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1. Introduction

The concept of Hom-Lie algebras was first introduced by Hartwig et al. [13], motivated by the study
of various deformations of classical Lie algebras [2, 9–11, 26]. These algebraic structures naturally
emerge in the context of differential calculus and deformed vector fields, which has led to significant
interest and development over the past decade. The main areas of research in Hom-Lie algebra theory
include representations, deformations, and (co)homology [1, 3, 23]; structural analysis of semisimple
and simple Hom-Lie algebras [4,14,15,24]; geometric generalizations [18,21]; extension theory [8,19];
and integration theory for Hom-Lie algebras [17]. Since Hom-Lie algebras generalize classical Lie
algebras, it is natural to extend the classical results and structural properties to this broader setting. In
this work, we build on the investigations presented in [5], contributing further to the structural study of
Hom-Lie algebras.

Let A be a commutative associative algebra with unity. Recently, in [5], Benkovič and Eremita
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proved that every generalized derivation of a current Lie algebra L ⊗ A can be expressed as the sum
of a derivation of L ⊗ A and an element of the centroid of L ⊗ A, provided the same decomposition
holds for the Lie algebra L. Motivated by their ideas, and building upon the foundational results of
Sun, Ma, and Chen [22] on commuting maps of Hom-Lie algebras, we extend the ideas of Benkovič
and Eremita to the framework of Hom-Lie algebras and establish the corresponding analog results for
current Hom-Lie algebras. Given a Hom-Lie algebra H , the tensor product H ⊗ A admits a natural
Hom-Lie algebra structure, referred to as the current Hom-Lie algebra (see Definition 2.7).

In this article, we primarily address the following questions:

(1) If every generalized derivation of a Hom-Lie algebraH can be written as the sum of a derivation
of H and an element of the centroid of H , does the same property hold for the current Hom-Lie
algebraH ⊗A?

(2) If every quasi-derivation of a Hom-Lie algebraH can be written as the sum of a derivation ofH
and an element of the centroid ofH , does the same property hold for the current Hom-Lie algebra
H ⊗A?

We provide a partial affirmative answer to the above questions (Theorems 2.10 and 2.12) and
analyze the implications of our results.

The organization of the paper is as follows. In Section 2, we recall the fundamental definitions and
preliminary results necessary for our study. In this section, we also state our main results. In Section 3,
we present detailed proofs of the main theorems.

2. Hom-Lie algebra

In this section, we recall some basic definitions and results on Hom-Lie algebras and state our main
results. Throughout, K denotes a field.

Definition 2.1. [25] A multiplicative Hom-Lie algebra is a triple (H , [·, ·], α), where H is a vector
space over the field K with the bilinear map [·, ·] : H × H → H and a linear map α : H → H
satisfying the following conditions for all ζ, ξ, π ∈ H :

(i) Hom-Jacobi identity:

[α(ζ), [ξ, π]] + [α(ξ), [π, ζ]] + [α(π), [ζ, ξ]] = 0.

(ii) Hom-skew-symmetry:
[ζ, ξ] = −[ξ, ζ].

(iii) α([ζ, ξ]) = [α(ζ), α(ξ)], for all ζ, ξ ∈ H .

The multiplicative Hom-Lie algebra (H , [·, ·], α) is said to be regular if the linear α is bijective.

Definition 2.2. [25] Let (H , [·, ·], α) be a Hom-Lie algebra. Then consider the following collection of
endomorphisms ofH :

V = {δ ∈ End(H) | δα = αδ},

and a linear map σ : V → V by σ(δ) = αδ. Then, (V, [., .], σ) forms a Hom-Lie algebra over K with
the bracket [D1,D2] = D1D2 − D2D1 for all D1,D2 ∈ V.
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Definition 2.3. [25] Let k ∈ N. An αk-derivation d on the Hom-Lie algebra (H , [., .], α) is a linear
map onH such that

d[ζ, ξ] = [d(ζ), αk(ξ)] + [αk(ζ), d(ξ)], for all ζ, ξ ∈ H and dα = αd.

The collection of all αk-derivations on H is denoted by Derαk(H). The set Der(H) =
⊕
k≥0

Derαk(H) is

a Hom-Lie subalgebra of V.

Definition 2.4. [25] Let k ∈ N. A linear map δ : H −→ H is said to be an αk-quasiderivation ofH if
there exists a linear map γ ofH such that

[δ(ζ), αk(ξ)] + [αk(ζ), δ(ξ)] = γ([ζ, ξ])

for all ζ, ξ ∈ H , and αδ = δα, γα = αγ.

Definition 2.5. [25] Let k ∈ N. A linear map δ : H −→ H is said to be a αk-generalized derivation of
H if there exist linear maps γ and ϕ ofH such that

[δ(ζ), αk(ξ)] + [αk(ζ), γ(ξ)] = ϕ([ζ, ξ])

for all ζ, ξ ∈ H and αδ = δα, γα = αγ, ϕα = αϕ.

The notion of a derivation has several generalizations. In this article, we study the quasiderivations
and generalized derivations of Hom-Lie algebras. Let GDerαk(H) and QDerαk(H) denote the collection
of all αk-generalized derivations and αk-quasi-derivations ofH , respectively. Then,

GDer(H) =
⊕
k≥0

GDerαk(H) and QDer(H) =
⊕
k≥0

QDerαk(H).

It is easy to verify that GDer(H) and QDer(H) are Hom-Lie subalgebras of V such that

Der(H) ⊆ QDer(H) ⊆ GDer(H) ⊆ V.

Definition 2.6. [25] Let (H , [·, ·], α) be a Hom-Lie algebra. Then, the centroid of H is defined
by Cent(H) =

⊕
k≥0

Centαk(H), where Centαk(H) consists of a linear map δ ∈ End(H) that satisfies

δ([ζ, ξ]) = [αk(ζ), δ(ξ)] = [δ(ζ), αk(ξ)] for all ζ, ξ ∈ H and αδ = δα.

