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1. Introduction and main results

The 3D non-resistive Hall-MHD (HMHD) system reads
∂tu + u · ∇u + ∇p − µ∆u = 1

µ0
h · ∇h,

∂th + u · ∇h + ν0∇ × [(∇ × h) × h] = h · ∇u,
∇ · u = 0,
∇ · h = 0,

(HMHD)

with initial data
u(0, x) = u0(x), and h(0, x) = h0(x). (1.1)

Here, (u, h) : R+ × R3 → R3 × R3 is the velocity and the magnetic field, respectively. p : R3 → R

represents the pressure. µ, µ0, ν0 stand for the constant viscosity, vacuum permeability, and ratio for the
Hall effect.

The equations of MHD are widely used in describing many physical phenomena, such as fusion
plasmas and star formation (see [5, 19]), as they play a crucial role in describing the large-scale
interaction between conducting fluids and magnetic fields. The HMHD differs from the classical
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incompressible MHD, due to the Hall term ∇ × [(∇ × h) × h] which accounts for the decoupling of
electron and ion motions. Global well-posedness for the axisymmetric incompressible viscous and
resistive HMHD equations was established by Fan et al. [6], and later Li and Liu established a global
regularity for the viscous and resistive HMHD equations with low regularity axisymmetric data [11].
Recently, kinds of ill-posedness results of Hall- and electron-MHD systems were shown in [7] and Li
provided the local well-posedness of a 3D ideal HMHD system with an azimuthal magnetic field [14].

In this paper, the coefficients µ0, ν0 do not play an essential role in the proof, so without loss of
generality, we set µ0 = ν0 = 1. We consider the HMHD with the following cylindrical coordinates:

r =
√

x2
1 + x2

2, θ = arctan
x2

x1
, z = x3.

Assume both u and h are axially symmetric, which isu = ur(t, r, z)er + uθ(t, r, z)eθ + uz(t, r, z)ez,

h = hr(t, r, z)er + hθ(t, r, z)eθ + hz(t, r, z)ez,

where the basis vectors er, eθ, ez are

er =

( x1

r
,

x2

r
, 0

)
, eθ =

(
−

x2

r
,

x1

r
, 0

)
, ez = (0, 0, 1).

From the local well-posedness result [14], it is clear that if the initial velocity u0 · eθ vanishes, then
uθ will vanish for all time (i.e., the no-swirl case). That is, by assuming u0 · eθ = hr = hz ≡ 0, then u
and h are constrained to the form:

u = urer + uzez, h = hθeθ.

Combining with the following result of ∇ × [(∇ × f ) × f ] in cylindrical coordinate:

∇ × [(∇ × f ) × f ] =∂z( jz fr − jr fz)er + (∂z( jθ fz − jz fθ) − ∂r( jr fθ − jθ fr)) eθ

+
1
r
∂r (r( jz fr − jr fz)) ez,

where  f = fr(t, r, z)er + fθ(t, r, z)eθ + fz(t, r, z)ez,

j = ∇ × f = jr(t, r, z)er + jθ(t, r, z)eθ + jz(t, r, z)ez,

and
jr = −∂z fθ, jθ = ∂z fr − ∂r fz, jz =

1
r
∂r(r fθ),

one can easily rewrite the system (HMHD) in the following way:

∂tur + (ur∂r + ur∂z)ur + ∂r p = µ(∆ −
1
r2 )ur −

(hθ)2

r
,

∂tuz + (ur∂r + uz∂z)uz + ∂z p = µ∆uz,

∂thθ + (ur∂r + uz∂z)hθ −
hθur

r
=
∂z(hθ)2

r
,

∇ · u = ∂rur +
ur

r
+ ∂zuz = 0,

(1.2)
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where ∆ = ∂2
r +

1
r∂r + ∂

2
z .

In this case, the vorticity w of the axially symmetric vector u is given by

w = curl u = wθeθ,

where
wθ = ∂zur − ∂ruz.

From (1.2) and the initial data (1.1), one can deduce that w satisfies:

∂twθ + (ur∂r + uz∂z)wθ =
ur

r
wθ −

1
r
∂z(hθ)2 + µ(∆ −

1
r2 )wθ. (1.3)

Recently, the HMHD equations have received significant attention from mathematicians due to their
crucial role in various plasma phenomena. Significant efforts have been dedicated to understanding
their well-posedness and regularity. Chae, Degond, and Liu in [2] established the global existence
of weak solutions and the local well-posedness for smooth solutions in Sobolev space H s(R3) with
s > 5/2. Subsequently, Dai [4] extended the local well-posedness theory to n-dimensional case, in
the space H s(Rn) with s > n/2, for n ≥ 2. For the non-resistive HMHD system, Chae and Weng
in [3] showed it is not globally well-posed in any Sobolev space H s(R3) with s > 7/2, even for smooth
initial data. More recently, Li and Yang in [15] provided a single-component regularity criterion for
the non-resistive axially symmetric HMHD system, demonstrating that the regularity is correlated with
a Beale-Kato-Majda (BKM) type condition on the reformulated magnetic quantityH := hθ

r .
Previous studies have established fundamental and significant insights into both resistive and

non-resistive HMHD equations, establishing criteria for either global regularity or finite-time blowup.
However, quantitative estimates for the lifespan of strong solutions remain a relatively
underdeveloped area. In the past few years, research related to the lifespan for PDEs (Partial
Differential Equations) of fluid dynamics has attracted considerable attention. Recently, Li-Zhou [16]
gave an exact lifespan lower bound for axisymmetric incompressible Euler equations with a small
swirl. For more related topics, see [1, 8, 13] and references therein.

