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Abstract: For a simple, undirected graph G(V, E), let f be an edge labeling f: E — {0, 1} such that,
for any vertex v and i € {0, 1}, in the edges incident on v, if the number of the edges labeled i 1s more
than the number of edges labeled 1 — i, then the label of v is defined by i; v is not defined otherwise.
In a labeling graph of G, let i € {0,1}, es(i) = [{e € E : f(e) = i}| and v/(i) = |{v € V : the label
of v is i}|. After f runs over all edge labelings satisfying |e/(1) — ef(0)|] < 1, the set {|[vs(1) — v¢(0)] :
les(1) — ef(0)| < 1} is called the edge-balance index set of graph G, denoted by EBI(G). In this paper,
the set {v/(1)=v£(0) : les(1)—ef(0)| < 1} is called the full edge-balance index set of graph G, denoted by
FEBI(G). Some results are obtained on F'EBI(G), and the relationship between FEBI(G) and EBI(G)
is discussed. By finding some closed trails, the FEBI and EBI of some classes of cubic graphs are
obtained.
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1. Introduction

In this paper, all graphs are simple, undirected graphs. In 2009, Kwong and Lee [5] introduced a
new concept on the labeling graph.

Definition 1.1. Edge-balance index set of the graph G: A labeling f: E(G) — {0, 1} induces a partial
vertex labeling f*: V(G) — {0, 1} defined by f*(v) = 0 if the edges labeled by i incident to v are more
than the number of edges labeled by 1—i incidenton v, and f*(v) = ii € {0, 1}. f*(v)is not defined if the
edges labeled by 0 are equal to the edges labeled by 1 incident to v. Let e4(i) = |{e € E(G) : f(e) = i}]
and v,(i) = |{v € V(G) : f*(v) = i}|. The set {[v/(1) = v(0)l: les(1) — er(0)] < 1} is said to be the
edge-balance index set of G, denoted by EBI(G).
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On EBI(G) of the graph G, there are many results; the reader can see [1-3], etc.

Notation. Given an edge labeling f of graph G, if |es(1) — es(0)] < 1, then f is an edge-friendly
labeling.

In EBI(G) of a graph G, the elements are |[v(1) — v(0)|. Now, we consider v(1) — v(0).

Definition 1.2. Full edge-balance index set of the graph G: For a simple graph G(V, E), let f be an
edge labeling, f: E — {0, 1} such that, for any vertex v and i € {0, 1}, in the edges incident to v, if the
number of the edges labeled i is more than the number of the edges labeled 1 — i, then the label of v is
defined by 7; if the number of the edges labeled 1 is equal to the number of the edges labeled 0, then v
is not defined. In a labeling graph of G, let e4(i) = [{e € E : f(e) = i}| and v((i) = |{v € V : the label of
vis i}|. After f runs over all edge labelings that satisfy |es(1) —e(0)| < 1, the set {v;(1) —=v/(0) : f runs
over all edge-friendly labelings}, and is called the full edge-balance index set of the graph G, denoted
by FEBI(G).

Given a graph G, we discuss the relationship between FEBI(G) and EBI(G), and obtained some
results when G is an odd degree graph.

Now, we present some results to be used in the proofs of this paper.

Definition 1.3. Odd degree graph: A graph is said to be an odd degree graph if the degree of any vertex
is odd.

Theorem 1.1. Let graph G be an odd degree graph. For any edge-friendly labeling f of G, the number
of vertices with undefined labels is zero.

Proof. Assume f is an edge-friendly labeling of simple graph G. For any vertex v on G, since d(v) is
odd, the number of edges labeled with 1 incident to v is not equal to the number of edges labeled with
0 incident to v. Hence, the number of vertices with undefined labels is zero. O

Theorem 1.2. Let f, g be two edge-friendly labelings of the odd degree graph G, then (v/(1) —v(0)) -
(v,(1) = v,(0)) is even.

Proof. Assume f, g are two edge-friendly labelings of the odd degree graph G. By Theorem 1.1,
vi(1) +v£(0) = [V(G)| and v,(1) + v,(0) = [V(G)), so

(1) =v(0) = (ve(1) = vg(0)) = 2v (1) = 2v,(1) = 2(v4(1) = ve(1)).

The conclusion holds. O

Theorem 1.3. If G is a simple graph, f is an edge-friendly labeling of G, and v¢(1) — v#(0) = a, then
—a € FEBI(G).

Proof. Let f be an edge-friendly labeling of G. Define an edge labeling g: g(e) = |1 — f(e)|, e € V(G),
then e,(1) = e4(0) and e,(0) = ef(1), so g is an edge-friendly labeling. v,(1) = v((0), v,(0) = v(1),
Vo(*¥) = v¢(*) and vo(1) — v(0) = —=(v¢(1) — v£(0)), thereby —a € FEBI(G). O

From Theorem 1.3, for a simple graph G, FEBI(G) is a symmetry set. Given a graph G, by defini-
tion of FEBI(G), if FEBI(G) is obtained, then EBI(G) is obtained too. Conversely, by Theorem 1.3,
if EBI(G) is obtained, then FEBI(G) is obtained too.
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In other sections, we determine the FEBI and EBI of five classes of cubic graphs. The method used
is that determining the maximum value and the minimum value of v(k) (k € {0, 1},) in each graph.
Next, we find some closed trails in each graph, and the labeling graph where the maximum value of
vr(k) is determined. Finaliy, we exchange some edge labels to determine the FEBI and EBI of these
graphs.

In the following discussions, an edge e is called a k-edge if f(e) = k, k € {0, 1}, and a vertex v is
called a k-vertex if f*(v) =k, k € {0, 1}. A vertex v is called a =-vertex if f*(v) is not defined, and the
number of the vertices with undefined labels is denoted by v /().

2. The edge-balance properties of generalized Petersen graphs

In 1969, Watkins [6] defined generalized Petersen graphs and put forward a conjecture: In all
generalized Petersen graphs, only the Petersen graph does not have a Tait coloring.

In this section, we study generalized Petersen graph G(n, m) and determine the edge-balance index
sets of G(n,m) whenm = 1,2,3. If m = 1, then G(n,1) = C, X K,, and if m = 2, then G(n,2) is a
Petersen graph.

Definition 2.1. Generalized Petersen graph: Let G = (V, E) be a simple, undirected, and connected
graph,n > 3,1 <m <n,

V(G) ={u]l <i<n}U{v|l <i<n},and

EG) = {uuinq|l <i < npU{uvi|l <i < n}U{vvyll < i < n}, where all subscripts are taken
modulo n, and graph G is called a generalized Petersen graph, which is denoted by G(n, m).

In generalized Petersen graph G(n,m), |V| = 2n, and |E| = 3n.
For studying the full edge-balance index sets of G(n, m), we now have some preliminary results.

Theorem 2.1. Given generalized Petersen graph G(n, m), if n = 2 (mod 4) and m = 1 or 3 is odd, then
the length of any closed trail is not odd.

Proof. Because n = 2 (mod 4), 3 is odd.

If m = 1, in G(n, 1), suppose there exists a closed trail. Because |{u;}| = [{v;}| = n, there are vertices
in {u;|]1 <i < n}and {v;]l <i < n}on this closed trail. Without loss of generality, let u;, v, be on this
closed trail, and v; be the final vertex of {v;} on this closed trail. Suppose v; is on this closed trail, then
i < j. Thus, for 1 <i < j, the sum of the numbers of (v;, v;;1) and (u;, u;,1) on this closed trail is j — 1,
and v; is adjacent to u;. In path u; — — — u,, the length is j—1 orn— j+ 1. Because nis even, j—1 and
n — j + 1 have the same parity, and the number of edges (u;, v;) on this closed trail is even. Hence, the
length of this closed trail is even.

If m = 3, in G(n, 3), suppose there exists a closed trail. Because |{u;}| = |[{v;}| = n, there are vertices
in {y;|]1 <i < n}and {v;)]1 <i < n} on this closed trail. Without loss of generality, let u;, v, be on this
closed trail.

Let this closed trail be composed of w1 vy, vy« vi, ViU, Ui, * =+ Uiy Uiy Viys Viy ** * Vigs VigUizs Uiz * ** Uiy
UiyVigs o5 Vi =" Vig, ViUip, Ui - - Uy
First, it is easy to know that the number of (u1, v1), (vi;, u;,), (Ui, Vi), - -, (vij, u;;) is even.

Next, because m = 3 is odd, the length of v; - - - v; has the same parity as the length of u,---u; . nis
even, so on this closed trail, the number of (vy, vi;) has the same parity as the number of (i, Uj,). Thus,
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the length of this closed trail is even. O

Now, we study the edge-balance properties of generalized Petersen graph G(n,m) form = 1,2, 3.
First, we discuss the case of m = 1.

Theorem 2.2. For any edge-friendly labeling f of G(n, 1), k € {0, 1},
()ifn = 0 (mod 4), then v4(k) < %;
(2) if nis odd, then v(k) < %
(3)if n = 2 (mod 4), then vf(k) < 2

Proof. Let f be an edge-friendly labeling of G(n, 1). Because G(n, 1) is a cubic graph, by Theorem 2.1,
ve(x) = 0. Because the degree of each vertex is 3, if the label of a vertex is k, then there are at least
two k-edges incident to this vertex. Thus, when all k-edges are on some cycles, the maximum value of
v¢(k) is obtained.

Case 1. Whenn = 0 (mod 4), es(k) = = is even in G(n, 1), there are even cycles, so v¢(k) < 3”
Case 2. When n is odd, 3"“ is even in G(n 1), and there are even cycles sovs(k) < 3””
Case 3. Whenn = 2 (mod 4), 2 is odd, so by Theorem 2.1, v(k) < 2, thus v,(k) < 3” 2 O

In the following discussions, we know that the maximum value of v f(k) will be obtained.

Lemma 2.3. For generalized Petersen graph G(n, 1), if n > 3 is odd, then FEBI(G(n, 1)) = {0, £2,...,
+(n-1),x(n+ 1)}.

Proof. Because n is odd, if f is an edge-friendly labeling of G(n, 1), by Theorem 2.2, v(1) < %
Now, we find a closed trail with the length 2.

3n+1

Case 1. n = 1 (mod 4). |E| = 3n is odd, so, for any edge-friendly labeling, is even, and
er(1) < 3.

Finding a closed trail uju, - -- Unel Vinsl Vins == ViU, its

2 ,
trail are labeled by 1. The remaining edges are labeled by 0, then e;(1) = 241, and ¢,(0) = 2. By
Theorem 1.1, vp(1) = 22, v,(0) = 2n — 2 = 2L and vp(1) = v,(0) = n + 1 thus the labehng graph
on which v¢(1) —v¢(0) = n + 1 is obtained.