It is easy to see that for every ζ, ξ ∈ H , we have

[δ(ζ), αk(ξ)] + [αk(ζ), δ(ξ)] = 2δ([ζ, ξ].

Thus, Cent(H) ⊆ QDer(H), and therefore

Der(H) + Cent(H) ⊆ QDer(H).

In many cases this inclusion is strict, but in some Lie algebras (H , [., .], α = Id),

Der(H) + Cent(H) = QDer(H) (2.1)

or even

Der(H) + Cent(H) = GDer(H). (2.2)

In [20], Leger and Luks proved that Eq (2.1) holds for every centerless Lie algebras generated by
weight spaces. In [7], one can find examples of Lie algebras that satisfy Eq (2.2).
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Definition 2.7. [16] A current Hom-Lie algebra is a tensor product of the form (H⊗A, [·, ·]H ⊗µ, α⊗
β), where (H , [·, ·]H , α) is a Hom-Lie algebra and (A, µ, β) is a Hom-associative commutative algebra.
The current Hom-Lie algebra is denoted by (H ⊗ A, [·, ·]H⊗A, γ) instead of (H ⊗ A, [·, ·]H ⊗ µ, α⊗ β).

The goal of this paper is to answer the following questions:

(i) IfH satisfies Eq (2.1), doesH ⊗ A also satisfy Eq (2.1)?

(ii) IfH satisfies Eq (2.2), doesH ⊗ A also satisfy Eq (2.2)?

Our work is inspired by Brešar’s [6, 7], who introduced the study of functional identities on tensor
products of algebras.

Example 2.8 (Loop Hom-Lie algebras). Let (H , [·, ·], α) be a Hom-Lie algebra, define H̃ = H ⊗
C[t, t−1], where C[t, t−1] represents the Laurent polynomials. Define a bracket [·, ·] on H̃ as follows:

[ζ ⊗ tn, ξ ⊗ tm] = [ζ, ξ] ⊗ tn+m, ∀ ζ, ξ ∈ H ∀ m, n ∈ Z,

and an endomorphism α̃ : H̃ → H̃ given by α̃ = α ⊗ Id, where Id denotes the identity map. Then,
(H̃ , [·, ·], α̃) is a multiplicative Hom-Lie algebra, which is commonly termed as Loop Hom-Lie algebra.

Now, we give a non-trivial example of Hom-Lie algebra that satisfies Eqs (2.1) and (2.2).

Example 2.9. Let H = Span{e, f } be a vector space over a field K with char(K) , 2. Define a skew-
symmetric bracket [·, ·] : H × H → H by [e, f ] = f , [e, e] = [ f , f ] = 0, and an automorphism
α : H → H by α(e) = λe and α( f ) = λ f . Then, (H , [·, ·], α) forms a Hom-Lie algebra.

It is a routine computation to show that

Cent(H) =
{(

a 0
0 a

)
| a ∈ K

}
,

Der(H) =
{(

0 0
a1 a2

)
| a1, a2 ∈ K

}
,

and

QDer(H) = GDer(H) =
{(

a1 0
a2 a3

)
| a1, a2, a3 ∈ K

}
.

Thus, it is clear thatH satisfies Eqs (2.1) and (2.2).

Let (H , [., .], α) be a Hom-Lie algebra over a field K . The center of H , denoted by Z(H), is
defined as

Z(H) := {ζ ∈ H | [ζ, ξ] = 0 for all ξ ∈ H}.

The derived algebra [H ,H] ofH is given by

[H ,H] := Span({[ζ, ξ] | ξ, ζ ∈ H}).

Both Z(H) and [H ,H] are ideals ofH . We say thatH is centerless if Z(H) = {0}.
For any subsetW ofH , the set

ZH (W) := {ζ ∈ H | [ζ,w] = 0 for all w ∈ W}
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is called the annihilator ofW in H . It follows that ZH (I) is an ideal of H whenever I is an ideal of
H and α(I) = I. Hence, ZH ([H ,H]) is an ideal ofH , and

Z(H) = ZH (H) ⊆ ZH ([H ,H]).

Observe that for any centerless Hom-Lie algebraH , the sum

Der(H) + Cent(H) = Der(H) ⊕ Cent(H)

is a direct sum of vector spaces if α is invertible or [H ,H] = H .
A Hom-Lie algebraH is said to be prime ifH has no nonzero ideals I andJ such that [I,J] = 0.

Obviously, all prime Hom-Lie algebras are centerless. If [H ,H] = H , then, the Hom-Lie algebra H
is said to be perfect.

Let us demonstrate our major findings in the form of quasi-derivations of a current Hom-Lie algebra
H ⊗A.

Theorem 2.10. LetH be a centerless regular Hom-Lie algebra over the fieldK with char(K) , 2. Let
H ⊗A be a current Hom-Lie algebra over a field K . Suppose thatH is either prime or perfect. If

QDer(H) = Der(H) ⊕ Cent(H)

(i.e., every αk-quasiderivation can be written as a sum of an αk-derivation and a αk-centroid element),
then,

QDer(H ⊗A) = Der(H ⊗A) ⊕ Cent(H ⊗A).

A similar kind of result can be established for generalized derivations of Hom-Lie algebras. In [25],
the quasicentroid QCent(H) of a Hom-Lie algebraH is defined as

QCent(H) =
⊕
k≥0

QCentαk(H),

where
QCentαk(H) = {δ ∈ V | [δ(ζ), αk(ξ)] = [αk(ζ), δ(ξ)] for all ζ, ξ ∈ H , δα = αδ}.

Obviously,
Cent(H) ⊆ QCent(H)

and
GDer(H) = QDer(H) + QCent(H) (see [25]). (2.3)

Note that a map δ : H → H is said to be commuting if

[δ(ζ), α(ζ)] = 0 for all ζ ∈ H

and
δ(α(ζ)) = α(δ(ζ)) for all ζ ∈ H .