Our proof of main theorems is carried out mainly in the following two quantities:

Ω :=
wθ
r
, H :=

hθ
r
.

Using the first three equations of (1.2), one finds that the (Ω,H)-system satisfies∂tΩ + u · ∇Ω = µ
(
∆ +

2
r
∂r

)
Ω − ∂zH

2,

∂tH + (ur∂r + uz∂z)H − 2H∂zH = 0.
(1.4)

1.1. Notations

For the derivation that follows, we list the notations that will be used throughout the paper.

• We use standard notations for Lebesgue and Sobolev functional spaces in R3: for 1 ≤ p ≤ ∞ and
k ∈ N, Lp denotes the Lebesgue space with norm

∥ f ∥Lp :=


(∫
R3 | f (x)|p dx

)1/p
1 ≤ p < ∞,

ess sup
x∈R3

| f (x)| p = ∞,
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which can be rewritten by:

∥ f ∥Lp :=


(
2π

∫ ∞
0

∫ ∞
−∞
| f (r, z)|pr dr dz

)1/p
, 1 ≤ p < ∞,

ess sup
(r,z)∈R+×R

| f (r, z)|, p = ∞

in the cylindrical coordinates (r, z) for axially symmetric functions.

• We write A ≲ B to indicate that A ≤ CB for some constant C > 0. Similarly, A ≃ B means that
both A ≲ B and B ≲ A.

• The commutator of two operatorsA and B is defined as [A,B] = AB − BA.

• The notation Ca,b,... represents a positive constant that depends on the parameters a, b, . . ., and its
value may vary from one occurrence to another.

• ∇M denotes the following compound gradient operator in cylindrical coordinates:

∇M := ∂mz
z ∂

mr
r

(
∂r

r

)mc

, (1.5)

where M is a 3D multi-index such that M = (mc,mr,mz) with mc,mr,mz ∈ N ∪ {0}, and |M| =
2mc + mr + mz. Also, we denoteM = (mr,mz), with |M| = mr + mz.

• Wk,p denotes the usual Sobolev space with its norm

∥ f ∥Wk,p :=
∑

0≤|M|≤k

∥∥∥∇M f
∥∥∥

Lp .

We also simply denote Hk and Ḣk instead of Wk,p and Ẇk,p, provided p = 2.

1.2. Main results

Now we are ready to show the main results of the current paper. First, we consider the viscous case.
We set the viscous coefficient µ = 1 without loss of generality. The results are as follows:

Theorem 1.1 (viscid case). Let (u, h) be a local smooth axially symmetric solution of system (HMHD)
with the initial data (u0, h0,H0) ∈

(
(H3)(R3)

)7, satisfied ∇ ·u0 = u0 · eθ = hr = hz ≡ 0. Here,H0 stands
for the initial data ofH , that is,H0 =

h0,θ

r . Suppose

∥∇H0∥L∞ = ε ≪ 1,

then the solution (u, h) keeps in H3 when t ≤ T∗, where T∗ satisfies:

T∗ =
C∗

(1 + E0)
4
5

(log(log(ε−1)))4/5.

Here, C∗ is a constant, and E0 := ∥(u0, h0,H0)∥H3 .

Remark 1.2. Roughly speaking, Theorem 1.1 indicates the lifespan of system (1.2) can be arbitrarily
large if the initial quantityH0 is close enough to a constant.
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Furthermore, we consider axially symmetric solutions of system (HMHD) without the viscous term
(µ = 0). For convenience, we rewrite the system (1.2) as follows:

∂tur + (ur∂r + uz∂z) ur + ∂r p = − (hθ)2

r ,

∂tuz + (ur∂r + uz∂z) uz + ∂z p = 0,
∂thθ + (ur∂r + uz∂z) hθ −

hθur
r =

∂z(hθ)2

r ,

∇ · u = ∂rur +
ur
r + ∂zuz = 0.

(1.6)

By the first three equations of (1.6), one deduces that wθ = ∂zur − ∂ruz satisfies

∂twθ + (ur∂r + uz∂z) wθ =
ur

r
wθ −

1
r
∂z (hθ)2 ,

and the inviscid reformulated (Ω,H)-system follows{
∂tΩ + u · ∇Ω = −∂zH

2,

∂tH + (ur∂r + uz∂z)H − 2H∂zH = 0.

Compared to the viscid system, the lower bound on lifespan of the inviscid system has more
logarithmic factor. The result is given in the following:

Theorem 1.3 (inviscid case). Let (u, h) be a local smooth axially symmetric solution of (HMHD)
(µ = 0) with the initial data (u0, h0,H0) ∈

(
(H3)(R3)

)7, satisfied ∇ ·u0 = u0 · eθ = hr = hz ≡ 0. Suppose

∥∇h0∥L∞ + ∥∇H0∥L∞ = ε ≪ 1, (1.7)

then the solution (u, h)(t, ·) keeps in H3 when t ≤ T∗, where T∗ satisfies:

T∗ =
C∗

1 + E0
log

(
log

(
log

(
log

(
ε−1

))))
.

Here, C∗ is a constant, and E0 := ∥(u0, h0,H0)∥H3 .

Remark 1.4. We give an exact nontrivial example of the initial magnetic field that satisfies (1.7) since
the condition looks strict. It is inspired by the design of Tokamaks [20]. For a, M > 0, let h0 = hθ,0eθ,
where

hθ,0 = Mϕ
(
2r
a
− 3

)
.

Here, ϕ is the standard smooth bump function:

ϕ(x) =

exp
(
− 1

1−x2

)
if |x| < 1,

0 if |x| ≥ 1,

and, thus, hθ,0 is supported on r ∈ [a, 2a]. Direct calculation shows

∂rhθ,0 =
2M
a
ϕ′

(
2r
a
− 3

)
,

∂r

(
hθ,0
r

)
=

2M
ar
ϕ′

(
2r
a
− 3

)
−

M
r2 ϕ

(
2r
a
− 3

)
.

