
https://www.aimspress.com/journal/Math

AIMS Mathematics, 11(2): 4837–4871.
DOI: 10.3934/math.2026198
Received: 06 January 2026
Revised: 31 January 2026
Accepted: 06 February 2026
Published: 27 February 2026

Research article

A new weighted infected-block M-matrix method for extinction thresholds in
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Abstract: Deriving sharp extinction criteria for realistic multi-stage Human Immunodeficiency
Virus/Acquired Immunodeficiency Syndrome (HIV/AIDS) models under environmental uncertainty
remains technically difficult, especially when both correlated continuous fluctuations and abrupt
disruptive events are present. In such settings, classical deterministic thresholds may be misleading.
Parameter regimes that predict persistence at the Ordinary Differential Equation (ODE) level can
nevertheless exhibit extinction once stochastic effects are accounted for. In this work, we developed
a new weighted infected-block M-matrix methodology to obtain an explicit, computable, almost-sure
exponential extinction threshold for a six-compartment Itô-Lévy HIV/AIDS model with correlated
diffusions and dual jump mechanisms. The proposed framework constructs positive weights directly
from the infected-treatment transition block, and combines these weights with refined diffusion
corrections and jump-compensator bounds to produce a precise extinction indicator that quantifies
stochastic damping beyond deterministic invasion pressure. To support practical relevance, we calibrated
the deterministic core to real monthly HIV-AIDS and ART data from Pakistan (2016–2021) via multi-
start nonlinear least squares, computed all threshold objects from the fitted parameters, and then tuned
the Itô-Lévy perturbations to match the extinction regime predicted by the theory. Numerical simulations
validated the theoretical predictions and illustrated how sufficiently strong fluctuations and rare shocks
can drive the system toward extinction even when R0 > 1 deterministically, thereby providing a
data-informed tool to delineate extinction-persistence boundaries in complex stochastic HIV/AIDS
dynamics.
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1. Introduction

Despite the sustained expansion of antiretroviral therapy (ART), HIV continues to pose a durable
public-health burden [1, 2]. A central reason is that both transmission and clinical progression are
governed by mechanisms that are intrinsically heterogeneous and intermittently perturbed [3].
Infectiousness varies substantially across disease stages (most notably between acute and chronic
infection), while treatment is not a binary attribute: virological suppression depends on adherence, drug
availability, and retention in care, and treatment interruptions or imperfect adherence can lead to
unsuppressed viral load and ongoing transmission [4, 5]. In addition, real-world HIV programs operate
under abrupt and often unpredictable disruptions such as stock-outs, service interruptions, policy shifts,
behavioral changes, and targeted interventions [6, 7]. These features motivate stochastic models that
incorporate not only persistent background variability but also rare, high-impact events [8, 9].

To reflect this clinical and operational structure, we consider a multi-stage HIV/AIDS framework
comprising susceptible individuals, acute infection, chronic untreated infection, ART with good
adherence and suppression, ART with poor adherence (unsuppressed), and AIDS [10–12]. The split of
treated individuals into suppressed and unsuppressed classes is particularly important for interpretation
and intervention design: it explicitly represents the fact that treatment effectiveness in practice depends
on adherence and continuity of care, and that unsuppressed treated individuals may continue to
contribute to transmission [13, 14].

From an analytical standpoint, a key challenge is to obtain a sharp and computable extinction criterion
for such clinically structured models under realistic noise [15–18]. Deterministic thresholds based on
the basic reproduction number describe invasion in idealized average environments, but they may fail to
characterize long-time outcomes when the system is subject to correlated environmental fluctuations and
sudden shocks [19–22]. Beyond stochastic differential equation (SDE)-based formulations, stochastic
epidemic dynamics are also investigated through cellular automata (CA), which encode local interaction
rules on a spatial lattice and naturally capture contact heterogeneity and spatial clustering [23, 24].
Likewise, individual-based models (IBMs) represent transmission and progression at the level of agents,
allowing explicit behavioral variability, network effects, and treatment adherence heterogeneity, albeit at
a higher computational cost [25, 26]. These CA/IBM paradigms are particularly valuable for simulation
and scenario testing, whereas the Itô-Lévy SDE framework adopted here is tailored to deliver rigorous,
closed-form extinction indicators via martingale/compensator calculus. In particular, it is possible for
the deterministic model to predict persistence while stochastic perturbations induce extinction [27].
A decision-relevant theory must therefore provide an extinction indicator that (i) remains explicit
and implementable, and (ii) quantifies how continuous variability and jump-type disruptions modify
persistence predictions [28].