Starting with the labeling graph on which v¢(1) — v#(0) = n + 1, successively exchange the labels
of (u;,u;y1) and (441, Vi41), where 1 < i < M Each exchange occurs such that v(1) is decreased
by 1 and v£(0) is increased by 1, so there are =— exchanges. After all exchanges are completed, the
labeling graphs on which v¢(1) —v¢(0) =n -1, n 3 ..., 9%" are obtained.

Whenn > 9, 92;” <0, from Theorem 1.3, FEBI(G(n, 1)) ={0,£2,...,+(n —3),x(n — 1)}.

If n = 5 in the labeling graph on which v/(1) — v¢(0) = 2, exchange the labels of (u Sl Vangl ) and
(u Sl Usnes ), then the labeling graph on which v/(1) — v(0) = 0 is obtained.

3n 7

Case2.n = 3 (mod 4).

Finding a closed trail uu; - Ut Viss Viss Unes Uns? Vst Visd Uns9 Unsl - = = U2V Vyo| Un—1 UnVn V1 U1 5 its
length is 3”“. All edges on this closed trall are labeled by 1, and the remaining edges are labeled
by 0. Then ef(l) = 1 and e,(0) = 2. By Theorem 1.1, vy(1) = 2, v(0) = 2n — 2 = =1 and
vi(l) =v(0)=n+1, thus the labehng graph on which v(1) — vf(O) =n+1is obtamed

Starting with the labeling graph on which v¢(1) — v#(0) = n + 1, successively exchange the labels
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of (u;, u;1) and (w41, Vis1), Where 1 < i < % Each exchange occurs such that v,(1) is decreased by 1
and v(0) is increased by 1, so there are ”;21 exchanges. After all exchanges are completed, the labeling
graphs on which v¢(1) —v¢(0) =n—1,n -3, ..., 2 are obtained.

In the labeling graph with v/(1) — v/(0) = 2, exchange the labels of (vi,v,) and (v,, V), and the
labeling graph on which v¢(1) — v¢(0) = 0 is obtained.

By Theorem 1.3, FEBI(G(n, 1)) ={0,£2,...,+(n — 1), =(n + 1)} for n is odd.

This completes the proof. O

Lemma 2.4. For generalized Petersen graph G(n, 1), if n > 3 is even, then FEBI(G(n, 1)) equals
{0,+2,...,+(n—2),#n} whenn = 0 (mod 4) and {0, £2,...,+(n—4), +(n—2)} whenn = 2 (mod 4).

Proof. Case 1. n = 0 (mod 4).
Finding a closed trail uju; - - - u VI Vs - ViU, its length i is 2. All edges on this closed trail are

labeled by 1, and the remaining edges are labeled by 0. Then ef(l) =2X 3”4 42 = 37" = e5(0), vf(1)3—”,
vp(0) =2n — 3¢ = 5, and v¢(1) — v¢(0) = n, the labeling graph on which v,(1) — v¢(0) = n is obtained.

Starting w1th the labeling graph on which v¢(1) — v4(0) = n, successively exchange the labels of
(u;, uip1) and (41, vie1), where 1 < i < 3”4_ 4 Each exchange occurs such that v(1) is decreased by 1
and v¢(0) is increased by 1, so there are == 3" 8 exchanges. After all exchanges are completed, the labeling
graphs on which v¢(1) = v¢(0) = n - 2, n- 4,..., & are obtained.

When n > 8, 82;” < 0, from Theorem 1.3, FEBI(G(n,1)) = {0,£2,...,+(n — 2),+n} forn =
0 (mod 4), and n > 8.

If n = 4 in the labeling graph on which v(1) — v¢(0) = 2, exchange the labels of (u%, Vi ) and
(u 3, Usnss ), then the labeling graph on which v¢(1) — v¢(0) = 0O is obtained.

Case2.n = 2 (mod 4).

|E| = 3n and % is odd. By Theorem 2.1, for any edge-friendly labeling f, e,(1) < 22,

Finding a closed trail u u, - U2 Va2 Vine - ViU, its length is % All edges on this closed

trail and the edge (u,,u;) are labeled by 1, and the remaining edges are labeled by 0. Then ef(1) =
2x 3084241 =3 = ¢40). By Theorem 1.1, vp(1) = 222 and v/(0) = 2n — 22 = %2 and the
labelmg graph on which v¢(1) — v4(0) = n — 2 is obtained.

Starting with the labeling graph on which v(1) — v(0) = n — 2, successively exchange the labels
of (u;,u;y1) and (u;y1,vir1), where 1 < i < %. Each exchange occurs such that v(1) is decreased
by 1 and v(0) is increased by 1, so there are 3”110 exchanges. After all exchanges are completed, the
labeling graphs on which v¢(1) —v/(0) =n-4,n-6, .. , & >+ are obtained.

Because n > 0, % < 0, from Theorem 1.3, FEBI(G(n, 1) ={0,£2,...,x(n — 4), x(n — 2)} for
= 2 (mod 4). |

Overall,

Theorem 2.5. For generalized Petersen graph G(n, 1),

{0, %2, , x(n—=1), +x(n+1)} nis odd,
FEBI(G(n,1)) =41 {0, 2, , x(n-2), +n} n = 0 (mod 4);
{0, +2, , *(n—-4), x(n—-2)} n = 2 (mod 4).

AIMS Mathematics Volume 11, Issue 2, 5192-5218.
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Corollary 2.6. For generalized Petersen graph G(n, 1),

{0, 2, ..., n—1, n+1} nis odd,
EBI(G(n,1))=¢ {0, 2, ..., n—2, n} n = 0 (mod 4);
{0, 2, ..., n—4, n=2} n = 2 (mod?4).

In the above discussions, FEBI(G(n, 1)) is obtained. Next, we discuss FEBI(G(n, 2)).

Theorem 2.7. For any edge-friendly labeling f of G(n,2) (n > 5), k € {0, 1}, then v/(k) < 37” for n is
even and vy(k) < 3"; L for n is odd.

Proof. Let f be an edge-friendly labeling of G(n,2). Then e/(k) = 2 for n is even or e;(k) = 2 for
n is odd. Because the degree of each vertex is 3, if the label of one vertex is k, then there are at least
two k-edges incident on this vertex. Thus, when all k-edges are on some cycles, the maximum value of
vr(k) is obtained. In G(n, 2), there exist an even cycle and an odd cycle. Hence,

vs(k) < 2 for n is even; vy(k) < 22 for n is odd. O

In the following discussions, we know that the maximum value of v/(k) will be obtained.

Lemma 2.8. For generalized Petersen graph G(n, 2), if n > 5 is odd, then FEBI(G(n,2)) = {0, £2,...,
+n+1}.

Proof. Finding a closed trail uju; - - - u,v,,v,oVy_g - - - V1Uy, its length is == 3"“

trail are labeled by 1, and the remaining edges are labeled by 0. Then e f(l) =n-1+2+%5 e 5
er(0) = 2L vp(1) = 22 and v/(0) = 2n— 221 = 21 "and the labeling graph on which vf(l)—vf(O) =
n+1is obtalned

Starting with the labeling graph on which v(1) — v(0) = n + 1, successively exchange the labels
of (u;, u;y1) and (4;41,vi11), Where 1 < i < ”+3 . Each exchange occurs such that v¢(1) is decreased by 1
and v,(0) is increased by 1, so there are =~ ”“ exchanges After all exchanges are completed, the labeling
graphs on which v¢(1) —v¢(0) = n -1, n 3, ..., 0 are obtained.

By Theorem 1.3, FEBI(G(n, 1)) ={0,£2,...,+(n — 1), £(n + 1)} for n is odd.

This completes the proof. O

. All edges on this closed

3n+1

Lemma 2.9. For generalized Petersen graph G(n, 2), if n > S is even, then FEBI(G(n,2)) = {0, £2,...,

+ n}.
Proof. Finding two closed trails u u; - - - u,u; and viv3vs - --v,_1vy, its length is 5. All edges on two
closed trails are labeled by 1, and the remaining edges are labeled by 0. Then e f(l) =n+; ,er(0) =

=, ve(1) = 2, v(0) = 5, and vy(1) — v¢(0) = n, and the labeling graph on which vf(l) - v,c(O) =nis
obtamed

Starting with the labeling graph on which v¢(1) — v¢(0) = n, successively exchange the labels of
(ui, u;1) and (uiq, vigr), where 1 < i < "*2 . Each exchange occurs such that v¢(1) is decreased by 1
and v((0) is increased by 1, so there are 5 exchanges After all exchanges are completed, the labeling
graphs on which v¢(1) —v¢(0) =n—-2,n -4, ..., 0 are obtained.

By Theorem 1.3, FEBI(G(n,2)) = {0,+£2,...,+(n — 2), +n} for n is even.

This completes the proof. O

Overall,
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Theorem 2.10. For generalized Petersen graph G(n, 2),

{0, £2, ..., x(n—-1), x(n+1)} nisodd,
FEBI(G(n,2)) = { 0, 2, ..., +(n-2), +n) nis even.

Corollary 2.11. For generalized Petersen graph G(n, 2),

{0, 2, ..., n—1, n+1} nisodd,
{0, 2, ..., n—2, n} nis even.

EBI(G(n,2)) = {

Finally, we discuss FEBI(G(n, 3)).

Theorem 2.12. For any edge-friendly labeling f of G(n, 3), k € {0, 1}, then v,(k) < 37" for n is even and
ve(k) < 3"2—“ for n is odd.

()ifn = 0 (mod 4), then vy(k) < 2;
(2) if n is odd, then vj(k) < 2L

(3)ifn = 2 (mod 4), then v(k) < 2.

Proof. Let f be an edge-friendly labeling of G(n, 3). Because G(n, 3) is a cubic graph, by Theorem 2.1,
v(*) = 0. Because the degree of each vertex is 3, if the label of a vertex is k, then there are at least
two k-edges incident on this vertex. Thus, when all k-edges are on some cycles, the maximum value of
vr(k) is obtained.

Case 1. When n = 0 (mod 4), ey(k) = 3} is even in G(n, 3), and there are even cycles, so v¢(k) < 3"
Case 2. When n is odd, ef(k) = 3”” is even in G(n, 3), and there are even cycles so ve(k) < 3”“
Case 3. When n = 2 (mod 4), ef(k) 3 is odd, so by Theorem 2.1, v (k) < 2 thus, ve(k) < 3” 2 O

In the following discussions, we know that these maximum value of v f(k) will be obtained.

Lemma 2.13. For generalized Petersen graph G(n,3), if n = 0 (mod 12), then FEBI(G(n,3)) =
{0,£2,...,+(n —2), xn}.