This indicates
∥∇h0∥L∞ ≃

M
a
, ∥∇H0∥L∞ ≲

M
a2 .

Thus, by choosing a = CMε−1, where C > 0 is a universal constant, the condition (1.7) holds.
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Remark 1.5. By choosing M >> 1, the size of magnetic field h0 constructed in Remark 1.4 can be
arbitrarily large.

Remark 1.6. Inspired by recent work [21] on global solutions to the 3D MHD equations with
fractional dissipation, we believe our paper might potentially be extended to compressible
axisymmetric systems and incompressible systems with fractional dissipation (such as those involving
the fractional Laplacian operator (−∆)α, α > 0). These will be addressed in our future research.

The rest of this paper is organized as follows. To prepare to give a precise lower bound of lifespan
of the non-resistive axially symmetric HMHD system, we first compile some essential preliminaries.
These include key lemmas on interpolation inequalities, commutator estimates, and the fundamental
energy estimate for the system in Section 2. With these tools in hand, the main result of the viscid case
is proved in Section 3, and the main result of the inviscid case is proved in Section 4.

2. Preliminaries

To begin with, we introduce some useful lemmas which will be frequently used in the proof of the
main theorem.

We first present the Gagliardo-Nirenberg interpolation inequality, the proof of which can be found
in [18].

Lemma 2.1 (Gagliardo-Nirenberg). Fix q, r ∈ [1,∞] and j,m ∈ N ∪ {0} with j ≤ m. Suppose that
f ∈ Lq ∩ Ẇm,r, and there exists a real number α ∈ [ j/m, 1] such that

1
p
=

j
3
+ α

(
1
r
−

m
3

)
+

1 − α
q
.

Then, f ∈ Ẇ j,p, and there exists a constant C > 0 such that∥∥∥∇ j f
∥∥∥

Lp ≤ C ∥∇m f ∥αLr ∥ f ∥1−αLq ,

except the following two cases:
(i) j = 0,mr < 3 and q = ∞; (In this case it is necessary to assume also that either f → 0 at

infinity, or f ∈ Ls for some s < ∞).
(ii) 1 < r < ∞ and m − j − 3/r ∈ N; (In this case it is necessary to assume also that α < 1).

Next, we present the following estimate for the triple product form that will be frequently used in
the final proof.

Lemma 2.2. Let m ∈ N and m ≥ 2, f , g, k ∈ C∞0
(
R3

)
. The following estimates hold:∣∣∣∣∣∫

R3

[
∇m, f · ∇

]
g∇m kdx

∣∣∣∣∣ ≤ C ∥∇m( f , g, k)∥2L2 ∥∇( f , g)∥L∞ . (2.1)

Proof. We apply the Hölder inequality, and one derives∣∣∣∣∣∫
R3

[
∇m, f · ∇

]
g∇m kdx

∣∣∣∣∣ ≤ ∥∥∥[∇m, f · ∇
]

g
∥∥∥

L2 ∥∇
m k∥L2 . (2.2)
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Due to the commutator estimate by Kato-Ponce [9], it follows that∥∥∥[∇m, f · ∇
]

g
∥∥∥

L2 ≤ C
(
∥∇ f∥L∞ ∥∇m g∥L2 + ∥∇g∥L∞ ∥∇m f∥L2

)
. (2.3)

Then, (2.1) follows from substituting (2.3) in (2.2). □

The following is the fundamental energy estimate and the Lp conservation ofH .

Lemma 2.3. Let (u, h) be a local smooth axially symmetric solution of the system (HMHD) on t ∈
[0,T ) with the initial data (u0, h0,H0) ∈

(
(H3)(R3)

)7, satisfied ∇ · u0 = u0 · eθ = hr = hz ≡ 0, then we
have the following states in different case: For p ∈ [2,∞] and t ∈ (0,∞), the viscid case ensures the
following estimate holds:

∥(u, h)(t, ·)∥2L2 + 2
∫ t

0
∥∇u(s, ·)∥2L2ds ≤ ∥u0, h0∥

2
L2 . (2.4)

In the inviscid case, (2.4) reduces to

∥(u, h)(t, ·)∥2L2 ≤ ∥(u0, h0)∥2L2 . (2.5)

Both viscid case and inviscid case hold

∥H(t, ·)∥Lp = ∥H0∥Lp . (2.6)

Proof. Inequalities (2.4) and (2.5) follow from the standard L2 energy estimate of the system (1.2).
By (1.2)3 in different cases, we have the same estimate of Lp conservation of H . We omit all the
details here. □

Not influenced by the loss of the viscous term, the next three lemmas are devoted to some basic
estimates of the system (HMHD). These lemmas will be used both in the proof of Theorem 1.1 and
Theorem 1.3.

Lemma 2.4. Let (u, h) be a local smooth axially symmetric solution of the system (HMHD) on t ∈
[0,T ) with the initial data (u0, h0,H0) ∈

(
(H3)(R3)

)7, satisfied ∇ · u0 = u0 · eθ = hr = hz ≡ 0. One has
the following L∞t Lp estimates of hθ and wθ, for all p ∈ (1,∞]:

∥hθ(t, ·)∥Lp ≤ ∥h0∥Lp exp
(
C

∫ t

0

[
∥
ur

r
(s, ·)∥L∞ + ∥∂zH(s, ·)∥L∞

]
ds

)
,

∥wθ(t, ·)∥Lp ≤ (∥w0∥Lp + ∥hθ∥L∞t Lp ∥∂zH∥L1
t L∞) × exp

(∫ t

0
∥
ur

r
(s, ·)∥L∞ds

)
.

