lsmlF) -+ (jomF)
2
> 2% (| + o)

Therefore, we deduce that

[SIaS}

1B + llcwml|” = 21 [((18F +1CP) |- (3.4)
Combining (3.3) with (3.4) gives

1B + ICI

(||<B rom| +||B-ou) =« TR
Taking the supremum in the inequality above over all 1 € .%, we get
1 . (182 2
(18 e 18 - i) > vert (2 E)

Since |B[*> + |CJ* is a positive operator. Thus we deduce the desired result by applying (1.2). This
finishes the proof.

By letting C = 8" in Theorem 3.4, we obtain the following corollary.

Corollary 3.3. Let B € L(X#) and let p > 2. Then

2

B2 + 1B _ 1 . .
H— < (IB+BI- + 18-85 ).

ber

We now study a significant result of the Berezin norm in L(X &), establishing bounds for the sums
of operators. Our proof relies on Lemma 2.9.
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Theorem 3.5. Let B,C € (X #). Then

1 1
1B + Cllp, < \/|||B|2 + |C|2||ber + 3 |C*B + B*CH%E + ok

Proof. Letu, € X4 be a normalized reproducing kernel. Then, we have

|+ @l = 5@ + |calf +2% (sm, cay)
= (18w, 1)) + (ICPwy, ) + R ((C* By, w)) + R (G, B*Ciny))
= (I8P +ICP) 0. W) + R ((C" By, ) + R ((B'Cliy. 0 )
= ((IBP +ICP) i) + R (((C'B+ B OV 0))).

Moreover, in view of Lemma 2.9, we see that
R {((C'B+BC)upwy)) < % (||(C*B + B8O + 1) .
This implies that
B+ 0@ < (18P +ICP) ) + % (||(C*B + B0 + 1).
Taking the supremum in the above inequality over all A € .%, we get

1 1
2 2 2 * * 12
(B + Ol < ber (I8 +[CI*) + S IC'B+ B Cligg + 5.

Since |B|* + |C|? is a positive operator, then by (1.2), we have

ber

1 ) 1
1B+ Ol < 187 +ICP|,,, + SIC'8 + BClL + 5

Thus the desired result is established by applying (1.1).

By taking C = 8" in Theorem 3.5, we obtain the following Berezin norm inequality for the real part

of B € L(X #), given by
B+ B
Re(B) = J; .

Corollary 3.4. Let B € L(X #). Then

1
bor S 5 \/|| B + |82

2

ber

|Re®)|

B2+ B

l| 1
por T 2 + 3.

Next, we establish a general inequality that provides an upper bound for the Berezin norm of a finite
sum of operators in terms of their individual Berezin norms and Berezin numbers of pairwise products.

Theorem 3.6. Let By, ..., B, € L(X #). Then

n 2 n
2,5 | s
k=1 k=1

< + ) ber(88).

ber 1<k#j<n

ber

AIMS Mathematics Volume 11, Issue 3, 5738-5758.
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Proof. Letu, € X7 be a normalized reproducing kernel. Then

an By ZH: Zn: (Biua, Bjuy)
k=1

j=1 k=1

2

= Z(Bk%,ﬂk%>+ Z (Biuy, Bjuy)
k=1

1<k#j<n

IA

+

n
D 1B, )
k=1

D (BB )

1<k+#j<n

This implies that

2

Disa| < (. Blmam+ Y (88w
k=1 k=1 1<k#j<n
< ber[i |Bk|2)+ Z ber(Bj.Bk).
k=1 1<k#j<n

Taking the supremum in the inequality above over all A € .%, we obtain

Zn:Bk sber(zn: |Bk|2]+ D ber(B;8).
k=1 - k=1

2
ber 1<k#j<n
Since Y |Bi[> > 0, by (1.2), we get
k=1

n

D IBP

2
<
ber k=1

+ > ber(8;8).

ber 1<k#j<n

> 5
k=1

Therefore, the desired result follows by taking (1.1) into account.

ber

By taking n = 2 and setting 8, = B, B, = C in Theorem 3.6, we obtain the following bound for the
Berezin norm.

Corollary 3.5. Let B,C € L(X #). Then

|8+cC

per S \/ 1812 + ICP|,,, + ber(C*B) + ber(B+C).

The following result presents an n-tuple extension of Theorem 3.5, providing a general Berezin
norm inequality for finite families of operators.

Theorem 3.7. Let B4, ..., B, € L(X #). Then

N S 50
k=1 k=1
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< > >

> B8

1<k#j<n

ber ber
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Proof. Letu, be a normalized reproducing kernel in X z. One observes that

n 2 n n
D Ban| =R {Z D (B, Biin)
k=1

=1 k=1

= Z Z R ((Bair. Bjiia))

J=1 k=1

=S sanl + > R (B, Bwm))
k=1

1<k j<n

:<Z|Bk|zm@>+%( > <B;B@@>J
k=1

1<k#j<n

< ber (Z |Bk|2] + %( Z <B;B,@,m>].
k=1

1<k#j<n
2
+1J.

