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1. Introduction

The inherent topological structure of a parallel computing system can be modeled as a graph, where
vertices represent processing elements and edges denote the physical interconnections among these
elements—such a graph is designated a communication network. Matching-related parameters play
a fundamental role in evaluating the reliability and fault tolerance of communication networks, while
graph factors provide natural generalizations of matchings with relevant applications [19, 20, 23]. In
this paper, we investigate the path factors problem in graphs, which can be viewed as a relaxation of
the classical maximum cardinality matching problem.

The path factor of a graph is a hot topic in graph theory, attracting considerable attention from many
researchers. Beyond its theoretical significance, it also demonstrates substantial application value in
practical areas, such as network security, operations research, and information science. In particular,
several real-world problems—such as file transfer in computer networks, scheduling optimization, and
telephone network design—can be effectively modeled and analyzed using path factors in graphs [11,
27].

In this paper, we mainly focus on finite simple graphs, and terminology as well as notation not
explicitly defined here are referred to [4]. Let G = (V(G), E(G)) denote a graph. For each vertex
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v € V(G), we use dg(v) to represent the degree of v and Ng(v) to signify the neighborhood of v in G.
For x,y € V(G) with x # y, we use P[x, y] to denote a path P in G with end vertices x, y, and assume that
it has an orientation from x to y. Define P(x,y] = P[x,y] — {x} and P[x,y) = P[x,y] — {y}, respectively.
For each v € P(x,y] and w € P[x,y), let v- and w* be the predecessor of v and the successor of w on P,
respectively. Define recursively v-&*D = (y7%)= &+ = (,#)* for k > 1, if they exist. The distance
between u and v in V(G), denoted by dist;(u, v), is defined to be the length of a shortest path joining u
and v.

A spanning subgraph of G is a subgraph H of G such that V(H) = V(G) and E(H) € E(G). Suppose
H is a spanning subgraph of G, and let A be a set of connected graphs. If every component of H is
isomorphic to some graph in A, then H is referred to as an A-factor of G. In particular, an F-factor
of G is a spanning subgraph H, where each component of H is isomorphic to a fixed graph F—that
is, A = {F}. Let P, denote a path with k vertices, where k > 2. We call H a Pi-factor of G if each
component of H is isomorphic to a P,. Specifically, a P,-factor corresponds to a perfect matching in
G. A graph of order r + 1 is called a K, , with center u if it has vertex set {u, uy, us, ..., u,} and edge set
{uu,, uus, ..., uu,}, where r > 2.

Since Tutte [22] proposed the well-known Tutte 1-factor theorem, there are many results on graphs
with path factors [2,8-10] and path factors in claw-free graphs [3, 12], cubic graphs [13, 14], square of
trees [7, 16], and bipartite graphs [25]. In recent years, research on path-factors has evolved to cover
factor-critical graphs [5], factor-critical uniform graphs [18], and the spectral radius characterization
of path-factors in graphs [26]. More results on graph factors are referred to the survey papers and
books [1,21,24].

Kirkpatrick and Hell [15] proved that deciding whether a graph G has an F-factor is NP-complete
if F is a graph with at least 3 vertices.

Theorem 1.1. (Hell and Kirkpatrick [15]) If F is a connected graph with |V(F)| > 3, then deciding
whether a graph G has an F-factor is NP-complete.

So the chance is small to give a good characterization for general graphs to have Pj-factors with k >
3. Most of the work on Pj-factors was attempted to find sufficient conditions or necessary conditions
for the existence of Pj-factors using various graphic parameters, or to determine special classes of
graphs that have P;-factors. Kaneko et al. [12] and Akiyama et al. [1] considered classes of graphs that
admit Ps-factors or P4-factors, respectively.

Theorem 1.2. (Kaneko et al. [12]) Let G be a connected claw-free graph of order divisible by 3 with
at most two end blocks. Then G admits a Ps-factor.

Corollary 1.3. (Kaneko et al. [12]) If G is a 2-connected claw-free graph of order divisible by 3, then
G admits a Ps-factor.

Theorem 1.4. (Akiyama et al. [1]) Let G be a 3-connected cubic graph of order divisible by 4. Then
G admits a P,-factor.

The line graph of G is a graph L(G) with vertex set E(G), where two vertices are adjacent in L(G)
if the corresponding edges in G have a common end. The size of the graph G refers to the number of
edges it contains. Let 7 be a tree. We call a vertex of T, which has degree one, a leaf of 7. The set of
leaves of T is denoted by Leaf(T). The subtree T — Leaf(T) of T is called the stem of 7', denoted by
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Stem(T). Regarding the P;-factors in the line graphs of trees, we set C;(T, v) = {C|C is a component of
T — v satistying |E(C)| = i (mod k)}, where i € {0, 1, ...,k — 1}. We further define c,(T,v) = |Ci(T,Vv)|.
In [17], a necessary and sufficient condition for the existence of Ps-factors in L(T") was established by
Li and Zhang.

Theorem 1.5. (Li et al. [17]) Let T be a tree such that |E(T)| is divisible by 3. Then the line graph
L(T) admits a Ps-factor if and only if co(T,v) > c|(T,v) for each v € V(T).

Chen et al. [6] recently gave a sharp necessary condition for the existence of Pj-factors in the line
graphs of trees, where k > 3. Additionally, a characterization is provided for the family of trees for
which line graphs admit P4-factors.

Theorem 1.6. (Chen et al. [6]) Let T be a tree such that |E(T)| is divisible by k, where k > 3. If the
line graph L(T) admits a Py-factor, then co(T,v) > c;_o(T,v) for eachv € V(T).

Theorem 1.7. (Chen et al. [6]) Let T be a tree such that |E(T)| is divisible by 4. Then the line graph
L(T) admits a P4-factor if and only if co(T,v) > c,(T, v) for each v € V(T).

