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Abstract: We investigate the relaxation dynamics of point vortices described by the Euler-
Smoluchowski-Poisson equation. Our study reveals a quantization mechanism for collapse masses and
demonstrates that the Hamiltonian of the point vortex system governs the dynamics of subcollapses,
both in finite-time and infinite-time blowup scenarios. By analyzing the interplay between the Euler
term and the Smoluchowski-Poisson structure, we establish that the quantized blowup mechanism and
recursive hierarchy observed in the absence of the Euler term persist when it is introduced. Further-
more, we clarify the role of the Euler term in shaping the microscopic dynamics of subcollapses during
blowup. Our results extend the understanding of blowup phenomena in this system and highlight the
robustness of its underlying geometric and analytical structures.
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1. Introduction

The study of vortex dynamics is fundamental to our understanding of fluid behavior across various
scales, from weather patterns to turbulence. A particularly elegant approach to this problem involves
studying systems of point vortices and their mean-field descriptions. In this paper, we examine the
blowup mechanism of the Euler-Smoluchowski-Poisson equation

u, +BV-(uV-v)=V-(Vu—-uVv), -Av=u inQx(0,7T) (1.1)
with

=0, V=0 (1.2)
0
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and
uli—o = uo(x) >0, (1.3)

where Q c R? is a bounded domain with smooth boundary 092, |8] < 1,
0 _90
V=( 7y ) VLz( 3 )
axy x|
y = v
=| 2
[5)
T = 1 .
-y

Henceforth, we write x* = (x,, —x;) for x = (x1, x2).

This system is formulated by [6] to describe the relaxation dynamics of the mean field of many point
vortices from quasistationary to stationary, using Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKY)
hierarchy and factorization. The constant S is associated with the vortex intensity, and henceforth,
BV - (uV+y) is called the Euler term. Equation (1.1) is also introduced in theoretical biology as a
system of chemotaxis [28]. Its general form was studied by [7] on the whole space Q = R?, where the
optimal mass A = |||, 1s derived for the blowup of the solution in finite time, by the method of second
moment.

If 8 = 0, it is the Smoluchowski-Poisson equation describing the material transport of the closed
system in thermodynamics [25, 27]. There is total mass conservation with free energy decreasing;
this induces the Boltzmann-Poisson equation as a stationary state; scaling invariance results in the
critical dimension and mass; and a weak form ensures the quantized blowup mechanism with recursive
hierarchy to both blowup in finite and infinite time. Our purpose is to confirm that these structures still
hold in the case of 5 # 0 and to clarify the effect of the Euler term in the subcollapse dynamics.

First, if uy = ug(x) is smooth there is a classical solution local-in-time, of which maximal existence
time is denoted by 7' = T« € (0, +00]. It holds that u = u(-,) > 0 on Q and

for x = (x1, x),

is the outer unit vector, and

d
— | u f V- (Vu—-uVv - BuV+ty) = f v (Vu — uVy — BuV+v)
dt Jo Q

00
ou ov ov
= — —u— —Bu—ds =0,
80 aV uaV ﬁuaT S
and therefore,
A = lu-, Dl (1.4)

is independent of ¢. Here and henceforth, we write

f...ds

0Q

f{...}ds
0Q
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without confusion.
Second, writing the first equation of (1.1) as in

V- (Vu—uVv - puV+y)
V- Vlogu—uVv — uBV+v)
V- u(V(og u — v) — BV v)

U

we obtain

f[V -(uV(logu —v) = BV*+v)](logu — v)
Q

f u,(logu —v)
Q

by the first equality of (1.2). Here, we have

i),
u;logu = — | u(logu —1).
Lt g i Jg g

fu,v = ff G(x, xu(x, Hu(x', t) dxdx’
o QxQ

1d f f Gl ®

53 o x,xX)u®u,

u®u = u(x,Hu(x’,r)

f —ulV(logu — v)|* + BV*+v - V(logu — v) dx
Q

It also holds that

where

and G = G(x, x') is the Green function to the Poisson equation
-Av=uinQ, V| =0.

In fact the Green function satisfies
G(x,x") =G(X, x),

which implies (1.6).
We have, on the other hand,
Vv -V =0

0
quLv-VloguszLv-Vu:f —Vu—f[V-(VLv)]u:O
Q Q aa 0T Q

by the second equality of (1.2). Equality (1.5) is now reduced to

and also

i"f(u) =— f ulV(ogu —v)? <0
dt 0

?"(u):fu(logu—1)—1ffG(x,x’)u®u
Q 2 Q

where

(1.5)

(1.6)

(1.7)

(1.8)
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stands for the free energy of Helmholtz [25]. The stationary state is, therefore, formulated by
u> 0, logu — v = constant, fu =4,
Q

that is, the Boltzmann-Poisson equation

v

A
—Av = ¢

v
e

This equation arises in Onsager’s theory of point vortices [17], derived from the point vortex Hamilto-
nian [2, 18],

inQ, vy =0. (1.9)

1 ¢
Hen,oox0) = 5 ) R+ ) Glux). (1.10)
j=1

1<i<j<t
where
R(x) = [G(x, X))+ i log |x — x'I]
2n Yex
stands for the Robin function. There is a quantized blowup mechanism for the family of solu-
tions (Ag, vi), k = 1,2, -- -, where the location of blowup points is prescribed by (1.10) [16].

Systems (1.1)—(1.3) describe the relaxation dynamics from the quasistationary to the stationary,
which exhibits the profile of recursive hierarchy, that is, control of the Hamiltonian to the blowup
mechanism both in finite time and infinite time. Here we recall that (1.9) is the mean field equation of
the stationary state of many point vorticies derived from the theory of statistical mechanics. Actually,
the kinetics of point vortices is subject to the Hamilton system associated with the Hamiltonian H, [18].

Recent advances in blowup analysis for the Keller-Segel system have been developed by Chen-
Li-Wang [3], who established a comprehensive blowup theory for the parabolic-elliptic Keller-Segel
system as a parabolic counterpart to the Liouville equation. Their approach, which uses convergence
analysis and quantized mass concentration at blowup points, shares similar structural features with
our analysis of the Euler-Smoluchowski-Poisson system, particularly regarding the 87 quantization
phenomenon and the role of scaling invariance in determining critical masses.

Equation (1.1) on the whole space QQ = R”,

u, +BV - (uV-v)=V-(Vu—-uVv), —-Au=v inR"x(0,7T), (1.11)
is scaling invariant under the transformation
Uy (x,1) = c*u(ox, o’t), ve(x,1) = v(ox, o’t),
where o > 0 is a constant. This scaling invariance implies, first, the critical dimension n = 2 by
lluglly = 0" llull,

for u,(x) = o?u(ox).
Second, the free energy ¥ to (1.11) with n = 2 becomes

ﬁ(u):f u(logu—l)—lff I'x—xYu®u,
R 2 JJrexre
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where

I'(x) 11 !
x) = — log —
2 g|x|

stands for the fundamental solution to the two-dimensional Laplacian satisfying

—AI' = 5Q(d)€)
for X X
0 0
A= —+—, = (x1, X2).
x;  0x; x = (0, x2)

Therefore, it holds that

1 1
7:*(’/{0') = f M(T(lOg Uy — 1) - 0 ﬂ log Uy Q Uy
R2 47 R2xR2 |X - x’|
1 1
= f u(logu+210g0—1)——ﬂ (log +logo|u®u
R2 47T R2xR2 |.x - x’l
/12
= (24— -—)logo + F.(u)
A
and the critical mass A = |[u||; = 8 arises from the requirement

Fo(uy) = F.(u).
The weak form of (1.1) and (1.2) arises for

— oy 0y
2 — —
p e C(Q), 6v+ﬂ87

=0,
0Q

d 1
d—tjg;gou = LAw-u+ EILXQ@¢(x,x’)+,8p;(x,x’))u®u,

Po(x,X') = Vo(x) - V,G(x,x") + Vo(x') - V. G(x, X)
P, (%, x') = Vo(x) - Vi G(x, X') + Vo(x') - Vo G(x, X).

by (1.7) as in

where

(1.12)

(1.13)

(1.14)

(1.15)

Interior and boundary behaviors of G = G(x, x”) are derived from the elliptic regularity and conformal

transformation ([25] pp. 84-90). We thus obtain

Gx,x)=T(x-—x)+ K(x,x")
K e C2+9,1+9(Q % 5) N Cl+9,2+9(Q % 5)

for 0 < @ < 1. It also holds that

G(x,x')=EX,X")+ L(x, x")
L € C**((Q N B(xy, R)) X (Q N B(xo, R)))

(1.16)

(1.17)
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for xp € 0Q and 0 < R < 1, where
X:QNB(x,R) — ﬁi ={(X1,X2) | X5 > 0}
is a conformal mapping satisfying X(x) = 0 and
EXX)=TX-X)-T(X-X))

with X, = (X;,-X») for X = (Xi,X,) [26]. These properties ensure p, + ,Bp(j e L*(Q x Q) ([25]
pp- 84-90).

