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1. Introduction

The inherent topological structure of a parallel computing system can be modeled as a graph, where
vertices represent processing elements and edges denote the physical interconnections among these
elements—such a graph is designated a communication network. Matching-related parameters play
a fundamental role in evaluating the reliability and fault tolerance of communication networks, while
graph factors provide natural generalizations of matchings with relevant applications [19, 20, 23]. In
this paper, we investigate the path factors problem in graphs, which can be viewed as a relaxation of
the classical maximum cardinality matching problem.

The path factor of a graph is a hot topic in graph theory, attracting considerable attention from many
researchers. Beyond its theoretical significance, it also demonstrates substantial application value in
practical areas, such as network security, operations research, and information science. In particular,
several real-world problems—such as file transfer in computer networks, scheduling optimization, and
telephone network design—can be effectively modeled and analyzed using path factors in graphs [11,
27].

In this paper, we mainly focus on finite simple graphs, and terminology as well as notation not
explicitly defined here are referred to [4]. Let G = (V(G), E(G)) denote a graph. For each vertex
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v ∈ V(G), we use dG(v) to represent the degree of v and NG(v) to signify the neighborhood of v in G.
For x, y ∈ V(G) with x , y, we use P[x, y] to denote a path P in G with end vertices x, y, and assume that
it has an orientation from x to y. Define P(x, y] = P[x, y] − {x} and P[x, y) = P[x, y] − {y}, respectively.
For each v ∈ P(x, y] and w ∈ P[x, y), let v− and w+ be the predecessor of v and the successor of w on P,
respectively. Define recursively v−(k+1) = (v−k)−, v+(k+1) = (v+k)+ for k ≥ 1, if they exist. The distance
between u and v in V(G), denoted by distG(u, v), is defined to be the length of a shortest path joining u
and v.

A spanning subgraph of G is a subgraph H of G such that V(H) = V(G) and E(H) ⊆ E(G). Suppose
H is a spanning subgraph of G, and let A be a set of connected graphs. If every component of H is
isomorphic to some graph in A, then H is referred to as an A-factor of G. In particular, an F-factor
of G is a spanning subgraph H, where each component of H is isomorphic to a fixed graph F—that
is, A = {F}. Let Pk denote a path with k vertices, where k ≥ 2. We call H a Pk-factor of G if each
component of H is isomorphic to a Pk. Specifically, a P2-factor corresponds to a perfect matching in
G. A graph of order r + 1 is called a K1,r with center u if it has vertex set {u, u1, u2, ..., ur} and edge set
{uu1, uu2, ..., uur}, where r ≥ 2.

Since Tutte [22] proposed the well-known Tutte 1-factor theorem, there are many results on graphs
with path factors [2,8–10] and path factors in claw-free graphs [3,12], cubic graphs [13,14], square of
trees [7, 16], and bipartite graphs [25]. In recent years, research on path-factors has evolved to cover
factor-critical graphs [5], factor-critical uniform graphs [18], and the spectral radius characterization
of path-factors in graphs [26]. More results on graph factors are referred to the survey papers and
books [1, 21, 24].

Kirkpatrick and Hell [15] proved that deciding whether a graph G has an F-factor is NP-complete
if F is a graph with at least 3 vertices.

Theorem 1.1. (Hell and Kirkpatrick [15]) If F is a connected graph with |V(F)| ≥ 3, then deciding
whether a graph G has an F-factor is NP-complete.

So the chance is small to give a good characterization for general graphs to have Pk-factors with k ≥
3. Most of the work on Pk-factors was attempted to find sufficient conditions or necessary conditions
for the existence of Pk-factors using various graphic parameters, or to determine special classes of
graphs that have Pk-factors. Kaneko et al. [12] and Akiyama et al. [1] considered classes of graphs that
admit P3-factors or P4-factors, respectively.

Theorem 1.2. (Kaneko et al. [12]) Let G be a connected claw-free graph of order divisible by 3 with
at most two end blocks. Then G admits a P3-factor.

Corollary 1.3. (Kaneko et al. [12]) If G is a 2-connected claw-free graph of order divisible by 3, then
G admits a P3-factor.

Theorem 1.4. (Akiyama et al. [1]) Let G be a 3-connected cubic graph of order divisible by 4. Then
G admits a P4-factor.

The line graph of G is a graph L(G) with vertex set E(G), where two vertices are adjacent in L(G)
if the corresponding edges in G have a common end. The size of the graph G refers to the number of
edges it contains. Let T be a tree. We call a vertex of T , which has degree one, a leaf of T . The set of
leaves of T is denoted by Lea f (T ). The subtree T − Lea f (T ) of T is called the stem of T , denoted by
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S tem(T ). Regarding the Pk-factors in the line graphs of trees, we set Ci(T, v) = {C|C is a component of
T − v satisfying |E(C)| ≡ i (mod k)}, where i ∈ {0, 1, . . . , k − 1}. We further define ci(T, v) = |Ci(T, v)|.
In [17], a necessary and sufficient condition for the existence of P3-factors in L(T ) was established by
Li and Zhang.

Theorem 1.5. (Li et al. [17]) Let T be a tree such that |E(T )| is divisible by 3. Then the line graph
L(T ) admits a P3-factor if and only if c0(T, v) ≥ c1(T, v) for each v ∈ V(T ).