Recall that the set of commuting linear maps δ : H → H is a subset of QCent(H). Furthermore,
QCent(H) coincides with the set of all commuting linear maps ofH if char(K) , 2.
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Let H be a centerless Hom-Lie algebra over a field K with char(K) , 2. Assume that H is either
perfect or prime. Then, it follows that ZH ([H ,H]) = 0. By applying the result of B. Sun, Y. Ma,
and L. Chen [22, Theorem 4.3], we conclude that the centroid Cent(H) coincides with the set of all
commuting linear maps on H . Hence, Cent(H) = QCent(H) ⊆ QDer(H). Finally, using Eq (2.3),
we deduce that GDer(H) = QDer(H). Furthermore, since ZH⊗A ([H ⊗A,H ⊗A]) = 0, we conclude
that GDer(H ⊗A) = QDer(H ⊗ A). Thus, the following corollary is an immediate consequence of
Theorem 2.10.

Corollary 2.11. Let H ⊗ A be a current Hom-Lie algebra over a field K , where H be regular ,
centerless, and char(K) , 2. Suppose thatH is perfect or prime. Then,

GDer(H) = Der(H) ⊕ Cent(H)

implies
GDer(H ⊗A) = Der(H ⊗A) ⊕ Cent(H ⊗A).

IfH ⊗A forms a current Hom-Lie algebra withA finite-dimensional, then, the same conclusion holds
under the weaker assumption thatH is centerless.

Theorem 2.12. LetA be a finite dimensional commutative algebra,H is regular, centerless Hom-Lie
algebra andH ⊗A be a current Hom-Lie algebra over a field K with char(K) , 2. Then,

(i) If Der(H) ⊕ Cent(H) = GDer(H), then, Der(H ⊗A) ⊕ Cent(H ⊗A) = GDer(H ⊗A).

(ii) If QDer(H) = Der(H) ⊕ Cent(H), then, QDer(H ⊗A) = Der(H ⊗A) ⊕ Cent(H ⊗A).

3. The proofs

Throughout this section, we denote by H the Hom-Lie algebra (H , [·, ·], α), and by H ⊗ A the
current Hom-Lie algebra (H⊗A, [·, ·], ᾱ), where α is an automorphism ofH and ᾱ is the automorphism
onH ⊗A defined by ᾱ(ζ ⊗ a) = α(ζ) ⊗ a for all ζ ∈ H and a ∈ A.

Let C = {ci : i ∈ I} be a basis of A. Thus, every element of H ⊗A can be uniquely represented in
the form ζi1 ⊗ ci1 + ζi2 ⊗ ci2 + · · · + ζin ⊗ cin , where ζi ∈ H and n ≥ 1. Let δ represent a linear map on
H ⊗A. There exists a unique element δi(ζ) ∈ H , i ∈ I, for each element ζ ∈ H such that

δ(ζ ⊗ 1) =
∑
i∈I

δi(ζ) ⊗ ci,

where δi(ζ) = 0 for all but finitely many i ∈ I. The map δi onH , defined as δi : ζ 7→ δi(ζ) is evidently
linear for each i ∈ I. Let δC denotes a linear map onH ⊗A such that

δC(ζ ⊗ a) =
∑
i∈I

δi(ζ) ⊗ aci (3.1)

for every simple tensor ζ ⊗ a ∈ H ⊗ A. Clearly, δC is well-defined because for each ζ ∈ H , δi(ζ) is
nonzero for only a finitely many number of elements i ∈ I. Moreover, observe that δ(ζ ⊗ 1) = δC(ζ ⊗ 1)
for all ζ ∈ H .

We first establish some preliminary results that will be instrumental in proving our main theorems.
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Proposition 3.1. LetH ⊗A denote current Hom-Lie algebra over a field K . Then, for any basis C of
A, the following statements are true:

(i) If δ ∈ GDer(H ⊗A), then, δC ∈ GDer(H ⊗A).

(ii) If δ ∈ QDer(H ⊗A), then, δC ∈ QDer(H ⊗A).

Proof. First, assume that δ ∈ GDer(H ⊗A). Then, from the definition, there exist two linear maps γ, ϕ
onH ⊗A such that

[δ(ζ), ᾱk(ξ)] + [ᾱk(ζ), γ(ξ)] = ϕ([ζ, ξ]), ∀ ζ, ξ ∈ H ⊗A. (3.2)

Choose a basis C = {ci | i ∈ I} of A. Then, from Eq (3.1), the linear maps γC, ϕC : H ⊗A → H ⊗A
are given by

γC(ζ ⊗ a) =
∑
i∈I

γi(ζ) ⊗ aci and ϕC(ζ ⊗ a) =
∑
i∈I

ϕi(ζ) ⊗ aci

for every simple tensor ζ ⊗ a ∈ H ⊗A. To prove that δC ∈ GDer(H ⊗A), we need to show that

[δC(ζ), ᾱk(ξ)] + [ᾱk(ζ), γC(ξ)] = ϕC([ζ, ξ]), ∀ ζ, ξ ∈ H ⊗A. (3.3)

Setting simple tensors ζ ⊗ 1 and ξ ⊗ 1 in Eq (3.2) and using [ζ ⊗ 1, ξ ⊗ 1] = [ζ, ξ] ⊗ 1, we get

ϕ([ζ, ξ] ⊗ 1) = [δ(ζ ⊗ 1), ᾱk(ξ ⊗ 1)] + [ᾱk(ζ ⊗ 1), γ(ξ ⊗ 1)].