Proof. |E| = 3n and 'E' = is even. Finding 7§ closed trails us;_3va;ugitta;1usious;—3 for 1 < i < %, their
total length is 22 Deﬁne the labels of the edges on these closed trails as 1. The labels of the remaining
edges are 0. Then er(1) = 3, e4(0) =3n— —" =3, v(D) = F,and ve(0) = 2n - F . The labeling

graph on which v,(1) - v_,»(O) =nis obtalned

Starting with the labeling graph on which v/(1) — v¢(0) = n, successively exchange the labels of
(t4i-3, Usi—2) and (Uai—2, Vai—r); and (u4;_o, ugi—1) and (u4;_1, v4i-1). Each exchange occurs such that v(1) is
decreased by land v¢(0) is increased by 1, so there are 5 exchanges. After all exchanges are completed,
the labeling graphs on which v/(1) = v¢(0) =n—-2,n -4, ..., 0 are obtained.

By Theorem 1.3, FEBI(G(n,3)) = {0,%2,...,+(n — 2), +n}.

This completes the proof. O

Lemma 2.14. For generalized Petersen graph G(n,3), if n = 1 (mod 12), then FEBI(G(n, 3)) = {0,
+2, ..., x(n—-1), x(n + 1)}.

Proof. |E| = 3n is odd, and 'ElT“ = %”“ is even. Finding %

12 VoVp-1Vp—4 -

AIMS Mathematics Volume 11, Issue 2, 5192-5218.
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Vot Un-1 Un=3 *** UplU and I/tn+1Vn+1vn+7un+7un+sun+3un+1 un+13Vn+13Vn+19un+l9un+l7un+15un+13 vy Up6Vn—6Vn-3
2

Uy 3Up—aly_slhy_g, their total length is 6 x =L + n=3 gy 2 4+l ” 1 + "25 = 3”“ Deﬁne the labels of the
edges on these closed trails as 1, and the labels of the remalning edges are 0. Then ex(1) = 3"2+ dntl
es(0) = 3n 3”” = 3” Love(l) = 3”“ ,and v(0) = 2n — 3”;1 = % The labeling graph on which
vi(1) =vs(0)=n+1is obta1ned

Starting with the labeling graph on which vf(l) —v(0) = n + 1, successively exchange the labels
of (us, uir1) and (Uis1, vis1), where 1 < i < "=2; (w6, tty—s) and (Uy-5Vs-s); (Un-s, Up—s) a0d (Uy_s, V,_4);
and (u,_4, u,—3) and (u,_3, un 2) Each exchange occurs such that v(1) is decreased by land v,(0) is
increased by 1, so there are =2 + 3 = ”;1 exchanges. After all exchanges are completed, the labeling
graphs on which v¢(1) — vf(O) =n-1,n-3,...,0 are obtained.

By Theorem 1.3, this completes the proof. O

Lemma 2.15. For generalized Petersen graph G(n,3), if n = 2 (mod 12), then FEBI(G(n, 3)) = {0,
+2,...,x(n—-4), +(n - 2)}.

Proof. |E| = 3n is even, and 37” is odd. By Theorem 2.12, vf(l)3”2_2. Finding a closed trail uv{v,_»v,_s

" V3V V-3V V2Vno1 Vgt ot Vanta Usn1a Usnis - - - Ugll, define the labels of the edges on this closed
trail and edge unul as 1, and the labels of the remaining edges are 0. Then e;(1) = 2X (%52 + 1) + 219 "“O +
242841 = 2 ep(0) = 2, vp(1) = 2x (2 + D+ 41+ 2518 = 21 and v,(0) = 2n— 2+l = +1
The labelrng graph on whrch vi(1) = v4(0) = n — 2 is obtained.

Starting with the labeling graph on Which ve(1) =v#(0) = n -2, successively exchange the labels of
(u;, uiry) and (u;.1, vie1), where 1 < i < =2 and (usn 18, Udn- 14) and (usn 14, U 10) Each exchange occurs
such that v4(1) is decreased by 1 and v,o(O) is 1ncreased by 1, so there are =2 + 3 = ”“ exchanges.
After all exchanges are completed, the labeling graphs on which v(1) — vf(O) =n-—4, n 6,...,0are
obtained.

By Theorem 1.3, this completes the proof. O

Lemma 2.16. For generalized Petersen graph G(n,3), if n = 3 (mod 12), then FEBI(G(n,3))= {0,
+2, ..., x(n=-1), x(n + 1)}.

Proof. |E| = 3n is odd, and % is odd. Finding a closed trail u;v,v,_ov,_5- - Vil Unel3 Unso = Upll and
233 closed trails with length 6, let a = 212, These closed trails are it,,9;Va9iVa+3+9ilas3+9ilar249illas1 +9i
Ugroj ANA Ug1449Va14+9iVas7+9ilar7+9ilar6+9ilars+9illararo; TOr i = 0,1,..., % For the edges on these
closed trails define the labels of them as 1, and the labels of the remaining edges are 0. Then e4(1) =
2+ 413 4 p—3 =3 6 (0)=3n- *"“ =3y, (1) = 2 and vy(0) = 2n — 2 = =1 The
labehng graph on which vf(l) -vi(0)=n+ l is obtalned

Starting with the labeling graph on which v(1) — v(0) = n + 1, successively exchange the labels
of (u;, u;1) and (w41, vis1), Where 1 < i < ”*5. Each exchange occurs such that v(1) is decreased by 1
and v((0) is increased by 1, so there are ”15 exchanges After all exchanges are completed, the labeling
graphs on which v¢(1) —v;(0) =n-1,n-3,..., 5> =3 are obta1ned

Starting with the labeling graph on which v f(l) -v(0) = , in closed trail u,,9;V,49;/Va43+49illas34+9i
Ugs2+9iUas149iUar0i, Where i = 0,1,..., ”123, successively exchange the labels of (u,49i_1, Us+9;) and
(Vas9is Ugs0); and (Ugr9i, Ugroiv1) and (Vai0i41, ua+9,+1) Each exchange occurs such that v¢(1) is decreased

by 1, and v((0) is increased by 1, so there are == exchanges After all exchanges are completed, the
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labeling graphs on which v,(1) — v(0) = 22, 2= 22 are obta1ned
Starting with the labeling graph on wh1ch vi(1) = vp(0) = ===, in closed trail #,,4+9;Va+4+9iVa+7+9i
Ugr7+9il gr6+9ilgs5+9iUasar0; fOr i = 0,1,..., ”123, successively exchange the labels of (1,193, Ugr9ira)

and (Vgi9i14, Ugs9i14); and (Ug49i45, Ugroire) aNd (Voigire, ua+9l+6) Each exchange occurs such that v(1)
is decreased by 1 and v¢(0) is increased by 1, so there are “= exchanges After all exchanges are
completed, the labeling graphs on which vy(1) — v,(0) = 222, 2221 —2=3 are obtained.

By Theorem 1.3, this completes the proof. O

Lemma 2.17. For generalized Petersen graph G(n,3), if n = 4 (mod 12), then FEBI(G(n,3)) ={0,
+2,...,x(n—-2), xn}.

Proof. |E| = 3n is even, and 37” is even. Finding a closed trail u;v{v,_pVv,_5 = - VaVy_1Vyea = - V3VVy_3Vi—s
S Vs U Usis - Uplly define the labels of the edges on this closed trail as 1, and the labels of the

remaining edges are 0. Then ef(l) = 2x = +2+”+20+3”;12 = ef(O) vf(l) =n-— ”48+3”4‘8 = 37”,
and v;(0) = 2n — 2 = 2. The labeling graph on which v(1) - vf(O) =n 1s obtained.

Starting with the labeling graph on which v¢(1) — v(0) = n, successively exchange the labels of
(ui, uiv1) and (uiy1,vip1), where 1 < i < 2. Each exchange occurs such that v¢(1) is decreased by 1
and v¢(0) is increased by 1, so there are 4 exchanges. After all exchanges are completed, the labeling
graphs on which v¢(1) —v¢(0) =n—-2,n -4, ..., 0 are obtained.

By Theorem 1.3, this completes the proof. O

Lemma 2.18. For generalized Petersen graph G(n,3), if n = 5 (mod 12), then FEBI(G(n,3))= {0,
+2, ..., x(n—-1), x(n+ 1)}.

Proof. |E| = 3nis odd, and 3”“ is even. Finding a closed trail u;v v, oVv,—5 - V3V,Vy_3 - - VoV, Vyg -
Vel u%uzm - u,u; and Q closed trail(s) with length 6 ug;_>Vei—2VeiraUsiroleir1 Usillsi—1Uei—2, Where
i=12,..., 12 , define the labels of the edges on these closed trails as 1, and the labels of the remaining
edges are O Then ef(l) =2x4= "“ +2+ n3 w +6x 22 12 = 3"“ ,er(0) = 3" Love(l) =2x 2 "“ "+27 +
”+7 +6x 22 = 3”” , and vf(O) 1 The label1ng graph on Wl’llCh ve(l) - vf(O) =n+1is obtamed.

Start1ng Wrth the labeling graph on which v¢(1) — v¢(0) = n + 1, successively exchange the la-
bels of (u;, ui+1) and (U1, vir), where i = 21383 1y — 1, (u,, uy) and (uy, un); (g2, Usj—1) and
(V6J 1, Ug j— 1)' (M6J 1,1/!6]) and (V6J,M6J)' and (I/téJ,l/t6J+1) and (I/t6]+1,l/t6j+2) where ] = l 2 cey n125 Each
exchange occurs such that v¢(1) is decreased by 1 and v((0) is increased by 1, so there are T ex-
changes. After all exchanges are completed, the labeling graphs on which v(1) —v¢(0) =n—1,n -3,

., 2 are obtained.

In the labeling graph with v¢(1) — v/(0) = 2, exchange the labels of (u;,u,) and (uz, u3). v(1) is
decreased by 1 and v,(0) is increased by 1. The labeling graph on which v/(1) —v/(0) = 0 is obtained.

By Theorem 1.3, this completes the proof. O

Lemma 2.19. For generalized Petersen graph G(n,3), if n = 6 (mod 12), then FEBI(G(n,3)) =
{0,+2,...,x(n—4), +x(n - 2)}.

Proof. |E| = 3n is even, and % is odd. By Theorem 2.12, v/(1) < 2. Finding a closed trail with

6
length Sv3vevg - - - v,v3 and %22 closed trail(s) with length 6 u.., un+6,un+z it Vit 6V i 2 i
n—6

where i = 1,2,...,% 5

as Well as a closed trail ulvlvn_ﬂn_s CVanUna Uy - Ul deﬁne the labels
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of the edges on these closed trails and (u,,u;) as 1, the labels of the remaining edges are 0. Then
er(1) = 2+46Xx224+2+2 4241 =32 ¢/0) =3 v()=2+52+2+1+52+1 =22
v/(0) = 2n — ¥2 = 2 The labeling graph on which v/(1) — v4(0) = n — 2 is obtained.