Chen et al. [6] recently gave a sharp necessary condition for the existence of Pk-factors in the line
graphs of trees, where k ≥ 3. Additionally, a characterization is provided for the family of trees for
which line graphs admit P4-factors.

Theorem 1.6. (Chen et al. [6]) Let T be a tree such that |E(T )| is divisible by k, where k ≥ 3. If the
line graph L(T ) admits a Pk-factor, then c0(T, v) ≥ ck−2(T, v) for each v ∈ V(T ).

Theorem 1.7. (Chen et al. [6]) Let T be a tree such that |E(T )| is divisible by 4. Then the line graph
L(T ) admits a P4-factor if and only if c0(T, v) ≥ c2(T, v) for each v ∈ V(T ).

In Section 2, we give a necessary and sufficient condition for the existence of P5-factors in the line
graphs of trees. In Section 3, we present an algorithm to search for a P5-factor in the line graph of a
tree.

2. Characterization of trees whose line graphs admit P5-factors

Theorem 2.1. Let T be a tree such that |E(T )| is divisible by 5. Then the line graph L(T ) admits a
P5-factor if and only if c0(T, v) ≥ c3(T, v) + p|c2(T, v) − c1(T, v)| + q for each v ∈ V(T ), where

p =

2, if c2(T, v) ≥ c1(T, v),
1
2 , if c2(T, v) < c1(T, v).

and q =

5
2 , if c1(T, v) − c2(T, v) is positive and odd ,

0, Otherwise .

Proof. Let T be a tree such that |E(T )| is divisible by 5. For each v ∈ V(T ), define fT (v) = c3(T, v) +
p|c2(T, v) − c1(T, v)| + q.

First, we establish sufficiency via induction on |V(T )|. For |V(T )| = 6, |V(L(T ))| = |E(T )| = 5, and
the result is trivially true. Assume k ≥ 2 and Theorem 2.1 holds for any tree of order 5t + 1 (t ≤ k − 1).
Let T be a tree of order 5k + 1. The following claim is immediately derived.

Claim 2.1. Suppose T1 and T2 be two nontrivial subtrees of T satisfying |V(T1) ∩ V(T2)| = 1, E(T1) ∪
E(T2) = E(T ) and |E(T1)| ≡ 0 (mod 5) (whence |E(T2)| ≡ 0 (mod 5)). If c0(Ti, v) ≥ fTi(v) for each
v ∈ V(Ti), where i ∈ {1, 2}, then the line graph L(T ) admits a P5-factor. □

Assume for contradiction that the line graph L(T ) does not admit a P5-factor. It is obvious that
T cannot be a path. Otherwise, L(T ) is a P5k, which necessarily admits a P5-factor, a contradiction.
Now, we choose a vertex v ∈ V(T ) such that dT (v) ≥ 3. Then, we can deduce the following claim.

Claim 2.2. (i) c4(T, v) = 0;
(ii) c3(T, v) = 0;
(iii) c1(T, v)c2(T, v) = 0;
(iv) For each component C ∈ C0(T, v), C is an isolated vertex.

AIMS Mathematics Volume 11, Issue 2, 4890–4901.



4893

Proof. (i) Assume c4(T, v) > 0. Let C1 be a component in C4(T, v). Define T1 to be the subtree of T
induced by V(C1) ∪ {v}. For convenience, write T1 = C1 ∪ {v}(Analogous symbols apply hereinafter).
Let T2 = T − C1. We have ci(T1, v) = 0 and ci(T2, v) = ci(T, v), where i ∈ {0, 1, 2, 3}. It follows that
fT1(v) = 0 and fT2(v) = fT (v). Thus, c0(T1, v) = fT1(v) and c0(T2, v) = c0(T, v) ≥ fT (v) = fT2(v). Note
that |E(T1)| ≡ 0 (mod 5) and |E(T2)| ≡ 0 (mod 5). For each x ∈ V(T1 − v), ci(T1, x) = ci(T, x) for
i ∈ {0, 1, 2, 3}. It follows that fT1(x) = fT (x). Hence, c0(T1, x) = c0(T, x) ≥ fT (x) = fT1(x). Similarly,
c0(T2, y) = c0(T, y) ≥ fT (y) = fT2(y) for each y ∈ V(T2 − v). By Claim 2.1, L(T ) admits a P5-factor, a
contradiction.

(ii) Assume c3(T, v) > 0. Since c0(T, v) ≥ c3(T, v), we deduce that c0(T, v) > 0. Let C2 and C3 be
two components in C3(T, v) and C0(T, v), respectively. Denote T1 = C2∪C3∪{v} and T2 = T −C2−C3.
Then ci(T1, v) = 1 for i ∈ {0, 3} and ci(T1, v) = 0 for i ∈ {1, 2}. It follows that fT1(v) = 1. Thus
c0(T1, v) = fT1(v). We also have c3(T2, v) = c3(T, v) − 1 and ci(T2, v) = ci(T, v) for i ∈ {1, 2}. It
follows that fT2(v) = fT (v) − 1. Thus, c0(T2, v) = c0(T, v) − 1 ≥ fT (v) − 1 = fT2(v). Observe that
|E(T1)| ≡ 0 (mod 5) and |E(T2)| ≡ 0 (mod 5). Utilizing an analogous argument to that in (i), we
obtain c0(T1, x) ≥ fT1(x) for each x ∈ V(T1 − v) and c0(T2, y) ≥ fT2(y) for each y ∈ V(T2 − v). By Claim
2.1, L(T ) admits a P5-factor, a contradiction.