The next lemma states the Lp(1 < p < ∞) norm of ∇ vr
r could be controlled by the Lp norm of wθ

r ,
whose proof could be found in ( [17], Proposition 2.5) and ( [10] Equation A.5).

Lemma 2.5. Define Ω := wθ
r . For 1 < p < ∞, there exists an absolute constant Cp > 0 such that∥∥∥∥∥∇ur

r
(t, ·)

∥∥∥∥∥
Lp
≤ Cp∥Ω(t, ·)∥Lp .
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Next, we present several relevant estimates, which will be employed both in the proof of
Theorem 1.1 and in the proof of Theorem 1.3.

Lemma 2.6. Under the same assumptions as Lemma 2.4, one has the following estimates of
∥u, h,H∥2H3 , ∥∇h∥L∞ , and ∥∇H∥L∞:

∥∇h(t, ·)∥L∞ ≤ ∥∇h0∥L∞ exp
(
C

∫ t

0
(∥∇u(s, ·)∥L∞ + ∥∂zH(s, ·)∥L∞)ds

)
, (2.7)

∥∇H(t, ·)∥L∞ ≤ ∥∇H0∥L∞ exp
(
C

∫ t

0
(∥∇u(s, ·)∥L∞ + ∥∂zH(s, ·)∥L∞)ds

)
, (2.8)

∥(u, h,H)(t, ·)∥2H3 ≤ ∥u0, h0,H0∥
2
H3 exp

(
C

∫ t

0
∥∇(u, h,H)(t, ·)∥L∞ds

)
. (2.9)

Proof. At the beginning, we notice that

|∇h| ≃ |∂rhθ| + |∂zhθ| + |H|.

Since the L∞t L∞ -estimate of H has already derived in Lemma 2.3, one only focuses on the rest two
above. Acting ∇̄ = (∂r, ∂z) on (1.2)3, respectively, and performing Lp (2 ≤ p < ∞) energy estimates on
each resulting equation, by integration by parts and Hölder’s inequality, one deduces

d
dt

∥∥∥∇̄hθ(t, ·)
∥∥∥p

Lp ≤ Cp
∥∥∥∇̄hθ(t, ·)

∥∥∥p−1

Lp

(
∥∇u(t, ·)∥L∞ + ∥∂zH(t, ·)∥L∞

)
×

(∥∥∥∇̄hθ(t, ·)
∥∥∥

Lp + ∥H(t, ·)∥Lp

)
.

(2.10)

Canceling p
∥∥∥∇̄hθ(t, ·)

∥∥∥p−1

Lp on each sides of (2.10), noting d
dt∥H(t, ·)∥Lp ≡ 0 from Lemma 2.3, and

applying one Grönwall’s inequality, one arrives at

∥∇h(t, ·)∥Lp ≤ ∥∇h0∥Lp exp
(
C

∫ t

0

(
∥∇u(s, ·)∥L∞ + ∥∂zH(s, ·)∥L∞

)
ds

)
.

Note that the constant C above is independent with p ∈ [2,∞). Let p → ∞, and one concludes the
estimate (2.7).

Next, we present a concise derivation of the estimate (2.8). Acting ∂r on both sides of equation

∂zH + (ur∂r + uz∂z)H − 2H∂zH = 0,

followed by multiplication with p∂rH|H|
p−2, and subsequent integration over R3 combining with

integration by parts, one derives at

d
dt
∥∂rH(t, ·)∥pLp ≤ 2(p − 1)

∫
R3
∂zH|∂rH|

pdx +Cp
∫
R3
|∇u||∇H||∂rH|

p−1dx. (2.11)

Applying Hölder’s inequality to the above equality, one arrives

d
dt
∥∂rH(t, ·)∥pLp ≲ p(∥∇u(t, ·)∥L∞ + ∥∂zH(t, ·)∥L∞)∥∇H(t, ·)∥pLp . (2.12)
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Similarly, one has

d
dt
∥∂zH(t, ·)∥pLp ≲ p(∥∇u(t, ·)∥L∞ + ∥∂zH(t, ·)∥L∞)∥∇H(t, ·)∥pLp . (2.13)

Combining (2.12) and (2.13), cancelling p∥∇H(t, ·)∥p−1
Lp on each side of the inequality, one concludes

the estimate (2.8).
Finally, we give a concise proof of the higher-order bounds of (1.2) and (1.6). The key of the proof

is performing energy estimates of the system together with the equation of H ; in the viscid case, it
means 

∂tu + u · ∇u + ∇p − ∆u = h · ∇h,
∂th + u · ∇h − h · ∇u = 2H∂zh,
∂tH + u · ∇H − 2H∂zH = 0.

(2.14)

Applying ∇3 to three equations in (2.14), performing the L2 inner product of the resulting equations
with ∇3u, ∇3h, and ∇3H , respectively, noting that h is divergence-free, and applying Lemma 2.2 to
the remaining terms of the functions, we can finally arrive at

d
dt
∥(u, h,H)(t, ·)∥2Ḣ3 ≤ C∥∇(u, h,H)(t, ·)∥L∞∥(u, h,H)(t, ·)∥2Ḣ3 .

Combining this with the fundamental energy estimate (2.4) and the Lp conservation law of H (2.6),
thus the energy estimate of the system is proved by applying Grönwall’s inequality, which indicates

∥(u, h,H)(t, ·)∥2H3 ≤ ∥(u0, h0,H0)∥2H3 exp
(
C

∫ t

0
∥∇(u, h,H)(s, ·)∥L∞ds

)
.