Starting with the labeling graph on which v(1) — v(0) = n — 2, successively exchange the labels
of (u;, u;1) and (w41, vis1), Where 1 < i < % Each exchange occurs such that v(1) is decreased by 1
and v¢(0) is increased by 1, so there are 4 exchanges. After all exchanges are completed, the labeling
graphs on which v¢(1) —v¢(0) =n—-4,n -6, ..., 0 are obtained.

By Theorem 1.3, this completes the proof. O

Lemma 2.20. For generalized Petersen graph G(n,3), if n = 7 (mod 12), then FEBI(G(n, 3)) = {0,
+2, ..., x(n—-1), x(n + 1)}.

Proof. |E| = 3nis odd, and 2 is even. Finding a closed trail u;viV,-oVy—s - - - VaVu_1 Vi - - V3VyVyo3 - -
Vs Uns Usno - - - Ul define the labels of the edges on this closed trail as 1, the labels of the remaining

edges are 0. Then ep(1) = 2x %5t + 25 42 4 389 = 3 0.(0) = 3n—ep(1) = 2L, vp(1) = 2%, and
ve(0) = % The labeling graph on which v¢(1) — v¢(0) = n + 1 is obtained.

If n = 7, Starting with the labeling graph on which v(1) — v¢(0) = 8, successively exchange the
labels of (u,,u;) and (uy,vy); (41, u) and (uy, v,); (4o, u3) and (u3, v3) ; and (u3, uy) and (u4, us). Each
exchange occurs such that v4(1) is decreased by 1 and v((0) is increased by 1, so there are 4 exchanges.
After all exchanges are completed, the labeling graphs on which v¢(1) —v(0) = 6, 4, 2, 0 are obtained.

If n > 7, starting with the labeling graph on which v/(1) —v;(0) = n + 1, successively exchange the

labels of (u;, u;.1) and (u;1,viyy) for 1 <i < % Each exchange occurs such that v¢(1) is decreased

by 1 and v,(0) is increased by 1, so there are "2i1 exchanges. After all exchanges are completed, the
labeling graphs on which v¢(1) —=v/(0) =n—1,n -3, ..., 0 are obtained.
By Theorem 1.3, this completes the proof. O

Lemma 2.21. For generalized Petersen graph G(n,3), if n = 8 (mod 12), then FEBI(G(n,3)) =
{0,£2,...,+(n —2), =n}.

Proof. |E| = 3niseven, and 37” is even. Finding 7§ closed trails with length 6 u4; 3v4;-3Vailaitia;Usi2Us;-3
for 1 <i < %, define the labels of the edges on these closed trails as 1, the labels of the remaining edges
are 0. Then ef(1) = 6x 7 = 37”, er(0) = 37", ve(l) = 37”, and v¢(0) = 7, the labeling graph on which
v¢(1) = v¢(0) = n is obtained.

Starting with the labeling graph on which v¢(1) — v¢(0) = n, successively exchange the labels of
(U4i-3, Usi—2) and (Ug;—2, Vai—2); and (ug;—z, ug;1) and (ug;—1,v4;1) for I < i < 4. Each exchange occurs
such that v(1) is decreased by 1 and v((0) is increased by 1, so there are 5 exchanges. After all
exchanges are completed, the labeling graphs on which v¢(1) —v¢(0) =n-2,n-4, ..., 0 are obtained.

By Theorem 1.3, this completes the proof. O

Lemma 2.22. For generalized Petersen graph G(n,3), if n = 9 (mod 12), then FEBI(G(n,3)) =
{0,£2,...,2(n—=1),x(n+ 1)}

Proof. |E| = 3n is odd, and 22 is even.

Casel.n=09.
Finding two closed trails u;vv;vauquszuuy and ugvovsveugusugity, define the labels of the edges on
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these closed trails as 1, the labels of the remaining edges are 0. Then e/(1) =7 +7 = 14, ef(0) = 13,
ve(1) = 14, and v4(0) = 4. The labeling graph on which v(1) — v(0) = 10 is obtained.

Starting with the labeling graph on which v(1) — v¢(0) = 10, successively exchange the labels
of (u1,us) and (uz, v2); (uz, u3) and (u3, v3); (u3, us) and (uy, us); (ue, u7) and (u7,v7); and (u7, ug) and
(ug,vg). Each exchange occurs such that v(1) is decreased by 1 and v((0) is increased by 1, so there
are 5 exchanges. After all exchanges are completed, the labeling graphs on which v¢(1) — v/(0) =
8,6,4,2,0 are obtained.

Case 2. n > 9. Finding three closed trails v3vg - - v, V3, Uivivy_oV,—s - Va2 U ot -+ - Uy, and

U3t Vind Vs =+ VU1 U3 "+ U3 UsncT, define the labels of the edges on these closed trails as 1, and
?n 23
-1)

3
3"” and vf(O) . The labeling graph on which

n—(

3n—23 _ (3n—23

the labels of the remaining edges are 0. Then e f(l) =2 -1+ +2+n-

n—32 5 %n+1
H+2+—— = ,er(0) =
vi(l) =vp(0)=n+11i 1s obtalned

Starting with the labeling graph on which v(1) — v(0) = n + 1, successively exchange the labels
of (u;, u;1) and (u;yq, vipy) for 1 <i < ”“ (n # 21). Each exchange occurs such that v(1) is decreased
by 1 and v(0) is increased by 1, so there are = "” exchanges. After all exchanges are completed, the
labeling graphs on which v¢(1) —v¢(0) =n—1,n -3, ..., 0 are obtained.

If n = 21, starting with the labeling graph on which vi(1) = v(0) = 22, successively exchange
the labels of (u;, u;v1) and (w1, viyr) for 1 <7 < 8; and (4134, Ui4+;) and (U144, Via4j) for 1 < j < 3.
Each exchange occurs such that v¢(1) is decreased by 1 and v(0) is increased by 1, so there are 11
exchanges. After all exchanges are completed, the labeling graphs on which v/(1) — v(0) = 20, 18,

., 0 are obtained.
By Theorem 1.3, this completes the proof. m|

+

Lemma 2.23. For generalized Petersen graph G(n,3), if n = 10 (mod 12), then FEBI(G(n, 3)) =
{0,£2,...,x(n—4),x(n - 2)}.

Proof. |E| = 3n is even, and ” is odd. By Theorem 2.12, ve(l) < 3"2_ 2. Finding a closed trail
with length 5= 3” 2 WV VoV - vzv,, WVned "t V3VpVpo3 o Vand Usnois Unts =« - Uplly define the labels of
the edges on thls closed trail and (u,_;,u,) as 1, and the labels of the remaining edges are 0. Then
er(0) =2x 5 41+ 22 43 14241 =2 6,0) = 2, vp(1) = 22, and v(0) = %2, The
labeling graph on Wthh v f(l) -y f(O) =n-—21s obtamed

Starting with the labeling graph on which v(1) —v(0) = n — 2, successively exchange the labels of
(uj, uiq) and (ujyq, vipp) for 1 <i < % (n # 10). Each exchange occurs such that v4(1) is decreased by
I and v£(0) is increased by 1, so there are 5 exchanges. After all exchanges are completed, the labeling
graphs on which v¢(1) —v¢(0) =n—-4,n -6, ..., 0 are obtained.

When n = 10, starting with the labeling graph on which v(1) — v#(0) = 8, successively exchange
the labels of (u, ) and (us, v2); (12, u3) and (u3, v3); (13, us) and (uy, us); and (u4, us) and (us, ug). Then
the labeling graphs on which v¢(1) — v¢(0) = 6, 4, 2, 0 are obtained, respectively.

By Theorem 1.3, this completes the proof. O

Lemma 2.24. For generalized Petersen graph G(n,3), if n = 11 (mod 12), then FEBI(G(n,3)) =
{0,£2,...,x(n—1),x(n+ 1)}.

Proof. |E| = 3n is 0dd, and 24 is odd. Finding a closed trail with length 2%~ 11 v1v, 5,5 - - - V3V,,-3
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V2V Vpd Vi Uans o < Uplly define the labels of the edges on this closed trail as 1, and the

labels of the remaining edges are 0. Then e;(0) = 2 x 2L 4 21 4 303 1 42 = 3l 0 (0) = 2,
ve(l) = 3"; L and ve(0) = % The labeling graph on which v(1) — v(0) = n + 1 is obtained.

Starting with the labeling graph on which v¢(1) —v(0) = n + 1, successively exchange the labels of
(ui, uzpq) and (djyq,vipy) for 1 <i < % (n # 11). Each exchange occurs such that v((1) is decreased by
1 and v,(0) is increased by 1, so there are 5 exchanges. After all exchanges are completed, the labeling
graphs on which v¢(1) —v¢(0) =n—1,n -3, ..., 0 are obtained.

When n = 11, starting with the labeling graph on which v(1) — v¢(0) = 12, successively exchange
the labels of (u;, u;y1) and (u;11, viy1) for 1 < i < 5. Then the labeling graphs on which v(1)—v((0) = 10,
8, ..., 2 are obtained, respectively.

In the labeling graph with v¢(1) — v¢(0) = 2, exchange the labels of (u¢, 7) and (u7, ug). Then the
labeling graph on which v¢(1) — v((0) = 0 is obtained.

By Theorem 1.3, this completes the proof. O

To provide readers with a clearer understanding of the correctness of the conclusions, we have
included two illustrations of G(8, 3) and G(11, 3) and explained the process of exchanging edge labels
to obtain the labeling graphs.

Example 1. For G(8, 3), the process of the labeling graphs on which v¢(1) —v¢(0) = 8, 6, ..., 0 are
obtained is shown in Figure 1.

vi{1)-v(0)=0 Vi(1)-ve{0)=2

Figure 1. The process of the labeling graphs obtained on G(8, 3).

Example 2. For G(11, 3), the processes of the labeling graphs on which v¢(1) —v#(0) = 12, 10, ..., 0
are obtained is shown in Figure 2.
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vi(1)-v(0)=0

Figure 2. The processes of the labeling graphs obtained on G(11, 3).
Combining with the results on the above lemmas, we present the following theorem.

Theorem 2.25. For generalized Petersen graph G(n, 3),

{0, £2, ..., x(n—-1), x(n+1)} nis odd,
FEBI(G(n,3)) =1 {0, £2, ..., *(n-2), +n} n = 0 (mod 4);
{0, £2, ..., x(n—4), x(n-2)} n = 2 (mod 4).
Corollary 2.26. For generalized Petersen graph G(n, 3),
{0, 2, ..., n—1, n+1} nis odd,
EBI(G(n,3))=<¢ {0, 2, ..., n—2, n} n = 0 (mod 4);
{0, 2, ..., n—4, n=2} n = 2 (mod?4).
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3. The edge-balance properties of C(2n; [, m) graphs

In this section, we study the cubic graph C(2n; [, m) and determine the edge-balance index sets of
C(2n; 1, m).