(iii) Assume c1(T, v)c2(T, v) > 0. Then c1(T, v) > 0 and c2(T, v) > 0. Let C4 and C5 be two
components in C1(T, v) and C2(T, v), respectively. Set T1 = C4 ∪ C5 ∪ {v} and T2 = T − C4 − C5.
Then ci(T1, v) = 1 for i ∈ {1, 2} and ci(T1, v) = 0 for i ∈ {0, 3}. It follows that fT1(v) = 0. Thus,
c0(T1, v) = fT1(v). We also have ci(T2, v) = ci(T, v) − 1 for i ∈ {1, 2} and ci(T2, v) = ci(T, v) for
i ∈ {0, 3}. It follows that fT2(v) = fT (v). Thus, c0(T2, v) = c0(T, v) ≥ fT (v) = fT2(v). Note that
|E(T1)| ≡ 0 (mod 5) and |E(T2)| ≡ 0 (mod 5). Utilizing an analogous argument to that in (i), we
obtain c0(T1, x) ≥ fT1(x) for each x ∈ V(T1 − v) and c0(T2, y) ≥ fT2(y) for each y ∈ V(T2 − v). By Claim
2.1, L(T ) admits a P5-factor, a contradiction.

(iv) Assume there exists a nontrivial component C6 in C0(T, v). Choose a vertex u in V(C6) such
that uv ∈ E(T ). Set T1 = C6 and T2 = (T −C6)∪ {u}. As C6 ∈ C0(T, v), we obtain |E(T1)| ≡ 0 (mod 5)
and |E(T2)| ≡ 0 (mod 5). Then for each x ∈ V(T1), we have ci(T1, x) = ci(T, x) for i ∈ {0, 1, 2, 3}. It
follows that fT (x) = fT1(x). Thus, c0(T1, x) = c0(T, x) ≥ fT (x) = fT1(x) for each x ∈ V(T1). Similarly,
c0(T2, y) = c0(T, y) ≥ fT (y) = fT2(y) for each y ∈ V(T2). By Claim 2.1, L(T ) admits a P5-factor, a
contradiction. □

It follows from (i) and (ii) of Claim 2.2 that c3(T, v) = c4(T, v) = 0. As |E(T )| is divisible by 5, note
that there are ci(T, v) edges connecting v and the set Ci(T, v) for i ∈ {0, 1, 2}. We obtain

2∑
i=0

∑
C∈Ci(T,v)

|E(C)| + c0(T, v) + c1(T, v) + c2(T, v) ≡ 0 (mod 5) (2.1)

Since |E(C)| ≡ i (mod 5) for each C ∈ Ci(T, v), where i ∈ {0, 1, 2}. We can derive that

c0(T, v) + 2c1(T, v) + 3c2(T, v) ≡ 0 (mod 5) (2.2)

By (iii) of Claim 2.2, c1(T, v)c2(T, v) = 0.
If c1(T, v) = c2(T, v) = 0, then fT (v) = 0 and c0(T, v) ≥ 0. By (1), we deduce c0(T, v) ≡ 0 (mod 5).

If c0(T, v) = 0, then |E(T )| = 0, yielding a contradiction. If c0(T, v) ≥ 5, from (iv) of Claim 2.2,
T − v contains at least five isolated vertices, which we designate as u1, u2, u3, u4, and u5. Let T1 denote
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the subtree of T induced by {v, u1, u2, u3, u4, u5} and T2 = T − {u1, u2, u3, u4, u5}. It is straightforward
to verify that c0(T1, v) = 5 and fT1(v) = c3(T1, v) = 0, which implies that c0(T1, v) ≥ fT1(v). Since
c3(T, v) = 0, we have c3(T2, v) = 0. Then fT2(v) = 0. It follows that c0(T2, v) = c0(T, v) − 5 ≥ fT2(v).
Observe that |E(T1)| = 5 and |E(T2)| ≡ 0 (mod 5). Utilizing an analogous argument to that in (i) of
Claim 2.2, we have c0(T1, x) ≥ fT1(x) for each x ∈ V(T1−v) and c0(T2, y) ≥ fT2(y) for each y ∈ V(T2−v).
By Claim 2.1, L(T ) admits a P5-factor, a contradiction.

If c1(T, v) = 0 and c2(T, v) > 0, then fT (v) = 2c2(T, v) and c0(T, v) ≥ 2c2(T, v). By (1), we have
c0(T, v) + 3c2(T, v) ≡ 0 (mod 5). Let u1 and u2 be two isolated vertices in C0(T, v), and C7 be a
component in C2(T, v). Define T1 = C7 ∪ {u1, u2, v} and T2 = T − C7 − {u1, u2}. It is straightforward
to verify that c0(T1, v) = 2 and fT1(v) = 2, which implies that c0(T1, v) ≥ fT1(v). Since c2(T2, v) =
c2(T, v) − 1 and ci(T2, v) = ci(T, v) = 0 for i ∈ {1, 3}, we have fT2(v) = 2c2(T2, v) = 2(c2(T, v) − 1). It
follows that c0(T2, v) = c0(T, v)− 2 ≥ fT (v)− 2 = 2c2(T, v)− 2 = fT2(v). Note that |E(T1)| ≡ 0 (mod 5)
and |E(T2)| ≡ 0 (mod 5). As a similar argument to that in (i) of Claim 2.2, we have c0(T1, x) ≥ fT1(x)
for each x ∈ V(T1 − v) and c0(T2, y) ≥ fT2(y) for each y ∈ V(T2 − v). By Claim 2.1, L(T ) admits a
P5-factor, a contradiction.