In Section 2, we give a necessary and sufficient condition for the existence of Ps-factors in the line
graphs of trees. In Section 3, we present an algorithm to search for a Ps-factor in the line graph of a
tree.

2. Characterization of trees whose line graphs admit Ps-factors

Theorem 2.1. Let T be a tree such that |E(T)| is divisible by 5. Then the line graph L(T) admits a
Ps-factor if and only if co(T,v) > c3(T,v) + plco(T,v) — (T, v)| + g for each v € V(T), where

2, ifcy(T,v) > ci(T,v), J %, if ci(T,v) — co(T, v) is positive and odd ,
= an =
%, if co(T,v) < ci(T,v). 0, Otherwise .

Proof. Let T be a tree such that |E(T)| is divisible by 5. For each v € V(T), define fr(v) = c3(T,v) +
plex(T,v) — ci(T,v)| + q.

First, we establish sufficiency via induction on |V(T)|. For |V(T)| = 6, |V(L(T))| = |E(T)| = 5, and
the result is trivially true. Assume k > 2 and Theorem 2.1 holds for any tree of order 5¢ + 1 (t < k— 1).
Let T be a tree of order 5k + 1. The following claim is immediately derived.

Claim 2.1. Suppose T, and T, be two nontrivial subtrees of T satisfying |V(T,) N V(T,)| =1, E(T,) U
E(Ty) = E(T) and |[E(T})| = 0 (mod 5) (whence |E(T»)| = 0 (mod 5)). If co(T;,v) > fr,(v) for each
v € V(T;), where i € {1, 2}, then the line graph L(T) admits a Ps-factor. O
Assume for contradiction that the line graph L(T) does not admit a Ps-factor. It is obvious that
T cannot be a path. Otherwise, L(T) is a Ps,, which necessarily admits a Ps-factor, a contradiction.
Now, we choose a vertex v € V(T) such that dr(v) > 3. Then, we can deduce the following claim.

Claim 2.2. (i) c4(T,v) = 0;
(i) c3(T,v) = 0;
(it)) (T, v)ce (T, v) = 0;
(iv) For each component C € Co(T,v), C is an isolated vertex.
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Proof. (i) Assume c4(T,v) > 0. Let C; be a component in C4(7,v). Define T to be the subtree of T
induced by V(C;) U {v}. For convenience, write 77 = C; U {v}(Analogous symbols apply hereinafter).
Let T, = T — C;. We have ¢;(Ty,v) = 0 and ¢;(T,,v) = ¢,(T,v), where i € {0, 1,2,3}. It follows that
Jr(v) = 0and fr,(v) = fr(v). Thus, co(T1,v) = fr,(v) and ¢o(T2,v) = ¢o(T,v) = fr(v) = fr,(v). Note
that |[E(T;)] = 0 (mod 5) and |E(T,)| = 0 (mod 5). For each x € V(T —v), ¢;(Ty,x) = ¢,(T, x) for
i €{0,1,2,3}. It follows that fr,(x) = fr(x). Hence, co(T, x) = co(T, x) > fr(x) = fr,(x). Similarly,
co(T2,y) = co(T,y) = fr(y) = fr,(y) for each y € V(T, — v). By Claim 2.1, L(T') admits a Ps-factor, a
contradiction.

(if) Assume c3(T,v) > 0. Since ¢o(T,v) > c3(T,v), we deduce that c¢o(7T,v) > 0. Let C, and C; be
two components in C3(7,v) and Cy(T, v), respectively. Denote 71 = C,UC3U{v}and T, = T —C, - Cs.
Then ¢(T,v) = 1 fori € {0,3} and ¢;(T,,v) = O fori € {1,2}. It follows that fr,(v) = 1. Thus
co(T1,v) = fr,(v). We also have c3(T2,v) = c3(T,v) — 1 and ¢;(T»,v) = ci(T,v) fori € {1,2}. It
follows that fr,(v) = fr(v) — 1. Thus, co(T2,v) = co(T,v) =1 > fr(v) =1 = fr,(v). Observe that
|E(T1)| = 0 (mod 5) and |E(T,)| = 0 (mod 5). Utilizing an analogous argument to that in (i), we
obtain co(T, x) > fr,(x) for each x € V(T —v) and ¢¢(T2,y) > fr,(y) foreachy € V(T, —v). By Claim
2.1, L(T) admits a Ps-factor, a contradiction.

(iti) Assume c¢(T,v)c(T,v) > 0. Then ¢;(T,v) > 0 and c,(T,v) > 0. Let C4 and Cs be two
components in C(7,v) and C,(T,v), respectively. Set Ty = C4UCs U {v}and T, = T — C4 — Cs.
Then ¢;(T,v) = 1 fori € {1,2} and ¢(T},v) = 0 for i € {0,3}. It follows that f7,(v) = 0. Thus,
co(Ty,v) = fr,(v). We also have c(T,,v) = ¢i(T,v) — 1 for i € {1,2} and ¢;(T»,v) = ci(T,v) for
i € {0,3}. It follows that f7,(v) = fr(v). Thus, co(T2,v) = co(T,v) > fr(v) = fr,(v). Note that
|E(Ty)| = 0 (mod 5) and |E(T,)| = 0 (mod 5). Utilizing an analogous argument to that in (i), we
obtain co(T', x) > fr,(x) for each x € V(T —v) and ¢((T>,y) > fr,(y) foreach y € V(T, —v). By Claim
2.1, L(T) admits a Ps-factor, a contradiction.