Definition 3.1. Chord: Given a simple graph G, u and v are two not-adjacent vertices on G. Then the
edge joining u and v is called a chord.

Given a cycle C,, (n > 1), the vertices are denoted successively: uy, us, .. ., U,.

Definition 3.2. 2n-cycle with warp and weft chords: Given a cycle C,,, there exist / warp chords and
m weft chords, I,m > 0, [ + m = n. This cycle is denoted by C(2n; [, m).

In C(2n;l,m), V(C(2n;1,m)) = V(Cy,) and E(C(2n;l,m)) = E(Cyy) U {(Uistpsi—iv1) : 1 <0 <
DU (s g o) 1< j < mi,

C(2n; 1, m) is a 3-regular graph. Without loss of generality, let/ > m in C(2n; [, m). Because [+m = n
and/,m>0,1<m<l<n-1.

C(8;3,1) and C(8;2,2) are shown in Figure 3.

SEREin

Figure 3. C(8;3,1) and C(8;2,2).

In C(2n;1l,m), |V| = 2n, and |E| = 3n. The vertices are denoted successively: uy, us, . .., u, U1, U2,
vow and Upy (= W), Upsts Unsds - s Untls Unslels Untis2s - - -5 Uneiem(= Uay,). The warp chord(s) are denoted
successively: (uy, up4), (U, Upi—1), ..., and (u;, u,+1). The weft chord(s) are denoted successively:
(W41, ), (Ups2, Uzp—1), . .y @A (U, Upypi1).

Now, we find FEBI(C(2n;1,m)). First, we discuss the maximum value of v(k) (k € {0, 1}) for any
edge-friendly labeling f of C(2n;l,m). Because [+m =nand 1 <m <[ < n— 1, the values of /, m that
may be obtained have n—1,1;n-2,2; ..., 2, =L ifnisodd, orn—1,1;n-2,2; ..., 2, % if nis even.

Because |E| = 3n, if f is an edge-friendly labeling of C(2n;[,m), then e(k) = es(1 — k) when n is
even, or es(k) = es(1 — k) + 1 when n is odd.

When [, m are even, there only exists an even cycle, and when / or m is odd, there exist odd cycle
and even cycle, so we determine the maximum value of v,(k) (k € {0, 1}).

Theorem 3.1. For any edge-friendly labeling f of C(2n;1,m), k € {0, 1},

(1)ifn = 0 (mod 4), then vy(k) < 32;

(2)if n = 1 (mod 4), then vy(k) < ;

(3)if n = 2 (mod 4), when [, m are odd, then v(k) < 37”; when [, m are even, then v¢(k) < 3"2_2;
(4)ifn = 3 (mod 4), when [ is even, then v,(k) < 3+l when [ is odd, then ve(k) < %

Proof. Let f be an edge-friendly labeling of C(2n;l,m). Because C(2n;l,m) is a cubic graph, by
Theorem 2.1, v¢(x) = 0.

Case 1. Whenn = 0 (mod 4), |[E| = 3nis even, es(k) = ef(1 — k) = 37” is even, and the degree of each
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vertex is 3. So, if the label of the vertex u; is k, then there are at least two k-edges incident on u;. Thus,
when all k-edges are on some cycles, the maximum value of v((k) is obtained. In C(2n; [, m), there are
even cycles, so v,(k) < 37”

Case 2. Whenn = 1 (mod 4), |[E| =3nisodd, es(k) = ef(1-k)+1, ep(k)+es(1—k) = 2e4(k)—1 = 3n,
and es(k) = MTH is even. Following the discussion in Case 1, in C(2n; [, m), there are even cycles, so
ve(k) < 22

Case 3. Whenn = 2 (mod 4), |[E| = 3n is even, and es(k) = ef(1 — k) = 37” is odd. Because [ + m = n,

[,m are odd, or [,m are even. If [, m are odd in C(2n; [, m), there are odd cycles, so v/(k) < 37” If,m
are even in C(2n; [, m), there are only even cycles. Following the discussion in Case 1, v(k) < 37", SO

vp(k) < =2,

Cased. Whenn = 3 (mod 4), |[E| = 3nisodd, es(k) = ef(1-k)+1, ep(k)+ep(1—k) = 2e4(k)—1 = 3n,
and es(k) = 3”7“ 1s odd. Because n is odd, [ > m, so one is odd and the other is even in /, m.

If [ is even, then m 1s odd. There exists odd cycle C ane1 0N which one edge is a warp chord and some
edges are on Cy,,.

If [ is odd, then m is even. Then on an odd cycle, there must be weft chord(s). Thus, if e(k) = 3”2+ L
the cycles on which the edges are labeled by k, the edges belong weft chords, and some edges on C,,.
The odd cycle for the minimum length is Cy;,, and the odd cycle for the maximum length is Cj,,,.
Because [+2m = n+m, 2 —n—m = % —m > 0, s0 in the cycles on which the edges are labeled by
k, there is one odd cycle and some even cycles. But if the length of the odd cycleisal+2 < a < [+2m,
then the length of even cycles is b 2m — 2 > b > 0. Thus, there does not exist an odd cycle and some

even cycles on which the edges are labeled by k such that v(k) = 3"; L sov (k) < % O

In the following discussions, we can see that the maximum value of v¢(k) will be obtained in the
above cases.

Lemma 3.2. FEBI(C(8;1,m)) = {0, £2, +4}.
Proof. Because n = 4, then [, m may be 3, 1; 2, 2.

Case 1./ = 3.

First, define the labels of edges on the closed trail u u,ususugu;u, as 1, and the labels of remaining
edges are 0. Then es(1) = 6 = ef(0), vs(1) = 6, and v4(0) = 2. The labeling graph on which
v¢(1) = v4(0) = 4 is obtained.

In the labeling graph on which v¢(1) — v¢(0) = 4, exchange the labels of (u;, u,) and (u5, ug). Then
v¢(1) is decreased by 1 and v£(0) is increased by 1. The labeling graph on which v(1) — v¢(0) = 2 is
obtained.

In the labeling graph on which v¢(1) — v¢(0) = 2, exchange the labels of (u,, u3) and (u3, us). Then
v¢(1) is decreased by 1 and v£(0) is increased by 1, so the labeling graph on which v¢(1) —v(0) = 0 is
obtained.

Case2./=2.

First, define the labels of edges on the closed trail u u,usususugu; as 1, and the labels of remaining
edges are 0. Then ef(1) = 6 = ¢e4(0), vs(1) = 6, and v¢(0) = 2. The labeling graph on which
v(1) = v¢(0) = 4 is obtained.
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In the labeling graph on which v¢(1) — v(0) = 4, exchange the labels of (u;, u,) and (u5, us). Then
vr(1) is decreased by 1 and v,(0) is increased by 1, so the labeling graph on which v¢(1) —v(0) = 2 is
obtained.

In the labeling graph on which v¢(1) — v¢(0) = 2, exchange the labels of (u;, us) and (u;, ug). Then
v¢(1) is decreased by 1 and v£(0) is increased by 1, so the labeling graph on which v¢(1) —v(0) = 0 is
obtained.

By Theorems 1.3 and 3.1, combining with the above results, it is obtained that FEBI(C(8;[,m)) =
{0, £2, +4}. O

Lemma 3.3. Whenn = 0 (mod 4), n > 4, FEBI(C(2n;l,m)) = {0, 2, ..., +(n — 2), +n}.

3n

Proof. Because n = 0 (mod 4), for any edge-labeling, e/(1) = 37" = ¢;(0) and v(1) < =,

vi()=vp(0)<2Xx % -2n=nand1 <m<%<I<n-1.

SO

Casel. 2 </<n-1.
Define the labels of edges on the closed trail uju;- - - UinUpps) Upes . - Uyl @S 1, and the labels

of remaining edges are 0. Then e;(1) = (3”4—_4) + 1+ (3”4—_4) +1 = 37”, er(0) = 3n — 37" = 37" and
vi(1) = vp(0) =2 X 37” — 2n = n, so the labeling graph on which v/(1) — v¢(0) = n is obtained.

Starting with the labeling graph on which v/(1) — v¢(0) = n, successively exchange the labels of
(U, uip1) and (i1, upey—;) for 1 < i < %’ After each exchange, v,(1) is decreased by 1 and v(0) is
increased by 1. There are 7 exchanges. Once all exchanges are completed, the labeling graphs on

which v¢(1) —v¢(0) =n—-2,n—4, ..., 0 are obtained.
Case2. 2 </< 2

Subcase 2.1. [, m are odd.

Define the labels of edges on the closed trails wujup: - wsms s,y Usn 3o+~ Uzptty and
Uil - - Uity as 1, and the labels of the remaining edges are 0. Then ey(1) = (&% —m —1) +
1+ —m-D+m+1+m+1+1=2=¢p0),ve(1) =2x (2 -m)+m+m+2 =2 and
vi(l) =vp(0) =2 % 37” — 2n = n. The labeling graph on which v(1) — v4(0) = n is obtained.

Starting with the labeling graph on which v(1) — v/(0) = n, successively exchange the labels
Of (Upstzict1s Un+1+i) ANA (Upspei, Uns1—;) Tor 1 < i < m and the labels of (uj,uj,1) and (w1, U4 ;) for
1 < j < 3 —m. After each exchange, v((1) is decreased by 1, and v/(0) is increased by 1. There are
5 exchanges. Once all exchanges are completed, the labeling graphs on which v¢(1) = v¢(0) = n -2,
n—4, ..., 0are obtained.

Subcase 2.2. [, m are even.

Define the labels of edges on the closed trail u u,- - - Wnam Unsam gy Unsdn gy~ Uplly @S 1, the labels
of the remaining edges are 0, then /(1) = ZX(%M -D+m+1+1 = 37” =e4(0), ve(l) = ZXW +m =
3{, and v¢(1) — v¢(0) = n. The labeling graph on which v¢(1) — v((0) = n is obtained.

Starting with the labeling graph on which v¢(1) — v¢(0) = n, successively exchange the la-
bels of (uy,, u;) and (uy, u,41), (W, uivq) and (i, ;) for 1 < i < %; and (”W’”W) and
(u 3n2m, Udn-om 1). After each exchange, v,(1) is decreased by 1, and v(0) is increased by 1. There are
5 exchanges. Once all exchanges are completed, the labeling graphs on which v¢(1) —v¢(0) = n -2,

n—4, ..., 0are obtained.
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Hence, by Theorems 1.3 and 3.1, combining with the above results, FEBI(C(2n;l,m)) = {0, £2,
,*x(n—=2), xn} whenn = 0 (mod 4), n > 4. O

Lemma 3.4. FEBI(C(10;1,m)) = {0, +2, +4, +6).

Proof. Case 1. [ =4,m = 1.