1
+=.
2

By applying Lemma 2.9, we obtain

2
n n 1
- 2
;BW < ber(; 1By ]+ 5(

Taking the supremum in the inequality above over all A € .% yields

:?: ng :E: zgjggk
k=1

1<k#j<n
This, in turn, implies the desired result by applying (1.1).

> B8

1<k+#j<n

n 2

DB

2
<
ber k=1

1
+_
2

ber ber ber

The next result derives a novel bound for the Berezin norm of a sum of the operators in L(X ), with
our primary tool being Lemma 2.10.

Theorem 3.8. Let B4, ...,8B, € L(X#). Then

Sa < J Y
k=1 ber k=1

Proof. Letu, be a normalized reproducing kernel in X . By applying Lemma 2.10, we obtain

1 < n
+ 2 2 B+ Bl = D 1Bl
k=1

ber k,j=1

R (B, B1) < ; |87 + B

Therefore, we deduce that

I

> R(BanBiy) <7 > |8+ 8w

1<k#j<n 1<k#j<n
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On the other hand, we have

Z Bkuﬂ

—< Z|Bk| uﬂ,u»%( > <B;B,@,@>].

1<k#j<n

This implies that

= (Z |B* 10,78, + ‘R[ Z <B;Bkﬁbﬁ/l>]

1<k#j<n

< (Z AR + 1 Z |18, +3@||2

1<k¢j§n

< ber [Z |Bk|2) + % Z ||Bk7/£\,] + Bjﬁ,l”z .
k=1

1<k#j<n

Taking the supremum in the inequality above over all A € .%#, and taking into account that

ber (; |Bk|2J = kZ: 1B*

b

we get

n 1
SNES SN R
ber k=1 i<

k=1 ber ber 1<k#j<n
n
_ 2
- Zlﬂkl N o ZH Billg
k=1 k] 1

Therefore, we obtain the desired result by taking (1.1) into account.

By taking n = 2 in Theorem 3.8 and setting 8, = B, 8, = C in Theorem 3.8, we obtain the
following bound for the Berezin norm:

Corollary 3.6. Let B,C € L(X #). Then

ber = \/” |B|2 + |C|2

The following example demonstrates that the two corollaries derived from Theorems 3.6 and 3.8
are not comparable.

1
||B+C ber+ §||B+C||§er

Example 3.1. Consider C? with the standard orthonormal basis {e}, ;}.
Case 1. Let
0 3 1 0
5=(5 o} ©=lo o)
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In this case,

1B + Cllber = sup K(B+Cejepl = 3.

i,je{l,2}

For Corollary 3.5, we have

VIIBP + [CPlber + ber(C*B) + ber(8:C) = V15 ~ 3.873,

while Corollary 3.6 gives

ISP+ (CPlher + LB + CIR,, = VI35 ~ 3674

Hence, the second bound is tighter.
Case 2. Let

0 3 00
S I ]
Therefore, ||B+Cllper = 3 and B*C = C*8B = 0. One may see that the bound in Corollary 3.5 is V9 = 3,
whereas that in Corollary 3.6 is V13.5 ~ 3.674. Hence, the first bound is tighter.

Our next main goal is to establish a new bound for the Berezin number of operators, which enables
us to refine several well-known results from the literature. Our primary tool in this derivation is
Lemma 2.11.

Theorem 3.9. Let C € (X #) and € € [0, 1]. Then, we have

0, A,
ber(C) < \/7||IC|2 +1CP,,, + 5 ber©)iCI + Il (3.5)

ber ber’

Here,
O, =min{e,1 —&} and A, =max{e,1- &}

Proof. Applying inequality (2.6), we deduce

KCTiL, )| < OHCTL, )| + (1 = O)(Clly, W)l
< O, V{CIL, T)(C T, y) + AKCl, ),

for any normalized reproducing kernel u;, and &£ € [0,1]. Multiplying the relation above by
V(ICli, ) (IC* [y, W) and noting that

KCitp, ) < (G, w)] VKICT, 1) {IC* ik, ),

we derive the following inequality:

KCit2 1) < O (ICTL, 1) XIC T, 18y) + AClty, w)| NXICTE U )IC* ik 1)
Since the operators |C| and |C*| are positive, we apply Lemma 2.4 to obtain

(ICly, wy)* < (|ClPuy, uy)  and  (|C*[y, wp)* < (|C* [Pty 1)
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Therefore, by using the arithmetic-geometric mean inequality, we infer that

—_ ®8 —_ £ —_ AS —_ KNS T
KCip )P < = (ICTEL ) + (IC7 . ) ) + S G TK(C] + IC ity )
(OR e — AW . e~
< SHACE +1C" P 1) + —PKCa, i)K(C + G 1)
®€ 2 %12 Aé‘ s
< = ber (ICF* +CF) + =~ ber(C) ber (ICI +C7]).