According to Eq (3.1), this identity can be rewritten as

∑
i∈I

φi([ζ, ξ]) ⊗ ci =

∑
i∈I

δi(ζ) ⊗ ci, ᾱ
k(ξ ⊗ 1)

 + ᾱk(ζ ⊗ 1),
∑
i∈I

γi(ξ) ⊗ ci


=

∑
i∈I

δi(ζ) ⊗ ci, α
k(ξ) ⊗ 1

 + αk(ζ) ⊗ 1,
∑
i∈I

γi(ξ) ⊗ ci


=

∑
i∈I

[
δi(ζ), αk(ξ)

]
⊗ ci +

∑
i∈I

[
αk(ζ), γi(ξ)

]
⊗ ci,

and consequently,∑
i∈I

(
[δi(ζ), αk(ξ)] + [αk(ζ), γi(ξ)] − ϕi([ζ, ξ])

)
⊗ ci = 0, ∀ ζ, ξ ∈ H .

Thus, for any i ∈ I, we have

[δi(ζ), αk(ξ)] + [αk(ζ), γi(ξ)] = ϕi([ζ, ξ]), ∀ ζ, ξ ∈ H . (3.4)
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Using Eq (3.4), we have

ϕC([ζ ⊗ a, ξ ⊗ c]) = ϕC([ζ, ξ] ⊗ ac)

=
∑
i∈I

ϕi([ζ, ξ]) ⊗ acci

=
∑
i∈I

(
[δi(ζ), αk(ξ)] + [αk(ζ), γi(ξ)]

)
⊗ acci

=
∑
i∈I

[δi(ζ), αk(ξ)] ⊗ acci +
∑
i∈I

[αk(ζ), γi(ξ)] ⊗ acci

=
∑
i∈I

[δi(ζ) ⊗ aci, α
k(ξ) ⊗ c] +

∑
i∈I

[αk(ζ) ⊗ a, γi(ξ) ⊗ cci]

=

∑
i∈I

δi(ζ) ⊗ aci, ᾱ
k(ξ ⊗ c)

 + ᾱk(ζ ⊗ a),
∑
i∈I

γi(ξ) ⊗ cci


= [δC(ζ ⊗ a), ᾱk(ξ ⊗ c)] + [ᾱk(ζ ⊗ a), γC(ξ ⊗ c)]

for all simple tensors ζ ⊗a, ξ⊗ c ∈ H ⊗A. Since δC, γC, and ϕC are linear maps, it follows that Eq (3.3)
holds. Hence, δC ∈ GDer(H ⊗A), and the proof of Part (i) is complete.

Observe that Part (ii) follows analogously by taking δ = γ in the preceding arguments. □

Proposition 3.2. Let H ⊗A be a current Hom-Lie algebra over a field K , and let C = {ci | i ∈ I} be
a basis of A. Suppose that {δi : H → H | i ∈ I} represents a family of linear maps such that for any
ζ ∈ H , δi(ζ) = 0 for only finitely many elements i ∈ I. Define a linear map δC : H ⊗A → H ⊗A as
in Eq (3.1).

(i) If δi ∈ Der(H) for all i ∈ I, then, δC ∈ Der(H ⊗A).

(ii) If δi ∈ Cent(H) for all i ∈ I, then, δC ∈ Cent(H ⊗A).

Proof. (i) For all i ∈ I, let δi ∈ Der(H). Thus, for every i ∈ I, we have:

[δi(ζ), αk(ξ)] + [αk(ζ), δi(ξ)] = δi([ζ, ξ]), ∀ ζ, ξ ∈ H .

Let ζ ⊗ a, and ξ ⊗ c ∈ H ⊗A be arbitrary simple tensors. Then, we have

δC([ζ ⊗ a, ξ ⊗ c]) = δC([ζ, ξ] ⊗ ac) =
∑
i∈I

δi([ζ, ξ]) ⊗ acci

=
∑
i∈I

(
[δi(ζ), αk(ξ)] + [αk(ζ), δi(ξ)]

)
⊗ acci

=
∑
i∈I

[δi(ζ), αk(ξ)] ⊗ acci +
∑
i∈I

[αk(ζ), δi(ξ)] ⊗ acci

=
∑
i∈I

[δi(ζ) ⊗ aci, α
k(ξ) ⊗ c] +

∑
i∈I

[αk(ζ) ⊗ a, δi(ξ) ⊗ cci]

=

∑
i∈I

δi(ζ) ⊗ aci, ᾱ
k(ξ ⊗ c)

 + ᾱk(ζ ⊗ a),
∑
i∈I

δi(ξ) ⊗ cci


= [δC(ζ ⊗ a), ᾱk(ξ ⊗ c)] + [ᾱk(ζ ⊗ a), δC(ξ ⊗ c)].
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Thus, it implies that δC ∈ Der(H ⊗A), since δC is linear.
(ii) Now, let δi ∈ Cent(H) for each i ∈ I. Thus, for every i ∈ I,

[δi(ζ), αk(ξ)] = δi([ζ, ξ]), ∀ ζ, ξ ∈ H .

Let ζ ⊗ a, and ξ ⊗ c ∈ H ⊗A be an arbitrary simple tensors, then, we have

δC([ζ ⊗ a, ξ ⊗ c]) = δC([ζ, ξ] ⊗ ac) =
∑
i∈I

δi([ζ, ξ]) ⊗ acci

=
∑
i∈I

[δi(ζ), αk(ξ)] ⊗ acci

=
∑
i∈I

[δi(ζ) ⊗ aci, α
k(ξ) ⊗ c]

= [δC(ζ ⊗ a), ᾱk(ξ ⊗ c)].

Again, since δC is linear, it implies that δC ∈ Cent(H ⊗A). □

Proposition 3.3. Let H ⊗ A be a current Hom-Lie algebra over a field K , and let C = {ci | i ∈ I}
be a basis of A. Suppose that H is either prime or perfect and QDer(H) = Der(H) ⊕ Cent(H). If
δ ∈ QDer(H ⊗A), then, δC ∈ Der(H ⊗A) ⊕ Cent(H ⊗A).