(iv) Assume there exists a nontrivial component Cg in Co(7, v). Choose a vertex u in V(Cg) such
that uv € E(T). SetT; = C¢and T, = (T — Ce) U {u}. As Cg € Co(T,v), we obtain |E(T)| = 0 (mod 5)
and |E(T,)| = 0 (mod 5). Then for each x € V(T), we have ¢;(Ty, x) = ¢(T, x) fori € {0,1,2,3}. It
follows that fr(x) = fr,(x). Thus, co(T1, x) = co(T, x) > fr(x) = fr,(x) for each x € V(T). Similarly,
co(T2,y) = co(T,y) = fr(y) = fr,(y) for each y € V(T;). By Claim 2.1, L(T) admits a Ps-factor, a
contradiction. O

It follows from (i) and (i1) of Claim 2.2 that c3(7, v) = c4(T,v) = 0. As |E(T)| is divisible by 5, note
that there are c;(7, v) edges connecting v and the set C;(T,v) for i € {0, 1,2}. We obtain

2
D0 IEO+coT,v) + ei(T,v) + ex(T,v) =0 (mod 5) 2.1)

i=0 CeCi(T.v)

Since |E(C)| =i (mod 5) for each C € Ci(T,v), where i € {0, 1,2}. We can derive that

co(T,v) + 2¢c(T,v) + 3¢co(T,v) =0 (mod 5) (2.2)

By (iii) of Claim 2.2, ¢1(T,v)co(T,v) = 0.

If (T, v) = c(T,v) =0, then fr(v) = 0 and co(T,v) > 0. By (1), we deduce co(7T,v) =0 (mod 5).
If co(T,v) = 0, then |E(T)| = 0, yielding a contradiction. If ¢o(7,v) > 5, from (iv) of Claim 2.2,
T — v contains at least five isolated vertices, which we designate as uy, u,, us, uy, and us. Let T denote
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the subtree of T induced by {v, uy, uy, us, us,us} and T, = T — {uy, u,, u3, ug, us}. It is straightforward
to verify that ¢o(7,v) = 5 and f7,(v) = c3(Ty,v) = 0, which implies that c¢o(7,,v) > fr,(v). Since
c3(T,v) = 0, we have c3(T,,v) = 0. Then fr,(v) = 0. It follows that cy(T2,v) = co(T,v) =5 > fr,(v).
Observe that |E(T;)| = 5 and |E(T,)| = 0 (mod 5). Utilizing an analogous argument to that in (i) of
Claim 2.2, we have ¢y(T, x) > fr,(x) foreach x € V(T—v) and ¢o(T>,y) > fr,(y) foreachy € V(T,—v).
By Claim 2.1, L(T) admits a Ps-factor, a contradiction.

If ¢;(T,v) = 0 and cx(T,v) > 0, then fr(v) = 2¢2(T,v) and co(T,v) = 2¢,(T,v). By (1), we have
co(T,v) + 3¢o(T,v) = 0 (mod 5). Let u; and u, be two isolated vertices in Co(7,v), and C; be a
component in C,(T,v). Define Ty = C; U {uy,up,v} and T, = T — C7 — {uy, u}. It is straightforward
to verify that co(7',v) = 2 and fr,(v) = 2, which implies that ¢o(T;,v) > fr,(v). Since cy(T>,v) =
c(T,v) = 1 and ¢/(T>,v) = ci(T,v) = 0 for i € {1,3}, we have fr,(v) = 2¢2(T2,v) = 2(co(T,v) — 1). It
follows that ¢o(T5,v) = co(T,v) =2 > fr(v) =2 = 2¢,(T,v) =2 = fr,(v). Note that |[E(T)| = 0 (mod 5)
and |[E(T,)| = 0 (mod 5). As a similar argument to that in (i) of Claim 2.2, we have c¢o(T, x) > fr,(x)
for each x € V(T —v) and co(T»,y) > fr,(y) for each y € V(T, —v). By Claim 2.1, L(T) admits a
Ps-factor, a contradiction.

If c,(T,v) = 0 and ¢((T,v) > 0, where ¢1(T,v) = 0 (mod 2), then f7(v) = %cl(T, v) and co(T,v) >
%CI(T, v). By (1), we have cy(T,v) + 2¢{(T,v) = 0 (mod 5). Let Cg and Cy be two components in
Ci(T,v), and let u; be an isolated vertex in Co(T, v). Set T} = CsUCoU{u,viand T, = T—Cg—Co—{uy}.
It is straightforward to verify that ¢o(7,v) = 1 and fr,(v) = 1, which implies that co(7;,v) > fr,(v).
Since ¢1(T,,v) = ¢;(T,v) — 2 and ¢(T>,v) = ¢i(T,v) = 0 for i € {2,3}, we have fr,(v) = %C](TQ, V) =
He(T,v) = 2). Tt follows that co(T>,v) = co(T,v) = 1 > fr(v) =1 = 2ci(T,v) = 1 = fr,(v). Note that
|E(T1)| = 0 (mod 5) and |E(T3)| = 0 (mod 5). Utilizing an analogous argument to that in (i) of Claim
2.2, we have ¢y(T, x) > fr,(x) for each x € V(T —v) and ¢y(T>,y) > fr,(y) foreachy € V(T, —v). By
Claim 2.1, L(T) admits a Ps-factor, also a contradiction.

If co(T,v) = 0 and ¢((T,v) > 0, where c¢{(T,v) = 1 (mod 2), then fr(v) = %(cl(T, v) +5) and
co(T,v) > %(cl(T, v) +5) > 3. By (1), we have ¢o(T,v) + 2¢(T,v) = 0 (mod 5). Let u;, u, and u3 be
three isolated vertices in Cy(7, v) and Cy, be a component in C(7,v). Define T} = Cyo U {uy, us, us, v}
and T, = T — Cyo — {uy, un, u3}. It is straightforward to verify that c¢o(7';,v) = 3 and fr,(v) = 3, which
implies that co(Ty,v) > fr,(v). Since ¢1(T2,v) = ¢i(T,v) — 1 and ¢;(T»,v) = c(T,v) = 0 fori € {2,3},
we have fr,(v) = %cl(Tz, V) = %(cl(T, v) — 1). It follows that c¢y(T3,v) = co(T,v) =3 > fr(v) -3 =
%(cl(T, vV+5 -3 = %(cl(T, v) = 1) = fr,(v). Observe that |[E(T})| = 0 (mod 5) and |E(T,)| = 0
(mod 5). Utilizing an analogous argument to that in (i) of Claim 2.2, we have c¢o(T, x) > fr,(x) for
each x € V(T —v) and ¢y(T>,y) > fr,(y) foreachy € V(T, —v). By Claim 2.1, L(T) admits a Ps-factor,
also a contradiction. Thus, the sufficiency is proved.