With these mathematical structures in place, we can now state our main results. The following
two theorems establish the quantized blowup mechanism for systems (1.1)—(1.3), extending the known
results for the case of § = 0 to the general case with the Euler term. These results demonstrate the deep
connections between the partial differential equation (PDE) system and the underlying point vortex
dynamics.

The first theorem asserts that blowup in finite time arises with the formation of delta functions
0y, (dx), xo € S, of which coeflicients m(x,) are so quantized as 8x times an integer. This theorem also
shows that this event occurs only if the total initial mass is so disquantized as A = ||uy||; ¢ 87N, where
N ={1,2,---}. This result is consistent with a criterion for the blowup in finite time, known for g = 0,
that is, concentration of the initial value uy = uo(x) at a point with a mass greater than 8z ([14, 21]).

Theorem 1.1. (blowup in finite time) If T < +oo it holds that

u(x, )dx — Z m(xp)0,,(dx) + f(x)dx in M(ﬁ) = C(ﬁ)’ (1.18)
onS
ast T T, where B
S= {0 € Q| dxy > x9, 4 T T, u(xy, ty) — +o0} (119)

denotes the blowup set. It holds that
ScQ, #S<+o0, m(xg) €8N, N={1,2,---} (1.20)

and

0<f=f(x)eCQ\S)NL(Q). (1.21)

The second theorem asserts that the blowup in infinite time occurs only if the total initial mass is so
quantized as A = |[upl|; € 87N, and there is a critical point of the point vortex Hamiltonian H,. This
feature is also observed in the blowup family of stationary solutions [16].

Theorem 1.2. (blowup in infinite time) If

T = +oo, limsup ||u(, 1)||c = +00,
tT+o0

it holds that
A = luglly = 8t

for some € € N. There is x, € Q° \ D, such that

VHg(X*) = 0,
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where H, = H stands for the point vortex Hamiltonian defined by (1.10) and
D;={(x,---,x) e Q| xeQ} (1.22)

denotes the diagonal set.

There are several applications of these theorems as in the case of g = 0. First, if 4 = 8, blowup in
finite time does not arise by Theorem 1.1. From (1.4) and (1.8), on the other hand, if the solution exists
global-in-time and is uniformly bounded, its w-limit set is contained in the set of stationary solutions,
and in particular, there must exist a solution to (1.9) [9]. If 4 = 8, therefore, it holds that 7 = +oo,
and blowup in infinite time occurs if Q is close to a disc ([27] p.124).

Second, if A = ||uy||; ¢ 87N and equation (1.9) does not admit a solution, the solution to (1.1) makes
blowup in finite time. If Q is convex, on the other hand, the Hamiltonian H, for £ > 2 does not take
any critical point by [8], and therefore, if 4 > 87 and Q is close to a disc, the solution to (1.1) makes
blowup in finite time. In spite of these similarities with the case of 8 = 0, the Euler term SV - (uV*v)
affects the microscopic blowup mechanism, that is, the subcollapse dynamics both in blowup in finite
time and infinite time (§3.11).

The system of Eq (1.1) induces

u+ BV - Vu = Au—Vv-Vu +u?,

and therefore, its spatially homogeneous part takes the form

u; = I/tz.

If a blowup arises at t = T of this ordinary differential equation (ODE), it follows that
u(ty = (T -1,

and for this reason, the blowup rate O((T — t)7!) is referred to as Type 1. We have, however, always a
Type II blowup rate indicated by
—

This profile is more refined according to the boundedness of the free energy F (u) (§3.11).

Under these conditions, detecting the actual blowup rate is the first step to construct blowup solution
by the method of matched asymptotic expansion, and this process has been done for 8 = 0 by [10, 13, 5]
with and without radial symmetry, respectively. To our knowledge, however, it still remains open to
detect the actual blowup rate and to construct blowup solution for the case of g # 0.

Exclusion of the boundary blowup is a consequence of the form of the Poisson part associated with
the Dirichlet boundary condition,

—Av =u, vjgo=0

in (1.1) and (1.2). If this part is involved by a Neumann boundary condition such as

—Av+v:u,@ =0
0vlsa
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or

1
—Av:u——fu,@ :O,fv:O,
1Q Jo 0vlaa Q

actual boundary blowup in finite time is expected. Then the collapsed mass m(xy), xo € S may be so
quantized as m(xy) € m.(xo)N, where

81, xp€Q,
4, xo € 0Q.

This feature is confirmed for 8 = 0, see [27] for example, and we expect it even for 8 # 0. Showing an
actual collision of subcollapses on the boundary is more challenging.

Relatives of the Euler-Smoluchowski-Poisson Eq (1.1) are observed widely in the theory of statis-
tical mechanics, particularly in the field of astrophysics. We refer to [4] for readers who are interested
in this topic.

m*(-x()) = {

2. Organization of the paper

This paper is composed of three sections. Theorems 1.1 and 1.2 are proven in Sections 3 and 4,
respectively. Although these results are not involved by B explicitly, the Euler term 8V - (uV+v) causes
technical difficulties. We show that this term is controllable as in the argument [27] developed for 8 = 0
except for the last part, the dynamics of subcollapses involved by the Euler term, (3.27) and (4.10).

For the blowup in finite time, we localize the e-regularity for the existence of the solution, uni-
formly bounded and global-in-time, to ensure the formation of finite collapses by the weak form (1.14)
(§3.1-§3.3). Furthermore, this weak form induces the notion of the weak solution, and the princi-
ple of its generation from the bounded sequence (§3.4). Then we introduce the backward self-similar
transformation to take its weak limit {(dy, s) with the key properties of the parabolic envelope (§3.5
and §3.6). As a consequence is the exclusion of the boundary blowup (§3.7). Taking the scaling back
A(dy', s") of {(dy, s) and its scaling limit, we observe that the singular part of A(dy’, s") is composed
of a sum of delta functions, called subcollapses, with the quantized mass 87 (§3.8). Then we prepare
a scaling invariant e-regularity to deduce the vanishing of the absolutely continuous part of {(dy, ),
which results in the collapse mass quantization m(xy) € 8aN, xo € S (§3.9 and §3.10). We finally
detect the subcollapse dynamics using local second moment (§3.11).

For the blowup in infinite time, we take the translation limit u(dx, t) of the solution, instead of the
scaling limit with the formation of collapses (§4.1). Then, we exclude the boundary blowup and the
collapse mass quantization using scaling limit (§4.2 and §4.3). A rough description of the dynamics
of the singular part of u(dx, t) is derived from the local second moment, and then the defect second
moment ensures the vanishing of its absolutely continuous part (§4.4 and §4.5). Here, the control of
the Euler term is crucial. The collapse dynamics are finally confirmed with the aid of the theory of
dynamical systems (§4.6).

3. Blowup in finite time

3.1. e-regularity

Here we show the following proposition obtained by [11] for 8 = 0 for the case of Neumann
boundary condition in the Poisson part. See also [1, 15, 29] for a refined estimate of & in this case,

AIMS Mathematics Volume 12, Issue 2, 5120-5151.
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and [14] for its optimality.
We follow the estimates of L”-norms executed for S = 0 ([25] Chapter 11).