Proof. Let δ ∈ QDer(H⊗A) be an arbitrary quasi-derivation. Then, we have a linear map h : H⊗A →
H ⊗A such that

h([ζ, ξ]) = [δ(ζ), ᾱk(ξ)] + [ᾱk(ζ), δ(ξ)]

for all ζ, ξ ∈ H ⊗A. We know that the sets {δi : H → H|i ∈ I} and {hi : H → H|i ∈ I} are the families
of linear maps such that

δ(ζ ⊗ 1) =
∑
i∈I

δi(ζ) ⊗ ci and h(ζ ⊗ 1) =
∑
i∈I

hi(ζ) ⊗ ci, ∀ ζ ∈ H ,

where for all ζ ∈ H , δi(ζ) = 0 and hi(ζ) = 0 for finitely many i ∈ I. Similarly from the arguments used
in the proof of Proposition 3.1, we get that

[δi(ζ), αk(ξ)] + [αk(ζ), δi(ξ)] = hi([ζ, ξ]) (3.5)

for any i ∈ I and for all ζ, ξ ∈ H . Thus, each δi is a quasi-derivation ofH . Now, from our hypothesis,
we get that δi ∈ Der(H) ⊕ Cent(H) for all i ∈ I. Therefore, for every i ∈ I, there exist two maps
ψi ∈ Der(H) and ηi ∈ Cent(H) such that δi = ψi + ηi. Hence, Eq (3.5) can be rewritten as

hi([ζ, ξ]) = [ψi(ζ) + ηi(ζ), αk(ξ)] + [αk(ζ), ψi(ξ) + ηi(ξ)]
= [ψi(ζ), αk(ξ)] + [αk(ζ), ψi(ξ)] + [ηi(ζ), αk(ξ)] + [αk(ζ), ηi(ξ)]
= ψi([ζ, ξ]) + ηi([ζ, ξ]) + ηi([ζ, ξ])
= δi([ζ, ξ]) + ηi([ζ, ξ])

(3.6)

for each ζ, ξ ∈ H and i ∈ I.
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Next, suppose thatH is prime. From Eq (3.6), it is evident that for any ζ, ξ ∈ H , we have

ηi([ζ, ξ]) = 0 for all but finitely many i ∈ I.

If H is the zero module, then, no further argument is needed. Thus, assume that H is nonzero. Since
H is prime, we know that [H ,H] , {0}. Consequently, there exist elements ζ0, ξ0 ∈ H such that
[ζ0, ξ0] , 0. Given thatH is torsion-free over Cent(H) (see [12, Theorem 1.1]) and that ηi([ζ0, ξ0]) = 0
for all but finitely many i ∈ I; it follows that ηi = 0 for all but finitely many i ∈ I. Thus, for any ζ ∈ H ,
we also conclude that

ψi(ζ) = δi(ζ) − ηi(ζ) = 0 for all but finitely many i ∈ I.

Define the linear maps ψC, ηC : H ⊗A → H ⊗A as follows:

ψC(ζ ⊗ a) =
∑
i∈I

ψi(ζ) ⊗ aci and ηC(ζ ⊗ a) =
∑
i∈I

ηi(ζ) ⊗ aci (3.7)

for every simple tensor ζ ⊗ a ∈ H ⊗A. Since both the sums in Eq (3.7) are finite whenH is perfect or
prime, it implies that ψC and ηC are well-defined. From Proposition 3.2, we get that ψC ∈ Der(H ⊗A)
and ηC ∈ Cent(H ⊗A). Thus, we conclude that

δC(ζ ⊗ a) =
∑
i∈I

δi(ζ) ⊗ aci =
∑
i∈I

(ψi(ζ) + ηi(ζ)) ⊗ aci

=
∑
i∈I

ψi(ζ) ⊗ aci +
∑
i∈I

ηi(ζ) ⊗ aci

= ψC(ζ ⊗ a) + ηC(ζ ⊗ a)

for every simple tensor ζ ⊗ a ∈ H ⊗ A. Since the maps δC, ψC, and ηC are linear, it implies that
δC = ψC + ηC ∈ Der(H ⊗A) ⊕ Cent(H ⊗A). □

We can eliminate the assumption that H must be perfect or prime if we assume that A is a finite-
dimensional algebra in Proposition 3.3. Specifically, in this case, both sums in Eq (3.7) will be
finite, ensuring that the maps ψC and γC are well-defined. Consequently, we can obtain the following
proposition by applying reasoning similar to that used in the proof of Proposition 3.3.

Proposition 3.4. Let H ⊗A be a current Hom-Lie algebra over a field K and let C be a basis of A.
Suppose thatA is a finite-dimensional algebra over K .

(i) If δ ∈ GDer(H ⊗A) and GDer(H) = Der(H)⊕Cent(H), then, δC ∈ Der(H⊗A)⊕Cent(H⊗A).

(ii) If δ ∈ QDer(H ⊗A) and QDer(H) = Der(H)⊕Cent(H), then, δC ∈ Der(H ⊗A)⊕Cent(H ⊗A).

Now, we prove the following propositions that will be used in the proof of Theorem 2.3.

Proposition 3.5. Let H be a centerless regular Hom-Lie algebra over a field K with char(K) , 2. If
δ is a commuting α-quasi-derivation, then, δ ∈ Cent(H).
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Proof. From the hypothesis that δ is a α-quasi-derivation, thus there exists a linear map h on H such
that

h([ζ1, ζ2]) = [δ(ζ1), α(ζ2)] + [α(ζ1), δ(ζ2)], ∀ ζ1, ζ2 ∈ H . (3.8)

Since δ is commuting, we have
[δ(ζ), α(ζ)] = 0, ∀ ζ ∈ H . (3.9)

Now, replacing ζ by ζ1 + ζ2 in Eq (3.9), we get

[δ(ζ1), α(ζ2)] = [α(ζ1), δ(ζ2)], ∀ ζ1, ζ2 ∈ H .