Next, we will prove necessity. Let H denote a Ps-factor of L(T). For any v € V(T), let Np(v) =
{Vi,y2,-..,ya}, where d = dr(v). For each i € {1,2,...,d}, let T; be the component of 7 — v that
contains y;, and let v; € V(L(T)) correspond to edge vy;. For any T; € C;(T,v) with 1 < j < 4, there
exists a Ps-component H; of H such that 1 < |V(H;) N V(L(T))| < J.

For any u € V(L(T})), observe that

Ny(u) € Nyry(u) € VL(T))) U {v} (D

From (2), we derive that
vi€ V(H;) and |V(H)NVIT)) = j (2)
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It follows that [V(H;) N ({vi,va, ..., v} = (v £ 5= (j+ 1) =4 — j. Wesay T;is related to T, if
vj, € VIH) N ({vi,va, ..., va) — {vi}).

(a) For each T; € C4(T,v), by (3), |V(H;) N V(L(T;))| = 4 and v; € V(H,), since |V(H;) N V(L(T; U
{viD)| =5, thus H N L(T; U {v}) is a Ps-factor of L(T; U {v}).

(b) Foreach T; € C5(T,v), [V(H)N({vi,va,...,va}—{viD| = 1. Let VIH) N ({vi, va, ..., v} = {viD) =
{v;;}. Then by (2), T, € Co(T,v). Obviously, j; # j» if T; and T} are distinct components in C3(T, v).

(¢c)Foreach T; € Co(T,v), [V(H) N ({vi,va, ..., vg} = {viD| = 1 or 2.

If [V(H) 0 ({vi,va,..ovay = {vibl = 1, let V(H;) N ({vi,va, ... vat = {vi}) = {v;}, then by (2),
T; € C(T,v). Obviously, j; # j; if T; and T are distinct components in C»(7, v).

IfIV(H) N {vi,va,..vah = vl = 2, let V(H) N (fvi, v, ..o vah = (i) = {v), , v, }, then by (2),
T; € Co(T,v)form € {1,2}. Obviously, j;, # jy if T;, and T} are distinct components in Co(7, v).

(d)Foreach T; € C(T,v), |V(H) N ({vi,va, ..., vg} —{vi}| = 1 or2or 3.

If [V(H) 0 ({vi,va,..oval = {vibl = 1, let V(H;) N ({vi,va, ... vat = {vih) = {v;}, then by (2),
T; € Co(T,v). Obviously, j; # jy if T; and T are distinct components in C;(7,v).

IEIVH) N (vi,va, . oval —{vibl = 2, et VIH) O ({vi, va, ..o vad = {vi}) = {v;, . vj, }, then by (2), T;
is related to exactly one component T i in Co(T,v) and one component T, in C(T,v).

F\VH)IN{v,va, ..., v} =Dl =3, let VIH) N {vi, va, ..., va}={vi)) = {vjl.1 Vii> Vi }, then by (2),
T; € Co(T,v)for je{l,2,3}. Obviously, j; # j; if T;, and T}, are distinct components in C (T, v).

From the discussion above, by (b), each component in C53(7, v) is related to exactly one component
in Co(T,v).
Case 1. ¢((T,v) < (T, v)

By (c¢), each component in C,(7,v) is related to one component in C(7, v) or two components in
Co(T,v). Then the components in C,(7,v) are related to at least 2(c,(7,v) — ¢;(T,v)) components in
Co(T,v). Hence,

co(T,v) = c3(T,v) + 2(co(T,v) — c1(T,v)).

Case 2. ¢((T,v) > (T, v)
By (d), each component in C(7, V) is related to one component in C,(7, v), or one component in
Co(T,v) and one component in C{(T, v), or three components in Cy(7, v).

If ¢i(T,v) — c2(T,v) = 0 (mod 2), note that two distinct components in C;(7,v) can be related to
one component in Cy(7, v), then the components in C(7, v) are related to at least %(c (T, v) — (T, v))
components in Cy(7T, v). Hence,

co(T,v) = c3(T,v) + %(C](T, v) — (T, v)).

If ¢;(T,v) — c(T,v) =1 (mod 2), then the components in Cy(7, v) related to C,(7, v) should be at
least %(cl(T, v) —co(T,v) — 1) + 3. Hence,
co(T.v) 2 c3(T,v) + 3(cy(T,v) = eo(T,v) = 1) + 3 = e3(T,v) + 3(c1(T,v) — o(T, v)) + 3.

Therefore, Theorem 2.1 is proved.
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3. An algorithm for finding a Ps-factor in the line graph of a tree

Let T be a tree such that |E(T)| is divisible by 5, satisfying c¢o(7,v) > fr(v) for each v € V(T).
By Theorem 2.1, the line graph L(T') contains a Ps-factor. First, we apply the following algorithm to
obtain a subtree of T, denoted by T.

Algorithm Input: A tree T.

Step1: SetT,:=T7 and H := 0.

Step 2 : Let v be a leaf of Stem(T)).

Case 1 If [N7,(v) N Leaf(To)| > 5, let {vi,va, v3,va, vs} C N, (v) N Leaf(T), then go to Step 3.

Case 2 If [N7,(v) N Leaf(Ty)| = 4, let Ng,(v) = {w,vi, V2, V3, v4}, where w € V(Stem(Ty)) N Nr,(v)
and v; € Leaf(T,) for i € [1,4], then go to Step 4.

