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1. Introduction

Understanding the interplay between glucose and insulin necessitates advanced mathematical
models for better disease management. Carbohydrates derived from sources such as grains, meat, and
dairy are essential for cellular energy. Certain tissues, including the brain, require insulin for glucose
uptake, whereas others, like muscle tissue, can absorb glucose independently. The pancreas, through
its beta cells, is responsible for insulin production. This hormone facilitates glucose metabolism,
ensuring efficient energy utilization.

The plasma glucose concentration at time t, denoted by X(t), is measured in milligrams per
deciliter (mg/dL). Parameters Xin and Yin govern plasma insulin concentration by specifying glucose
intake and external insulin infusion rates. These constants play a critical role in maintaining metabolic
equilibrium. The function of X(t) is crucial as it ensures a stable energy supply for cells, while Y(t),
representing insulin levels, regulates glucose absorption and prevents extreme blood sugar
fluctuations. Together, these variables maintain metabolic homeostasis and ensure physiological
stability.

Several glucose-insulin models postulate that insulin clearance follows a proportional relationship
with its concentration [1–4]. However, overly simplistic assumptions may compromise diagnostic
accuracy and treatment efficacy. As noted in [4], an abundance of resources does not indefinitely
accelerate metabolic rates. To account for this, their model incorporated the Michaelis-Menten function
dY

e+Y to describe insulin degradation. Here, d represents the maximum insulin clearance rate, while e
denotes the half-saturation constant. This formulation, which deviates from traditional linear models,
offers a more realistic representation of physiological processes.

Building upon the work in [4, 5], this study introduces a refined glucose-insulin model that
integrates a nonlinear insulin degradation rate based on the Michaelis-Menten function. Unlike
previous models that assume a linear clearance rate, this approach more accurately reflects
physiological behavior. Traditional models may oversimplify the dynamics, leading to less precise
predictions. By incorporating nonlinear degradation, our framework enhances the understanding of
glucose-insulin interactions, offering potential improvements in treatment strategies for metabolic
disorders.

dX
dt
= Xin − aX − bXY, X(0) > 0,

dY
dt
= Yin + cX −

d Y
e + Y

, Y(0) > 0.
(1.1)

Table 1 summarizes the biological significance of the parameters in the stochastic fractional glucose-
insulin model. The interpretations are as follows: Xin represents the glucose intake rate, describing the
entry of glucose into the bloodstream from dietary consumption. Yin signifies the rate of externally
administered insulin. The parameter a quantifies glucose consumption by insulin-independent tissues
such as the brain, while b accounts for insulin-dependent tissue uptake, including muscle cells. The rate
of insulin secretion in response to glucose is denoted by c, while d and e correspond to the maximum
insulin clearance rate and half-saturation level, respectively.
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Table 1. Model parameters and their values [4, 5].

Parameter Definition Units Assigned Values
Gin Glucose ingestion rate mg/dl/min 4.5
Iin Rate of external insulin administration µU/ml/min [0, 3, 6, 10]
a Basal glucose consumption rate min−1 0.0002
b Glucose utilization due to insulin ml/µU/min 7.5919e-4
c Insulin production coefficient µU/ml/min/(mg/dl) 0.2298
d Peak insulin elimination rate µU/ml/min 1500
e Half-max saturation constant - 2300

Recent research efforts have focused on developing mathematical models based on intravenous
glucose tolerance tests (IVGTT) to analyze glucose-insulin interactions [6–12]. The role of
epidemiological modeling extends beyond medicine, contributing significantly to various fields such
as engineering, physics, economics, and chemistry [13–36].

Fractional calculus has proven to be a valuable tool for capturing complex biological dynamics,
particularly in systems that exhibit memory and hereditary properties. This study employs fractional
calculus to construct an advanced glucose-insulin model, incorporating the Michaelis-Menten
framework for insulin degradation. The fractional approach provides a more nuanced representation
of diabetes pathology, offering insights into long-term glucose and insulin fluctuations. Moreover,
fractional differential equations have found applications in modeling intricate physiological systems.
For instance, the cardiovascular system has been analyzed using fractional models to describe
anomalous blood flow diffusion and the viscoelastic behavior of arterial walls. Such methodologies
enable more accurate predictions and simulations of heart-related disorders. Despite these advantages,
applying the Caputo fractional derivative to real-world medical challenges remains a nontrivial task.

The primary objective of this study is to analyze the fractional-order mathematical framework and
dynamics of a glucose-insulin system (1.1) utilizing the Caputo fractional derivative approach.

D ν
t X(t) = Xin − aX − bXY, X(0) = X0,

D ν
t Y(t) = Yin + cX −

d Y
e + Y

, Y(0) = Y0.
(1.2)

The properties of uniqueness, nonnegativity, and boundedness of the solutions are examined.
Additionally, by employing Lyapunov functions, the asymptotic stability—both local and global—of
the equilibrium states is analyzed. Hyers-Ulam stability is also investigated.

A crucial aspect of diabetes management involves strategies based on parameter sensitivity,
particularly concerning insulin injections and pharmaceutical interventions. By identifying key
influential parameters, glucose regulation can be optimized. To extend model (1.1) to account for
random perturbations, we incorporate stochastic terms as follows:

D ν
t X(t) = Xin − aX − bXY + σ1Ψ1(X, t) Ẇ1,

D ν
t Y(t) = Yin + cX −

d Y
e + Y

+ σ2Ψ2(Y, t) Ẇ2.
(1.3)

Here, Wi, (i = 1, 2) represent Brownian motion processes. The parameters σi, (i = 1, 2) quantify noise
intensity, while Ψ1(X, t) and Ψ2(Y, t) are stochastic constants. The diffusion coefficients are denoted as
σ1 and σ2 for each state variable.
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To solve the deterministic system, the fractional Predictor-Evaluator-Corrector-Evaluator (PECE)
method based on the Adams-Bashforth-Moulton approach is utilized. The stochastic fractional diabetes
model is handled using a fourth-order stochastic Runge-Kutta scheme, which is particularly effective
for biological systems due to its stability, computational efficiency, and precision.

This study introduces an innovative fractional glucose-insulin model to overcome limitations in
existing models. The incorporation of the Michaelis-Menten function, coupled with advanced
numerical schemes, enhances the accuracy and applicability of the model in clinical environments,
providing improved strategies for diabetes management.

Compared to fractional, ordinary, and partial differential equations, stochastic differential
equations [37–44] are more effective in capturing realistic biological variability. Stochastic
differential equations have also been employed in modeling infectious diseases, including COVID-19.
Various mathematical frameworks, such as space-time, stochastic, fractional, and fractal models, have
been utilized in epidemiological studies [46–49]. These methodologies help assess intervention
strategies like social distancing and contact tracing.