In the inviscid case, the only difference that the missing of ∆u brings is we lose a positive term∥∥∥∇4u(t, ·)
∥∥∥2

L2 on the left-hand side of the energy estimate equation, which makes no influence to the
result of the higher-order bound estimate. More details of the proof refers to [15]. □

3. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. First, we establish the L∞t L∞ -boundedness
of the quantity ur

r . Second, we derive an L∞ estimate for ∇u. Having completed these preliminary
analyses, we proceed to present the proof of Theorem 1.1, which constitutes the final component of
our argument.

3.1. L∞t L∞ -Boundedness of ur
r

We first present the estimate for ur
r in the form of a proposition and provide a brief proof.

Proposition 3.1. Define Ω := wθ
r . Assume that ∇ · u0 = u0 · eθ = hr = hz ≡ 0. Let (u, h) be the unique

local axially symmetric solution of (HMHD) on t ∈ [0,T ) with the initial data (u0, h0) ∈ Hm(m ≥ 3).
Then, the following estimate of ur

r holds uniformly:∫ t

0
∥
ur

r
(s, ·)∥L∞ds ≲ t3/4(∥Ω0∥L2 + t1/2∥H0∥

2
L4). (3.1)
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Proof. Applying the L2 energy estimate on the equation of Ω = wθ
r :

∂rΩ + u · ∇Ω = (∆ +
2
r
∂r)Ω − ∂zH

2, (3.2)

which can be derived from (1.3)1 by direct calculations. Performing the L2 estimates for (3.2), one
arrives at

1
2

d
dt
∥Ω(t, ·)∥2L2 + ∥∇Ω(t, ·)∥2L2 = −

1
2

∫
R3

u · ∇Ω2dx︸           ︷︷           ︸
I1

+

∫
R3

∂rΩ
2

r
dx︸        ︷︷        ︸

I2

−

∫
R3
Ω∂zH

2dx︸           ︷︷           ︸
I3

. (3.3)

By the divergence-free property of u and using integration by parts, one can derive the vanishing of I1.
Writing in the cylindrical coordinates, one can deduce that I2 satisfies

I2 = 2π
∫
R

∫ ∞

0
∂rΩ

2drdz = −2π
∫
R

|Ω(t, 0, z)|2dz ≤ 0.

Using integration by parts together with Hölder’s inequality and Young’s inequality, one arrives at

|I3| =

∣∣∣∣∣∫
R3
∂zΩH

2dx
∣∣∣∣∣ ≤ ∥∂zΩ(t, ·)∥L2∥H(t, ·)∥2L4 ≤

1
2
∥∇Ω(t, ·)∥2L2 +

1
2
∥H(t, ·)∥4L4 .

Substituting above estimates for I1 − I3 in (3.3), and integrating over (0, t), one can deduce

∥Ω(t, ·)∥2L2 +

∫ t

0
∥∇Ω(s, ·)∥2L2ds ≤ ∥Ω0∥

2
L2 +

∫ t

0
∥H(s, ·)∥4L4ds. (3.4)

Finally, using the Gagliardo-Nirenberg inequality, together with the Sobolev inequality and (2.5), one
can deduce

∥
ur

r
(t, ·)∥L∞ ≤ C∥∇

ur

r
(t, ·)∥1/2

L2 ∥∇
ur

r
(t, ·)∥1/2

L6 ≤ C∥Ω(t, ·)∥1/2
L2 ∥∇Ω(t, ·)∥1/2

L2 . (3.5)

Then, by integrating on (0, t) and recalling (3.4), one concludes the estimate (3.1). □

3.2. L∞ Estimate of ∇u

In this subsection we present an estimate for ∇u by applying the maximal regularity of heat flows.
Before stating this result, we first introduce the following lemma, which states the standard maximal
regularity of heat flows in Lq

T Lp type spaces.

Lemma 3.2 (Maximal Lq
T Lp -regularity for the heat flow). Let us define the operatorA by the formula

A : f 7−→
∫ t

0
∇2e(t−s)∆ f (s, ·)ds,

where ∆ = ∂2
r +

1
r∂r + ∂

2
z , and the specific form of ∇2 refers to (1.5).

Then, A is bounded from Lq(0,T ; Lp(Rd)) to itself every T ∈ (0,∞] and 1 < p, q < ∞. Moreover,
there holds:

∥A f ∥Lq(0,T ;Lp(Rd)) ≤ C∥ f ∥Lq(0,T ;Lp(Rd)).
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Lemma 3.3. Under the system (HMHD), by using Lemma 3.2, one has the following L2
t L4 estimate of

∇w:
∥∇w∥L2

t L4 ≤ Ct1/2
(
∥wθ∥L∞t L4∥wθ∥L∞(L2∩L6) + ∥H∥L∞t L∞∥hθ∥L∞t L4

)
.

Here, C > 0 is a universal constant.

Proof. Recalling w = curl u and rewriting the equation (1.3)1 in the vector form, one deduces

∂tw − ∆w = −∇ × (w × u) − ∂z(Hh). (3.6)

Similarly as (3.5) and combining Lemma 2.5, one deduces

∥u(t, ·)∥L∞ ≤ C∥∇u(t, ·)∥1/2
L2 ∥∇u(t, ·)∥1/2

L6 ≤ C∥w(t, ·)∥(L2∩L6). (3.7)

By Hölder’s inequality and (3.7), one can deduce

∥(w × u)(t, ·)∥L4 ≤ C∥wθ(t, ·)∥L4∥wθ(t, ·)∥(L2∩L6),

thus, one has
∥(w × u)∥L∞t L4 ≤ C∥wθ∥L∞t L4∥wθ∥L∞t (L2∩L6).