Otherwise, go to Step 5;

Step 3 : Add vy, Vi, Vi, Vi, Vins to H, and set T := T — {vy, V2, V3, V4, Vs}, g0 to Step 2;

Step 4 : Add vy, Vi, Viy, Vi, Vi t0 H, and set T := Ty — {vy, va, V3, V4, v}, g0 to Step 2;

Step 5 : Output 7 and H.

There exists a Ps-factor in L(T). Let Py [v,u] be a path from v to u in Ty. For x € V(P), denote
by H(Ty, x) the set of components in 7) — x excluding those containing u or v. Let g(u) be the first
vertex of degree > 3 met going along the path P starting from u. Let x € V(P) such that dr,(x) > 3.
Let (Ty — x), and (T — x), be the components in 7y — x containing u« and v, respectively. We can easily
obtain the following Claims.

Claim 3.1. If (Ty — x), € C3(Ty, x), then one of the following holds:
(i) there exists a component C € Cy(Ty, x) in H(Ty, x);
(ii)(Ty — x), € Co(Ty, x) and c4(Ty, x) # 0;
(iii) (Ty — x), € Co(Ty, x) and c(Ty, x) = c2(Ty, x) # 0.

Proof. Since L(T,) has a Ps-factor and (T — x), € C5(Ty, x), by Theorem 2.1, ¢o(Ty, x) > 1. If there
exists no component C in H(T, x) such that C € Cy(Ty, x), then we have (Ty — x), € Co(Ty, x) and
co(To, x) = 1. If c4(T, x) = 0, note that (T — x), € C3(Ty, x) and dr,(x) > 3, then we have c3(Tp, x) = 1
and ¢ (T, x) = c(Ty, x) # 0. O

Claim 3.2. If (Ty — x), € Co(Ty, x), then there exists a component C € Co(Ty, x) U C1(Ty, x) U Cy4(T, x)
in H(Ty, x).

Proof. Suppose on the contrary that C € C,(Ty, x) U C3(Ty, x) for any C € H(Ty, x). If there exists a

component C € Cy(Ty, x) in H(Ty, x), note that (Ty — x), € C,(T, x), by Theorem 2.1, if (Ty — x), €

Ci(Ty, x), then co(Ty, x) > 2, a contradiction. If (T — x), ¢ Ci(Ty, x), then co(Ty,x) > 4, also a

contradiction. Otherwise, each component C in H(Ty, x) belongs to C3(Ty, x). By Theorem 2.1, if

(Ty — x), € Ci(Ty, x), then co(Ty, x) > 1, a contradiction. If (T — x), € C;(Ty, x), then co(Ty, x) > 3,

also a contradiction. O
Let P := Pg,[v,u] is a longest path in T such that

(P1) distr,(u, g(u)) 1s as small as possible;

(P2) dr,(q(u)) is as large as possible, subject to (P1);

(P3) dr,((g(u)7) is as large as possible, subject to (P2);

(P4) dr,((q(u)™2) is as large as possible, subject to (P3).
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Obviously, v,u € Leaf(Ty). Our algorithm is based on the following Observations.

(a) For any C € H(Ty,u?), C is an isolated vertex, an isolated edge, or a K, with center adjacent
to u~2, where ¢ € {2, 3}.

(b) If dr,(u”) = 3, dry(u™®) = 2 and dr,(u®) > 3, then by Claim 3.1, there exists a
component C € | J,o; Ci(To,u™?) in H(Ty,u™?), where I = {0,1,2,4}. By the choice of P, we have
maxyev(c)distTO(y, l/t_3) < 3.

If distr,(y, u) <2 for any y € V(C), then C is an isolated vertex or an isolated edge or a K, with
center adjacent to u~>. If there exists a vertex y € V(C) such that distr,(y, u~?) = 3, by the choice of P,
we have dr,(y7) = 2. If d;,(y™%) > 4, then there exist at least two isolated edges yy~, zz~ and an isolated
vertex w(type 1), or exactly one isolated edge yy~ and at least two isolated vertices in T — y~2(type 2).
If d7,(y™%) = 3, then there are two isolated edges yy~ and zz~ in T — y~>(type 3). If dr,(y™) = 2, then C
is a P3 with one end vertex adjacent to u~>(type 4).

(¢) If g(u) = u~2, by Observation (a) and the choice of P, each component C in H(T,,u™?) is an
isolated vertex or an isolated edge. If there exists an isolated edge in H(Ty, u"2), by Theorem 2.1, then
dTO(u‘z) = 3 or H(Ty, u?) contains at least an isolated vertex. If there exist only isolated vertices in
H(Ty,u?), for the case that dr,(u™?) = 3, note that (T — u™>), € C3(Ty, u>), as the similar argument
to that in Observation (b), we have dr,(u™®) = 2 or H(Ty, u™>) contains a component of type (3), type
(4), an isolated vertex, an isolated edge, or a K| , with center adjacent to u~>.

(d) If g(u) = u=3, then by Claim 3.2, there exists a component C € | J,c; Ci(To, u™>) in H(Ty, u™>),
where I = {0, 1,4}. By the choice of P, we have maxycyc)distr,(y, u=3) < 2. It follows that C is an
isolated edge or an isolated vertex.

(e) If g(u) = u™*, then by Claim 3.1, there exists a component C € | J,.; Ci(To, u™*) in H(Ty, u™),
where I = {0, 1,2,4}. By the choice of P, we have maxyeyc,distr,(y, u™) < 3.

If disty,(y,u™) < 2 for any y € V(C), then C is an isolated vertex, an isolated edge or a K;, with
center adjacent to u~*. If there exists a vertex y € V(C) such that distz,(y,u™) = 3, then dr,(y") < 4.
Choose such a vertex y satisfying that dr,(y™) is as large as possible. If d7,(y™) = 3, then dr,(y™%) > 3.
If dr,(y™) = 2, as a similar argument to that in Observation (b), the component C is of type (1)—(4).