Proposition 3.1. (e-regularity) There is &y > 0 such that
A= luolh <& = T =+o0, [ju(:, Dl < C.

Proof. Letting p > 0, we obtain

1
Lyt = P= | [V (Vu—uVv - BuV*v)lu?
+ldt” [ fgutu fg[ (Vu — uVv — BuV*v)lu

- f(Vu —uVv — BuV+v) - Vu?,
Q

with 4
fVu-Vu”: b szu”?lﬁ
Q (p+ 1) Jo
quv-Vu” = f - VuPt!
Q p+1
p+1 p+l o
< P f
+
and
qulv-Vu” = P fVup“ Vv
Q p+1
p+1 7"

Q
— p+1‘7. ‘7L
+1fgu lfgu (V+v)

’

which implies

1 I
+1dz” e < o +1)2|| Il2
Inequality (3.1) is the same as the one for 5 = 0, and then Moser’s iteration scheme ensures the result.
O

3.1

p+2°

3.2. Localization

We provide the following proposition to localize Proposition 3.1.

Proposition 3.2. There is gy > 0 such that

sup [lu(-, Dl @npio.ry < € = sup luC, Dll2@nsrg.r2) < C
0<t<T 0<t<T

for any x €eQand0 <R < 1.

AIMS Mathematics Volume 12, Issue 2, 5120-5151.
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Proof. Given ¢ = ¢(x) in (1.13), we obtain

1 d
— | utly = V- (Vu — uVv — BuV*+v)lu”
p+1dtf9”‘” fg[(uuvmt Wl

- f(Vu —uVv = BuV+v) - V(ul¢). (3.2)
Q
It holds that

qulv -V p) = qulv (VP + u’Vo)
o Q

= f (%Vu”“ . VLv)cp +u 'y Vo dx
ol\p

0
:f Lu‘”l—vg0+f—LM‘DHV-(L;JVLV)+u[’+1Vlv-Vt,0a’x
p Q

op+1 or p+1
p p+lgl
= — Vv - Vo, 3.3
P+1fgu e G5

and the term
f(Vu —uVv) - V()
Q

is treated as in the case of 5§ = 0.
Here we use the smooth cutoff function ¢ = ¢,z for xy € Qand 0 < R < 1, satisfying (1.13),
0<p<l1
_ | 1 inQnN B(xp,R)
$= { 0 inQ\ B(xy,R),
and
Vel <A@, V2l < Bg™,
where A = CR™! and B = CR™2 ([25] p.222).
Thus, for p = 1 we have

1d
EELMZQD+L|VM|2QD+MVM'V()OCZX

= f u(Vv - Vu)p + u?’Vv - Vo + gquLv -V dx
Q

([25] p.225) with

0
fquLv Vo = fuzv—"p - fval (V) = - f Wit - V.
Q d dv Q Q

This term is treated similarly to
f wWu* - Vo
Q

([25] p.227), and the other terms are the same as in the case of 8 = 0 ([25] pp.226 and 227). Then we
obtain the result. O

Applying (3.2) and (3.3) to p = 2, we now obtain the following fact as in Proposition 3.2 ([25]
p-229).

AIMS Mathematics Volume 12, Issue 2, 5120-5151.
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Proposition 3.3. Under the assumption of Proposition 3.1, it holds that

sup [lu(-, Oll3@npo.r/4) < Cs
0<t<T

which implies

sup [|Vv(:, Dllr=@nBxo.r/8) < C. (3.4)

0<t<T

Once (3.4) arises, Moser’s iteration scheme works ([25] pp.229-235), which results in the following
lemma.

Lemma 3.1. (localized e-regularity) There is &y > 0 such that

lim lim sup ”u(', t)”Ll(QﬂB(X(),R)) <& = Xy ¢ S.
RIO - pr

Lemma 3.1 implies the following fact as a corollary.

Lemma 3.2. It holds that

limsupfu(logu— D)-ppr<+0, 0<R<1 = x¢S.
0T Q

Proof. Given ¢ = ¢y, g, we have

%Lu(logu—l)«p

f (u, log u)p
Q

- f(Vu —uVv — BuV+v) - V(plogu) (3.5)
Q

with
f uV+ty - Viplogu) = f(VLv -Vu)p + (ulogu)V*ty - Vo dx
Q Q
ov N N

= —up+ | —uV-(eVVv)+ (ulogu)V-v- Ve dx
aa OT Q

= f u(logu — 1)V*+v - Vo.
Q

The other terms of the right-hand side of (3.5) are treated similarly to the case of § = 0 and the
Neumann boundary condition to the Poisson part ([25] pp.235-237). In fact we have

f uVvy - V(plog u)
Q
ov
= —up+ | —uV-(eVv)+ (ulogu)Vv - Ve dx
aq Ov Q
< f u(logu — Vv - Vo + i’ dx,
Q

which implies the result. O

AIMS Mathematics Volume 12, Issue 2, 5120-5151.
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3.3. Monotonicity formula

Equality (1.14) with p,, pgj € L*(Q x Q) implies

il

— u
di )¢
for ¢ = ¢(x) in (1.13), which takes a similar role of the monotonicity formula in the study of harmonic

maps ([24] p.259). Then we obtain the following lemma as in the case of 8 = 0 ([25] pp.237 and 238,
[27] p.66) together with the finiteness of the blowup points [20].

< C(A+ )|Vl (3.6)

Lemma 3.3. (formation of collapses) It holds that
1S < +o0
for the blowup set S defined by (1.19) and (1.18) ast T T with
m(xo) > g, 0<f=f(x)eL(QNCEQ\S).

Then there arises the positivity of f = f(x), (1.21), because u = u(x, 1) satisfies a parabolic equation
on QX [0, T]\ (Q\S) x{T} ([27] p.83).

3.4. Weak solutions

Now we define the weak solution to (1.1) and (1.2) as in the case of § = 0 ([25] Chapter 13, [27]
p.67).

Definition 3.1. (weak solution) We assert that
0 < p = p(dx, 1) € C.([0, T], M(Q))

is a weak solution to (1.1) and (1.2) ifthere is 0 < N = N(-,t) € L ([0, T], X’), called the multiplicated
operator, such that

t€[0,T] - (p,u(dx, 1), el

is absolutely continuous, and

d 1
2 = (B ) + (o, +Bp,, N, 1))
NG, Dlegxn) = u(dx,t) ® u(dx,t), a.e tel0,T] 3.7

for p, = py(x,x') and p; = p,(x,x") defined by (1.15), where

Y ={peC*(Q)] g—f +ﬁ8_¢ Z0), X =[] @O,

or oQ

and o
Xo=1p, +Bp; +¥|pel, y e CQXQ).
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Then it holds that B B
uQ, ) =u(Q,00=4, 0<t<T

and

d
Egguu%nﬂscu+amwﬂw.

If u = u(x,1) is a classical solution, then u(dx, ) = u(x,t)dx is a weak solution with the associated
multiplicated operator
NG, 1) = ulx, Hu(x', t)dxdx'.

It holds that
ING, D)llx = 22, A= |luoll;.

Because X is separable, we obtain the following lemma as in the case of 8 = 0 ([22], [25] pp.283-286).
Lemma 3.4. (generation of the weak solution) If
pdx, 1) € C.(10, T, M(Q)), k=1,2,--,

is a sequence of weak solutions to (1.1) and (1.2) with the associated multiplicated operators Ni(-,t) €
LX), k=1,2,---, satisfying

0< 4 =m@,0)<C, NG Dllx < C,
there is a subsequence denoted by the same symbol, such that

we(dx, 1) = Fu(dx,t) in C.([0, T], M(Q))
Ne(-,©) = ANG, 1) in L=([0,T), X"),

where u(dx, t) is a weak solution to (1.1) and (1.2) with the associated multiplicated operator N (-, 1).