Similarly, using Hölder’s inequality, Lemma 2.3, and Lemma 2.4, one derives

∥Hh∥L∞t L4 ≤ ∥H∥L∞t L4∥hθ∥L∞t L4 .

By employing the maximal regularity property of the heat flow described in equation (3.6), one can
deduce

∥∇w∥L2
t L4 ≤ C

(
∥w × u∥L2

t L4 + ∥Hh∥L2
t L4

)
≤ Ct1/2

(
∥ωθ∥L∞t L4∥wθ∥L∞t (L2∩L6) + ∥H∥L∞t L∞∥hθ∥L∞t L4

)
.

□

Next, we state the estimate of ∇u and present a concise demonstration.

Corollary 3.4. Under the same assumptions as Proposition 3.1, one has the following estimate of ∇u:∫ t

0
∥∇u(s, ·)∥L∞ds ≲ t4/7∥w∥1/7

L∞t L2∥∇w∥6/7
L2

t L4 . (3.8)

Proof. By invoking Lemma 2.5 in conjunction with the Gagliardo-Nirenberg inequality, this estimate
can be rigorously substantiated. □

3.3. End of the proof

Since the non-resistive HMHD system with an azimuthal magnetic field is locally well-posed in H3

(see [14] for the main result) *, there exists T∗ > 0 such that

sup
0≤s≤t

s∥∇H(s, ·)∥L∞ ≤ 1, for all t ∈ [0,T∗). (3.9)

*Although the main result of [14] gives the local well-posedness for the 3D inviscid HMHD system, it is sufficient to guarantee the
local well-posedness for the viscid system via the same approach.
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In the following, our argument will be carried out before this T∗. Substituting the estimate (3.1) into
Lemma 2.4, one deduces

∥hθ(t, ·)∥Lp ≤ ∥h0∥Lp exp
{

C
∫ t

0

[
∥
ur

r
(s, ·)∥L∞ + ∥∂zH(s, ·)∥L∞

]
ds

}
≲ ∥h0∥Lp exp

{
C∥H0∥

2
L4t5/4 +C∥Ω0∥L2t3/4 +C∥∂zH∥L1

t L∞
}

for all t ∈ [0,T∗). By integrating (3.9), the above estimate can be further simplified to

∥hθ(t, ·)∥Lp ≤ E0 exp
(
CE0(t5/4 + t3/4) + 1

)
, (3.10)

where E0 := ∥u0, h0,H0∥H3 . Similarly as (3.10), substituting the estimate (3.1) into Lemma 2.4 and
using (3.9), one has

∥wθ(t, ·)∥Lp ≤ CE0 exp
(
CE0(t5/4 + t3/4) + 1

)
.

Therefore, by the Lp conservation ofH and Corollary 3.3 , one can deduce that ∥∇w∥L2
t L4 satisfies

∥∇w∥L2
t L4 ≤ Ct1/2

(
∥wθ∥L∞t L4∥wθ∥L∞t (L2∩L6) + ∥H∥L∞t L∞∥hθ∥L∞t L4

)
≤ CE2

0t1/2 exp
(
CE0(t5/4 + t3/4) + 1

)
,

that is to say, the inequality (3.8) can be written as∫ t

0
∥∇u(s, ·)∥L∞ds ≤ t4/7∥w∥1/7

L∞t L2∥∇w∥6/7
L2

t L4 ≤ C(1 + E0)2t exp
{
CE0(t5/4 + t3/4) + 1

}
. (3.11)

Substituting the inequality (3.11) into (2.7) and (2.8), one derives:

∥∇h(t, ·)∥L∞ ≲ E0 exp
{
C(1 + E0)2t exp

(
CE0

(
t5/4 + t3/4) + 1

)
+ 1

}
, (3.12)

∥∇H(t, ·)∥L∞ ≲ E0 exp
{
C(1 + E0)2t exp

(
CE0

(
t5/4 + t3/4) + 1

)
+ 1

}
. (3.13)

To ensure the a priori assumption (3.9) holds, one deduces the following restriction: when t = T∗,
by (3.13), we have

εE0T∗ exp
{
C(1 + E0)2T∗ exp

(
CE0

(
T 5/4
∗ + T 3/4

∗ ) + 1
)
+ 1

}
≤

1
2
. (3.14)

Without loss of generality, we assume that ε is sufficiently small, therefore, T∗ > 1. By T 5/4
∗ + T 3/4

∗ ≤

CT 5/4
∗ for all T∗ > 1, one has

εE0T∗ exp
{
C(1 + E0)2T∗ exp

(
CE0

(
T 5/4
∗ + T 3/4

∗ ) + 1
)
+ 1

}
≤ εE0T∗ exp

{
C(1 + E0)2T∗ exp

{
C(1 + E0)T 5/4

∗

}}
.

A basic inequality log(1 + t) ≤ t ≤ et − 1, for all t ≥ 0, implies that

E0T∗ exp
{
C(1 + E0)2T∗ exp{C(1 + E0)T 5/4

∗ }
}
= exp

{
log E0T∗ +C(1 + E0)2T∗ exp{C(1 + E0)T 5/4

∗ }
}

≤
1
2

exp{exp(C(1 + E0)T 5/4
∗ )}.
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Thus,
εE0T∗ exp

{
C(1 + E0)T∗ exp{C(1 + E0)T 5/4

∗ }
}
≤
ε

2
exp{exp(C(1 + E0)T 5/4

∗ )}.

Therefore, the condition (3.9) is satisfied, provided

exp
{
exp(C−1

∗ (1 + E0)T 5/4
∗ )

}
=

1
ε
,

for sufficiently small ε > 0 and some constant C∗ > 0, and one finds

T∗ =
C∗

(1 + E0)
4
5

(log(log(ε−1)))4/5.