If c2(T, v) = 0 and c1(T, v) > 0, where c1(T, v) ≡ 0 (mod 2), then fT (v) = 1
2c1(T, v) and c0(T, v) ≥

1
2c1(T, v). By (1), we have c0(T, v) + 2c1(T, v) ≡ 0 (mod 5). Let C8 and C9 be two components in
C1(T, v), and let u1 be an isolated vertex in C0(T, v). Set T1 = C8∪C9∪{u1, v} and T2 = T−C8−C9−{u1}.
It is straightforward to verify that c0(T1, v) = 1 and fT1(v) = 1, which implies that c0(T1, v) ≥ fT1(v).
Since c1(T2, v) = c1(T, v) − 2 and ci(T2, v) = ci(T, v) = 0 for i ∈ {2, 3}, we have fT2(v) = 1

2c1(T2, v) =
1
2 (c1(T, v) − 2). It follows that c0(T2, v) = c0(T, v) − 1 ≥ fT (v) − 1 = 1

2c1(T, v) − 1 = fT2(v). Note that
|E(T1)| ≡ 0 (mod 5) and |E(T2)| ≡ 0 (mod 5). Utilizing an analogous argument to that in (i) of Claim
2.2, we have c0(T1, x) ≥ fT1(x) for each x ∈ V(T1 − v) and c0(T2, y) ≥ fT2(y) for each y ∈ V(T2 − v). By
Claim 2.1, L(T ) admits a P5-factor, also a contradiction.

If c2(T, v) = 0 and c1(T, v) > 0, where c1(T, v) ≡ 1 (mod 2), then fT (v) = 1
2 (c1(T, v) + 5) and

c0(T, v) ≥ 1
2 (c1(T, v) + 5) ≥ 3. By (1), we have c0(T, v) + 2c1(T, v) ≡ 0 (mod 5). Let u1, u2 and u3 be

three isolated vertices in C0(T, v) and C10 be a component in C1(T, v). Define T1 = C10 ∪ {u1, u2, u3, v}
and T2 = T − C10 − {u1, u2, u3}. It is straightforward to verify that c0(T1, v) = 3 and fT1(v) = 3, which
implies that c0(T1, v) ≥ fT1(v). Since c1(T2, v) = c1(T, v) − 1 and ci(T2, v) = ci(T, v) = 0 for i ∈ {2, 3},
we have fT2(v) = 1

2c1(T2, v) = 1
2 (c1(T, v) − 1). It follows that c0(T2, v) = c0(T, v) − 3 ≥ fT (v) − 3 =

1
2 (c1(T, v) + 5) − 3 = 1

2 (c1(T, v) − 1) = fT2(v). Observe that |E(T1)| ≡ 0 (mod 5) and |E(T2)| ≡ 0
(mod 5). Utilizing an analogous argument to that in (i) of Claim 2.2, we have c0(T1, x) ≥ fT1(x) for
each x ∈ V(T1−v) and c0(T2, y) ≥ fT2(y) for each y ∈ V(T2−v). By Claim 2.1, L(T ) admits a P5-factor,
also a contradiction. Thus, the sufficiency is proved.

Next, we will prove necessity. Let H denote a P5-factor of L(T ). For any v ∈ V(T ), let NT (v) =
{y1, y2, . . . , yd}, where d = dT (v). For each i ∈ {1, 2, . . . , d}, let Ti be the component of T − v that
contains yi, and let vi ∈ V(L(T )) correspond to edge vyi. For any Ti ∈ C j(T, v) with 1 ≤ j ≤ 4, there
exists a P5-component Hi of H such that 1 ≤ |V(Hi) ∩ V(L(Ti))| ≤ j.

For any u ∈ V(L(Ti)), observe that

NH(u) ⊆ NL(T )(u) ⊆ V(L(Ti)) ∪ {vi} (1)

From (2), we derive that
vi ∈ V(Hi) and |V(Hi) ∩ V(L(Ti))| = j (2)
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It follows that |V(Hi) ∩ ({v1, v2, . . . , vd} − {vi})| ≤ 5 − ( j + 1) = 4 − j. We say Ti is related to T ji if
v ji ∈ V(Hi) ∩ ({v1, v2, . . . , vd} − {vi}).