3.5. Scaling limit

Given xy € S, we introduce the backward self-similar transformation
y=x=x)/(T=0"% s==log(T - 1), 2(y,5) = (T — Hu(x,?) (3.8)

in (1.1) and (1.2), to reach

2
73 +BV - (ZV*w) =V (Vz —zV(w + %)) in U Q. X {s}
s>—logT

0z 0 y[? ow) _
5 z{av(w+ 4)+ﬁ07 =0 on U 0Q X {5}

s>—logT

for
w(y, s) = f G, Y)Y, 9)dy’, G(y,y) = G(x,x'),
Qg

where Q, = (T — 1)""2(Q - {x,}). We take zero extension of z where it is not defined. Then we apply
Lemma 3.4 to z = z(y, s) to obtain the following fact:
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Lemma 3.5. (scaling limit) Any s, T +oo admits a subsequence, denoted by the same symbol, such
that

z(y, $)dy — 3(dy, s) in C.(—o0, +00; M(R?)) 3.9)

Sfor zi(y, s) = z(y, s + 1), where
MR?) = Co(RY,  Cu(R?) = {p € C(R? U {oo} | g(e0) = O},
and R? U {0} is the one-point compactification of R2.

Then we use the boundary behavior of G(x, x’), (1.16) and (1.17), to obtain the following lemmas
as in the case of 5 = 0 ([26]).

Lemma 3.6. (interior blowup point) If xo € Q, the above {(dy, s) in (3.9) is a weak solution to

2
2+ BV - (V' Txz) =V - (Vz—-zV(I %z + %)) in R? X (=0, +00) (3.10)

defined similarly, using pg(y, y') and pgl(y, Y) for py(x, x") and p,(x,x") in (3.7), where

Po:Y) = Vo) -V, Iy =)+ Ve() - VyI(y—y)
1 _ 4
= O w0 - Vo)
2|y =yl

and

Vo) - VT =) + V(') - VT (y =)

1 _ )L
U (V) - V).
2m Iy =y

P ()

Lemma 3.7. (boundary blowup point) If xo € 0, the above {(dy, s) in (3.9) satisfies supp {(dy, s) C L,
where L is a half-space such that O € L, and is a weak solution to

2

25 +PBV - (V'Exz)=V-(Vz—zV(E * 7+ %)) in L X (—co, +00)

for

E(y,y) =T =) =Tk -y,
where Yy, is the reflection of y' with respect to L. This weak solution is thus associated with pi;ﬂ =
P}p(y, y) +ﬂpif(y, y'), where

P> Y)
1L ’
Py )

Vo) - VyEQ,Y) + Vo) - Ve E(y,y)
Vo) - VY E(,Y) + Vo) - VL E(y, y).
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3.6. Parabolic envelope

The following fact plays a fundamental role in the proof of collapse mass quantization, m(x,) € 87N,
in (1.20). The proof is similar to the case of 5 = 0 ([19], [25] pp.309, [27] pp.89 and 90).

Lemma 3.8. It holds that
LR, 5) = m(xo), (IyP*,{(dy, $)) < C, —oo < s < +0o. (3.11)
Proof. Letting ¢ = ¢, g € Y be the smooth cutoff function, we have

IVellcr < CR™

'df
dt Jo ok

K0, uC D)X = sy i(dx, TYY| < Co(T = 1)/ R? (3.12)

Let s; T +o00 be such that (3.9). Fix s € R and define #, € (0,T) by

and hence,
<C,R? O0<R<I

by (3.6), which implies

sp + s = —log(T — t).

Fix b > 0. It holds that #, T T, and therefore, R = b(T — t;)!/* < 1 for k > 1. Putting this R = R
to (3.12) for t = 1, we obtain

<05 2G5 + SAY) = (@ pe-tsesrz, (@, )| < Co /b7,

and therefore,
(0.5 £(dy, 9)) = ({30}, T)| < Ca/ .
It thus holds that
m(xo) = {(R?, 5)

‘d fg | ’
ulx — xol“ @y
p ol Pxo.R

WP, ¢(dy, s)y < C (3.13)

similarly. If xo € 0Q, we use the conformal mapping X : Qn B(x9,R) — Ri with X(xg) = 0
for 0 < R < 1, and a smooth cutoff function n = n(X, X»), satisfying ;;2 +,/366—)?1|X2=0 = 0in R? ([25]
p.91). Letting ¢ = X*n, we similarly obtain

d
— AX))?
‘dtfguu)m

and (3.13) similarly, where A(X) = X7 + X; — 28X, X.. o

with b T +o0.
We have

<C,

if xo € Q, which implies

<C,
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3.7. Exclusion of boundary blowup

The exclusion of boundary blowup is proven as in the case of 5 = 0 ([26]).
Lemma 3.9. It holds that 9Q N S = 0.

Proof. If xo € 0Q NS, Lemma 3.7 ensures the following property: Let
v 9 | 09
={peCiL)| = +p=| =0
Yi={peGD)] 3 ﬂaTBL }
and
E=[&1"PY, & =ly+pl 1y e CuLxL), g},

where pi,’ﬁ = p, + Bp,". Then the mapping
5 € (—00,+00) > (@, {(dy,s)), ¢ €Y,

is absolutely continuous, and it holds that

4 _ Y, Loots .
7.8 {dy, ) =B+ 5 - Vo, L(dy, ) + 5(p,7, K(. 5)) - ae.s

with 0 < K = K(-, 5) € L (—00, +00); &) satisfying

K, S)|Co(ZxZ) = {(dy, s)® {(dy, s), ae.s.
We also have B
£ € Cu(—00, +00; M(R?)), supp {(-,5) C L

and
LR?,5) = m(xo) > 0, Iy, &(dy, s)) <C, —o0<s§< +00.

Then, we obtain

5o 1
f Mg+ 2 Vi, 2y, ) + 501, K, 9) ds = Ly, DL

for —oo < 51 < §p < +00.
Here, we can take

0 = AERY), Er(Y) = E(V/R),

where & = &(y1,y2) € C(R?) satisfies ;752 +,6’(;9)—;"’f1 .= 0,0<¢<1land

y2=

_ | 1 onB(0,1),
&= 0 inR?\ B(0,2).

We make R T +oc0 and use the dominated convergence theorem, noting

AM =4, y-A=24, A+pALdy,s))<C
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([26]). First, the equality
lim f 0y K, )y ds =0 (3.14)

RT+00 |

follows from the result on 8 = 0 because y’* - y = —y: -y’ ([27] pp.103-105). Second, we obtain

lim f o K 5y ds = . (3.15)

RT+c0

To see this property, we use

L _ 7 _
Py =1-11
for
[=VTGhy-y)- (VP - VyP)
II=V*T(y - ) VI + VI = y.) - iy
It holds that 1 L
= L0 =0 (3.16)
2r [y =yl
and
1 —v, 1 1 / 3 L
11 __%.zy__%g :
2rc |y =yl 21 |y =yl
1 /L, L4/
- > ,yz+ ):* yz):O
a\ly=y.l* Y =y
because of
y=yl= -yl Y -y=-y-y.
Then we obtain "
—= dm(xo) + 1, 1(s) = (A(y),{(dy,s)) < C

as in the case of 8 = 0 ([27] p.106) by m(xy) = £(R?, 5) > &, which implies

lim I(s) = +oo,

sT+o0

a contradiction. m|

3.8. Interior blowup point
Having (3.11) with S c Q, we take xy € S. There is a weak solution
{ = {(dy, 5) € C.(—00, +00; M(R?))

to (3.10) generated by the classical solution u = u(x,t) as in (3.8) and (3.9). By the e-regularity
(Lemma 3.1) and the monotonicity formula to u ((3.6)), if

lim(Br(x0). £(dy. 5)) < 0.
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this {(dy, s) is regular near x,, where s € R is arbitrary. The regular part of {(dy, s), therefore, takes

the form
(s)

£(dy, 5) = ) mi($)8,,(dy),  (s) > &,
j=1

with
{(s) < m(xo)/€9, |yj()<C

by the second inequality of (3.11) and Chebyshev’s inequality.
Here we define A(dy’, s) € C,(—o0,0; M(R?)) by the scaling back of Z(dy, s) ([25] p.317),

L(dy,s) = e Ay, s), y =e?y, § =-e, (3.17)
to reach the weak solution to
Ay +V - (AV*TxA) =V - (VA-AVT xA) in R? X (-0,0), (3.18)

satisfying A(dy’, ') > 0, A(R?, s') = m(x,), and

o°s')
Ady,s') = )" i(s)oy e (dy), (3.19)

J=1

where A°(dy’, s") denotes the singular part of A(dy’, s). Then we take the dilation (forward scaling) of
A(dy’, s'), taking s; < Oand 1 < j < €(sp) ([27] p.73), by

A (dy,s) = lPA@Y,s"), ¥ =uy+ Yi(so), 8 = Ws + s,
with u > 0. This A,(dy, s) is a weak solution to
Ay +pV-(AV'TxA)=V-(VA,—A, VT % A,) in R* X (—c0, —u%s)).
Let u = w4 | 0. Passing to a subsequence, we obtain
A, (dy,s) = A(dy,s) inC.(~c0,+00o; M(R?))

with
A(dy, s) = fj(s0)30(dy), (3.20)

where A(dy, s) is a weak solution to
A +BV-(AV T+ A) =V - (VA - AVl % A) in R? X (=00, +0). (3.21)

Then we use the following property.