This gives the desired lower bound of the lifespan in Theorem 1.1.

4. Proof of Theorem 1.3

This section is devoted to the proof of Theorem 1.3. First, we re-establish the L∞t Lp -estimate for Ω
and the L∞t L∞ -estimate for wθ. We then focus on the L∞ estimate for ∇u. Finally, on the basis of the
higher-order bound of the system (1.6), we verify the a priori assumption to show the lifespan of the
inviscid axially symmetric HMHD system.

We first show the definition of Bounded Mean Oscillations (BMO) space.

Definition 4.1. The space BMO
(
Rd

)
is the set of locally integrable functions f such that

∥ f ∥BMO
def
= sup

B

1
|B|

∫
B
| f − fB| dx < ∞ with fB

def
=

1
|B|

∫
B

f dx.

The above supremum is taken over the set of Euclidean balls.

The following logarithm inequality is key to the higher-order estimate of the solution. We refer
readers to ( [12], Corollary 2.8) for a detailed proof.

Lemma 4.2. For all divergence free vector field g : R3 → R3 such that g ∈ H3
(
R3

)
, the following

estimate holds:

∥∇g(t, ·)∥L∞(R3) ≲ 1 + ∥∇ × g(t, ·)∥BMO(R3) log
(
e + ∥g(t, ·)∥H3(R3)

)
.

As we have shown in the beginning of Section 3.3, since the local well-posedness of the non-
resistive axially symmetric HMHD system in Hm for m ≥ 3, there exists T∗ > 0 such that:

sup
0≤s≤t

s (∥∇h(s, ·)∥L∞ + ∥∇H(s, ·)∥L∞) ≤ 1, for all t ∈ [0,T∗) . (4.1)

In the following, our argument will be carried out before this T∗. Noticing that the estimates of ∇h and
∇H in Lemma 2.6 are not influenced by the loss of viscous term, we still have the validity of (2.7)
and (2.8).
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4.1. L∞t Lp -Estimate of Ω and L∞t L∞ -Estimate of wθ

Our first step is to obtain an a priori bound for ∥Ω∥L∞t Lp . We will apply the Lp energy estimate on
the equation of Ω = wθ

r :

∂tΩ + u · ∇Ω = −∂zH
2. (4.2)

The detailed result is stated as follows:

Proposition 4.3. Under the same assumptions as Theorem 1.3, the following estimate of Ω holds for
all 1 ≤ p ≤ ∞:

∥Ω(t, ·)∥Lp ≤ ∥Ω0∥Lp + 2∥H0∥Lp , for all t ∈ [0,T∗) .

Proof. Performing the Lp estimates for (4.2), one arrives at

d
dt
∥Ω(t, ·)∥pLp = −p

∫
R3
∂zH

2 · |Ω|p−2Ωdx. (4.3)

Applying the Hölder inequality, we find

p
∣∣∣∣∣∫
R3
∂zH

2 · |Ω|p−2Ωdx
∣∣∣∣∣ ≤ p

∥∥∥∂zH
2(t, ·)

∥∥∥
Lp ∥Ω(t, ·)∥p−1

Lp

≤ 2p∥H(t, ·)∥Lp∥∇H(t, ·)∥L∞∥Ω(t, ·)∥p−1
Lp .

Recalling the Lp conservation ofH in Lemma 2.3, one concludes from (4.3) that

d
dt
∥Ω(t, ·)∥pLp ≤ 2p∥H0∥Lp∥∇H(t, ·)∥L∞∥Ω(t, ·)∥p−1

Lp .

Canceling p∥Ω(t, ·)∥p−1
Lp on both sides and integrating over [0, t], one deduces

∥Ω(t, ·)∥Lp ≤ ∥Ω0∥Lp + 2∥H0∥Lp

∫ t

0
∥∇H(s, ·)∥L∞ds.

Thus, one concludes the proposition by using the a priori condition (4.1). □

Corollary 4.4. Let the assumptions of Proposition 4.3 be fulfilled. Then, the following estimate of wθ
holds uniformly for all t ∈ [0,T∗) :

∥wθ(t, ·)∥L∞ ≤ C∥(w0, h0)∥H3 exp (C∥(u0,H0)∥H3t) . (4.4)

Proof. By using Lemma 2.1 and Sobolev embedding, one has∥∥∥∥∥ur

r
(t, ·)

∥∥∥∥∥
L∞
≤ C

∥∥∥∥∥∇ur

r
(t, ·)

∥∥∥∥∥1/2

L2

∥∥∥∥∥∇ur

r
(t, ·)

∥∥∥∥∥1/2

L6
,

then by applying Lemma 2.5 and Proposition 4.3, one arrives at∥∥∥∥∥ur

r
(t, ·)

∥∥∥∥∥
L∞
≤ C∥Ω(t, ·)∥1/2

L2 ∥Ω(t, ·)∥1/2
L6 ≤ C (∥Ω0∥L2 + 2∥H0∥L2)1/2 (∥Ω0∥L6 + 2∥H0∥L6)1/2 ,
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which indicates ∫ t

0

∥∥∥∥∥ur

r
(s, ·)

∥∥∥∥∥
L∞

ds ≤ C∥(u0,H0)∥H3t.

Using Lemma 2.4, one deduces, for all t ∈ [0,T∗):

∥wθ(t, ·)∥L∞ ≤ (∥w0∥L∞ + ∥h0∥L∞) exp (C∥(u0,H0)∥H3t +C)

≤ C∥(w0, h0)∥H3 exp (C∥(u0,H0)∥H3t) .