Mathematical modeling is integral to public health decision-making, as it facilitates understanding
of disease transmission dynamics and intervention outcomes. Simulating different outbreak scenarios
assists policymakers in formulating effective strategies, optimizing resource allocation, and mitigating
disease spread—an especially critical factor during pandemics where timely, data-driven decisions can
save lives and reduce healthcare system burdens.

Understanding the complex interplay between glucose and insulin is crucial for effective diabetes
management. Glucose, derived from carbohydrates in food sources such as grains, dairy, and meat,
serves as a primary energy source for cells. While certain tissues, such as the brain, rely on insulin for
glucose uptake, others, including muscle tissues, can absorb glucose independently. The pancreas plays
a central role in glucose regulation by secreting insulin, a hormone that facilitates glucose metabolism
and ensures stable energy availability.

Traditional glucose-insulin models often assume a linear insulin clearance rate, which may
oversimplify the underlying physiological processes. However, experimental evidence suggests that
insulin degradation follows a nonlinear mechanism better represented by the Michaelis-Menten
function. This nonlinear approach provides a more accurate depiction of insulin dynamics,
particularly in cases where excess insulin does not indefinitely accelerate its clearance. Building on
this understanding, our study introduces a fractional-order stochastic glucose-insulin model that
incorporates the Michaelis-Menten function to describe insulin degradation more realistically.

Moreover, the inherent variability and unpredictability in glucose metabolism necessitate the
inclusion of stochasticity in mathematical models. Real-world biological systems, especially those
influenced by external factors such as diet, exercise, and medication adherence, exhibit random
fluctuations that cannot be fully captured by deterministic models. To address this, we extend our
model by incorporating stochastic perturbations, allowing for a more realistic simulation of
glucose-insulin dynamics under uncertain conditions.

To validate our analytical findings, we utilize numerical simulations based on the fractional
predictor-corrector PECE method of Adams-Bashforth-Moulton type. Additionally, we employ the
stochastic Runge-Kutta method of type 4, which enhances computational efficiency and accuracy in
solving fractional stochastic differential equations. Sensitivity analysis is performed to identify key
parameters affecting glucose regulation, leading to the development of optimized control strategies,
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including insulin injections and pharmaceutical interventions.
This study contributes to the growing body of research on fractional stochastic modeling of

diabetes by providing a robust framework for understanding glucose-insulin dynamics. The
integration of fractional calculus and stochastic analysis offers new insights into diabetes progression
and treatment, paving the way for improved disease management strategies and personalized
therapeutic interventions.

The primary motivation of this work is to develop a more realistic and comprehensive mathematical
framework for glucose-insulin regulation by incorporating two critical aspects: (1) the nonlinear insulin
degradation described by the Michaelis-Menten function, which more accurately reflects physiological
saturation effects, and (2) the inherent randomness and memory effects in biological systems, captured
via stochastic fractional differential equations. The originality of this paper lies in the novel integration
of Michaelis-Menten kinetics into a fractional stochastic glucose-insulin model—a combination that,
to the best of our knowledge, has not been studied before. We provide a rigorous analysis of the model,
including existence, uniqueness, boundedness, nonnegativity, and stability properties. Furthermore,
we propose and numerically validate several control strategies based on parameter sensitivity, offering
direct implications for personalized diabetes management.

In recent years, various fractional derivatives have been proposed, such as the local fractional
derivative [50], He’s fractional derivative [51], Atangana-Baleanu fractional derivative [52],
M-truncated derivative [53], conformable fractional derivative [54], and Caputo β-derivative [55].
Each has distinct advantages: the local fractional derivative is effective on fractal sets, the
Atangana-Baleanu derivative employs a non-singular kernel, and the conformable derivative obeys
classical calculus rules. However, the Caputo derivative is chosen here because of its well-established
theory, compatibility with standard initial conditions, and widespread adoption in biological
modeling. Unlike the Riemann-Liouville derivative, the Caputo derivative of a constant is zero,
making it suitable for systems with constant inputs or steady states. Its physical interpretation as a
memory effect—where the rate of change depends on the entire history of the function—aligns with
the long-term memory observed in glucose-insulin dynamics. While other derivatives may be
explored in future extensions, the Caputo derivative provides a robust and interpretable foundation for
this study.

Recent advances in fractional calculus have demonstrated its utility across diverse fields. For
instance, exact wave solutions of the local fractional Vakhnenko-Parkes equation [56] illustrate how
non-local operators describe wave propagation in fractal media. Similarly, the analysis of fractal
active low-pass filters using local fractional derivatives on Cantor sets [57] highlights applications in
engineering. In contrast, our work applies the Caputo derivative to a biomedical system, emphasizing
its ability to model memory effects in physiological processes. While the aforementioned studies
focus on exact solutions and circuit design, our contribution lies in developing a stochastic fractional
model for a complex endocrine system, with direct implications for disease management. This
comparative perspective underscores the versatility of fractional calculus and positions our work
within the broader landscape of applied fractional modeling.

Recent studies on stability in fractional-order and stochastic systems provide a strong foundation for
our analysis. For instance, the finite-time and global Mittag-Leffler stability of fractional-order neural
networks with distributed delays [58], and the stochastic asymptotic stability for stochastic inertial
Cohen-Grossberg neural networks with time-varying delays [59, 60] have been established. These
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works highlight the importance of stability analysis in complex fractional stochastic systems, which
motivates our investigation of the stability properties of the fractional stochastic glucose-insulin model.

The remainder of this paper is organized as follows. In Section 2, we present the fractional model
and establish its fundamental properties, including existence, uniqueness, boundedness, and
nonnegativity of solutions. Section 3 provides a detailed stability analysis, covering both asymptotic
and Hyers-Ulam stability. Section 4 introduces four clinically-relevant control strategies for glucose
regulation based on parameter sensitivity. In Section 5, we describe the numerical methods employed,
including the fractional Adams-Bashforth-Moulton predictor-corrector scheme and the stochastic
Runge-Kutta method, along with their convergence and validation. Section 6 presents and discusses
the simulation results, comparing deterministic and stochastic dynamics. Finally, Section 7 discusses
the implications of our findings, and Section 8 concludes the paper with remarks on applications and
future work.

2. Solution properties

The Euler gamma function is given by

Γ(ν) =
∫ ∞

0
e−ttν−1dt.

For a function ψ(t) : R+ → R, its fractional integral operator of order ν ∈ R+ for t > 0 is defined as

Iνψ(t) =
1
Γ(ν)

∫ t

0
(t − σ)ν−1ψ(σ)dσ.

As stated in [37], the Caputo fractional derivative of order ν > 0, where n − 1 < ν < n and n ∈ N, is
formulated as

C
0 D ν

t ψ(t) =

 1
Γ(n−ν)

∫ t

0
ψ(n)(σ)

(t−σ)ν+1−n dσ, n − 1 < ν < n,
dn

dtnψ(t), ν = n.