Lemma 3.10. (Liouville property) If
A = A(dy, 5) € C.(—o0, +00; M(R?))

is a weak solution to (3.21) it holds that A(RR?, s) = m with m = 8x or m = 0.
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Proof. The proof is similar to the case of 5 = 0 ([27] p.90). In fact, the argument [12] for the classical
solution is applicable to the above weak solution. First we show the result using the local second
moment, assuming that A(dy, 0) is concentrated on y = 0 as in

(IyP*, Ady, 0))y < 1.
Then we use the scaling invariance of (3.21),
AJdy,s)) = (PAWdy,s), y=wy, s=p’s

to remove this assumption. As for the Euler term to execute the first step, we apply the argument used
for the proof of Lemma 3.9, noting (3.16). O

By (3.20) and (3.21), we obtain 771(sy) = 8r, and therefore,

(s’
ANdy',s') = 81 ) Sy y(dy)
j=1
in (3.19). Thus we obtain
{(s)
£'(dy, $) =87 )" 6y 0(dy), lyj(s)| < C, =00 < 5 < +ov, (3.22)

j=1
3.9. Improved e-regularity
The following proposition is proven similarly to the case of § = 0. Indeed, the key inequality

dJ
— + 32 < Cy, J:f u(logu — 1) + 1 dx
dt QNB(x0.R)

is derived similarly by the proof of Lemma 3.2 for the Euler term, which implies
J<t?, 0<t<t, 1]’ =Cp.

In fact, the constant C = C; there does not depend on ||uo||~@ns(x,.z)) bY this inequality. This technique
is used in [23]. See [25] pp.250-255 for the Neumann boundary condition to the Poisson part and [27]
pp-85-87 for xy € Q, which is sufficient for our later argument.

Proposition 3.4. In (1.1)—(1.3), thereare 0 < Ry < 1,0 < gy < 1, and 0 < ty < 1, such that if
“uO”Ll(QﬂB(xo,R)) <&, O0<R<ZRy x€ Q
any T € (0, min{ty, T'}) admits C = C, > 0 such that

sup |lu(-, Hllz=@nBixg.r/2) < C.
T<I<ty

Applying scaling invariance and the monotonicity formula, Proposition 3.4 takes the form of the fol-
lowing lemma, see [27] p.87 for 8 = 0.
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Lemma 3.11. (Improved e-regularity) There are &y, o0y, and C such that if u = u(dx,t) is a weak
solution to
u+BV-uVTxu=V-(Vu—-uVl xu) inR*x(-T,T)

generated by the classical solution and if
(B(x0,2R), up(dx)) < &9, up = u(dx,0),

it holds that

-2
sup [lee(-, Dl z=(Bxo.R)) < CR™.
te[-ooR2,ooR2IN(-T.T)

3.10. Residual vanishing

Lemma 3.11 implies the following fact for the weak solution ¢ = {(dy, s) to (3.10) formed by (3.9)
([27] p.91).

Lemma 3.12. It holds that
{(B(yo,2r),8) <g9 = ¢ =i < Cr2.
By (3.11) and Chebyshev’s inequality, we obtain
1SC, Oll=rorggy < €, —00 <5 < +00 (3.23)
for R > 1. This inequality actually follows from the uniform estimate in £,
lzk (s Ol o@rpe < €, —00 <5 < 400 (3.24)

ensured by the assumption in Lemma 3.12.

Now we complete the following.
Proof of Theorem 1.1. We have only to show m(xy) € 81N, which is derived from {*“(dy,s) = 0
by (3.22), where {““(dy, s) denotes the absolutely continuous part of {(dy, s). In fact, the term %
in (3.10) carries {“(dy, s) to y = oo, while {*(dy, s) is thin near y = oo by the second equality of (3.11).
The result then follows as s T +oo, where R? U {co} denotes the one point compactification of R2.

To realize this idea, we use the outer second moment, which satisfies

2
%<(|;;—|2 - 1),,4(dy, s)> >0, —o0<s<+00 (3.25)

for R > 1. In fact, we have
f IVGy(y, 3z, 9)ldy < C, |yl > 2R,
Q,

similarly to
f IV,G(y, )z, s)ldy <C, |yl >2R
Q

by (3.24). Then (3.25) follows as in the case of 8 = 0 ([27] pp.92-94).
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This inequality implies

lim <(% -1, {(dy s)> = 400
sT+o0 R2 * ’

2
< B)e_|2 - 1)+’ {(dys SO)> > 0’ —00 < E]SO < +00,

which contradicts (3.11). We thus obtain
{(dy,s) =0 in (R*\ Bg) X (=00, +00),

and hence {““(dy, s) = 0 by (3.23) and the unique continuation theorem for parabolic equations. O

Remark 3.1. The residual vanishing property established here is analogous to similar results in the
blowup analysis of Keller-Segel systems [3]. The key difference lies in the treatment of the Euler
term, which requires careful analysis of the rotational components in the subcollapse dynamics, as
demonstrated below in our collision analysis in Proposition 3.5.

3.11. Subcollapse dynamics
Because the bound C in (3.22) is independent of s; T +oco or the selection of its subsequence, we

obtain a Type II blowup rate for any x; € S:

ltiTT;l(T = DlluC, Ol By pr—-r12) = +00,  Ib > 0. (3.26)

If
Iim F (u(-, 1)) > —co
nT

Inequality (3.26) is improved as

ltin;l(T = DlluC, Dl o Bxg.pr-n12) = +00,¥b >0

for any xy € S. The proof is the same as in the case 8 = 0 ([27] pp.121-123) and is omitted.

For 8 = 0, actual rate of convergence is shown by [10, 13] for radially symmetric case. Nonradial
stable and unstable blowup patterns with various blowup rates are also observed by [5] for this case in
the context of the collision of subcollapses.

We have shown

4
{(dy, 5) =87 8, y(dy), (9 < C, =00 < 5 < +0

=1

in (3.9). Then its scaling back A(dy’, s”), defined by (3.17), takes the form

t
A(dy',s') = snz Syr(@), V(s < C=sH'"2, 5 <0,

J=1

Henceforth, we call these
87T6y;_(s/)(dy,), 1< ] < f,
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the subcollapses.

This A(dy’, s") is a weak solution to (3.18), and we can apply the method of local second moment
to follow the movement of y’ = y’(s"), 1 < j < £, as in the case of 8 = 0 ([27] pp.120 and 121). Then
we obtain

4

O = @) ==+ 81B0; = @) Vi H O+, 5)) = 8 — @) - ViHR 0, Y)

for any a € R?, and hence

’

Yj ’ ’ ’ ’ ’ .
d—s{+87TﬁV;J_H?(yl, ’yg): Sﬂijg(yla ,}’5), 1 st]’ (327)

similarly, where

’ ’ 2 <i<j< r(Y;_y,'), t>2
H?(yl’...,yf):{o,l Jg ! €:1.