In this paper, we address this issue by constructing an Itô-Lévy extension of the deterministic
multi-stage system in which uncertainty enters through two interpretable channels: Correlated diffusion
perturbations modeling persistent small-scale variability (e.g., contact heterogeneity and adherence
fluctuations), and jump shocks modeling sporadic disruptions or bursts affecting transmission and
treatment outcomes [29–31]. The mathematical core of the paper is a new weighted infected-block M-
matrix method: we isolate the linear transition block governing the infected and treated compartments,
exploit its M-matrix structure, and build a strictly positive weight vector that yields a single scalar
functional coupling all infected/treatment stages. This weighted functional enables a refined logarithmic
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Lyapunov analysis for Itô-Lévy dynamics, leading to an explicit almost-sure exponential extinction
threshold with transparent diffusion and jump corrections [32, 33].

The main contributions of this paper are listed as follows:

1) We formulate a six-compartment system that distinguishes ART with virological suppression from
ART with poor adherence (unsuppressed), allowing stage- and adherence-dependent transmission
contributions and facilitating interpretation of interventions targeting adherence, retention, and
treatment initiation.

2) We introduce correlated multiplicative diffusions and proportional jump mechanisms to represent,
respectively, persistent environmental/programmatic variability and rare disruptive events affecting
transmission and treatment.

3) We develop a constructive weighting strategy based on the inverse of the infected-block transition
matrix (an M-matrix). This yields a strictly positive weight vector and a coupled scalar functional
that is naturally linked to the deterministic invasion metric while remaining effective under
stochastic perturbations.

4) Using a logarithmic Lyapunov functional and sharp concavity bounds for jump compensators,
we derive a computable extinction indicator that separates deterministic invasion pressure from
diffusion-induced stabilization and jump-induced corrections. The resulting criterion rigorously
explains how extinction may occur even when the deterministic dynamics suggest persistence.

5) The threshold decomposes the influence of stage-specific transmission, adherence-related treatment
flows, diffusion intensities, and jump characteristics, supporting scenario-based assessment of
control strategies under uncertainty. Numerical experiments illustrate regimes where stochastic
effects drive extinction despite a persistence prediction at the deterministic level.

For context, Table 1 highlights methodological differences between our framework and related
HIV/AIDS works. Existing studies typically derive extinction thresholds using model-tailored Lyapunov
functionals (often scalar) under diffusion-only perturbations [34, 36, 38], under specific behavioral/delay
structures [35], or under single-channel Lévy jumps with problem-dependent constructions [37]; see
also the Ornstein-Uhlenbeck driven susceptibility formulation in [39]. In contrast, our contribution is
methodological and constructive: we identify the infected-treatment subsystem as a Metzler block with
a nonsingular infected-block M-matrix −M, and we build an explicit weight

L(t) = θ⊤Y(t), θ = (−M⊤)−1b,

which is computable directly from the block inverse and couples all infected and treatment stages in a
unified way. This infected-block weighting allows us to pass from a high-dimensional Itô-Lévy system
with correlated diffusion and two independent jump mechanisms to a single closed-form extinction
indicator,

THIV = (R0 − 1)βθ − ∆σ +Gβ +GT ,

thereby explicitly separating deterministic invasion pressure (R0 − 1)βθ from diffusion damping ∆σ
and the (typically nonpositive) jump compensators Gβ and GT . As a result, our theorem yields a
scalable threshold criterion that remains valid for multi-stage treatment blocks and clarifies how distinct
stochastic channels can enforce extinction even when R0 > 1, a feature that is not made explicit in the
aforementioned HIV/AIDS analyses.
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Table 1. HIV/AIDS-focused comparison of stochastic extinction-threshold techniques and
how the present infected-block M-matrix method differs.

Reference Model structure Noise class Main techniques Threshold output and
remarks

Han et al. [34]
(2020)

Staged progression
AIDS with treatment
staging

Second-order
Brownian
perturbation

Extinction analysis Extinction threshold under
a second-order perturbation
setting; not formulated via a
constructive infected-block
weight linked to a block
inverse.

Wanduku [35]
(2021)

Behavioral HIV/AIDS
with delayed ART

Stochastic
perturbations

Exponential almost sure
stability analysis

Stability analysis for
intervention effects; focuses
on behavioral multi-
population structure rather
than explicit diffusion/jump
compensators from an
infected-block inversion.

Zhou et al. [36]
(2022)

Staged progression
HIV/AIDS

Nonlinear
stochastic
perturbations

Extinction criteria
(stochastic differential
equation (SDE) tools and
a Lyapunov function)

Extinction condition for
nonlinear perturbations;
does not provide a general
constructive formula such
as θ = (−M⊤)−1b for
coupled treatment blocks.

Qiu & Huo [37]
(2022)

AIDS model Lévy jumps Extinction analysis Model-tailored scalar
functional for treatment
seeking; the present
approach yields a
systematic infected-block
construction that scales
to multi-stage treatment
blocks.