Define the labels of edges on the closed trail uuyususususugugu; as 1, and the labels of the remaining
edges are 0, then e/(1) = 8, e£(0) = 7, v¢(1) = 8, and v(1) — v(0) = 6, so the labeling graph on which
ve(1) —v#(0) = 6 is obtained.

Starting with the labeling graph on which v¢(1) — v¢(0) = 6, successively exchange the labels of
(w4, is1) and (s, uo—;) for i = 1,2; and (u3, us) and (us, us). After each exchange, v¢(1) is decreased by
1, and v£(0) is increased by 1. There are 3 exchanges. Once all exchanges are completed, the labeling
graphs on which v¢(1) — v¢(0) = 4, 2, 0 are obtained.

Case2. /=3, m=2.

Define the labels of edges on the closed trail u;u,usugu;usuouiou; as 1, and the labels of the remain-
ing edges are 0. Then e(1) = 8, ef(0) = 7, v¢(1) = 8, and v¢(1) — v¢(0) = 6. The labeling graph on
which v¢(1) — v(0) = 6 is obtained.

Starting with the labeling graph on which v(1) — v/(0) = 6, successively exchange the labels
of (uio,ur) and (uy,ug); (ui,us) and (ua,u7); and (up, u3) and (u3, us). After each exchange, v¢(1) is
decreased by 1, and v,(0) is increased by 1. There are 3 exchanges. Once all exchanges are completed,
the labeling graphs on which v¢(1) — v¢(0) = 4, 2, 0 are obtained.

By Theorems 1.3 and 3.1, combining with the above results, it is obtained that FEBI(C(10; [, m)) =
{0, £2, =4, +6}. O

Lemma 3.5. Whenn = 1 (mod4),n >S5, FEBI(C(2n;l,m)) =1{0,£2, ..., x(n— 1), x(n + 1)}.

Proof. Because n = 1(mod4), for any edge-labeling, e;(1) = 21 = ¢,(0) + 1, and v,(1) < 2, 50
vf(l)—vf(O)S2><3"—2“—2n:nand1 <m<l<n-1.

Casel. 21 </<n-1.

Define the labels of edges on the closed trail uyuy- - - Usneitty, nss Uy s+ - - Uy ity as 1, and the labels of
the remaining edges are 0. Then e/(1) = (%)+1+(¥)+1 = % =ep(0)+1,ve(1) = 2X% = %,
and vy(1)—v(0) = 2X % —2n = n+1. The labeling graph on which v/(1) —v/(0) = n+1 is obtained.

Starting with the labeling graph on which v¢(1) — v#(0) = n + 1, successively exchange the labels
of (u;, u;r1) and (w1, Upp—;) for 1 < i < % After each exchange, v¢(1) is decreased by 1, and v(0)
is increased by 1. There are % exchanges. Once all exchanges are completed, the labeling graphs on
which v¢(1) =v¢(0) =n—1,n -3, ..., 0 are obtained.

Case 2. 2 <[ <3
Define the labels of edges on the closed trails u;u,- - - u Sy, Une? Usnedn -+ Upplhy and uju, - - Uy

u; as 1, and the labels of the remaining edges are 0. Then ey(1) =m+ 1+ 1+ (3("4—_1) -m-1)+1+

L —m-D+m+1 =220 42 =3 = (0)+ 1, v(D) =m+2+2x (% —m) +m = 2 and
vi(1) =v4(0) =3n+1~-2n =n+ 1, so the labeling graph on which v¢(1) — v/(0) = n + 1 is obtained.
Starting with the labeling graph on which v(1) — v/(0) = n + 1, successively exchange the labels

: 3@m-1) . .
of (u;,u;r1) and (w1, Upy—;) for 1 < i < = —m- 2; (M%_m, MS(n;l)_m) and (M3(r:l)_m, u%_m), and
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(uj, ujpr) and (Ujp1, Upper—j) for 1 < j < 3"+5 . After each exchange, v,(1) is decreased by 1, and v((0) is
increased by 1. The number of exchanges is 22— —2+ 1+ (22 +1-1) = 21 Once all exchanges
are completed, the labeling graphs on which v f(l) —v(0)=n-1,n-3,...,0 are obtained.

By Theorem 1.3, this completes the proof. O

Lemma 3.6. FEBI(C(4;1,1)) = {0, £2}.

Proof. Define the labels of edges on the closed trail u;u,u4u; as 1, and the labels of the remaining edges
are 0. Then es(1) = 3 = e4(0), v¢(1) = 3, and v¢(0) = 1. The labeling graph on which v/(1) —v/(0) = 2
is obtained.

On the labeling graph on which v¢(1) — v¢(0) = 2, exchange the labels of (u,, u4) and (u3, us). Then
vf(1) is decreased by 1, and v((0) is increased by 1. The labeling graph on which v¢(1) — v#(0) = 0 is
obtained.

Hence, by Theorem 1.3, FEBI(C(4;1, 1)) = {0, £2}. O

Lemma 3.7. Whenn = 2 (mod 4), n > 2, FEBI(C(2n; [, m)) =

(){0,£2, ..., +(n—2), +n} when [, m are odd;
2){0,£2, ..., x(n—4), £(n — 2)} when [, m are even.

Proof. Case 1. [, m are odd.

Define the labels of edges on the closed trail u;u,- - - U2 _mot W 160 Usns2 153~ Uplly @S 1, and the
labels of the remaining edges are 0. Then e;(1) = 2x (%2 -3 — )4 m+ 1+ 1 = 2 = ¢,(0),
ve(1) = 5, and v¢(1) — v4(0) = n. The labeling graph on which vf(l) —vi(0)=nis obtalned

Startlng with the labeling graph on which v(1) — v¢(0) = n, successively exchange the labels of
(uy, uzn) and (uy, tyyr), (i uivy) and (Uipp, tpyy-) for 1 < i < 5 —2; and (uau Dt U3n2) _n 3) and
(l/l3(n 2 _ns3 s U ns). After each exchange, v/(1) is decreased by 1, and vf(O) is 1ncreased by 1.

The number of exchanges is 5. Once all exchanges are completed, the labeling graphs on which

vi(1) =vs(0)=n-2,n-4,..., 0are obtained.

Case 2. [, m are even.

Because [, m are even, by Theorem 3.1, vs(1) < 22, Define the labels of edges on the closed
trail uyttys - U2 _pUsne2 14Uz, 4040 14" Uoatty and edge (uy, un.1) are 1, and the labels of the remaining
edges are 0. Then ef(l) = 2x (&2 2. —2-D+1+m+1+1 =2 = €4(0), vp(l) = 2x (L2 -2)+m = 2,
and v¢(1)—v(0) = 2X % -2n=n- 2. The labeling graph on which v/(1) —v¢(0) = n—2 is obtained.

After the manner of the discussions in Case 1, the labeling graphs on which v¢(1) —v(0) = n -4,
n-—0, ..., 0are obtained.

By Theorems 1.3 and 3.1, combining with the above results, the conclusions are correct. O

Lemma 3.8. FEBI(C(6;1,m)) = {0, £2, +4}.

Proof. For C(6;1,m), we can know thatn = 3,/ =2, and m = 1. By Theorem 3.1, v(1) < 5.

Define the labels of edges on the closed trail u;u,ususugu; as 1, and the labels of the remaining
edges are 0. Then e;(1) =5 = e4(0) + 1, vp(1) = 5, and v¢(1) — v4(0) = 2 X 5 — 6 = 4. The labeling
graph on which v¢(1) — v¢(0) = 4 is obtained.

Starting with the labeling graph on which v/(1) — v4(0) = 4, successively exchange the labels of

AIMS Mathematics Volume 11, Issue 2, 5192-5218.



5210

(u1,ue) and (uy, us); and (uy,up) and (uy, u3). After each exchange, v,(1) is decreased by 1, and v(0)
is increased by 1. Once 2 exchanges are completed, the labeling graphs on which v¢(1) —v¢(0) = 2,0
are obtained.

By Theorems 1.3 and 3.1, FEBI(C(6;[,m)) = {0, £2, +4}. |

Lemma 3.9. Whenn = 3 (mod 4), n > 3, FEBI(C(2n; 1, m)) =

(H{0,+2,...,+(n—1), =(n + 1)} when [ is even;
2){0,£2, ..., +x(n—-3), £(n — 1)} when [ is odd.

Proof. Because n = 3(mod4), so, in [, m, one is odd, the other is even, |E]| is odd.

Case 1. [ is even, and m is odd.
Define the labels of edges on the closed trail ujuy- - Ut _wortbst 1 Uzt 1,
the labels of the remaining edges are 0. Then ey(1) = 2X (22 -2l — 1)+ 1+m+1 = 2L = ¢(0) + 1,

ve(l) = 2x (&L —2dy 4+m = 3 and v(1) — v,(0) = n + 1, so the labeling graph on which
ve(1) = v(0) = n + 1 is obtained.

Starting with the labeling graph on which v(1) — v(0) = n + 1, successively exchange the labels
of (up,, uy) and (uy,u,y); and (u;, u;.1) and (uipq, Upe—;) for 1 < i < % and (u%_mT—l_l,u%_mT—l)
and (u% mt, Ut _mt +1)- After each exchange, v/(1) is decreased by 1, and v/(0) is increased by
1. The number of exchanges is 5. Once all exchanges are completed, the labeling graphs on which

vi(1) =vs(0)=n-1,n-3,...,0are obtained.

Uiy as 1, and

Case 2. [ is odd, m is even.

Define the labels of edges on the closed trail ujuy- - - Uzt _mUsn-1 , 153 U1 13 4+ - - Up,uy @S 1, and the
T "2 1t T totl

labels of the remaining edges are 0. Then ep(1) =2 x (L =2 - +m+1+1 =21 = ¢,0) - 1,

ve(l) = 2><(3”4_1 -%)tm= 3”2_1 ,and v¢(1)—v#(0) = n—1. The labeling graph on which v/(1)—v£(0) =
n — 1 is obtained.

After the manner of the discussions in Case 1, the labeling graphs on which v¢(1) —v¢(0) = n - 3,
n-—2>5, ..., 0are obtained.

By Theorems 1.3 and 3.1, combining with the above discussions, the theorem holds. O

Combining with the results on Lemmas 3.2-3.9, we present the following theorem.
Theorem 3.10. For C(2n;l,m), FEBI(C(2n;l, m)) =

(1){0,£2, ..., +n} whenn = 0 (mod 4);

2){0,£2,...,#(n+ 1)} whenn = 1 (mod 4);

(3){0,£2, ..., +n} whenn = 2 (mod 4) and [, m are odd;
®1{0,£2,...,x(n—2)} whenn 2 (mod 4) and [, m are even;
5){0,£2,...,+(n— 1)} whenn = 3 (mod 4) and [ is odd;
(6){0,+2,...,+(n+ 1)} whenn 3 (mod 4) and [ is even.