It thus holds that
A(dy', s") = 8n6op(dy’), —o0o<s <0

if £ = 1. There then arises the following fact.

Proposition 3.5. (Collision of subcollapses) If € = 2, it holds that

roN ’ ’
A ) =87 (8, b )40 @)

and hence
£(dy, s) = 8 (52€,§(m) @) +6 g0 (dy)), o < 5 < +oo,
where ¢ € R is a constant.

Proof. We have

dy ’ /7 ’ ’ ’ 7’
=L+ BTV - ) = VT — )
dy2 ’L ’ N o ’ ’ ’
=y H 8BV, — ) = 8aVT(; - ),
which means
d , /)L ! v
yi N 47T’8(y1 y%)2 _ 4 y/] 3’/22
ds |y1 _y2| |y1 _y2|
d , /)L ! v
y% +4ﬂ18(y% yi)2 42 y/lz
ds v, = ¥, 5 = ¥/l
with
1' 7’ ’ — l‘ ’ 7 — X
Sl,?gyl(s ) sl,?gyz(s )=0
Because

d ’ ’
E(yl +y2) = 07
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we can put
Y =yi=-n
It then follows that . N )
av  PE = Imen=o
Writing
Y =ro, r=l
we obtain .
fw+ro+ 2Bw— = 2%
r r

by (3.28). Because |w|*> = 1, it holds that @ - w = 0, and therefore,
W || w*.

Equality (3.29) thus splits into
' w* ' 2
w+2p— =0, i=--.
r r

By the second equalities of (3.29) and (3.30), we obtain
r=2(-s)".

Then we put w = €. It holds that w* = 1w, and therefore,

2B _ B

r2 2s

from the first equality of (3.30). It thus holds that

6= —g log(—s)+c, ceR,

and hence
Y(s) = 2(_S/)1/2el(—§ log(=s")+¢).

Then the result follows.
4. Blowup in infinite time

4.1. Generation of the weak solution

Here we assume
T = +oo, dt;, T +00, ]}im [lu(-, t)l|le = +00
—00

in (1.1)—(1.3). Then, passing to a subsequence, we obtain

u(x,t+ tp)dx — Ju(dx,t) € C.(—o0, +00; M(Q)),

(3.28)

(3.29)

(3.30)

4.1)

4.2)
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and this u(dx, t) is a weak solution. By Proposition 3.4 it holds that

u(dx, t) = Z m(x0)0x,(dx) + f(x,t)dx, “4.3)
xe8;
where
mt(x0)280>0’ OSf:f(,t)ELl(Q)
and

S = {x € Q| Axx — xo, Tim w(xi. £+ 1) = +oo)
for each ¢ [23]. By the parabolic regularity and unique continuation theorem, it also holds that

0< f=f(0)eCOQ\S).

4.2. Exclusion of boundary blowup
The following property is proven similarly to the case of blowup in finite time (Lemma 3.9).

Lemma 4.1. It holds that S; C Q in (4.3).

Proof. We assume x, € 0Q N Sy and put

{(dy,s) = (T = Du(dx, 1), y = (x = x0)/(T = '"%, s = =log(T - 1)

for t < T. We take zero extension of {(dy, s) where it is not defined. Then, any s; T +oco admits a
subsequence denoted by the same symbol such that

L(dy, s+ sp) — Al(dy,s) in C.(—o0,+00; M(R?)).
It holds that
L(R?, 5) = my(x0) > &

by (4.3) and also
(P, Z(dy, 5)) < C, —00 < 5 < +00

similarly to Lemmas 3.7 and 3.8. We have Z(,8) C L and this Z(dy, s) is a weak solution to

2
Zs"'ﬁv'(ZVLE*Z):V'(VZ—ZV(E*z+%))ian(—oo,+oo)
oz 0 Iy 0 ~
E_Z(E(E*ZJr 1 )+ﬁaT(E*z)) =0,

oL

where L ¢ R?, where L is a half-space satisfying 0 € L. Then we obtain a contradiction by Lemma 3.9.
m]
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4.3. Collapse mass quantization

The following property is also shown similarly to the case of blowup in infinite time (Lemma 3.10).

Lemma 4.2. It holds that m,(xy) = 87 in (4.3).

Proof. We assume xy = 0 € §, without loss of generality. Then we take the dilation of u(dx, t),

po(dx,t) = pPu(dx' .t), x =ox, t =0,

where o > 0 is a constant. Any o | 0 admits a subsequence, denoted by the same symbol, such that

Heo(dx, 1) — f(dx, 1) in C.(=00,+00; M(R?)),

and this ji(dx, t) is a weak solution to (3.21). It holds that i(R?,0) = m(0) by (4.3), and therefore,
mo(0) = 87 by Lemma 3.10. We thus obtain m,(xy) = 8z for any xo € S; and —c0 < ¢ < +o00. Similarly
to the case of B = 0 ([27] pp.111-114), £(r) € N is locally constant, and hence is independent of #:

) =¢.

4.4. Collapse dynamics—rough estimate
The singular part of u(dx, t) in (4.2) thus takes the form of

(1)
p(dx, 1) = 8 ) 8,(dx).

i=1
Then we obtain the following fact.

Lemma 4.3. The number {(t) = S, is independent of t, denoted by €. It holds that

0 c '\ D,
where Dy is the diagonal set defined by (1.22) and

O={x(t)]| —o0 <t < +o0}, x(t) = (x100),...,x:(t))
for xi(t), 1 <i < {defined by (4.4). It holds, furthermore, that
|X(1)| < C, —o00<t< +o00.
Proof. Given xy € S, C Q, we have 0 < r,6 < 1 such that
B(S; N B(xp,4r)) <1, t—1t] <6
by u(dx,t) € C.(—00, +00; M(Q)) and (4.4). Then we take
£ = x = xoP @ 20,

where ¢, », 1s the smooth cutoff function around x = xy. It follows that

KAE, p(dx, )] < C, Kpg, () < C, Kpg, v < C, [t =1l <6

4.4)

4.5)

(4.6)

4.7)
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for ps and pg defined by (1.15), where v(-, f) denotes the multiplicated operator associated with u(dx, f).
Then, similarly to the case of § = 0 ([27] pp.111-114), £(¢) € N is locally constant, and hence is
independent of #, £(¢) = ¢, and it holds that (4.7).

To show (4.5), we assume the contrary,

/}im dist(x;(#),0Q) = 0 (4.8)
forsome 1 < j < ¢, or
lim [x;(t¢) = x,(10)| = 0 (4.9)

for some 1 <i < j<¢, with t, — +oo. Then, passing to a subsequence, we obtain
p(dx,t+ 1) — Fp(dx, 1) in C.(=co, +00; M(Q)).

This fi(dx, t) is a weak solution to (1.1) and (1.2), and therefore, its singular part takes the form of

l
f(dx, 1) = 87 )" 65 (d).

=

We have X;(f) € Q, 1 < j < l, by Lemma 4.1, which contradicts (4.8). It also holds that %;(f) # X;(¢)
for i # j by Lemma 4.2, which contradicts (4.9). We thus obtain (4.5). O

4.5. Residual vanishing
Here we show the following fact.

Lemma 4.4. It holds that u*(dx, t) = 0, where u“(dx, t) = f(x, t)dx denotes the absolutely continuous
part of u(dx, t).