This completes the proof. □

4.2. L∞ Estimate of ∇u

In this subsection, we show an estimate of∇u by using Lemma 4.2 and the divergence-free condition
∇ · u = 0.

Lemma 4.5. For all t < T∗, the L∞ estimate of ∇u holds :

∥∇u(t, ·)∥L∞ ≲ 1 + ∥(w0, h0)∥H3 exp (C∥(u0,H0)∥H3t) log (e + ∥u(t, ·)∥H3) . (4.5)

Proof. Applying Lemma 4.2 to ∇u, for u is divergence-free and belongs to C
(
[0,T∗) ; H3

(
R3

))
, we get

∥∇u(t, ·)∥L∞ ≲ 1 + ∥∇ × u(t, ·)∥BMO log (e + ∥u(t, ·)∥H3)
≲ 1 + ∥wθ(t, ·)∥L∞ log (e + ∥u(t, ·)∥H3) , ∀t ∈ [0,T∗) .

Using (4.4), we arrive at the L∞ estimate of ∇u (4.5). □

4.3. End of the proof

Finally, we arrive at higher-order estimates of the non-resistive inviscid HMHD system (1.6).
Define, for t ∈ [0,T∗),

E2(t) := ∥(u, h,H)(t, ·)∥2H3 , with E2
0 := ∥(u0, h0,H0)∥2H3 .

In this way, the higher-order bound we have given in Lemma 2.6 reads

E2(t) ≤ E2
0 exp

(
C

∫ t

0
∥∇(u, h,H)(s, ·)∥L∞ds

)
.

Based on the estimate of ∥∇u(t, ·)∥L∞ derived in (4.5), and recalling the a priori assumption (4.1), we
have

E2(t) ≤ E2
0 exp

(
C

∫ t

0

{
1 + ∥(w0, h0)∥H3 exp (C∥(u0,H0)∥H3 s) log (e + ∥u(s, ·)∥H3)

}
ds +C

)
.

This indicates

log(e + E2(t)) ≤ log(e + E2
0) +C +C

∫ t

0

{
1 + ∥(w0, h0)∥H3 × exp

(
C∥(u0,H0)∥H3 s

)
log

(
e + E2(s)

)}
ds.
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Applying Grönwall’s inequality, one finds that

E2(t) ≤
(
C

(
e + E2

0

))exp(Ct+CE0 exp(CE0t))
, ∀t ∈ [0,T∗). (4.6)

The last inequality follows from the a priori assumption (4.1). This shows that as long as (4.1) holds
on [0,T∗), the solution (u, h) to the initial value problem (1.6) would keep in H3 before t = T∗.

Now it remains to verify the a priori assumption (4.1). Recalling the estimates of ∇h and ∇H in
Lemma 2.6, using (4.6), one deduces

∥∇(h,H)(t, ·)∥L∞ ≤ ∥∇(h0,H0)∥L∞ exp
(
C

∫ t

0

(
∥∇u(s, ·)∥L∞ + ∥∂zH(s, ·)∥L∞

)
ds

)
≤ ∥∇(h0,H0)∥L∞ exp

(
C

∫ t

0
E(s)ds

)
≤ε exp

(
Ct (C (e + E0))exp(Ct+CE0 exp(CE0t))) .

Therefore, to ensure the a priori assumption (4.1) holds, one deduces the following restriction of T∗

εT∗ exp
(
CT∗ (C (e + E0))exp(CT∗+CE0 exp(CE0T∗))

)
≤

1
3
. (4.7)

Without loss of generality, we assume that ε is sufficiently small, therefore T∗ > 1. Noticing that
log(1 + t) ≤ t ≤ et − 1 for all t ≥ 0, one deduces

exp(CT∗ +CE0 exp (CE0T∗)) ≤ exp
(
exp (CE0(T∗ + 1))

)
,

and

CT∗ (C (e + E0))B
≤ exp

(
B log (CT∗ (C (e + E0)))

)
≤ exp

(
CB ((1 + E0)T∗)

)
for any B > 0. Thus, one derives that

T∗ exp
(
CT∗ (C (e + E0))exp(CT∗+CE0 exp(CE0T∗))

)
≤

1
3

exp
(
exp

(
exp

(
exp

(
C−1
∗ (1 + E0) T∗

))))
for some constant C∗ > 0. Therefore, the condition (4.7) is satisfied, provided

1
ε
= exp

(
exp

(
exp

(
exp

(
C−1
∗ (1 + E0) T∗

))))
,

for sufficiently small ε > 0. In this way, one finds

T∗ =
C∗

1 + E0
log

(
log

(
log

(
log

(
ε−1

))))
.

This gives the desired lower bound of the lifespan in Theorem 1.3.
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5. Conclusions

In the current paper, we established precise lifespan bounds for the non-resistive axially symmetric
HMHD in both viscid and inviscid case, proving that strong solutions can be arbitrarily large if their
initial magnetic gradient was small enough. The key ingredient of the proof lies in the use of the a
prior estimate, the Gagliardo–Nirenberg interpolation inequality, and the higher-order energy estimate,
which together enabled us to control the nonlinear interactions between velocity and magnetic fields.

In the viscid case, the lifespan was derived by an L∞ estimate of ∇u which derived by maximal
regularity estimates for the heat flow. In the inviscid case, however, an additional logarithmic factor
appeared in the lifespan due to the failure of maximal regularity for the heat flow. To overcome this
difficulty, we employed BMO estimates and commutator estimate. These results highlight the crucial
role of the magnetic gradient in determining the lifespan of strong solutions. Moreover, the constructive
example of initial data satisfying the small-gradient condition further supports the applicability of our
theorems. Our future work may extend these ideas to compressible settings or systems with fractional
dissipation.
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