Theorem 3.11. For C(2n;[,m), EBI(C(2n; 1, m)) =

(1){0,2,...,n} whenn = 0 (mod 4);,
2){0,2,...,n+ 1} whenn = 1 (mod 4);
3)1{0,2,...,n} whenn = 2 (mod 4) and [, m are odd;
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®1{0,2,...,n—2}whenn = 2 (mod 4) and [, m are even;
5){0,2,...,n—1} whenn = 3 (mod 4) and [ is odd;
(6){0,2,...,n+ 1} whenn = 3 (mod 4) and [ is even.

4. The full edge-balance properties of /5 (n)

Issacs [4] was considered a class of odd degree graphs with perfect matching. In this section, we
investigate the FEBI of a class of 3-regular graphs that belong to graphs defined as Issacs.

Definition 4.1. For any integer n > 3, we denote the graph with vertex set V = {x;,¢;; : i =1,2,3, j=
1,2,...,n} such that ¢; ¢ - - cipciy (for i = 1, 2, 3) are three disjoint cycles, respectively, and x; is
adjacent to ¢ j, ¢3,;, and c3 ;. We call this graph a 3-regular Issacs graph and denote it by IS (n).

The IS (4) is shown in Figure 4.

C11 C1z

Ca1
Cza

Ha

H4 Ciz

Cig
Ca 3

Ca 4 Hz

C13
Cia

Figure 4. 15 (4).

In IS (n), |V| = 4n and |E| = 6n.
Now, we find the FEBI of IS (n). First, we discuss the maximum value of v(k) (k € {0, 1}) for any
edge-friendly labeling f of IS (n).

Theorem 4.1. For any edge-friendly labeling f of IS (n), v(k) < 3n (k € {0, 1}).

Proof. Assume f is an edge-friendly labeling of 1S (n), then e;(1) = 3n = e4(0). Since the degree of
any vertex v is 3, if f*(v) = k (k € {0, 1}), then there are at least two k-edges incident on v, thereby,
when all k-edges are on some cycles, the maximum value of v(k) is obtained. So, v(k) < 3n for
k € {0, 1}. O

Next, we determine the FEBI of IS (n).
Theorem 4.2. For any integer n > 3, FEBI(IS (n)) = {0, £2, ..., +2n}.

Proof. Case 1. n = 3.

Define the labels of edges on the closed trail x,c¢; j¢12x2¢20¢23x3¢33¢3,1 X1 as 1, and the labels of the
remaining edges on IS (3) are 0. Then ef(1) =9 = e7(0), v/(1) = 9, and v(0) = 3. The labeling graph
on which v¢(1) — v(0) = 6 is obtained.

Starting with the labeling graph on which v/(1) — v¢(0) = 6, successively exchange the labels of
(x1,c1,1) and (x1, ¢2,1); (X2, ¢22) and (x2, ¢32); and (x3,¢23) and (x3,¢13). V(1) is decreased by 1, and
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v£(0) is increased by 1 after each exchange. Once 3 exchanges are completed, the labeling graphs on
which v(1) —v(0) = 4, 2, 0 are obtained.

Case 2. n > 3 is odd.

Define the labels of CdgCS on the closed trail X1C1,1€12X2€22C23X3C1 3 C14X4C24C2 5+ X2j-1C12j-1C1,2
X2jC22jC22j+1" * * Xn—2C1,n-2C1,n-1 Xp-1€2,n-1C2,nXpnC3,C3,1X1 AS 1, and the labels of the remaining edges on
IS (n) are 0. Then ef(1) = 2n+2 x % +1 =3n=¢e4(0), ve(1) = 3n, and v¢(0) = n. The labeling graph
on which v¢(1) — v¢(0) = 2n is obtained.

Starting with the labeling graph on which v(1) — v¢(0) = 2n, successively exchange the labels of
(xi,¢2;) and (x;,¢3;) for 1 < i < n—1; and (x,, c2,) and (x,, c1,), vg(1) is decreased by 1, and v,(0)
is increased by 1 after each exchange. There are n exchanges. Once all exchanges are completed, the
labeling graphs on which v¢(1) —v¢(0) = 2n - 2,2n -4, ..., 2, 0 are obtained.

Case 3. n > 2 is even.

Define the labels of edges on the closed trail x;c11€12X2022€23X3C1 3C14X4 C24C25°* * X2j-1C12j-1C12;)
X2jC22jC22j+1° ** Xn—1C1n—-1C1,nXnC2,nC2,1 X1 @8 1, the labels of other edges are 0. Then e/(1) = 2n+2 X% % =
3n = e4(0), v¢(1) = 3n, and v((0) = n. The labeling graph on which v(1) — v¢(0) = 2n is obtained.

Starting with the labeling graph on which v¢(1) — v¢(0) = 2n, successively exchange the labels
of (x;,¢2;) and (x;,¢3;) for 1 < i < n. After each exchange, v(1) is decreased by 1, and v(0) is
increased by 1. There are n exchanges. Once all exchanges are completed, the labeling graphs on
which v¢(1) —v¢(0) =2n-2,2n -4, ..., 2, 0 are obtained.

By Theorem 1.3, this completes the proof. O

Theorem 4.3. For IS (n) (n > 3), EBI(IS (n)) ={0,2,...,2n}.
5. The full edge-balance properties of XS trip(n — 4)

In this section, we will investigate the F'EBI of the graph XStrip(n—4) (n > 4), which is a 3-regular
graph.
Definition 5.1. For graph P, X P,(n > 4), the vertex set V = {u;;: i = 1,2; 1 < j < n}. The graph
is denoted by XS trip(n — 4), is such a graph: the vertex set V(XStrip(n — 4)) = V(P, X P,), the edge
set E(XStrip(n —4)) = (E(P, X P2) = {(u12, 2,2), (U1 51, U2n-1)}) U {(u11, u22), (2,1, t12), (W1 s U2 1),
(ul,n—la uZ,n)}-

The XStrip(2) is shown in Figure 5.

Vi1 Vigz V13 V1,4 V1,5 Vig

Va1 o Va2 Vaz  Vag ;'2,5 Vg
Figure 5. XStrip(2).
In XStrip(n — 4), |V| = 2n, |E| = 3n.
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Theorem 5.1. For any edge-balance labeling f of XStrip(n —4) (n > 4), then v;(k) < 37” for n is even
and v (k) < 2L for n is odd, where k € {0, 1}.

Proof. Case 1. n is even.

Assume f is an edge-friendly labeling, then e/(1) = 37” = e;(0). For any vertex u, d(u) = 3. If
fT(u) = k (k € {0, 1}), then there are at least two k-edges incident on u. When all k-edges are on some
cycles, the maximum value of v(k) is obtained, thereby v,(k) < 37” for k € {0, 1}.

Case 2. n is odd.

Assume f is an edge-friendly labeling, then e,(1) = 222 ore/(1) = 1. For any vertex u, d(u) = 3.
If f*(u) = k (k € {0, 1}), then there are at least two k-edges incident on v. Following the discussion in
Case 1, ve(k) < 3”7“ O

Theorem 5.2. For any even integer n > 4, FEBI(XStrip(n — 4)) = {0, £2, ..., £n}.
Proof. Case 1. n = 0 (mod 4).

Subcase 1.1. n > 4.

Define the labels of edges on the closed trail u; ju; ,. . Uyl 3 Uy 3n_y. . U1l AS 1, and the labels
of the remaining edges are 0. Then ey(1) = 2 = ¢,(0), v/(1) = 2, e4(0) = %, and v¢(1) — v4(0) = n.
The labeling graph on which v¢(1) — v(0) = n is obtained.

Starting with the labeling graph on which v/(1) — v¢(0) = n, successively exchange the labels of
(U1, u22) and (uy1, uz2); and (up,j, us jr1) and (uy i1, Uz j41) for j = 2, 3, ..., 5. After each exchange,
vr(1) is decreased by 1, and v4(0) is increased by 1. There are n exchanges. Once all exchanges are

completed, the labeling graphs with v¢(1) —v(0) =n—-2,n -4, ..., 0 are obtained.

Subcase 1.2. n = 4.

Define the labels of edges (uy1,u12), (ur1,uz1), (Ui, uz1), (Ur3,u14), (U13,U24), (Uig,U24) aS 1,
and the labels of the remaining edges are 0. Then the labeling graphs on which v/(1) — v/(0) = 4 is
obtained.

Starting with the labeling graph on which v¢(1) — v¢(0) = 4, successively exchange the labels of
(u12,up1) and (ua1, U 2); and (uy 3, up 4) and (u, 3, U2 4). Once two exchanges are completed, the labeling
graphs with v¢(1) — v¢(0) = 2, O are obtained.

Case 2. n = 2 (mod 4).

Define the labels of edges on two closed trails u ju; ;.. Uy 302Uy 30 Uy 302) - U U and
Uy po1 Uy Uz nlty -1 as 1, and the labels of the remaining edges are 0. Then e/(1) = @+3 = %” = e5(0),
ve(l) = 37", vy(0) = 3, and v¢(1) — v(0) = n. The labeling graph with v¢(1) — v;(0) = n is obtained.

Subcase 2.1. n > 10.

Starting with the labeling graph on which v/(1) — v¢(0) = n, successively exchange the labels of
(uz,1, uz2) and (w11, un); and (ua,j, up jy1) and (uy ji1,u 1) for j = 2, 3, ..., 5. After each exchange,
v¢(1) is decreased by 1, and v4(0) is increased by 1. There are n exchanges. Once all exchanges are
completed, the labeling graphs with v¢(1) —v¢(0) =n—-2,n -4, ..., 0 are obtained.

Subcase 2.2. n = 10.
Starting with the labeling graph on which v/(1) — v¢(0) = 10, successively exchange the labels of
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(2,1, uz2) and (uy,1, u22); (U2, j, U ju1) and (uy ji1, U jy1) for 2 < j < 4; the labels of (uy 0, u2,10) and
(11,10, U29). Once all exchanges are completed, the labeling graphs with v,(1) —v¢(0) =8, 6, ..., 0 are
obtained.

Subcase 2.3. n = 6.

Starting with the labeling graph on which v(1) — v/(0) = 6, successively exchange the labels
of (uy1,uzp) and (uy 1, uz2); (Uz,uz3) and (up3, uz4); (16, Uze) and (uy6, uzs); and (uy, 10, U2,10) and
(11,10, U29). Once all exchanges are completed, the labeling graphs with v¢(1) — v¢(0) = 4, 2, 0 are
obtained.

Hence, by Theorem 1.3, FEBI(XStrip(n —4)) = {0, £2, ..., £n} when n > 4 is even. O

Theorem 5.3. For any odd integer n > 5, FEBI(XStrip(n — 4)) = {0, £2, ..., =(n + 1)}.
Proof. Case 1. n = 1 (mod 4).