Thus, from Eq (3.8), we have

g([ζ1, ζ2]) = [δ(ζ1), α(ζ2)] = [α(ζ1), δ(ζ2)], (3.10)

for all ζ1, ζ2 ∈ H , where h = 2g.
Observe that for all ζ1, ζ2, ζ3 ∈ H ,

[g([ζ1, ζ2]), α(ζ3)] = [[δ(ζ1), α(ζ2)], α(ζ3)]. (3.11)

By the Hom-Lie Jacobi identity, we get

[[δ(ζ1), α(ζ2)], α(ζ3)] = [α(δ(ζ1)), [α(ζ2), ζ3]] − [α2(ζ2), [δ(ζ1), ζ3]]. (3.12)

Since δ(α(ζ)) = α(δ(ζ)) for all ζ ∈ H , from Eq (3.12), we have

[[δ(ζ1), α(ζ2)], α(ζ3)] = [δ(α(ζ1)), α([ζ2, α
−1(ζ3)])] − [α2(ζ2), [δ(ζ1), ζ3]].

Now, using Eq (3.10), we get

[[δ(ζ1), α(ζ2)], α(ζ3)] = [α2(ζ1), δ([ζ2, α
−1(ζ3)])] − [α2(ζ2), [δ(ζ1), ζ3]].

Replacing ζ3 by α(ζ3), we get

[[δ(ζ1), α(ζ2)], α2(ζ3)] = [α2(ζ1), δ([ζ2, ζ3])] − [α2(ζ2), [δ(ζ1), α(ζ3)]].

Thus, from Eq (3.11), we have

[g([ζ1, ζ2]), α2(ζ3)] = [α2(ζ1), δ([ζ2, ζ3])] − [α2(ζ2), [δ(ζ1), α(ζ3)]].

This implies

[g([ζ1, ζ2]), α2(ζ3)] + [g([ζ3, ζ1]), α2(ζ2)] = [α2(ζ1), δ([ζ2, ζ3])]
= g([α(ζ1), [ζ2, ζ3]]). (3.13)

Now, cyclically permuting ζ1, ζ2, and ζ3 in Eq (3.13), we obtain the following two equations

[g([ζ2, ζ3]), α2(ζ1)] + [g([ζ1, ζ2]), α2(ζ3)] = g([α(ζ2), [ζ3, ζ1]]) (3.14)
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and
[g([ζ3, ζ1]), α2(ζ2)] + [g([ζ2, ζ3]), α2(ζ1)] = g([α(ζ3), [ζ1, ζ2]]). (3.15)

Now, adding Eqs (3.13)–(3.15), we get

2([g([ζ3, ζ1]), α2(ζ2)] + [g([ζ2, ζ3]), α2(ζ1)] + [g([ζ1, ζ2]), α2(ζ3)]) = 0.

Thus, for all ζ1, ζ2, ζ3 ∈ H ,

[g([ζ3, ζ1]), α2(ζ2)] + [g([ζ1, ζ2]), α2(ζ3)] = [α2(ζ1), g([ζ2, ζ3])]. (3.16)

Comparing Eqs (3.13) and (3.16), we get

[α2(ζ1), g([ζ2, ζ3])] = [α2(ζ1), [δ(ζ2), α(ζ3)]] = [α2(ζ1), δ([ζ2, ζ3])].

Since Z(H) = 0, it follows that

δ([ζ2, ζ3]) = [δ(ζ2), α(ζ3)] = [α(ζ2), δ(ζ3)]

for all ζ2, ζ3 ∈ H . Thus, δ ∈ Cent(H). □

Proposition 3.6. Let H be a centerless regular Hom-Lie algebra over a field K with char(K) , 2. If
δ is an αk-quasi-derivation and [δ(ζ), αk(ζ)] = 0 for all ζ ∈ H , then, δ ∈ Cent(H).

Proof. Since δ is an αk-quasi-derivation, there exists a linear map h onH such that

h([ζ1, ζ2]) = [δ(ζ1), αk(ζ2)] + [αk(ζ1), δ(ζ2)]

for all ζ1, ζ2 ∈ H . Applying α−k+1 to both sides yields

α−k+1h([ζ1, ζ2]) = [α−k+1δ(ζ1), α(ζ2)] + [α(ζ1), α−k+1δ(ζ2)]

for all ζ1, ζ2 ∈ H .
Moreover, since [δ(ζ), αk(ζ)] = 0 for all ζ ∈ H , it follows that

[α−k+1δ(ζ), α(ζ)] = 0

for all ζ ∈ H . This shows that α−k+1δ is a commuting α-quasi-derivation.
Now, by Proposition 3.5, we conclude that α−k+1δ ∈ Cent(H), and hence δ ∈ Cent(H). □

Now, we proceed to prove our main results, namely Theorems 2.10 and 2.12.

Proof of Theorem 2.10. Suppose that QDer(H) = Der(H)⊕Cent(H). Choose any basis C = {ci | i ∈ I}
of A. Let δ ∈ QDer(H ⊗ A) be any arbitrary quasi-derivation. By Proposition 3.1, the map δC is a
quasi-derivation ofH ⊗A. Furthermore, by Proposition 3.3, we have

δC ∈ Der(H ⊗A) ⊕ Cent(H ⊗A).