Proof. We fix 1 <i < ¢ and write x; = x;(¢) in (4.4). We also have
w0 =uC,t+ 1), i, 0) =v(, 1+ 1)
in (1.1) and (1.2). By Lemma 4.3, there is 0 < r < 1 such that
B(x;,r) c Q, B(x;,r)NS; ={x;}, —o00<t<+o0,

Because B(x;, r) moves uniformly with the velocity x;, we obtain

— lx — xi|“w = —(lx = xil"uge) + % - V(Ix — xi|“wi) dx
dt I, B O

by Liouville’s theorem, which implies

d

— lx = x;[Pu; = f Ix = x;Pug, + % - |x = x;*Vuy, dx.
dt Jpr B(x;,7)

Here we obtain

f e = xilug = f e = X’V - (Vi = w (Vv + BV 0)))
B(xir) B(xir)
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ou ov
f Ix — x{ (—" - uk<—" + V1)
OB(x;,r) dv

— f 2(x = x;) - Vup — up(Vvy, +ﬁVJ_Vk))
B(x;,r)

0 0 0
= r2f Zx —uk(ﬂ ﬁﬂ) ds -2 f (x = x;) - Vit
9 v OB(x;.r)

B(x;,r) dv

+ f Ay + 2(x — x;) - up(Vvg + BV )
B(x;,r)

IA

r f V- (Vi — ue(Vvi + BV 1))
B(x;,r)

+ f 4uk + 2()6 — x,-) . uk(Vvk +,3VJ'V/()
B(x;,r

= r? f ug + 4y + 2(x — x3) - ux (Vv + BV dx
B(x;,r)

f % - |x = xi* Vg
B(x;,r)
2 .
= f Cxi V)l = xilP g - f 2(x — x;) - Kty
OB(x;,r) B(xi,r)
= f (% - Vg — f 2(x = x;)%; - ug
0B(xj,r) B(xi,r)

= f % - Vg — 2(x — x;) - Xjvi dx.
(xi,7)

d
—f uk:f uk,+x,~-Vukdx
dr Jpi.r) Bxi)
2
f (Ix = xiI* = )
B(x;,r)

f g + 2(x — x) - ue (Vv + BV ) — 2(x — x;) - X dx.
B(x;,r)

and also

It also holds that

and therefore,

S

IA

Here we obtain
Ve =W+ v+ g

for
vg(x, 1) = f I'(x — xu(x', t)dx’
B(xi,r)

vi(x, 1) = f K(x, xX"up(x', t)dx'
B(xi,r)
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Vi(x,f) = f G(x, xX"u(x', t)dx'
OQ\B(x;,r)
by (1.16), and it holds that

IVv,lc(x, 1 <C, |VV,€()C, n<cC
([27] pp-118 and 119). It also holds that

2 f (x = x;) - (VW + V) = 2. f f (x = x;)
B(xj,r) B(x;,r)XB(x;,r)

1 X — x/ (x - xl)l ’ ’
. (_E Ty - % P )uk(x, Hu(x', H)dxdx

L x—x  p=x)\ ,
=2 \"2n B  Dit(x, t)dxd
f‘fB,xB,x ( 2rlx = X 2m |x = x'? iy (x, Digg (X', )d xdx

for

i (x, 1) = w(x; + x, 1),
and therefore,

2f (x = x;) - w (V) + BVHY) = ff (x—x)
B(xi,r) B,XB,

I x—-x B x-x)\_ - ,
'(_ﬂ o~ P 2n = ) U DI, D

1 2 1 2
=——| | atx,pdx] =-— dx) .
2n (»L:r e x) 2n (L(Xi,r) Mk x)

Using (4.7), we thus obtain

d 2 2
—f (Ix = 2™ = r)uye
dt J

2
1
g4f uk——(f uk) +Cf |x — x;|uy.
B(xi.r) 27t \J i B(xi.r)

As k — oo, it follows that

d
E (Ix = ?Ci|2 - Vz)f

B(xi,r)

1
§4(87r+f f)——(87r+f f)2+Cf Ix — xilf
B(x;,r) 2n B(x;,r) B(x;,r)

S—4f f+Cf lx = x;|f
B(x;,r) B(x;,r)

in the sense of distributions in ¢, and therefore,

d
— (Ix = x> = %)
dr Jpia.n
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<-2 f+C'f Ix — x;*f
B(x;,r) B(x;,r)

_¢ f -xP-Pf+cr-2 [ r
(xi,r)

B(x;,r)

We end up with

dl

A o<t < 4o, I:f (x—xf = )f <0
dt B(x;,r)

for 0 < r < 1, while I > —C is obvious. Then it follows that I = 0, and therefore, f = 0 by the unique
continuation theorem for parabolic equations. O

4.6. Collapse dynamics—recursive hierarchy

We can show the following fact similarly to the case of 8 = 0 ([27] pp.120 and 121) as well as that
of the blowup in finite time (3.27):

dx;
d_); + SN,BV;H[(xl, oo, xp) =8V He(xy, -+ ,xp), 1<i<L. (4.10)
Now we complete the following proof.

Proof of Theorem 1.2. We have readily shown that

¢
pldx,1) = 87 ) Syp(dx), 1<i<C

i=1
for u(dx, t) € C.(—00, +00; M(ﬁ) generated by (4.2). Hence it follows that
A= pu(Q, 1) = 8xt.

The orbit O defined by (4.6) satisfies (4.5) and (4.7), and it holds that (4.10) in the sense of distributions.
Thus x; = x;(t), 1 < i < ¢, is continuously differentiable, and the w-limit and a-limit sets, denoted by

w(up) and a(uy), respectively, are nonempty, compact, connected, and invariant under the flow (4.10)
([9]). It also holds that

d dx;
—H(xy,- -+, x¢) Z V. Hi(xy, Xe)—

dt

an Vo He(xp,+ ,x)P >0, —o0 << +o0,

and hence —H, = H/(xy,---,x,) acts as a Lyapunov function to (4.10). By the LaSalle principle,
therefore, this H, is constant on w(u) and a(uy), which are contained in the set of critical points of Hy,
denoted by K. The orbit O is thus a connecting orbit, and in particular, K # (. The proof is complete.
O
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5. Conclusions

In this paper, we have investigated the blowup dynamics of the Euler-Smoluchowski-Poisson equa-
tion, a system that models the relaxation of point vortices. Our primary goal was to determine whether
the quantized blowup mechanism and recursive hierarchy, well-established for the Smoluchowski-
Poisson equation (8 = 0), persist in the presence of the Euler term (8 # 0), and to clarify the role of
this term in the dynamics.

Our main results, Theorems 1.1 and 1.2, confirm the robustness of these fundamental structures.
We have proven that when blowup occurs in finite time, the collapsing masses are quantized as integer
multiples of 87. Conversely, blowup in infinite time is shown to occur only when the total mass is
an integer multiple of 87 and is contingent upon the existence of a critical point of the point vortex
Hamiltonian. These findings demonstrate that the underlying geometric and analytical framework
governing blowup is preserved despite the additional complexity introduced by the rotational flux.

Crucially, we have also elucidated the specific role of the Euler term. While it does not alter the
quantized masses or the overall hierarchical structure, it fundamentally shapes the microscopic dy-
namics of the subcollapses. As demonstrated in Proposition 3.5, the Euler term introduces a rotational
component to the motion of these subcollapses during both finite-time and infinite-time blowup. In the
case of a two-point collapse, this manifests as a specific spiraling trajectory, a distinct departure from
the dynamics observed when 5 = 0.

This work opens several avenues for future research. The construction of blowup solutions with
the precise rates and patterns described by our subcollapse dynamics remains a significant open prob-
lem, particularly for non-radial configurations. Extending the analysis to systems with Neumann-type
boundary conditions for the Poisson part, where boundary blowup and a quantization of 47 are an-
ticipated, presents another challenging and important direction. Finally, exploring the implications of
these results for the statistical mechanics of vortices in other physical contexts, such as astrophysics,
could provide further insights into the behavior of these complex systems.

Author contributions

Both authors contributed equally to this work. Conceptualization, E. E. and T. S.; methodology,
E. E. and T. S.; formal analysis, E. E. and T. S.; investigation, E. E. and T. S.; writing—original draft
preparation, E. E. and T. S.; writing—review and editing, E. E. and T. S. All authors have read and
agreed to the published version of the manuscript.

Use of Generative-Al tools declaration

The authors declare that they have not used Artificial Intelligence (Al) tools in the creation of this
article.

Acknowledgments

The second author thanks Professor Van Tien Nguyen for stimulative discussions on the behavior
of subcollapses.

AIMS Mathematics Volume 12, Issue 2, 5120-5151.



5150

Contflict of interest

All authors declare no conflicts of interest in this paper.

References

1. P. Biler, Local and global stability of some parabolic systems modelling chemotaxis, Adv. Math.
Sci. Appl., 8 (1998), 715-743.