Subcase 1.1. n > 5.
Define the labels of edges on the closed trail u; ju;,...u, et Uy nst Uy 3ns. . U 1l @S 1, and the

labels of the remaining edges are 0. Then e(1) = 3"—2“ = ep(0) + 1, vp(1) = 3"2“, ve(0) = ”;21, and
ve(1) =v#(0) = n + 1. The labeling graph with v/(1) — v¢(0) = n + 1 is obtained.

Starting with the labeling graph on which v/(1) —v#(0) = n + 1, successively exchange the labels of
(2,1, ur) and (uy 1, u22); and (uy j, up ji1) and (uy i1, uo joq) for j=2,3, ..., % After each exchange,
vr(1) is decreased by 1, and v((0) is increased by 1. There are n + 1 exchanges. Once all exchanges are

completed, the labeling graphs with v¢(1) —v(0) =n—1,n -3, ..., 0 are obtained.

Subcase 1.2. n = 5.

Define the labels of edges on the closed trail u; u;u;suzsuzou;y and (uy4,u15), (Uys,Uss),
(41,4, U2 5) as 1, and the labels of the remaining edges are 0. The labeling graph on which v/(1)—v/(0) =
6 is obtained.

Starting with the labeling graph on which v¢(1) — v¢(0) = 6, exchange the labels of (u;,u,,) and
(u1,1,uz.1); (U2, up3) and (uy 1, uz); and (uys, ups) and (uy s, ur4). Once all exchanges are completed,
the labeling graphs on which v¢(1) — v¢(0) = 4, 2, 0 are obtained.

Case 2. n = 3 (mod 4).
Define the labels of edges on two closed trails u; ju; 5. . .u, s Uy s Up 3. U, LU and u; -

Ut pUa ity -1 as 1, and the labels of the remaining edges are 0. Then ep(1) = 22 +3 = 3 = ¢ (0) + 1,

ve(l) = 3"2“, ve(0) = %, and v¢(1) —v#(0) = n+ 1. The labeling graph on which v/(1) —v;(0) = n+1

is obtained.

Subcase 2.1. n > 7.

Starting with the labeling graph on which v(1) — v(0) = n + 1, successively exchange the labels
of (un,1,u22) and (uy 1, u22); (taj, Up ju1) and (uy jur, un 1) for j = 2,3, ..., =15 and (uy -1, ur,,) and
(U2,0-1, Uz,,). After each exchange, v((1) is decreased by 1, and v4(0) is increased by 1. There are n + 1
exchanges. Once all exchanges are completed, the labeling graphs with v¢(1) —v¢(0) =n—-1,n -3,
..., 0 are obtained.

Subcase 2.2. n = 7.
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Starting with the labeling graph on which v/(1) — v/(0) = 8, successively exchange the labels
of (uz1,u22) and (uy1,uz2); (Uzp,u23) and (uy3,uz3); (Uz3,uz4) and (uzg,uzs); and (uyg, us7) and
(u26,Ur7). After each exchange, v¢(1) is decreased by 1, and v/(0) is increased by 1. There are 8
exchanges. Once all exchanges are completed, the labeling graphs on which v¢(1) —v¢(0) = 6,4, 2,0
are obtained.

Hence, by Theorem 1.3, FEBI(XS trip(n —4)) = {0, £2, ..., £(n + 1)} when n > 5 is odd. O

Theorem 5.4. For n > 4, EBI(XStrip(n — 4)) =
(1)1{0, 2, ..., n}fornis even;
(2){0, 2, ..., n+ 1} for nis odd.

6. The full edge-balance properties of Mobius ladder graphs

In this section, we study the FEBI of Mobius ladder graphs, a class of 3-regular graphs.

Definition 6.1. For graph P, X P, (n > 3), the vertex set V = {uy 1, 12, ..., Ui n, Ua1s U22y -5 Uyl
The Mobius ladder graph is denoted by M,

V(M,) = V(P, X Py),
E(M,)) = (E(P, X Py)) U {(u1,1, u2,), (Uz1, U1 n)}-

Mg is shown in Figure 6.

Uy Wz Uy, 3 U,y Ups U6

] —

Uz, Uz, 2 Uz, z Uz 4 Uz g Uz, g

Figure 6. M.

In M, (n > 3), |V| =2n, and |E| = 3n.
Theorem 6.1. For any edge-friendly labeling f of M, (n > 3), then

(1) vk) < 37” for n is even;
(2) vy(k) < 2L for n = 1 (mod 4);
(3). velk) < 3"2_1 for n = 3 (mod 4), where k € {0, 1}.

Proof. Assume f is an edge-friendly labeling of M, (n > 3).

Case 1. n is even.
er(1) = 37" = e4(0). Since the degree of any vertex v is 3, if f*(v) = k (k € {0, 1}), then there are at
least two k-edges incident on v, thereby most 37" k-vertices will be obtained by 37” k-edges. When all

k-edges are on some cycles, the maximum value of v(k) is obtained. So, v,(k) < 37”
Case 2. n = 1 (mod 4).

e(k) = 21 or 21, Since the degree of any vertex v is 3, if f*(v) = k (k € {0,1}), then there
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are at least two k-edges incident on v, thereby most 22 k-vertices will be obtained by 2 k-edges.
Following the discussion in Case 1, v¢(k) < 3"7“

Case 3. n = 3 (mod 4).
er(k) = 2L or 221 and ¥ is odd. Since the degree of any vertex v is 3, if f*(v) = k (k € {0,1}),
then there are at least two k-edges incident on v, thereby most 3"7“ k-vertices will be obtained by L;l

k-edges. Following the discussion in Case 1, v(k) < % But there does not exist odd cycle C ans1, SO
Vf(k) < SHT_I O

Theorem 6.2. For any even integer n > 4, FEBI(M,)) = {0, 2, ..., +n}.

Proof. Case 1. n = 0 (mod 4).

Define the labels of edges on the closed trail u; ju; - - Uy 3nlly 3nlhy ncae = - U Uy | @S 1, and the labels
of the remaining edges are 0. Then es(1) = 2 = ¢,(0), v/(1) = 2, v4(0) = £, and v/(1) — v4(0) = n.
The labeling graph on which v4(1) — v(0) = n is obtained.

Starting with the labeling graph on which v¢(1) — v¢(0) = n, successively exchange the labels of
(ul,%,uz,%) and (ul%,uz’%); and (upj, up j+1) and (uy ji1,up i) for j = 1,2, .., % After each
exchange, v/(1) is decreased by 1, and v/(0) is increased by 1. There are n exchanges. Once all

exchanges are completed, the labeling graphs with v¢(1) —v/(0) =n—-2,n -4, ..., 0 are obtained.

Case 2. n = 2 (mod 4).

Define the labels of edges on the closed trail u; juy juy ity -1 - Uy U s Uy n2 Uy 02 Uy nsUy s == Up)
uipoup, as 1, and the labels of the remaining edges are 0. Then ef(1) = 37" = ¢e(0), ve(1) = 37”, and
v¢(0) = 5. The labeling graph on which v¢(1) — v¢(0) = n is obtained.

Starting with the labeling graph on which v/(1) — v¢(0) = n, successively exchange the labels of
(ul,%ﬂ_], ul,%ﬂ) and (u17%+]~, uz,%”) for 1 < j < 7. After each exchange, v/(1) is decreased by 1, and
v£(0) is increased by 1. There are n exchanges. Once all exchanges are completed, the labeling graphs
with ve(1) = v(0) =n—-2,n—4, ..., 0 are obtained.

By Theorem 1.3, this completes the proof. O

Theorem 6.3. For any odd integer n > 3, FEBI(M,) =

(DH{0,£2,...,x(n+ 1)} forn =1 (mod 4);
2){0,%2,...,x(n— 1)} forn = 3 (mod 4).

Proof. Case 1. n = 1 (mod 4).
Define the labels of edges on the closed trail u; ju;,--- Uy el Uy sust Uy 3023+ U1 Uy 1 @S 1, and the

labels of the remaining edges are 0. Then e;(1) = 2 = ¢4(0) + 1, vy(1) = 2 v,(0) = %!, and
vi(1) = v¢(0) = n + 1. The labeling graphs on which v/(1) —v(0) = n + 1 is obtained.

Starting with the labeling graph on which v(1) —v(0) = n + 1, successively exchange the labels of
(ul,%, ulsnTu) and (ul,%, u1’3n7+5); and (uy j, up ji1) and (uy j1, Uz ji1) for j=1,2, .., % After each
exchange, v,(1) is decreased by 1, and v/(0) is increased by 1. There are n + 1 exchanges. Once all

exchanges are completed, the labeling graphs on which v¢(1) —v¢(0) =n—-1,n-3, ..., 0 are obtained.
Case 2. n = 3 (mod 4).

Subcase 2.1. n > 3.
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Define the labels of edges on the closed trail u; ju; - - - Uy o Uy 3ot Uy snss e U, Uy and ( uy , Uz p)
as 1, and the labels of the remaining edges are 0. Then ef(1) = % = er(0) + 1, ve(1) = %
vr(0) = %, and v¢(1) —v¢(0) = n — 1. The labeling graph on which v¢(1) — v/(0) = n — 1 is obtained.

Starting with the labeling graph on which v¢(1) —v(0) = n — 1, successively exchange the labels of
(v2,j> va,js1) and (vy ji1,vaj1) for j =1,2, .., % After each exchange, v(1) is decreased by 1, and
v£(0) is increased by 1. There are n — 1 exchanges. Once all exchanges are completed, the labeling

graphs on which v¢(1) —v¢(0) =n—-3,n-35, ..., 0 are obtained.

Subcase 2.2. n = 3.

Define the labels of edges on the closed trail u; ju; 2us2us 1111 as 1, and the labels of the remaining
edges are 0. The labeling graph on which v¢(1) —v/(0) = 2 is obtained. On the labeling graph on which
vi(1) = v¢(0) = 2, exchange the labels of (5, u,,) and (u22,u53), and the labeling graph on which
ve(1) = v#(0) = 0 is obtained.

By Theorem 1.3, this completes the proof. O

Theorem 6.4. For M,, (n > 3), EBI(M,) =

(1){0,2,...,n} when n > 4 1is even;
(2){0,2,...,n+ 1} when n = 1 (mod 4);
3){0,2,...,n—1} whenn = 3 (mod 4).

7. Conclusions

In this paper, we studied five classes of cubic graphs, by finding some closed trails and exchanging
the labels of edges method. We obtained the full edge-balance index sets of these graphs and knew that
these graphs are edge-balance. Thus, there are the following problems:

Problem 1. For any cubic graph, is it edge-balance?

Problem 2. For any odd-regular graph, under what conditions is it edge-balance?

Problem 3. For any odd-regular graph G, in its edge-balance index set, does there only exist even
numbers?
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