Algorithm

Input: A tree Ty, set m = |E(Ty)| and H, := 0.

Output: A Ps-factor Hy in L(T)).

Do while m > 5

Step 1 Choose a longest path P := P[v, u] satisfying (P1)-(P4) in T,

Step 2

Casel g(u) =u

Case 1.1d;,(u") =4

Set Ny (u™) = {u, uy, up, u™2}.

Subcase 1.1.1 d7,(u™2) = 2

Add Vi Vi u- Viou Vw2 V243 10 Ho, and set Tg := To — {u, uy, up, u™, u™>}.

Subcase 1.1.2 dy,(u™?) > 3

By Claim 3.1 and Observation (a), if H(Ty,u %) contains an isolated vertex u3, then add
Vi Vuyu Vi Vuru2 Vir2uy 10 Ho, and set Ty := T — {u, uy, up, u3, u}. If H(T, u~?) contains an isolated
edge uyus and a component C; = ugi7ug, where ugy, u7 € NTO(u‘Z), then add vy, Vi, u2Vi20, Vigug Viiyug 10
H(), and set To = T() - {Lt4, Uus, Ug, U7, l/tg}.
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Case 1.2 dr,(u") =3

Set Nr,(u™) = {u, uy, u=?y.

Subcase 1.2.1 dy,(u™?) > 3

By Claim 3.2 and Observation (a), if H(Ty, u™2) contains an isolated edge u,u3, where uy € Ny, (u™?),
then add vy, Vi, uViru-2Vi-2u, Vius 10 Ho, and set To := T — {uy, u, u™, up, uz}. It H(Ty, u~?) contains at
least two isolated vertices, denoted by us and us, then add vV, V-2 Vi2u,Vi2u5 0 Hp, and set
Ty := To—{uy, u, u”,uy, us}. Otherwise, dr,(u™?) = 3 and H(T, u>) contains exactly an isolated vertex
denoted by ug. Then add ViV, u-Vi-u-2Vi-2u, Vir2us 10 Ho, and set Tg := To — {uy, u, u™, u™>, ug).

Subcase 1.2.2 d;,(u™?) = 2 and dy,(u™>) > 3

Let C be a component in Ci(Ty,u™>) in H(Ty,u>), where i € {0,1,2,4}. By Claim 3.1 and
Observation (b), if there exists an isolated vertex z in H(Ty, u™>), then add v,V Vi-u2Vi-2u-3 Viss
to Hy, and set Ty := Ty — {u, u",uy, u?,z}. If there exist C; = z;z0 and Cy = wywows in H(Ty, u™>),
where 71, w, € NTO(u‘3). Then add v,,, v, ,-3Vi-310, Viyw, Viaws t0 Ho, and set T := Ty —{z2, 21, w1, wa, ws}.

Otherwise, there exists a component C such that max,cycydistr,(y,u™>) = 3. If C belongs to
type (1), then add vyy-vy-y2v,,2vy2.-v-. to Hy, and set Tg = Ty — {y,y",z",z,w}. If C belongs to
type (2), for the case that there exist at least three isolated vertices wi,w, and w3 in Ty — y~2, then
add vyy-vy-y2vyay, Vi V2, t0 Hy, and set Ty := Ty — {y,y~, wi, wp, ws}; for the case that there exist
exactly two isolated vertices w; and w, in Ty — y~2, then Vyy-Vymy2 Yoy V2, V2,5 10 H, and set
Ty := Ty — {y,y7,,y 2, wi,wa}. If C belongs to type (3), then add Vyy-Vymy2Vy2,-3Vy2- V- 10 H,
and set Ty := Ty — {y,y",y2,27,z}. If C belongs to type (4), by Claim 3.1, there exists an isolated
edge ww in H(Ty,u™>), where w~ € Nz, (u™), then add vy,-v,--2v,2,-3V,3,-V- to Hy, and set
To:=To—{y,y",y >, w,wh

Subcase 1.2.3 d7,(u™?) = dr,(u™>) = 2

Add V- Vi Vi 2 V23 V4 t0 H, and set T := To — {u, uy, u™,u™>, u™3}.

Case 2 g(u) = u™?

Let C be a component in H(Ty, u~?).

Case 2.1 d;,(u™?) =3

By Observation (c), if C is an isolated edge wi;w, such that w; € Nr,(u™?), then add
Vuur Vir w2 Vu-2u-3 V-2, Viyw, 10 Hp, and set Ty := Ty — {u, u ,u~2, wi,w,}). If C is an isolated vertex
w, for the case that dTO(u‘3) = 2, then add v,,-Vv,-,2V,2,V,2,-3V,3,-+ t0 Hy, and set Ty := Ty —
{u,u,u™?, w,u3}; for the case that dr,(u™>) > 3, note that (T — u™>), € C3(T,u">), using the same
method in Subcase 1.2.2, we can add a Ps to H, and obtain a new tree 7.

Case 2.2 dr,(u™?) > 4

If there exist an isolated edge w,w, and an isolated vertex w in H(T,,u">), where w; € NTO(u‘z),
then add v,,- Vi w2V, vy to Hy, and set Ty := Ty — {u, u, wi, wo, w}. If each component C is an
isolated vertex, for the case that dTO(u‘Z) > 5, let wy, w, and w; be three isolated vertices in H(Ty, u™>),
then add vy, v 2V, 2y, V2w, V2w, t0 Hy, and set Ty := Ty — {u,u”, wi, wp, w3}; for the case that
dr,(u?) = 4, let w; and w, be two isolated vertices in H(To, u™?), then add v,V -2V -2y, Vie2w, V-2
to Hy, and set T := T — {u, u™, wy, wa, " 2}.

Case3 g(u) = u™?