Taking the supremum over all A € .% in the last bound yields
2 ®8 2 %2 AS *
ber’(C) < — ber (|CI” +C"[*) + == ber(C) ber (IC| + C"]).
2 2
Finally, by taking the positivity of the operators |C|*> + |C*|*> and |C| + |C*| into account, and by

applying (1.2), we obtain the desired result. Hence, the proof is complete.

As an application, we obtain a refinement of a result proved in [29]. To achieve this, we first need
to establish the following lemma.

Lemma 3.2. Let B € (X ). Then the Berezin number of B satisfies the inequality
1 .
ber(B) < > N8l + 1B lper -

Proof. Letu, be a normalized reproducing kernel in X z. By Lemma 2.11 and the arithmetic-geometric
mean inequality, we have

(B, 10| < 1By, 1) (B T, 1)

1 - —
< 3 (IBlup, ua) + (|B*Tuy, uy))

1 -
Bl + 1B Duy, uz)

< =ber (8| + |87 .

N —

Taking the supremum over all A € .# yields
1
ber(8B) < 3 ber (|B| + |B7)).

Since |B| + |B*| is a positive operator, then an application of (1.2) finishes the proof.
We are now in a position to prove the following corollary.

Corollary 3.7. Let C € L(X 2). Then

ber’(C) < }1 (lice +1c?

+ber(C) |ICl +IC]

ber)

ber

< Uiep +icr

ber’
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Proof. By taking € = % in (3.5) and by applying Lemma 3.2, we get

+ ber(C)[|IC] + IC"]

2
ber | °

ber)

ber

ber?(C) < %(HICIZ +ICP

1 . 1 .
<3 (|||C|2 +1CFlyee + SlliCT+ €71

Further, by Lemma 3.1 for r = 2, we obtain

1
ber’(C) < 3 (ICP +1C e +[ICP + 10
1
- EZ|||(:|2 + |(:*|2 |ber'

Consequently, we deduce the desired result.

The following theorem provides a generalized Berezin numerical radius inequality, offering a
refined upper bound that depends on a variable parameter and the powers of the operator.

Theorem 3.10. For B e L(Xz), S €[0,1], and s > 1, we have
1-p

S 2
bor > ber’(B°). (3.6)

1+
ber”(B) < —4ﬁ 18P + 18"

Proof. Letu, be a normalized reproducing kernel in X ~. By using Lemma 2.6, we obtain
KBy, w)** = KBy, )iy, BTy’

1+ @D 118 1 - 5=\ |S
< Tﬁng@n“ns Tl + Tﬁkﬁa,s Tl

By using the arithmetic-geometric mean inequality, we obtain

1+ — s\ 1= s
(7 R T ) R
1+ o 1 -
Tﬁ«uﬂz)s + OB T +
1 4-/3 2s %128 1 __/3 S/

7 ber(lBl +|8°] )+Tber(8 ).

Since |B|** + |B*** > 0, so by applying (1.2), we deduce that

KBty w)l*

IA

IA

A ber*(8?)

IA

1-p
2
Taking the supremum over all A € . in the last inequality yields (3.6).

ber*(8?).

- 1
(BT TP < L (18 + 187, +

Remark 3.1. By letting s = 1 and 3 = 0 in Theorem 3.10, we get the result established in Corollary 3.2.

We conclude this paper with an improvement of Theorem 3.1. The proof is omitted here and left to
the interested reader. The proof mainly uses (2.2).

Theorem 3.11. Let B,C € (X ) and € € [0, 1]. We then have

ber'(C'B) < 2|81 + ICI,, + = ber(©B|BF + ICP],,,

1
< sl +1cr

ber’

where ®, = min{e, 1 — &} and A, = max{e, 1 — &}.
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4. Conclusions

In this paper, we investigated the Berezin number and the Berezin norm of bounded linear operators
acting on reproducing kernel Hilbert spaces. We established novel upper bounds for these quantities,
with a particular focus on the sums and products of operators, yielding new estimates for forms such as
ber(C*8B). Furthermore, we explored the relationship between these measures and another equivalent
Berezin-type norm, || - |l;;. By applying these foundational inequalities, we successfully deduced
several applications that refine and improve upon existing operator inequalities in the current literature.

The results presented in this study not only deepen the understanding of operator inequalities within
the framework of reproducing kernel Hilbert spaces but also open avenues for broader generalizations.
In particular, this paper may serve as a natural starting point for future research directions, such as
investigating the joint Berezin number related to a p-tuple of operators, where p > 1.
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