(a) For each Ti ∈ C4(T, v), by (3), |V(Hi) ∩ V(L(Ti))| = 4 and vi ∈ V(Hi), since |V(Hi) ∩ V(L(Ti ∪

{vi}))| = 5, thus H ∩ L(Ti ∪ {v}) is a P5-factor of L(Ti ∪ {v}).
(b) For each Ti ∈ C3(T, v), |V(Hi)∩ ({v1, v2, . . . , vd} − {vi})| = 1. Let V(Hi)∩ ({v1, v2, . . . , vd} − {vi}) =

{v ji}. Then by (2), T ji ∈ C0(T, v). Obviously, ji , ji′ if Ti and Ti′ are distinct components in C3(T, v).
(c) For each Ti ∈ C2(T, v), |V(Hi) ∩ ({v1, v2, . . . , vd} − {vi})| = 1 or 2.
If |V(Hi) ∩ ({v1, v2, . . . , vd} − {vi})| = 1, let V(Hi) ∩ ({v1, v2, . . . , vd} − {vi}) = {v ji}, then by (2),

T ji ∈ C1(T, v). Obviously, ji , ji′ if Ti and Ti′ are distinct components in C2(T, v).
If |V(Hi) ∩ ({v1, v2, . . . , vd} − {vi})| = 2, let V(Hi) ∩ ({v1, v2, . . . , vd} − {vi}) = {v ji1

, v ji2
}, then by (2),

T jim ∈ C0(T, v) for m ∈ {1, 2}. Obviously, jim , ji′m if Tim and Ti′m are distinct components in C2(T, v).
(d) For each Ti ∈ C1(T, v), |V(Hi) ∩ ({v1, v2, . . . , vd} − {vi})| = 1 or 2 or 3.
If |V(Hi) ∩ ({v1, v2, . . . , vd} − {vi})| = 1, let V(Hi) ∩ ({v1, v2, . . . , vd} − {vi}) = {v ji}, then by (2),

T ji ∈ C2(T, v). Obviously, ji , ji′ if Ti and Ti′ are distinct components in C1(T, v).
If |V(Hi)∩ ({v1, v2, . . . , vd} − {vi})| = 2, let V(Hi)∩ ({v1, v2, . . . , vd} − {vi}) = {v ji1

, v ji2
}, then by (2), Ti

is related to exactly one component T ji1
in C0(T, v) and one component T ji2

in C1(T, v).
If |V(Hi)∩ ({v1, v2, . . . , vd}−{vi})| = 3, let V(Hi)∩ ({v1, v2, . . . , vd}−{vi}) = {v ji1

, v ji2
, v ji3
}, then by (2),

T jin ∈ C0(T, v) for j ∈ {1, 2, 3}. Obviously, jin , ji′n if Tin and Ti′n are distinct components in C1(T, v).
From the discussion above, by (b), each component in C3(T, v) is related to exactly one component

in C0(T, v).
Case 1. c1(T, v) ≤ c2(T, v)

By (c), each component in C2(T, v) is related to one component in C1(T, v) or two components in
C0(T, v). Then the components in C2(T, v) are related to at least 2(c2(T, v) − c1(T, v)) components in
C0(T, v). Hence,

c0(T, v) ≥ c3(T, v) + 2(c2(T, v) − c1(T, v)).

Case 2. c1(T, v) > c2(T, v)
By (d), each component in C1(T, v) is related to one component in C2(T, v), or one component in

C0(T, v) and one component in C1(T, v), or three components in C0(T, v).
If c1(T, v) − c2(T, v) ≡ 0 (mod 2), note that two distinct components in C1(T, v) can be related to

one component in C0(T, v), then the components in C1(T, v) are related to at least 1
2 (c1(T, v) − c2(T, v))

components in C0(T, v). Hence,

c0(T, v) ≥ c3(T, v) +
1
2

(c1(T, v) − c2(T, v)).

If c1(T, v) − c2(T, v) ≡ 1 (mod 2), then the components in C0(T, v) related to C1(T, v) should be at
least 1

2 (c1(T, v) − c2(T, v) − 1) + 3. Hence,
c0(T, v) ≥ c3(T, v) + 1

2 (c1(T, v) − c2(T, v) − 1) + 3 = c3(T, v) + 1
2 (c1(T, v) − c2(T, v)) + 5

2 .

Therefore, Theorem 2.1 is proved.
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3. An algorithm for finding a P5-factor in the line graph of a tree

Let T be a tree such that |E(T )| is divisible by 5, satisfying c0(T, v) ≥ fT (v) for each v ∈ V(T ).
By Theorem 2.1, the line graph L(T ) contains a P5-factor. First, we apply the following algorithm to
obtain a subtree of T , denoted by T0.

Algorithm Input: A tree T .
Step 1 : Set T0 := T and H := ∅.
Step 2 : Let v be a leaf of S tem(T0).
Case 1 If |NT0(v) ∩ Lea f (T0)| ≥ 5, let {v1, v2, v3, v4, v5} ⊆ NT0(v) ∩ Lea f (T0), then go to Step 3.
Case 2 If |NT0(v) ∩ Lea f (T0)| = 4, let NT0(v) = {w, v1, v2, v3, v4}, where w ∈ V(S tem(T0)) ∩ NT0(v)

and vi ∈ Lea f (T0) for i ∈ [1, 4], then go to Step 4.
Otherwise, go to Step 5;
Step 3 : Add vvv1vvv2vvv3vvv4vvv5 to H, and set T0 := T0 − {v1, v2, v3, v4, v5}, go to Step 2;
Step 4 : Add vvv1vvv2vvv3vvv4vvw to H, and set T0 := T0 − {v1, v2, v3, v4, v}, go to Step 2;
Step 5 : Output T0 and H.
There exists a P5-factor in L(T0). Let PT0[v, u] be a path from v to u in T0. For x ∈ V(P), denote

by H(T0, x) the set of components in T0 − x excluding those containing u or v. Let q(u) be the first
vertex of degree ≥ 3 met going along the path P starting from u. Let x ∈ V(P) such that dT0(x) ≥ 3.
Let (T0 − x)u and (T0 − x)v be the components in T0 − x containing u and v, respectively. We can easily
obtain the following Claims.