2. E. Caglioti, P. L. Lions, C. Marchioro, M. Pulvirenti, A special class of stationary flows for
two-dimensional Euler equations: a statistical mechanics description, Commun. Math. Phys., 143
(1992), 501-525. https://doi.org/10.1007/BF02099262

3. H. Chen, J. M. Li, K. Wang, Blow up analysis for Keller-Segel system, J. Funct. Anal., 289 (2025),
110968. https://doi.org/10.1016/j.jta.2025.110968

4. P. H. Chavanis, C. Sire, Anomalous diffusion and collapse of self-gravitating Langevin particles in
D dimensions, Phys. Rev. E, 69 (2004), 016116. https://doi.org/10.1103/PhysRevE.69.016116

5. C. Collot, T. E. Ghoul, N. Masmoudi, V. T. Nguyen, Refined description and stability for singu-
lar solutions of the 2D Keller-Segel system, Commun. Pure Appl. Math., 75 (2022), 1419-1516.
https://doi.org/10.1002/cpa.21988

6. P. H. Chavanis, Two-dimensional Brownian vortices, Physica A, 387 (2008), 6917-6942.
https://doi.org/10.1016/j.physa.2008.09.019

7. E. Espejo, H. Wu, Optimal critical mass for the two-dimensional Keller-Segel
model with rotational flux terms, Commun. Math. Sci., 18 (2020), 379-394.
https://doi.org/10.4310/CMS.2020.v18.n2.a5

8. M. Grossi, F. Takahashi, Nonexistence of muti-bubble solutions to some elliptic equations on con-
vex domains, J. Funct. Anal., 259 (2010), 904-917. https://doi.org/10.1016/j.jfa.2010.03.008

9. D. Henry, Geometric theory of semilinear parabolic equations, Berlin: Springer-Verlag, 1981.
https://doi.org/10.1007/BFb0089647

10. M. A. Herrero, J. J. L. Velazquez, Singularity patterns in a chemotaxis model, Math. Ann., 306
(1996), 583—-623. https://doi.org/10.1007/BF01445268

11. W. Jager, S. Luckhaus, On explosions of solutions to a system of partial differential equations mod-
elling chemotaxis, Trans. Amer. Math. Soc., 329 (1992), 819-824. https://doi.org/10.1090/S0002-
9947-1992-1046835-6

12. M. Kurokiba, T. Ogawa, Finite time blow-up of the solution for a nonlinear
parabolic equation of drift-diffusion type, Differ. Integral Equ., 16 (2003), 427-452.
https://doi.org/10.57262/die/1356060652

13. N. Mizoguchi, Refined asymptotic behavior of blowup solutions to a simplified chemotaxis system,
Commun. Pure Appl. Math., 75 (2022), 1870-1886. https://doi.org/10.1002/cpa.21954

14. T. Nagai, Blow-up of radially symmetric solutions to a chemotaxis sytems, Adv. Math. Sci. Appl.,
5 (1995), 581-601.

AIMS Mathematics Volume 12, Issue 2, 5120-5151.


https://dx.doi.org/https://doi.org/10.1007/BF02099262
https://dx.doi.org/https://doi.org/10.1016/j.jfa.2025.110968
https://dx.doi.org/https://doi.org/10.1103/PhysRevE.69.016116
https://dx.doi.org/https://doi.org/10.1002/cpa.21988
https://dx.doi.org/https://doi.org/10.1016/j.physa.2008.09.019
https://dx.doi.org/https://doi.org/10.4310/CMS.2020.v18.n2.a5
https://dx.doi.org/https://doi.org/10.1016/j.jfa.2010.03.008
https://dx.doi.org/https://doi.org/10.1007/BFb0089647
https://dx.doi.org/https://doi.org/10.1007/BF01445268
https://dx.doi.org/https://doi.org/10.1090/S0002-9947-1992-1046835-6
https://dx.doi.org/https://doi.org/10.1090/S0002-9947-1992-1046835-6
https://dx.doi.org/https://doi.org/10.57262/die/1356060652
https://dx.doi.org/https://doi.org/10.1002/cpa.21954

5151

15.

16.

17.
18.
19.
20.
21.
22.
23.
24.

25.
26.

27.
28.

29.

%hég AIMS Press

T. Nagai, T. Senba, K. Yoshida, Application of the trudinger-moser inequality to a parabolic system
of chemotaxis, Funk. Ekvacioj, 40 (1997), 411-433.

K. Nagasaki, T. Suzuki, Asymptotic analysis for two-dimensional elliptic eigenvalue prob-
lems with exponentially dominated nonlinearities, Asymptotic Anal., 3 (1990), 173-188.
https://doi.org/10.3233/ASY-1990-3205

L. Onsager, Statistical hydrodymanics, @ Nuovo Cim., 6 (1949), 279-287.
https://doi.org/10.1007/BF02780991

Y. B. Pointin, T. S. Lundgren, Statistical mechanics of two-dimensional voritces in a bounded
domain, Phys. Fluids, 19 (1976), 1459-1470. https://doi.org/10.1063/1.861347

T. Senba, Type II blowup of solutions to a simplified Keller-Segel system in two dimensions, Non-
linear Anal. Theor., 66 (2007), 1817-1839. https://doi.org/10.1016/j.na.2006.02.027

T. Senba, T. Suzuki, Chemotactic collapse in a parabolic-elliptic system of chemotaxis, Adv. Dif-
ferential Equ., 6 (2001), 21-50.

T. Senba, T. Suzuki, Parabolic system of chemotaxis: blowup in a finite and the infinite time,
Methods Appl. Anal., 8 (2001), 349-368. https://doi.org/10.4310/MAA.2001.v8.n2.a9

T. Senba, T. Suzuki, Weak solutions to a parabolic system of chemotaxis, J. Funct. Anal., 191
(2002), 17-51.

T. Senba, T. Suzuki, Time global solutions to a parabolic-elliptic system modelling chemotaxis,
Asymptotic Anal., 32 (2002), 63-89. https://doi.org/10.3233/ASY-2002-522

M. Struwe, Variational methods: Applications to nonlinear partial differential equations and
Hamiltonian systems, Springer.

T. Suzuki, Free Energy and Self-Interacting Particles, Boston: Birkhduser, 2005.

T. Suzuki, Exclusion of boundary blowup for 2D chemotaxis sytem provided with Dirichlet bound-
ary condition for the Poisson part, J. Math. Pure. Appl., 100 (2013), 347-367.

T. Suzuki, Methods of geometry in the theory of partial differential equations, Singapore: World
Scientific, 2024.

C. Xue, H. G. Othmer, Multiscale models of taxis-driven patterning in bacterial populations, SIAM
J. Appl. Math., 70 (2009), 133-167. https://doi.org/10.1137/070711505

A. Yagi, Norm behavior of solutions to the parabolic system of chemotaxis, Math. Japon., 45
(1997), 241-265.

©2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 12, Issue 2, 5120-5151.


https://dx.doi.org/https://doi.org/10.3233/ASY-1990-3205
https://dx.doi.org/https://doi.org/10.1007/BF02780991
https://dx.doi.org/https://doi.org/10.1063/1.861347
https://dx.doi.org/https://doi.org/10.1016/j.na.2006.02.027
https://dx.doi.org/https://doi.org/10.4310/MAA.2001.v8.n2.a9
https://dx.doi.org/https://doi.org/10.3233/ASY-2002-522
https://dx.doi.org/https://doi.org/10.1137/070711505
https://creativecommons.org/licenses/by/4.0

	Introduction
	Organization of the paper
	Blowup in finite time
	-regularity
	Localization
	Monotonicity formula
	Weak solutions
	Scaling limit
	Parabolic envelope
	Exclusion of boundary blowup
	Interior blowup point
	Improved -regularity
	Residual vanishing
	Subcollapse dynamics

	Blowup in infinite time
	Generation of the weak solution
	Exclusion of boundary blowup
	Collapse mass quantization
	Collapse dynamics—rough estimate
	Residual vanishing
	Collapse dynamics—recursive hierarchy

	Conclusions