2.1. Existence and uniqueness

Setting
Ω = {(X, Y) ∈ R2 : max(|X|, |Y|) ≤ ζ}.

Theorem 2.1. Let Ẋ0 = (X0, Y0) ∈ Ω be an initial condition. A unique solution Ẋ(t) ∈ Ω of system (1.2)
exists.

Proof. For Ẋ, Ẋ ∈ Ω, suppose a mapping T(Ẋ) = (T1(Ẋ), T2(Ẋ)) is defined as follows:

T1(Ẋ) = Xin − aX − bXY,

T2(Ẋ) = Yin + cX −
d Y

e + Y
.

Thus

∥T(Ẋ) − T(Ẋ)∥ = |(a − b)Y(X − X̊)| +
∣∣∣∣ d Y
e + Y

−
d Y̊

e + Y̊

∣∣∣∣
≤ (a − bζ)|X − X̊| +

( d
e + ζ

)
|Y − Y̊|

≤ Γ∥Ẋ − Ẋ∥,
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where

Γ = max
{

(a − bζ),
( d
e + ζ

)}
.

Thus, T(Ẋ) satisfies the Lipschitz condition. The solutions to model (1.1) are unique and exist. □

2.2. Positivity and boundedness

Theorem 2.2. (Positivity) If the initial conditions satisfy X(0) ≥ 0 and Y(0) ≥ 0, and all parameters
Xin, Yin, a, b, c, d, e are nonnegative, then the solutions X(t) and Y(t) of system (1.2) remain nonnegative
for all t ≥ 0.

Proof. Evaluating the fractional derivatives at the boundaries:

D ν
t X

∣∣∣
X=0
= Xin ≥ 0, D ν

t Y
∣∣∣
Y=0
= Yin + c X ≥ 0.

Since all parameters are nonnegative and X(t) ≥ 0, the result follows from the lemma in [34]. □

Theorem 2.3. Model (1.2) solutions exhibit uniform boundedness in the positive region of R3
+,

Ω =

{
(X, Y) ∈ R3

+ : N′ ≤
Xin + Yin

ϱ1
+ ν, ν > 0

}
.

Proof. As in [36] with N′ = x + y, one obtains

D ν
t N′ = Xin − aX − bXY + Yin + cX −

dY
e + Y

⩽ Xin + Yin − (a − c)X −
dY

e +M
⩽ Xin + Yin − βN(t),

where ϱ1 = min
{
a − c, d

e+M

}
. For β > 0,

D ν
t N′ + βN′ ≤ Xin + Yin.

Thus, [33] yields
0 ≤ N′ ≤ N′(0)Eν(−βν) + rνEν,ν+1(−βν)).

Based on [34],

0 ≤ N′ ≤
Xin + Yin

β
, t −→ ∞.

For this model (1.2), the solution is uniformly bounded in Ω. □

2.3. Physical interpretation of the Caputo fractional derivative

The Caputo fractional derivative, defined in (2.1), is employed here to capture memory and
hereditary properties in glucose-insulin dynamics. Physically, the derivative D ν

t ψ(t) represents a
weighted accumulation of past changes, where the kernel (t − σ)ν−1 assigns greater weight to recent
events. In physiological terms, this means that the current rate of change in glucose or insulin
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concentration depends not only on the present state but also on the entire history of metabolic activity.
This memory effect is particularly relevant in diabetes, where prolonged hyperglycemia can lead to
irreversible tissue damage (glycemic memory). The Caputo formulation is preferred over other
fractional derivatives because it allows initial conditions to be expressed in terms of integer-order
derivatives, which are more readily measured and interpreted in clinical settings. Moreover, the
Caputo derivative of a constant is zero, ensuring that constant inputs (e.g., basal insulin infusion) do
not artificially induce spurious dynamics.

3. The stability of equilibrium

Theorem 3.1. When d > Yin, the positive equilibrium (X∗, Y∗) of system (1.2) is local asymptotically
stable.

Proof. For model (1.2), the Jacobian matrix J (X∗, Y∗) at (X∗, Y∗) is

J (X∗, Y∗) =
(
−a − bY∗ −bX∗

c − de
(e+Y∗)2

)
.

Its characteristic equation:

|λE − D|(X∗,Y∗) = (λ + a + bY∗)
(
λ +

de
(e + Y∗)2

)
+ cbX∗

= λ2 +

(
a + bY∗ +

de
(e + Y∗)2

)
λ + (a + bY∗)

de
(e + Y∗)2 + cbX∗

= 0,

then

λ1,2 =

−
(
a + bY∗ + de

(e+Y∗)2

)
±

√(
a + bY∗ + de

(e+Y∗)2

)2
− 4

(
(a + bY∗) de

(e+Y∗)2 + bcX∗
)

2
.

By analyzing the system’s characteristic equation, we can determine the roots by solving for the
eigenvalues. If the real parts of these eigenvalues are negative, the system is stable, and any
perturbations will decay over time. Using the Routh-Hurwitz criterion, (X∗, Y∗) is locally
asymptotically stable if d > Yin. □

Theorem 3.2. If d > Yin, then (X∗, Y∗) of model (1.2) is global asymptotically stable.

Proof. A Lyapunov function can be constructed to prove this:

L(t) =
c
2

(X − X∗)2
+

bX∗

2
(Y − Y∗)2 .
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With respect to t, L has fractional derivative

D ν
t L = c (X − X∗) D ν

t X + bX∗ (Y − Y∗) D ν
t Y

= c (X − X∗) (Xin − aX − bXY) + bX∗ (Y − Y∗)
(
Yin + cX −

dY
e + Y

)
= c (X − X∗) (a (X∗ − X) + b (X∗Y∗ − XY) + bX∗ (Y − Y∗)

(
c (X − X∗) −

de (Y∗ − Y)
(e + Y) (e + Y∗)

)
= −ac (X − X∗)2

− bcY (X − X∗)2
−

bdeX∗ (Y − Y∗)2

(e + Y) (e + Y∗)
≤ 0.

Therefore, D ν
t L ≤ 0. In addition, {(X, Y) ∈ Ω : D ν

t L = 0} is the largest invariant set. Thus, using
the invariance principle of LaSalle [35], (X∗, Y∗) is asymptotically stable globally. It is obvious that
D ν

t L = 0 holds if, and only if, X = X∗ and Y = Y∗, then the proof follows. □

Definition 3.1. [61, 62] Assume that

W1(t, X) = Xin − aX − bXY,

W2(t, Y)) = Yin + cX −
d Y

e + Y
.