Claim 3.1. If (T0 − x)u ∈ C3(T0, x), then one of the following holds:
(i) there exists a component C ∈ C0(T0, x) in H(T0, x);
(ii)(T0 − x)v ∈ C0(T0, x) and c4(T0, x) , 0;
(iii) (T0 − x)v ∈ C0(T0, x) and c1(T0, x) = c2(T0, x) , 0.

Proof. Since L(T0) has a P5-factor and (T0 − x)u ∈ C3(T0, x), by Theorem 2.1, c0(T0, x) ≥ 1. If there
exists no component C in H(T0, x) such that C ∈ C0(T0, x), then we have (T0 − x)v ∈ C0(T0, x) and
c0(T0, x) = 1. If c4(T0, x) = 0, note that (T0− x)u ∈ C3(T0, x) and dT0(x) ≥ 3, then we have c3(T0, x) = 1
and c1(T0, x) = c2(T0, x) , 0. □

Claim 3.2. If (T0 − x)u ∈ C2(T0, x), then there exists a component C ∈ C0(T0, x)∪C1(T0, x)∪C4(T0, x)
in H(T0, x).

Proof. Suppose on the contrary that C ∈ C2(T0, x) ∪ C3(T0, x) for any C ∈ H(T0, x). If there exists a
component C ∈ C2(T0, x) in H(T0, x), note that (T0 − x)u ∈ C2(T, x), by Theorem 2.1, if (T0 − x)v ∈

C1(T0, x), then c0(T0, x) ≥ 2, a contradiction. If (T0 − x)v < C1(T0, x), then c0(T0, x) ≥ 4, also a
contradiction. Otherwise, each component C in H(T0, x) belongs to C3(T0, x). By Theorem 2.1, if
(T0 − x)v ∈ C1(T0, x), then c0(T0, x) ≥ 1, a contradiction. If (T0 − x)v < C1(T0, x), then c0(T0, x) ≥ 3,
also a contradiction. □

Let P := PT0[v, u] is a longest path in T0 such that
(P1) distT0(u, q(u)) is as small as possible;
(P2) dT0(q(u)) is as large as possible, subject to (P1);
(P3) dT0((q(u)−) is as large as possible, subject to (P2);
(P4) dT0((q(u)−2) is as large as possible, subject to (P3).
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Obviously, v, u ∈ Lea f (T0). Our algorithm is based on the following Observations.
(a) For any C ∈ H(T0, u−2), C is an isolated vertex, an isolated edge, or a K1,t with center adjacent

to u−2, where t ∈ {2, 3}.
(b) If dT0(u

−) = 3, dT0(u
−2) = 2 and dT0(u

−3) ≥ 3, then by Claim 3.1, there exists a
component C ∈

⋃
i∈I Ci(T0, u−3) in H(T0, u−3), where I = {0, 1, 2, 4}. By the choice of P, we have

maxy∈V(C)distT0(y, u
−3) ≤ 3.

If distT0(y, u
−3) ≤ 2 for any y ∈ V(C), then C is an isolated vertex or an isolated edge or a K1,2 with

center adjacent to u−3. If there exists a vertex y ∈ V(C) such that distT0(y, u
−3) = 3, by the choice of P,

we have dT0(y
−) = 2. If dT0(y

−2) ≥ 4, then there exist at least two isolated edges yy−, zz− and an isolated
vertex w(type 1), or exactly one isolated edge yy− and at least two isolated vertices in T − y−2(type 2).
If dT0(y

−2) = 3, then there are two isolated edges yy− and zz− in T − y−2(type 3). If dT0(y
−2) = 2, then C

is a P3 with one end vertex adjacent to u−3(type 4).
(c) If q(u) = u−2, by Observation (a) and the choice of P, each component C in H(T0, u−2) is an

isolated vertex or an isolated edge. If there exists an isolated edge in H(T0, u−2), by Theorem 2.1, then
dT0(u

−2) = 3 or H(T0, u−2) contains at least an isolated vertex. If there exist only isolated vertices in
H(T0, u−2), for the case that dT0(u

−2) = 3, note that (T0 − u−3)u ∈ C3(T0, u−3), as the similar argument
to that in Observation (b), we have dT0(u

−3) = 2 or H(T0, u−3) contains a component of type (3), type
(4), an isolated vertex, an isolated edge, or a K1,2 with center adjacent to u−3.

(d) If q(u) = u−3, then by Claim 3.2, there exists a component C ∈
⋃

i∈I Ci(T0, u−3) in H(T0, u−3),
where I = {0, 1, 4}. By the choice of P, we have maxy∈V(C)distT0(y, u

−3) ≤ 2. It follows that C is an
isolated edge or an isolated vertex.