Let C be a component in Ci(Ty, u>) in H(Ty, u™>), where i € {0, 1,4}. By Observation (d), if there
exists a component C = wyw, such that w; € Nz, (u™>), then add v,V 2V, 2,73 Vi3, Viyw, t0 Ho, and
set Ty := To—{u, u”,u=?, wy,wy}. If H(Ty, u=?) contains at least two isolated vertices w, and w,, then add
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Vit Vi -2V 23 Vi3 Ve, 10 Ho, and set To = Ty — {u, u™, u™%, wy, wa}. Otherwise, H(T, u™>) contains
exactly one isolated vertex w. For the case that d7,(u™>) = 3, then add v~ v, -2 Vy-24-3 Vi3 V344 10 Ho,
and set Ty := Ty — {u,u”,u?,u™>,w}; for the case that dr,(u™>) > 4, by Theorem 2.1, there exists a
component C’ isomorphic to a K, 3 in H(Ty, u™>), where V(C) = {z1, 22, 23, 24} With z4 € Ny, (u™), then
add VazuVaouVauVuw to H(), and set T() = TO - {Z] »Z2523,%4, W}

Cased g(u) = u™

Let C be a component in Ci(To,u ) in H(Ty,u™), where i € {0,1,2,4}. By Claim 3.1 and
Observation (e), if there exists an isolated vertex z in H(Ty, u™*), then add v, V-2V, 23V -35-4 Vys tO
Hy,and set Ty := To—{u, u”,u"2,u=3, z}. If there exist C; = 712, and C» = wywows in H(Ty, u™*), where
21, w2 € N, (u™?), then add v,,;, V.43 Vi3, Viesw; Viegws t0 Ho, and set T := Ty — {22, 21, W1, wo, w3}

Otherwise, there exists a component C such that maxycyc)distr,(y, u™*) = 3. Choose such a vertex
y satisfying that dr,(y™) is as large as possible. If dr,(y~) = 4, using the same method in Subcase 1.1,
we can add a Ps to H, and obtain a new tree 7. If dz,(y~) = 3, by Observation (e), dr, (y2) > 3, using
the same method in Subcase 1.2.1, we can add a Ps to H, and obtain a new tree Ty. If d7,(y™) = 2
and dTO(y‘Z) > 3, using the same method in Case 2, we can add a Ps to Hy and obtain a new tree
Ty. Otherwise, we have dy (y") = 2 and dTO(y‘z) = 2. By Claim 3.1, there exists an isolated edge
wiwy in H(To, u™*), where wy € Ny, (u™). Then add vy, Vy,u-4Vi-4-2Vy-2,-Vy-, to Ho, and set T :=
To — {wa, wi,y 2y, ¥}

Case 5 g(u) € V(P[v,u™>])

Add v,y V-2 Vy-2y-3Vy-3y-aVyas to H, set To = To — {u, u™, u™2, u™3, u™).

m = m — 5. End while.
Output H,.

Therefore, H U H, is a desired Ps-factor in L(T).
Author contributions

Yuan Chen: Conceptualization, Investigation, Methodology, Validation, Writing—original draft,
Writing-review & editing; Chi Fan: Conceptualization, Investigation, Methodology, Validation,
Writing—original draft; Pei Sun: Conceptualization, Investigation.
Use of Generative-Al tools declaration

The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.
Acknowledgments

The research is supported by National Natural Science Foundation of China (Grant No. 12201472).
Conflict of interest

The authors declare no conflict of interest.

AIMS Mathematics Volume 11, Issue 2, 4890-4901.



4900

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

J. Akiyama, M. Kano, Factors and factorizations of graphs-a survey, J. Graph Theor., 9 (1985),
1-42. http://doi.org/10.1002/jgt.3190090103

A. Amahashi, M. Kano, Factors with given components, Discrete Math., 42 (1982), 1-6.
https://doi.org/10.1016/0012-365X(82)90048-6

K. Ando, Y. Egawa, A. Kaneko, K. Kawarabayashi, H. Matsuda, Path factors in claw-free graphs,
Discrete Math., 243 (2002), 195-200. http://doi.org/10.1016/S0012-365X(01)00214-X

J. A. Bondy, U. S. R. Murty, Graph theory with applications, London: Macmillan Press Ltd, 1976.

Y. Chen, G. Dai, Binding number and path-factor critical deleted graphs, AKCE Int. J. Graphs
Comb., 19 (2022), 197-200. http://doi.org/10.1080/09728600.2022.2094299

Y. Chen, G. Dai, Z. Hu, P;-factors in squares and line graphs of trees, Appl. Math. Comput., 458
(2023), 128244. http://doi.org/10.1016/j.amc.2023.128244

G. Dai, Z. Hu, Ps-Factors in the square of a tree, Graph. Combinator., 36 (2020), 1913-1925.
https://doi.org/10.1007/s00373-020-02184-7

Y. Egawa, M. Furuya, The existence of a path-factor without small odd paths, Electron. J. Comb.,
25 (2018), P1.40. https://doi.org/10.37236/5817

Y. Egawa, M. Furuya, Path-factors involving paths of order seven and nine, Theory and
Applications of Graphs, 3 (2016), Article 5. http://doi.org/10.20429/tag.2016.030105

Y. Egawa, M. Furuya, K. Ozeki, Sufficient conditions for the existence of a path-factor which are
related to odd components, J. Graph Theor., 89 (2018), 327-340. https://doi.org/10.1002/jgt.22253

W. Gao, W. Wang, Y. Chen, Tight bounds for the existence of path factors in network vulnerability
parameter settings, Int. J. Intell. Syst., 36 (2021), 1133—-1158. http://doi.org/10.1002/int.22335

A. Kaneko, A. Kelmans, T. Nishimura, On packing 3-vertex paths in a graph, J.
Graph Theor., 36 (2001), 175-197. https://doi.org/10.1002/1097-0118(200104)36:4<175::AID-
JGT1005>3.0.CO;2-T