Define F := δ − δC. Clearly, F ∈ QDer(H ⊗A), and for all ζ ∈ H , we have

F (ζ ⊗ 1) = δ(ζ ⊗ 1) − δC(ζ ⊗ 1) = 0.
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Since F ∈ QDer(H ⊗A), there exists a linear map G : H ⊗A → H ⊗A such that

G([ξ, η]) = [F (ξ), ᾱ(η)] + [ᾱ(ξ),F (η)] (3.17)

for all ξ, η ∈ H ⊗ A. There exist unique elements Fi(ζ ⊗ a) ∈ H , i ∈ I for each simple tensor
ζ ⊗ a ∈ H ⊗A, such that

F (ζ ⊗ a) =
∑
i∈I

Fi(ζ ⊗ a) ⊗ ci,

where Fi(ζ ⊗ a) = 0 for only finitely many i ∈ I. We define a map Fa,i : H → H by Fa,i(ζ) = Fi(ζ ⊗ a)
for each a ∈ A and each i ∈ I. The map Fa,i is linear. First, we show that for any a ∈ A and any i ∈ I,
the element Fa,i ∈ Cent(H). Let us fix any arbitrary a ∈ A. Choosing simple tensors ζ ⊗ a and ζ ⊗ 1 in
Eq (3.17) and using F (ζ ⊗ 1) = 0, we get

[F (ζ ⊗ a), ᾱk(ζ ⊗ 1)] = G([ζ ⊗ a, ζ ⊗ 1]) = G([ζ, ζ] ⊗ a) = 0

for all ζ ∈ H . Thus, 0 = [F (ζ ⊗ a), ᾱk(ζ ⊗ 1)] =
∑

i∈I[Fi(ζ ⊗ a)⊗ ci, α
k(ζ)⊗ 1] =

∑
i∈I[Fa,i(ζ), αk(ζ)]⊗ ci

for all ζ ∈ H . Thus, for any ζ ∈ H and for all i ∈ I, we have [Fa,i(ζ), αk(ζ)] = 0, which implies
[α−k+1Fa,i(ζ), α(ζ)] = 0. Hence, the map α−k+1Fa,i is commuting for each a ∈ A and each i ∈ I. By the
hypothesis, eitherH is a prime Hom-Lie algebra or it is perfect and centerless. In both cases, we have
ZH ([H ,H]) = {0}. Therefore, it follows from [22, Theorem 4.3] that for all i ∈ I and a ∈ A, the map
α−k+1Fa,i ∈ Cent(H), and hence Fa,i ∈ Cent(H).

Next, we assert that F ∈ Der(H ⊗A). Indeed, choosing simple tensors ζ ⊗ a and ξ⊗ b in Eq (3.17),
we get

G([ζ ⊗ a, ξ ⊗ b]) = [F (ζ ⊗ a), ᾱk(ξ ⊗ b)] + [ᾱk(ζ ⊗ a),F (ξ ⊗ b)]. (3.18)

However, we know that [ζ ⊗ a, ξ ⊗ b] = [ζ ⊗ ab, ξ ⊗ 1] and F (ξ ⊗ 1) = 0, thus we get

G[ζ ⊗ a, ξ ⊗ b] = [F (ζ ⊗ ab), ᾱk(ξ ⊗ 1)] =
[∑

i∈I

Fab,i(ζ) ⊗ ci, ᾱ
k(ξ ⊗ 1)

]
for all ζ, ξ ∈ H and a, b ∈ A. Since Fab,i ∈ Cent(H), it implies that

G([ζ ⊗ a, ξ ⊗ b]) =
∑
i∈I

[Fab,i(ζ), αk(ξ)] ⊗ ci =
∑
i∈I

Fab,i([ζ, ξ]) ⊗ ci = F ([ζ, ξ] ⊗ ab)

for all ζ, ξ ∈ H and a, b ∈ A. Hence,

G([ζ ⊗ a, ξ ⊗ b]) = F ([ζ ⊗ a, ξ ⊗ b])

for all ζ ⊗ a, ξ ⊗ b ∈ H ⊗A. Thus, Eq (3.18) can be rephrased as

F (ζ ⊗ a, ξ ⊗ b) = [F (ζ ⊗ a), ᾱk(ξ ⊗ b)] + [ᾱk(ζ ⊗ a),F (ξ ⊗ b)]

for every ζ ⊗ a, ξ ⊗ b ∈ H ⊗A. Since F is linear, it implies that F ∈ Der(H ⊗A). Thus, we conclude
that

δ = δC + F ,

where δC ∈ Der(H ⊗A)⊕Cent(H ⊗A) and F ∈ Der(H ⊗A). Thus, δ ∈ Der(H ⊗A)⊕Cent(H ⊗A).
This completes the proof. □
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Proof of Theorem 2.12 (i). Suppose that GenDer(H) = Der(H)⊕Cent(H). Choose any basis C = {ci |

i ∈ I} of A. Since A is finite-dimensional so, here I = {1, 2, . . . , n}. Let δ ∈ GenDer(H ⊗ A). Then,
there exist linear maps γ, ϕ : H ⊗A → H ⊗A such that

[δ(ζ), ᾱk(ξ)] + [ᾱk(ζ), γ(ξ)] = ϕ([ζ, ξ]) (3.19)

for all ζ, ξ ∈ H ⊗A. From Proposition 3.1, we have δC ∈ GenDer(H ⊗A). Moreover,

[δC(ζ), ᾱk(ξ)] + [ᾱk(ζ), γC(ξ)] = ϕC([ζ, ξ]) (3.20)

for all ζ, ξ ∈ H ⊗ A. From Proposition 3.4, we have that δC ∈ Der(H ⊗ A) ⊕ Cent(H ⊗ A). Now,
define the maps: F = δ − δC, Γ = γ − γC, and T = ϕ − ϕC. Clearly, F , Γ, and T are linear maps. From
Eqs (3.19) and (3.20), we get

[F (ζ), ᾱk(ξ)] + [ᾱk(ζ), Γ(ξ)] = T ([ζ, ξ]) (3.21)

for all ζ, ξ ∈ H ⊗ A. Additionally, F (ζ ⊗ 1) = 0 = Γ(ζ ⊗ 1) for every ζ ∈ H . For any simple tensor
ζ ⊗ a ∈ H ⊗A, there exist unique elements Fi(ζ ⊗ a), Γi(ζ ⊗ a), Ti(ζ ⊗ a) ∈ H , i ∈ I, such that

F (ζ ⊗ a) =
∑
i∈I

Fi(ζ ⊗ a) ⊗ ci,

Γ(ζ ⊗ a) =
∑
i∈I

Γi(ζ ⊗ a) ⊗ ci,

T (ζ ⊗ a) =
∑
i∈I

Ti(ζ ⊗ a) ⊗ ci.