(3.1)

System (1.2) is Hyers-Ulam stable if v j > 0 for i ∈ N2
j , satisfying for every ρ j, i ∈ N2

j∣∣∣∣X(t) − 1
Γ(ϱ1)

∫ t

0
(t − σ)ϱ1−1W1(σ, X(σ))dσ

∣∣∣∣ ≤ ρ1,∣∣∣∣Y(t) − 1
Γ(ϱ1)

∫ t

0
(t − σ)ϱ1−1W2(σ, Y(σ))dσ

∣∣∣∣ ≤ ρ2.

There is another solution
(
X̊(t), Y̊(t)

)
to the model (1.2). These solutions can be described using

integral equations that fulfill their requirements.

X̊(t) =
1
Γ(ϱ1)

∫ t

0
(t − σ)ϱ1−1W1

(
σ, X̊(σ)

)
dσ,

Y̊(t) =
1
Γ(ϱ1)

∫ t

0
(t − σ)ϱ1−1W2

(
σ, Y̊(σ)

)
dσ,

so that ∣∣∣∣X(t) − X̊(t)∣∣∣∣ ≤ ϕ1ρ1,∣∣∣∣Y(t) − Y̊(t)∣∣∣∣ ≤ ϕ2ρ2.
(3.2)

Theorem 3.3. If (3.2) is true, then model (1.2) satisfies the Hyers-Ulam stability condition.

Proof. According to Theorem 4,∣∣∣∣X(t) − X̊(t)∣∣∣∣ = 1
Γ(ϱ1)

∫ t

0
(t − σ)ϱ1−1

(
W1(σ, X(σ)) −W1

(
σ, X̊(σ)

))
dσ

≤
1
Γ(ϱ1)

∫ t

0
(t − σ)ϱ1−1ϱ1

∥∥∥∥X − X̊∥∥∥∥dσ

≤ ϱ1

∥∥∥∥X − X̊∥∥∥∥.
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Now, let
∥∥∥∥X − X̊∥∥∥∥ = ϕ1. Then ∣∣∣∣X(t) − X̊(t)∣∣∣∣ ≤ ϕ1ρ1.

Similarly ∣∣∣∣Y(t) − Y̊(t)∣∣∣∣ ≤ ϕ2ρ2,

with
∥∥∥∥Y − Y̊∥∥∥∥ = ϕ2. □

4. Strategies to control glucose levels

A combined approach involving simultaneous adjustments to b, c, and d can provide a more
holistic management strategy for controlling glucose levels. By synergistically enhancing insulin
sensitivity, reducing glucose production, and prolonging insulin action, this strategy aims to maintain
glucose levels within the normal range. This applies both during fasting and postprandial periods. By
adjusting certain parameters, we propose clinically applicable treatments for controlling glucose
levels (X). Since patients with diabetes typically exhibit higher plasma glucose levels, it is advisable
to reduce carbohydrate intake, thereby decreasing the ratio Xin. Instead of focusing on the
insulin-independent utilization rate a, we concentrate on other parameters: b, c, and d. We keep a at a
constant value. Glucose levels are significantly influenced by insulin, so our analysis will always
follow the WHO’s recommended blood glucose levels: a normal fasting glucose range is
70 < X < 110 mg/dl and below 140 mg/dl two hours postprandial. The parameters used are derived
from references [5], with the necessary unit conversions applied. We propose four specific strategies,
each based on simulations, which demonstrate their potential effectiveness in controlling blood
glucose levels according to WHO guidelines. The parameters and their units used in these strategies
have been carefully selected and converted from the cited references [5] to ensure accurate and
clinically relevant results.

4.1. Strategy 1: Adjusting parameter b

By fine-tuning parameter b, which influences the insulin sensitivity of glucose utilization, we can
enhance the body’s ability to lower blood glucose levels in response to insulin. This strategy targets
improving insulin efficiency in glucose uptake, thereby reducing hyperglycemia. By improving the
insulin resistance parameter b, we can further decrease the glucose level X∗. This can be achieved by
using metformin. With no insulin injection, we derive the relationship:

b =
(xin − aX∗)(d − cX∗)

ceG∗2
.

Using the given values, we find:

b =
(4.5 − 0.0002 × 90)(1500 − 0.2298 × 90)

0.2298 × 2300 × 902 ≈ 6.85 × 10−6.

Figure 1 shows the behavior of glucose X(t) and insulin Y(t) using b = 7.5919e−4, 8.5919e−4, 9.5919e−
4, 10.5919e − 4.
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(a) Glucose concentration X(t) dynamics under varying values of
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(b) Insulin concentration Y(t) dynamics under varying values of b.

Figure 1. Behavior of glucose and insulin concentrations for b = 7.5919 × 10−4, 8.5919 ×
10−4, 9.5919 × 10−4, 10.5919 × 10−4: (a) Glucose X(t) response; (b) Insulin Y(t) response.

4.2. Strategy 2: Adjust insulin doses

For patients with Type 1 Diabetes Mellitus (T1DM), artificial insulin injections will be necessary
for the rest of their lives due to damaged ν cells. Glucose is decomposed here. Insulin injections are
also recommended for T2DM patients. First, we adjust the insulin dose to maintain glucose levels
X∗ within the normal range. Based on xin, a, b, c, d, e, we can substitute Yin into the second equation
of (1.2) below:

Yin =
d xin−aX∗

bX∗

e + xin−aX∗
bX∗
− cX∗ =

d(xin − aX∗)
ebX∗ + (xin − aX∗)

− cX∗.

The results indicate that X∗ can be maintained within the normal range with an adjustment of injection
dose (see Figure 2(a)). The profile shows that X∗ decreases as the insulin dosage Yin moves up. Diabetes
patients’ ν cells secrete insulin, but glucose cannot be broken down properly. In one case, secreted
insulin is not enough; in another, insulin resistance occurs despite sufficient insulin levels. Under these
conditions, we designed three strategies for T2DM without insulin injection.
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(a) Glucose concentration X(t) dynamics for varying values of c.
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(b) Insulin concentration Y(t) dynamics for varying values of c.

Figure 2. Dynamic behavior of the system for different values of the glucose production
rate c = 0.2298, 0.3298, 0.4298, 0.5298: (a) Glucose concentration X(t); (b) Insulin
concentration Y(t).

4.3. Strategy 3: Modifying parameter c

Parameter c represents the rate of glucose production. Reducing c can decrease endogenous glucose
production, helping to lower overall blood glucose levels. This approach may be particularly beneficial
for patients who have excessive hepatic glucose production. Stimulating insulin secretion increases the
rate parameter c, which also helps control the glucose level X∗. The relationship is given by:

c =
d(xin − aX∗)

X∗(ebX∗ + xin − aX∗)
.

Using the given values, we find:

c =
1500(4.5 − 0.0002 × 90)

90(2300 × 7.5919 × 10−4 × 90 + 4.5 − 0.0002 × 90)
≈ 0.2256.

Figure 2 shows the behavior of glucose X(t) and insulin Y(t) using c = 0.2298, 0.3298, 0.4298, 0.5298.