M. Kano, C. Lee, K. Suzuki, Path and cycle factors of cubic bipartite graphs, Discuss. Math. Graph
Theor., 28 (2008), 551-556. http://doi.org/10.7151/dmgt.1426

K. Kawarabayashi, H. Matsuda, Y. Oda, K. Ota, Path factors in cubic graphs, J. Graph Theor., 39
(2002), 188-193. http://doi.org/10.1002/jgt. 10022

D. G. Kirkpatrick, P. Hell, On the complexity of general graph factor problems, SIAM J. Comput.,
12 (1983), 601-609. http://doi.org/10.1137/0212040

X. Li, Z. Zhang, Path-factor in the square of a tree, Graph. Combinator., 24 (2008), 107-111.
https://doi.org/10.1007/s00373-008-0775-y

X. Li, Z. Zhang, P5-Factor in line graphs of trees, Chinese Quarterly Journal of Mathematics, 24
(2009), 333-337.

H. Liu, X. Pan, Independence number and minimum degree for path-factor critical uniform graphs,
Discrete Appl. Math., 359 (2024), 153-158. http://doi.org/10.1016/j.dam.2024.07.043

AIMS Mathematics Volume 11, Issue 2, 4890-4901.


https://dx.doi.org/http://doi.org/10.1002/jgt.3190090103
https://dx.doi.org/https://doi.org/10.1016/0012-365X(82)90048-6
https://dx.doi.org/http://doi.org/10.1016/S0012-365X(01)00214-X
https://dx.doi.org/http://doi.org/10.1080/09728600.2022.2094299 
https://dx.doi.org/http://doi.org/10.1016/j.amc.2023.128244 
https://dx.doi.org/https://doi.org/10.1007/s00373-020-02184-7
https://dx.doi.org/https://doi.org/10.37236/5817
https://dx.doi.org/http://doi.org/10.20429/tag.2016.030105
https://dx.doi.org/https://doi.org/10.1002/jgt.22253
https://dx.doi.org/http://doi.org/10.1002/int.22335
https://dx.doi.org/https://doi.org/10.1002/1097-0118(200104)36:4$<$175::AID-JGT1005$>$3.0.CO;2-T
https://dx.doi.org/https://doi.org/10.1002/1097-0118(200104)36:4$<$175::AID-JGT1005$>$3.0.CO;2-T
https://dx.doi.org/http://doi.org/10.7151/dmgt.1426
https://dx.doi.org/http://doi.org/10.1002/jgt.10022
https://dx.doi.org/http://doi.org/10.1137/0212040 
https://dx.doi.org/https://doi.org/10.1007/s00373-008-0775-y
https://dx.doi.org/http://doi.org/10.1016/j.dam.2024.07.043

4901

19.

20.

21

22.

23.

24,

25.

26.

27.

H.-A. Loeliger, J. Dauwels, J. Hu, S. Korl, L. Ping, F. R. Kschichang, The factor
graph approach to model-based signal processing, Proc. IEEE, 95 (2007), 1295-1322.
http://doi.org/10.1109/JPROC.2007.896497

X. Meng, B. Hao, B. Rath, I. A. Kovécs, Path percolation in quantum communication networks,
Phys. Rev. Lett., 134 (2025), 030803. https://doi.org/10.1103/PhysRevLett.134.030803

. M. D. Plummer, Graph factors and factorization: 1985-2003: a survey, Discrete Math., 307 (2007),

791-821. http://doi.org/10.1016/j.disc.2005.11.059
W. T. Tutte, The factors of graphs, Can. J. Math., 4 (1952), 314-328. http://doi.org/10.4153/CIM-
1952-028-2

X. Wu, B. Xiao, C. Wu, Y. Guo, L. Li, Factor graph based navigation and
positioning for control system design: a review, Chinese J. Aeronaut., 35 (2022), 25-39.
https://doi.org/10.1016/j.cja.2021.09.001

Q. R. Yu, G. Liu, Graph factors and matching extensions, Berlin, Heidelberg: Springer, 2009.
http://doi.org/10.1007/978-3-540-93952-8

H. Wang, Path factors of bipartite graphs, J. Graph Theor, 18 (1994), 161-167.
http://doi.org/10.1002/jgt.3190180207

S. Zhou, Y. Zhang, Z. Sun, The A,-spectral radius for path-factors in graphs, Discrete Math., 347
(2024), 113940. http://doi.org/10.1016/j.disc.2024.113940

L. Zhu, H. M. Baskonus, W. Gao, Vulnerability variants and path factors in networks, In: Machine
learning for cyber security, Cham: Springer, 2020, 1-11. https://doi.org/10.1007/978-3-030-
62460-6_1

©2026 the Author(s), licensee AIMS Press. This

is an open access article distributed under the

QEBE AIMS Press terms of the Creative Commons Attribution License

(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 11, Issue 2, 4890-4901.


https://dx.doi.org/http://doi.org/10.1109/JPROC.2007.896497
https://dx.doi.org/https://doi.org/10.1103/PhysRevLett.134.030803
https://dx.doi.org/http://doi.org/10.1016/j.disc.2005.11.059
https://dx.doi.org/http://doi.org/10.4153/CJM-1952-028-2
https://dx.doi.org/http://doi.org/10.4153/CJM-1952-028-2
https://dx.doi.org/https://doi.org/10.1016/j.cja.2021.09.001
https://dx.doi.org/http://doi.org/10.1007/978-3-540-93952-8
https://dx.doi.org/http://doi.org/10.1002/jgt.3190180207
https://dx.doi.org/http://doi.org/10.1016/j.disc.2024.113940
https://dx.doi.org/https://doi.org/10.1007/978-3-030-62460-6_1
https://dx.doi.org/https://doi.org/10.1007/978-3-030-62460-6_1
https://creativecommons.org/licenses/by/4.0

	Introduction
	Characterization of trees whose line graphs admit P5-factors
	An algorithm for finding a P5-factor in the line graph of a tree