(e) If q(u) = u−4, then by Claim 3.1, there exists a component C ∈
⋃

i∈I Ci(T0, u−4) in H(T0, u−4),
where I = {0, 1, 2, 4}. By the choice of P, we have maxy∈V(C)distT0(y, u

−4) ≤ 3.
If distT0(y, u

−4) ≤ 2 for any y ∈ V(C), then C is an isolated vertex, an isolated edge or a K1,2 with
center adjacent to u−4. If there exists a vertex y ∈ V(C) such that distT0(y, u

−4) = 3, then dT0(y
−) ≤ 4.

Choose such a vertex y satisfying that dT0(y
−) is as large as possible. If dT0(y

−) = 3, then dT0(y
−2) ≥ 3.

If dT0(y
−) = 2, as a similar argument to that in Observation (b), the component C is of type (1)–(4).

Algorithm
Input: A tree T0, set m = |E(T0)| and H0 := ∅.
Output: A P5-factor H0 in L(T0).
Do while m > 5
Step 1 Choose a longest path P := P[v, u] satisfying (P1)-(P4) in T0.
Step 2
Case 1 q(u) = u−

Case 1.1 dT0(u
−) = 4

Set NT (u−) = {u, u1, u2, u−2}.
Subcase 1.1.1 dT0(u

−2) = 2
Add vuu−vu1u−vu2u−vu−u−2vu−2u−3 to H0, and set T0 := T0 − {u, u1, u2, u−, u−2}.
Subcase 1.1.2 dT0(u

−2) ≥ 3
By Claim 3.1 and Observation (a), if H(T0, u−2) contains an isolated vertex u3, then add

vuu−vu1u−vu2u−vu−u−2 vu−2u3 to H0, and set T0 := T0 − {u, u1, u2, u3, u−}. If H(T0, u−2) contains an isolated
edge u4u5 and a component C1 = u6u7u8, where u4, u7 ∈ NT0(u

−2), then add vu5u4vu4u−2vu−2u7vu7u6vu7u8 to
H0, and set T0 := T0 − {u4, u5, u6, u7, u8}.
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Case 1.2 dT0(u
−) = 3

Set NT0(u
−) = {u, u1, u−2}.

Subcase 1.2.1 dT0(u
−2) ≥ 3

By Claim 3.2 and Observation (a), if H(T0, u−2) contains an isolated edge u2u3, where u2 ∈ NT0(u
−2),

then add vuu−vu1u−vu−u−2vu−2u2vu2u3 to H0, and set T0 := T0 − {u1, u, u−, u2, u3}. If H(T0, u−2) contains at
least two isolated vertices, denoted by u4 and u5, then add vuu−vu1u−vu−u−2 vu−2u4vu−2u5 to H0, and set
T0 := T0 − {u1, u, u−, u4, u5}. Otherwise, dT0(u

−2) = 3 and H(T0, u−2) contains exactly an isolated vertex
denoted by u6. Then add vuu−vu1u−vu−u−2vu−2u6 vu−2u−3 to H0, and set T0 := T0 − {u1, u, u−, u−2, u6}.

Subcase 1.2.2 dT0(u
−2) = 2 and dT0(u

−3) ≥ 3
Let C be a component in Ci(T0, u−3) in H(T0, u−3), where i ∈ {0, 1, 2, 4}. By Claim 3.1 and

Observation (b), if there exists an isolated vertex z in H(T0, u−3), then add vuu−vu−u1vu−u−2vu−2u−3 vu−3z

to H0, and set T0 := T0 − {u, u−, u1, u−2, z}. If there exist C1 = z1z2 and C2 = w1w2w3 in H(T0, u−3),
where z1,w2 ∈ NT0(u

−3). Then add vz2z1vz1u−3vu−3w2vw2w1vw2w3 to H0, and set T0 := T0−{z2, z1,w1,w2,w3}.
Otherwise, there exists a component C such that maxy∈V(C)distT0(y, u

−3) = 3. If C belongs to
type (1), then add vyy−vy−y−2vwy−2vy−2z−vz−z to H0, and set T0 = T0 − {y, y−, z−, z,w}. If C belongs to
type (2), for the case that there exist at least three isolated vertices w1,w2 and w3 in T0 − y−2, then
add vyy−vy−y−2vy−2w1vy−2w2vy−2w3 to H0, and set T0 := T0 − {y, y−,w1,w2,w3}; for the case that there exist
exactly two isolated vertices w1 and w2 in T0 − y−2, then vyy−vy−y−2 vy−2w1vy−2w2vy−2u−3 to H0, and set
T0 := T0 − {y, y−, , y−2,w1,w2}. If C belongs to type (3), then add vyy−vy−y−2vy−2u−3vy−2z−vz−z to H0,
and set T0 := T0 − {y, y−, y−2, z−, z}. If C belongs to type (4), by Claim 3.1, there exists an isolated
edge w−w in H(T0, u−3), where w− ∈ NT0(u

−3), then add vyy−vy−y−2vy−2u−3vu−3w−vw−w to H0, and set
T0 := T0 − {y, y−, y−2,w−,w}.