4.4. Strategy 4: Regulating parameter d

Parameter d affects the degradation rate of insulin. By optimizing d, we can prolong the insulin’s
effectiveness in the bloodstream, thereby enhancing its ability to manage postprandial glucose spikes.
This strategy is crucial for maintaining glucose levels within the recommended postprandial range.
Finally, we can control the glucose level by adjusting insulin clearance rate (d). As a result, X∗ =
X/(1+d), where X is the initial glucose level. This equation shows that by lowering the insulin clearance
rate, the glucose level can be managed more effectively.

d =
cX∗(beX∗ + Xin − aX∗)

xin − aX∗
.
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Using the given values, we find:

d =
0.2298 × 90 × (7.5919 × 10−4 × 2300 × 90 + 4.5 − 0.0002 × 90)

4.5 − 0.0002 × 90
≈ 745.85.

By managing d, we ensure that X∗ remains within the desired range, contributing to better glucose
control in diabetic patients. Figure 3 shows the behavior of glucose X(t) and insulin Y(t) using d =
745.85, 1000, 1200, 1500.
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(a) Glucose concentration X(t) dynamics for varying values of d.
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(b) Insulin concentration Y(t) dynamics for varying values of d.

Figure 3. Dynamic behavior of the system for different values of the insulin clearance rate
d = 745.85, 1000, 1200, 1500: (a) Glucose concentration X(t); (b) Insulin concentration
Y(t).

In conclusion, by combining these strategies, we can achieve more comprehensive and effective
management of glucose levels in diabetic patients. Each strategy targets a specific aspect of
glucose-insulin dynamics, providing a tailored approach to diabetes treatment. By implementing
these strategies in clinical practice, we can help patients maintain glucose levels within the
recommended range, thereby improving their overall health and quality of life. Glucose levels are
significantly influenced by insulin, so our analysis will always follow the WHO’s recommended blood
glucose levels: a normal fasting glucose range is 70 < X < 110 mg/dl and below 140 mg/dl two hours
postprandial. Simulations in Figures 2 and 3 illustrate these adjustments.

5. Computing numerical techniques

5.1. Implementation of the fractional Adams-Bashforth-Moulton method

Diethelm et al. [63] performed the initial research on the fractional Adams method, which can be
expressed as follows:

X
p
n+1 =

k−1∑
j=0

t j
n+1

j!
X

( j)
0 + ℏ

n∑
j=0

ℓ j,n+1 f (t j, X j),
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Xn+1 =

k−1∑
j=0

t j
n+1

j!
Y

( j)
0 +

hν

Γ(ν + 2)

 n∑
j=0

ℓ j,n+1 f (t j, X j) + ℓn+1,n+1 f (tn+1, X
p
n+1)

 .
Here, the coefficients ℓ j,n+1 are given by:

ℓ j,n+1 =


nν+1 − (n − ν)(n + 1)ν, if j = 0,
(n − j + 2)ν+1 + (n − j)ν+1 − 2(n − j + 1)ν+1, if 1 ≤ j ≤ n,

1, if j = n + 1.

Applying this scheme to the fractional-order system:

D ν
t X(t) = Xin − aX − bXY, X(0) = X0,

D ν
t Y(t) = Yin + cX −

d Y
e + Y

, Y(0) = Y0,

we obtain the discrete form:

Xn+1 = X0 +
hν

Γ(ν + 2)

(
Xin − aXp

n+1 − bXp
n+1Y

p
n+1

)
+

hν

Γ(ν + 2)

n∑
j=0

Ψ j,n+1

(
Xin − aX(t j) − bX(t j)Y(t j)

)
,

Yn+1 = Y0 +
hν

Γ(ν + 2)

(
Yin + cXp

n+1 −
d Yp
n+1

e + Yp
n+1

)
+

hν

Γ(ν + 2)

n∑
j=0

Ψ j,n+1

(
Yin + cX(t j) −

d Y(t j)
e + Y(t j)

)
,

where the predictor step is given by:

X
p
n+1 = X0 +

hν

Γ(ν + 2)

n∑
j=0

Ψ j,n+1

(
Xin − aX(t j) − bX(t j)Y(t j)

)
,

Y
p
n+1 = Y0 +

hν

Γ(ν + 2)

n∑
j=0

Ψ j,n+1

(
Yin + cX(t j) −

d Y(t j)
e + Y(t j)

)
.

5.2. Numerical implementation via the Milstein scheme

We consider the stochastic counterpart of the glucose-insulin model

D ν
t X(t) = Xin − aX − bXY,

D ν
t Y(t) = Yin + cX −

d Y
e + Y

,

perturbed by multiplicative noise in each component. As in [64], in differential form, we write

dX = f1(X, Y) dt + g1(X) dW1, dY = f2(X, Y) dt + g2(Y) dW2,
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where
f1(X, Y) = Xin − aX − bXY, f2(X, Y) = Yin + cX −

d Y
e + Y

.

We adopt multiplicative diffusion coefficients

g1(X) = σX X, g2(Y) = σY Y,

with independent Wiener processes W1 and W2. To be consistent with the fractional order ν ∈ (0, 1], we
follow the same step-scaling used in the Generalized Runge-Kutta method of type 4 (GRK4M) section
and introduce

ℏ =
hν

Γ(ν + 1)
,

while keeping the stochastic increments ∆W ∼ N(0, h) standard in time.
Let tn = nh, and denote (Xn, Yn) ≈ (X(tn), Y(tn)). The Milstein updates read

Xn+1 = Xn + f1(Xn, Yn) ℏ + g1(Xn)∆W1 +
1
2 g1(Xn) g′1(Xn)

(
(∆W1)2 − h

)
,

Yn+1 = Yn + f2(Xn, Yn) ℏ + g2(Yn)∆W2 +
1
2 g2(Yn) g′2(Yn)

(
(∆W2)2 − h

)
,

where ∆Wi ∼ N(0, h) are independent. For g1(X) = σXX and g2(Y) = σYY one has g′1(X) = σX and
g′2(Y) = σY , hence

Xn+1 = Xn + f1(Xn, Yn) ℏ + σXXn ∆W1 +
1
2 σ

2
XXn

(
(∆W1)2 − h

)
,

Yn+1 = Yn + f2(Xn, Yn) ℏ + σYYn ∆W2 +
1
2 σ

2
YYn

(
(∆W2)2 − h

)
.

In practice we also enforce nonnegativity Xn+1 = max{Xn+1, 0} and Yn+1 = max{Yn+1, 0}. We report
ensemble means and 95% confidence intervals computed over Nsim sample paths and explore several
noise intensities σX, σY .