(3.22)

We define maps Fa,i, Γa,i, Ta,i : H → H by Fa,i(ζ) 7→ Fi(ζ ⊗ a), Γa,i(ζ) 7→ Γi(ζ ⊗ a), and Ta,i(ζ) 7→
Ti(ζ ⊗ a) for each a ∈ A and each i ∈ I. It is evident that the maps Fa,i, Γa,i, and Ta,i are linear. Our
goal is to show that F is a derivation. First, we will prove that Fa,i ∈ Cent(H) for every a ∈ A and
i ∈ I. Since Γ(ξ ⊗ 1) = 0, then, from (3.21) we get

[F (ζ ⊗ a), ᾱk(ξ ⊗ 1)] = T ([ζ ⊗ a, ξ ⊗ 1]) = T ([ζ, ξ]) ⊗ a (3.23)

for each ζ, ξ ∈ H and a ∈ A. Fix an arbitrary element a ∈ A. From Eq (3.22), we can rewrite Eq (3.23)
as

0 = [F (ζ ⊗ a), ᾱk(ξ ⊗ 1)] − T ([ζ, ξ]) ⊗ a

=

∑
i∈I

Fi(ζ ⊗ a) ⊗ ci, ᾱ
k(ξ ⊗ 1)

 −∑
i∈I

Ti([ζ, ξ] ⊗ a) ⊗ ci

=
∑
i∈I

(
[Fi(ζ ⊗ a), αk(ξ)] − Ti([ζ, ξ])

)
⊗ ci,

for all ζ, ξ ∈ H . Thus,
[Fa,i(ζ), αk(ξ)] = Ta,i([ζ, ξ]) (3.24)

for all ζ, ξ ∈ H . As a result,
[Fa,i(ζ), αk(ζ)] = 0
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for all ζ ∈ H . By interchanging ζ and ξ in Eq (3.24) and using the fact [ζ, ξ] = −[ξ, ζ], we get

[αk(ζ),Fa,i(ξ)] = Ta,i([ζ, ξ]),

and thus
[Fa,i(ζ), αk(ξ)] + [αk(ζ),Fa,i(ξ)] = 2Ta,i([ζ, ξ])

for all ζ, ξ ∈ H . This implies that Fa,i ∈ QDer(H) and hence from Proposition 3.6, we get that
Fa,i ∈ Cent(H) for every a ∈ A and every i ∈ I. Now, we will prove that F = Γ. Since Γ(ξ ⊗ 1) = 0 =
F (ζ ⊗ 1), then, from Eq (3.21), we get that

[F (ζ ⊗ a), ᾱk(ξ ⊗ 1)] = T ([ζ ⊗ a, ξ ⊗ 1]) = T ([ζ ⊗ 1, ξ ⊗ a])

= [ᾱk(ζ ⊗ 1), Γ(ξ ⊗ a)]

for all ζ, ξ ∈ H and a ∈ A. Fix an arbitrary a ∈ A. From (3.22), we can rephrased the last identity as

0 =
∑
i∈I

(
[Fa,i(ζ), αk(ξ)] ⊗ ci − [αk(ζ), Γa,i(ξ)] ⊗ ci

)
=

∑
i∈I

(
[Fa,i(ζ), αk(ξ)] − [αk(ζ), Γa,i(ξ)]

)
⊗ ci

for all ζ, ξ ∈ H . Consequently, for every i ∈ I, we get

[Fa,i(ζ), αk(ξ)] = [αk(ζ), Γa,i(ξ)]

for all ζ, ξ ∈ H . Since Fa,i ∈ Cent(H), it implies that

[αk(ζ), Γa,i(ξ)] = [Fa,i(ζ), αk(ξ)] = Fa,i([ζ, ξ]) = [αk(ζ),Fa,i(ξ)]

and thus
[αk(ζ), Γa,i(ξ) − Fa,i(ξ)] = 0

for every ζ, ξ ∈ H and i ∈ I. Since Z(H) = 0, therefore, Γa,i = Fa,i for all i ∈ I and all a ∈ A.
Similarly, from Eq (3.22), we have F (ζ ⊗ a) = Γ(ζ ⊗ a) for every simple tensor ζ ⊗ a ∈ H ⊗A. From
the linearity of F and Γ, it follows that F = Γ. By similar arguments used in the proof of Theorem 2.1,
we can show that F is a derivation. Now, since δ = δC+F , where δC ∈ Der(H⊗A)⊕Cent(H⊗A) and
F ∈ Der(H ⊗A), it implies that δ ∈ Der(H ⊗A)⊕Cent(H ⊗A). This completes the proof of (i). □

Note that (ii) can be proved analogously by setting δ = γ in the above arguments.

4. Conclusions

In this paper, we investigated generalized derivations and quasi-derivations of the current Hom-Lie
algebraH ⊗ A, where A is a finite-dimensional commutative algebra over a field K with char(K) , 2.

Assuming that H is a regular, centerless Hom-Lie algebra, we proved that the decomposition
properties of generalized derivations and quasi-derivations are preserved under current extension. More
precisely,

Der(H) ⊕ Cent(H) = GDer(H)
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implies
Der(H ⊗ A) ⊕ Cent(H ⊗ A) = GDer(H ⊗ A),

and
QDer(H) = Der(H) ⊕ Cent(H)

implies
QDer(H ⊗ A) = Der(H ⊗ A) ⊕ Cent(H ⊗ A).

Thus, both motivating questions are answered affirmatively, showing that these structural
decomposition properties remain stable when passing to current Hom-Lie algebras.
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