Subcase 1.2.3 dT0(u
−2) = dT0(u

−3) = 2
Add vu1u−vuu−vu−u−2vu−2u−3vu−3u−4 to H, and set T0 := T0 − {u, u1, u−, u−2, u−3}.
Case 2 q(u) = u−2

Let C be a component in H(T0, u−2).
Case 2.1 dT0(u

−2) = 3
By Observation (c), if C is an isolated edge w1w2 such that w1 ∈ NT0(u

−2), then add
vuu−vu−u−2vu−2u−3vu−2w1vw1w2 to H0, and set T0 := T0 − {u, u−, u−2,w1,w2}. If C is an isolated vertex
w, for the case that dT0(u

−3) = 2, then add vuu−vu−u−2vu−2wvu−2u−3vu−3u−4 to H0, and set T0 := T0 −

{u, u−, u−2,w, u−3}; for the case that dT0(u
−3) ≥ 3, note that (T − u−3)u ∈ C3(T, u−3), using the same

method in Subcase 1.2.2, we can add a P5 to H0 and obtain a new tree T0.
Case 2.2 dT0(u

−2) ≥ 4
If there exist an isolated edge w1w2 and an isolated vertex w in H(T0, u−2), where w1 ∈ NT0(u

−2),
then add vuu−vu−u−2vu−2wvu−2w1

vw1w2
to H0, and set T0 := T0 − {u, u−,w1,w2,w}. If each component C is an

isolated vertex, for the case that dT0(u
−2) ≥ 5, let w1, w2 and w3 be three isolated vertices in H(T0, u−2),

then add vuu−vu−u−2vu−2w1vu−2w2vu−2w3 to H0, and set T0 := T0 − {u, u−,w1,w2,w3}; for the case that
dT0(u

−2) = 4, let w1 and w2 be two isolated vertices in H(T0, u−2), then add vuu−vu−u−2vu−2w1vu−2w2vu−2u−3

to H0, and set T0 := T0 − {u, u−,w1,w2, u−2}.
Case 3 q(u) = u−3

Let C be a component in Ci(T0, u−3) in H(T0, u−3), where i ∈ {0, 1, 4}. By Observation (d), if there
exists a component C = w1w2 such that w1 ∈ NT0(u

−3), then add vuu−vu−u−2vu−2u−3 vu−3w1vw1w2 to H0, and
set T0 := T0−{u, u−, u−2,w1,w2}. If H(T0, u−3) contains at least two isolated vertices w1 and w2, then add
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vuu−vu−u−2vu−2u−3vu−3w1vu−3w2 to H0, and set T0 := T0 − {u, u−, u−2,w1,w2}. Otherwise, H(T0, u−3) contains
exactly one isolated vertex w. For the case that dT0(u

−3) = 3, then add vuu−vu−u−2vu−2u−3vu−3wvu−3u−4 to H0,
and set T0 := T0 − {u, u−, u−2, u−3,w}; for the case that dT0(u

−3) ≥ 4, by Theorem 2.1, there exists a
component C′ isomorphic to a K1,3 in H(T0, u−3), where V(C) = {z1, z2, z3, z4} with z4 ∈ NT0(u

−3), then
add vz1z4vz2z4vz3z4vz4w to H0, and set T0 := T0 − {z1, z2, z3, z4,w}.

Case 4 q(u) = u−4

Let C be a component in Ci(T0, u−4) in H(T0, u−4), where i ∈ {0, 1, 2, 4}. By Claim 3.1 and
Observation (e), if there exists an isolated vertex z in H(T0, u−4), then add vuu−vu−u−2vu−2u−3vu−3u−4 vu−4z to
H0, and set T0 := T0−{u, u−, u−2, u−3, z}. If there exist C1 = z1z2 and C2 = w1w2w3 in H(T0, u−4), where
z1,w2 ∈ NT0(u

−3), then add vz2z1vz1u−3vu−3w2vw2w1 vw2w3 to H0, and set T0 := T0 − {z2, z1,w1,w2,w3}.
Otherwise, there exists a component C such that maxy∈V(C)distT0(y, u

−4) = 3. Choose such a vertex
y satisfying that dT0(y

−) is as large as possible. If dT0(y
−) = 4, using the same method in Subcase 1.1,

we can add a P5 to H0 and obtain a new tree T0. If dT0(y
−) = 3, by Observation (e), dT0(y

−2) ≥ 3, using
the same method in Subcase 1.2.1, we can add a P5 to H0 and obtain a new tree T0. If dT0(y

−) = 2
and dT0(y

−2) ≥ 3, using the same method in Case 2, we can add a P5 to H0 and obtain a new tree
T0. Otherwise, we have dT0(y

−) = 2 and dT0(y
−2) = 2. By Claim 3.1, there exists an isolated edge

w1w2 in H(T0, u−4), where w1 ∈ NT0(u
−4). Then add vw2w1vw1u−4vu−4y−2vy−2y−vy−y to H0, and set T0 :=

T0 − {w2,w1, y−2, y−, y}.
Case 5 q(u) ∈ V(P[v, u−5])
Add vuu−vu−u−2vu−2u−3vu−3u−4vu−4u−5 to H, set T0 := T0 − {u, u−, u−2, u−3, u−4}.

m = m − 5. End while.
Output H0.

Therefore, H ∪ H0 is a desired P5-factor in L(T ).
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