5.3. Justification and convergence of numerical methods

Choice of Runge-Kutta methods Although the RK method is not new, its selection in this work is
motivated by several critical advantages: (1) RK methods are explicit and do not require solving
nonlinear equations at each step, reducing computational cost; (2) the classical RK4 provides an
excellent balance between accuracy and stability for deterministic systems; (3) for stochastic systems,
the stochastic RK4 (SRK4) method extends these benefits to stochastic differential equations while
maintaining strong convergence and numerical stability. The fractional Adams-Bashforth-Moulton
(ABM) predictor-corrector method is used for the deterministic fractional system due to its proven
convergence and ability to handle nonlocal fractional operators efficiently.

Convergence analysis The convergence of the fractional ABM method for Caputo fractional
differential equations is well-established [63]. The method converges with order O(hp) where
p = min{2, 1 + ν} for ν > 0. For the SRK4 method, under standard Lipschitz and growth conditions,
strong convergence of order 1.0 and weak convergence of order 2.0 are guaranteed [64]. Numerical
stability is ensured through step-size adaptation and consistency checks.
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Limitations and validation The primary limitation of RK methods is their fixed-step nature, which
may become inefficient for stiff systems. However, in our glucose-insulin model, stiffness is mitigated
by appropriate parameter scaling. To validate the obtained solutions, we performed multiple checks: (1)
comparison with known analytic solutions for simplified cases; (2) verification of nonnegativity and
boundedness as established in Theorems 2 and 3; (3) sensitivity analysis to time-step size, confirming
solution convergence as h→ 0; and (4) physiological plausibility checks against clinical data ranges.

6. Figure descriptions and analysis

6.1. Comparison between ABM and GRKM

Figures 4–11 show the behavior of the fractional deterministic diabetes mellitus model (1.2) for
various fractional orders ν = 0.7, ν = 0.75, ν = 0.85, ν = 0.95, ν = 1 at Yin = 0, 5, 10, 20.

Figures 4 and 5 illustrate the dynamics of X(t) and insulin levels, respectively, under the ABM
method and the GRKM method for different values of ν with an insulin input of Yin = 20. These
comparisons provide insight into how the two methods influence glucose and insulin regulation under
the given conditions.
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(a) ABM method: Glucose X(t) dynamics for fractional orders
ν = 0.7, 0.75, 0.85, 0.95, 1 at Yin = 20
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(b) GRKM method: Glucose X(t) dynamics for fractional orders
ν = 0.7, 0.75, 0.85, 0.95, 1 at Yin = 20

Figure 4. Comparison of X(t) dynamics under ABM and GRKM at Yin = 20 for fractional
orders ν = 0.7, 0.75, 0.85, 0.95, 1. (a) ABM solution showing glucose decay with memory-
dependent dynamics. (b) GRKM solution showing similar glucose decay with slightly
different convergence properties.
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(a) ABM method: Insulin Y(t) dynamics for fractional orders ν =
0.7, 0.75, 0.85, 0.95, 1 at Yin = 20
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(b) GRKM method: Insulin Y(t) dynamics for fractional orders
ν = 0.7, 0.75, 0.85, 0.95, 1 at Yin = 20

Figure 5. Comparison of Y(t) dynamics under ABM and GRKM at Yin = 20 for fractional
orders ν = 0.7, 0.75, 0.85, 0.95, 1. (a) ABM solution showing insulin response to glucose
with fractional memory effects. (b) GRKM solution showing insulin dynamics with faster
stabilization.

Similarly, Figures 6 and 7 present the behavior of X(t) and insulin levels for Yin = 10. A
comparison with Figures 4 and 5 suggest that glucose levels remain more elevated at Yin = 10
compared to Yin = 20, indicating a dose-dependent regulatory effect of insulin. This demonstrates that
the system’s response to insulin input varies proportionally with the administered dose.
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(a) ABM method: Glucose X(t) dynamics at Yin = 10 for
fractional orders ν = 0.7, 0.75, 0.85, 0.95, 1
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(b) GRKM method: Glucose X(t) dynamics at Yin = 10 for
fractional orders ν = 0.7, 0.75, 0.85, 0.95, 1

Figure 6. Comparison of X(t) dynamics under ABM and GRKM at Yin = 10 for fractional
orders ν = 0.7, 0.75, 0.85, 0.95, 1. (a) ABM glucose trajectory showing slower decay due to
reduced insulin input. (b) GRKM glucose trajectory with similar steady-state but different
transient behavior.
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(a) ABM method: Insulin Y(t) dynamics at Yin = 10 for fractional
orders ν = 0.7, 0.75, 0.85, 0.95, 1
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(b) GRKM method: Insulin Y(t) dynamics at Yin = 10 for
fractional orders ν = 0.7, 0.75, 0.85, 0.95, 1

Figure 7. Comparison of Y(t) dynamics under ABM and GRKM at Yin = 10 for fractional
orders ν = 0.7, 0.75, 0.85, 0.95, 1. (a) ABM insulin response with persistent memory effects.
(b) GRKM insulin dynamics approaching equilibrium more rapidly.

Figures 8 and 9 further explore the system’s response at a lower insulin input of Yin = 5, again
comparing the ABM and GRKM models. The trends observed in these figures highlight how reducing
insulin input results in progressively higher steady-state glucose levels and lower insulin
concentrations, confirming the monotonic relationship between exogenous insulin and glycemic
control.
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(a) ABM method: Glucose X(t) dynamics at Yin = 5 for fractional
orders ν = 0.7, 0.75, 0.85, 0.95, 1
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(b) GRKM method: Glucose X(t) dynamics at Yin = 5 for
fractional orders ν = 0.7, 0.75, 0.85, 0.95, 1

Figure 8. Comparison of X(t) dynamics under ABM and GRKM at Yin = 5 for fractional
orders ν = 0.7, 0.75, 0.85, 0.95, 1. (a) ABM glucose elevation persists due to low exogenous
insulin. (b) GRKM glucose shows similar patterns with numerical method variations.
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(a) ABM method: Insulin Y(t) dynamics at Yin = 5 for fractional
orders ν = 0.7, 0.75, 0.85, 0.95, 1
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(b) GRKM method: Insulin Y(t) dynamics at Yin = 5 for
fractional orders ν = 0.7, 0.75, 0.85, 0.95, 1

Figure 9. Comparison of Y(t) dynamics under ABM and GRKM at Yin = 5 for fractional
orders ν = 0.7, 0.75, 0.85, 0.95, 1. (a) ABM insulin trajectory with reduced peak levels. (b)
GRKM insulin showing consistent equilibrium attainment.

Additionally, Figures 10 and 11 provide the baseline case without exogenous insulin (Yin = 0),
reinforcing the observed patterns in glucose-insulin dynamics. These figures demonstrate that
endogenous insulin production alone is insufficient to maintain normoglycemia under the model
parameters, consistent with diabetic pathophysiology.
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(a) ABM method: Glucose X(t) dynamics at Yin = 0 for fractional
orders ν = 0.7, 0.75, 0.85, 0.95, 1
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(b) GRKM method: Glucose X(t) dynamics at Yin = 0 for
fractional orders ν = 0.7, 0.75, 0.85, 0.95, 1

Figure 10. Comparison of X(t) dynamics under ABM and GRKM at Yin = 0 for fractional
orders ν = 0.7, 0.75, 0.85, 0.95, 1. (a) ABM glucose remains elevated without exogenous
insulin. (b) GRKM glucose shows similar hyperglycemic steady-state.
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(a) ABM method: Insulin Y(t) dynamics at Yin = 0 for fractional
orders ν = 0.7, 0.75, 0.85, 0.95, 1
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(b) GRKM method: Insulin Y(t) dynamics at Yin = 0 for
fractional orders ν = 0.7, 0.75, 0.85, 0.95, 1

Figure 11. Comparison of Y(t) dynamics under ABM and GRKM at Yin = 0 for fractional
orders ν = 0.7, 0.75, 0.85, 0.95, 1. (a) ABM insulin reflects only endogenous secretion. (b)
GRKM insulin shows comparable endogenous dynamics.

6.2. Comparison between SRKM and GRKM

In this study we use the SRK4 numerical method to solve the stochastic structural model (1.2),
including the assumption of initial data, (Y0,X0) = (128.052, 0). This method is used to compare the
fractional stochastic and deterministic diabetes model for different noise intensities (0.1, 0.3, 0.6, 0.8,
1.0, 1.2) and insulin input rates (Yin = 0, 3). It can be seen in Figures 12–24 that the SRK4 numerical
approximation method effectively compares the stochastic and deterministic dynamics.

Figures 12 through 24 examine the differences between the fractional stochastic and fractional
deterministic diabetes models across varying noise levels. The stochastic model is solved using the
SRK4 method to approximate glucose-insulin dynamics, incorporating real-world fluctuations. The
deterministic model follows a smooth trajectory (red dashed line), representing an idealized case
without random disturbances. In contrast, the stochastic model introduces Gaussian white noise,
which captures biological variability more effectively. Shaded regions represent 95% confidence
intervals computed over multiple stochastic realizations.
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(a) Stochastic glucose X(t) with 95% CI at Yin = 0, σ = 0.1.
Deterministic baseline (red dashed) shows idealized trajectory.
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(b) Stochastic insulin Y(t) with 95% CI at Yin = 0, σ =

0.1. Deterministic insulin response (red dashed) with stochastic
fluctuations.

Figure 12. Comparison of stochastic (SRK4) and deterministic (GRKM) dynamics at Yin =

0 with noise intensity σ = 0.1. (a) Glucose X(t) showing minimal stochastic variation around
deterministic baseline. (b) Insulin Y(t) with narrow confidence intervals. Shaded regions
indicate 95% confidence intervals computed over 1000 realizations.
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(a) Stochastic glucose X(t) with 95% CI at Yin = 0, σ = 0.3.
Increased noise amplitude produces wider confidence bands.
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(b) Stochastic insulin Y(t) with 95% CI at Yin = 0, σ = 0.3.
Insulin variability increases proportionally with noise intensity.

Figure 13. Comparison of stochastic and deterministic dynamics at Yin = 0 with noise
intensity σ = 0.3. (a) Glucose X(t) with moderate stochastic fluctuations. (b) Insulin Y(t)
showing increased variability.
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(a) Stochastic glucose X(t) with 95% CI at Yin = 0, σ = 0.6.
Glucose fluctuations now span from normal to impaired fasting
range.
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(b) Stochastic insulin Y(t) with 95% CI at Yin = 0, σ = 0.6.
Insulin confidence intervals broaden substantially.

Figure 14. Comparison of stochastic and deterministic dynamics at Yin = 0 with noise
intensity σ = 0.6. (a) Glucose X(t) exhibiting clinically significant variability. (b) Insulin
Y(t) with corresponding fluctuations.
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(a) Stochastic glucose X(t) with 95% CI at Yin = 0, σ = 0.8.
Upper confidence bound approaches postprandial threshold (140
mg/dl).
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(b) Stochastic insulin Y(t) with 95% CI at Yin = 0, σ = 0.8.
Insulin levels show wide dispersion including negative values
truncated at zero.

Figure 15. Comparison of stochastic and deterministic dynamics at Yin = 0 with noise
intensity σ = 0.8. (a) Glucose X(t) with substantial hyperglycemic excursions. (b) Insulin
Y(t) with broad confidence region.
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(a) Stochastic glucose X(t) with 95% CI at Yin = 0, σ =

1.0. Upper bound exceeds 140 mg/dl, indicating postprandial
hyperglycemia risk.
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(b) Stochastic insulin Y(t) with 95% CI at Yin = 0, σ = 1.0.
Extreme variability in insulin dynamics.

Figure 16. Comparison of stochastic and deterministic dynamics at Yin = 0 with noise
intensity σ = 1.0. (a) Glucose X(t) with high-amplitude fluctuations. (b) Insulin Y(t) with
corresponding volatility.
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(a) Stochastic glucose X(t) with 95% CI at Yin = 0, σ = 1.2.
Maximum noise condition produces extreme glycemic variability.
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(b) Stochastic insulin Y(t) with 95% CI at Yin = 0, σ =

1.2. Insulin confidence interval spans from near-zero to
supraphysiological levels.

Figure 17. Comparison of stochastic and deterministic dynamics at Yin = 0 with noise
intensity σ = 1.2. (a) Glucose X(t) with maximum variability. (b) Insulin Y(t) showing
unstable regulation.
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(a) Stochastic glucose X(t) with 95% CI at Yin = 3, σ = 0.1.
Exogenous insulin reduces baseline glucose; minimal noise.
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(b) Stochastic insulin Y(t) with 95% CI at Yin = 3, σ = 0.1.
Elevated insulin baseline from exogenous administration.

Figure 18. Comparison of stochastic and deterministic dynamics at Yin = 3 with noise
intensity σ = 0.1. (a) Glucose X(t) with exogenous insulin effect showing lower steady-
state. (b) Insulin Y(t) with elevated baseline and minimal stochastic variation.
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(a) Stochastic glucose X(t) with 95% CI at Yin = 3, σ = 0.3.
Moderate fluctuations around reduced glucose baseline.
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(b) Stochastic insulin Y(t) with 95% CI at Yin = 3, σ = 0.3.
Insulin variability increases with noise intensity.

Figure 19. Comparison of stochastic and deterministic dynamics at Yin = 3 with noise
intensity σ = 0.3. (a) Glucose X(t) with improved glycemic control. (b) Insulin Y(t) with
moderate fluctuations.
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(a) Stochastic glucose X(t) with 95% CI at Yin = 3, σ = 0.6.
Glucose remains within normal range despite increased noise.
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(b) Stochastic insulin Y(t) with 95% CI at Yin = 3, σ = 0.6.
Insulin confidence intervals widen at higher noise.

Figure 20. Comparison of stochastic and deterministic dynamics at Yin = 3 with noise
intensity σ = 0.6. (a) Glucose X(t) maintaining normoglycemia. (b) Insulin Y(t) with
amplified stochastic variation.
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(a) Stochastic glucose X(t) with 95% CI at Yin = 3, σ = 0.8.
Upper bound approaches fasting threshold with noise-induced
excursions.
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(b) Stochastic insulin Y(t) with 95% CI at Yin = 3, σ = 0.8.
Pronounced insulin variability despite exogenous input.

Figure 21. Comparison of stochastic and deterministic dynamics at Yin = 3 with noise
intensity σ = 0.8. (a) Glucose X(t) with borderline glycemic control. (b) Insulin Y(t)
showing substantial stochastic fluctuations.
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(a) Stochastic glucose X(t) with 95% CI at Yin = 3, σ = 1.0.
Upper confidence bound exceeds normal fasting range.
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(b) Stochastic insulin Y(t) with 95% CI at Yin = 3, σ = 1.0. High
noise compromises insulin stability.

Figure 22. Comparison of stochastic and deterministic dynamics at Yin = 3 with noise
intensity σ = 1.0. (a) Glucose X(t) with intermittent hyperglycemia. (b) Insulin Y(t) with
large confidence intervals.
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(a) Stochastic glucose X(t) with 95% CI at Yin = 3, σ = 1.2.
Maximum noise produces clinically significant glucose variability.
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(b) Stochastic insulin Y(t) with 95% CI at Yin = 3, σ = 1.2.
Severe insulin fluctuations challenge metabolic stability.

Figure 23. Comparison of stochastic and deterministic dynamics at Yin = 3 with noise
intensity σ = 1.2. (a) Glucose X(t) with extreme glycemic variability. (b) Insulin Y(t)
demonstrating unstable feedback control.
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(a) Detailed stochastic glucose X(t) at Yin = 3, σ = 0.8. Enhanced
visualization of confidence band structure.
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(b) Detailed stochastic insulin Y(t) at Yin = 3, σ = 0.8. Magnified
view of insulin variability patterns.

Figure 24. Detailed comparison of stochastic and deterministic dynamics at Yin = 3
with noise intensity σ = 0.8. (a) Glucose X(t) with enhanced resolution of stochastic
band structure. (b) Insulin Y(t) showing detailed fluctuation patterns. This figure provides
magnified visualization of the stochastic process.

As the noise level increases, fluctuations in glucose and insulin levels become more pronounced,
aligning with real-life scenarios where glucose regulation is not perfectly maintained. Notably, higher
noise intensities lead to greater glucose level deviations, demonstrating the role of biological
randomness in diabetes management. Furthermore, the effect of insulin input (Yin) is evident, as
increased insulin administration results in lower glucose levels, reinforcing insulin’s regulatory
function.

Overall, deterministic models provide a general trend of glucose-insulin interactions, while
stochastic models offer a more realistic representation by accounting for random disturbances. As
seen in stochastic models, increasing variability highlights the complexity of glucose-insulin
regulation and the impact of uncertainty on real-world biological systems.

7. Discussion

Increased noise introduces significant variability in glucose and insulin dynamics. The stochastic
model captures real-world fluctuations, accurately depicting physiological processes. Insulin
injections lower glucose levels, and the reduction in glucose is proportional to the insulin injection
rate. The deterministic model provides a smooth, idealized baseline, while the stochastic model
reveals the impact of randomness and external factors on glucose and insulin dynamics.

The stochastic model enhances our understanding of patient-specific responses and glucose-insulin
variability. Insights into insulin dosage effects can inform personalized treatment strategies, and the
model can predict outcomes under different clinical scenarios, aiding diabetes management and
treatment planning. Our results highlight the importance of incorporating stochastic elements in
glucose-insulin modeling. The fractional deterministic model provides a clear baseline, whereas the
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stochastic model demonstrates the significant impact of randomness and external perturbations. This
combined approach advances our understanding and offers a comprehensive tool for diabetes
management and research.

Deterministic glucose dynamics: The red dashed line represents deterministic glucose dynamics for
each Yin value. This line serves as a baseline, showing the idealized evolution of glucose levels over
time. We observed that glucose levels decrease over time, reflecting the model’s response to insulin
and glucose intake.

Stochastic glucose dynamics: Colored lines represent the mean glucose levels at different noise
intensities: 0.1, 0.3, 0.6, 0.8, 1.0, and 1.2. Increased noise results in significant glucose fluctuations,
and the mean glucose level deviates more from the deterministic baseline as noise intensity increases.
Higher noise levels introduce substantial variability, reflecting real-life physiological fluctuations.
This variability directly impacts patient-specific glucose control and management. Without external
insulin (Yin = 0), glucose remains elevated, indicating insufficient endogenous insulin. Increasing
exogenous insulin to Yin = 5 and Yin = 10 produces a more pronounced reduction in glucose levels,
and the extent of glucose reduction correlates positively with the insulin injection rate.

Deterministic insulin dynamics: The red dashed line represents the deterministic insulin dynamics
for each Yin value, showing the idealized evolution of insulin levels over time. Insulin levels adjust
dynamically based on glucose concentrations and exogenous insulin administration.

8. Conclusions

This study introduces a fractional glucose-insulin model incorporating the Michaelis-Menten
function to describe insulin degradation, providing a sophisticated approach to modeling diabetes
pathology. The model’s theoretical foundation is robust, establishing the existence, uniqueness,
boundedness, nonnegativity, and stability of its solutions. Our analysis confirms the existence of an
asymptotically stable global positive equilibrium, and Hyers-Ulam stability validates the model’s
robustness to small perturbations. Four strategic interventions based on parameter sensitivity analysis
offer practical pathways for personalized diabetes management.

The fractional stochastic model of glucose-insulin degradation developed here has significant
practical applications. It can simulate individual patient responses under various treatment regimens,
aiding in the personalization of insulin therapy. Furthermore, the model can be integrated into model
predictive control (MPC) algorithms for artificial pancreas systems, enhancing real-time glucose
regulation in type 1 diabetes. The sensitivity analysis and control strategies presented in Section 4
provide clinicians with a quantitative framework to adjust treatment parameters based on
patient-specific characteristics. By capturing both memory effects and inherent randomness, the
model offers a more realistic representation of glucose-insulin dynamics than deterministic or
integer-order models. Thus, this work not only advances theoretical understanding but also
contributes to the development of more effective, personalized diabetes management tools.

Future work will extend the model to incorporate additional physiological complexities, such as
time delays and hormonal counter-regulations, and explore its applicability to other metabolic
disorders.
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