Zhao & Dong [38]
(2024)

HIV/AIDS model with
treatment

Itô diffusion Itô formula for dynamical
properties

Threshold expressions
are model-specific and
do not explicitly separate
deterministic invasion
pressure from diffusion
and jump compensators
in a single closed-form
indicator.

Liu et al. [39] (2025) Differential
susceptibility HIV
dynamics

Ornstein-
Uhlenbeck process

Extinction threshold Highlights susceptibility
heterogeneity and extinction
thresholds; provides a
constructive multi-stage
infected/treatment coupling
with explicit Itô-Lévy
compensators.

This paper Multi-stage
HIV/AIDS
with treatment
(infected+treatment
block)

Correlated
diffusion +

two jump
mechanisms

M-matrix weighting:
L = θ⊤Y , θ = (−M⊤)−1b
(see Section 4)

Computable indicator
THIV = (R0−1)βθ−∆σ+Gβ+

GT ; explicit separation
of deterministic invasion
pressure, diffusion
damping, and jump
compensators via a
nonsingular infected-
block M-matrix.
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Our paper is organized as follows. Section 2 formulates the deterministic multi-stage HIV/AIDS
model and derives the corresponding basic reproduction number. Section 3 introduces the Itô-Lévy
extension. Section 4 develops the infected-block M-matrix weighting framework and proves auxiliary
results required for the extinction analysis. Section 5 establishes the almost-sure exponential extinction
theorem and obtains an explicit, computable threshold condition. Section 6 presents numerical
experiments that corroborate the theoretical findings and quantify the respective impacts of diffusion
and jump perturbations on the long-time dynamics. In Section 7, we calibrate the deterministic core to
real monthly HIV-AIDS and ART data from Pakistan (2016–2021) via multi-start nonlinear least
squares, compute all threshold objects from the fitted parameters, and then tune the Itô-Lévy
perturbations to match the extinction regime predicted by the theory.

2. Deterministic multi-stage HIV/AIDS model

We partition the host population into six epidemiological compartments: susceptible (HIV-negative)
individuals S (t), acutely infected individuals Ia(t), chronically infected untreated individuals Ic(t),
treated individuals with virological suppression Ts(t), treated individuals without suppression Tu(t), and
individuals with AIDS A(t). The total population is

N(t) = S (t) + Ia(t) + Ic(t) + Ts(t) + Tu(t) + A(t).

Susceptibles are recruited at constant rate Λ > 0, and all individuals experience natural mortality
at rate µ > 0. HIV transmission is driven by effective contacts between susceptibles and infectious
individuals. We adopt frequency-dependent incidence and define the force of infection

λ(t) =
βaIa(t) + βcIc(t) + βuTu(t) + βAA(t)

N(t)
, (2.1)

where βa, βc, βu, βA ≥ 0 are stage-specific transmission coefficients. Individuals in Ts(t) are assumed
effectively non-infectious at the population level (e.g., durable virological suppression) and therefore do
not contribute to (2.1).

New infections occur at rate λ(t)S (t) and enter the acute class Ia. Acute infection progresses to
chronic untreated infection at rate κa > 0. Chronically infected individuals initiate ART at rates τs > 0
(to Ts) and τu ≥ 0 (to Tu). Loss of suppression and/or interruption generates cycling in the treatment
subnetwork: Ts → Ic at rate ρs ≥ 0, Ts → Tu at rate ρ1 ≥ 0, and Tu → Ic at rate ρu ≥ 0. Progression
to AIDS occurs from Ic and Tu at rates κc > 0 and κu ≥ 0, respectively, and AIDS induces additional
disease-related mortality at rate µA ≥ 0.
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The resulting deterministic model is

dS
dt
= Λ − µS − λS ,

dIa

dt
= λS − (κa + µ)Ia,

dIc

dt
= κaIa + ρsTs + ρuTu − (τs + τu + κc + µ)Ic,

dTs

dt
= τsIc − (ρs + ρ1 + µ)Ts,

dTu

dt
= τuIc + ρ1Ts − (ρu + κu + µ)Tu,

dA
dt
= κcIc + κuTu − (µ + µA)A,

(2.2)

where λ(t) is given by (2.1). All parameters are deterministic, time-independent, and nonnegative.
Moreover, Λ > 0, µ > 0, κa > 0, τs > 0, µ + µA > 0, and at least one of ρs, ρ1 is positive: ρs + ρ1 > 0.
The diagram flow of the above model is presented in Figure 1.

Let

X(t) = (S (t), Ia(t), Ic(t),Ts(t),Tu(t), A(t))⊤ ∈ R6
+, Y(t) = (Ia(t), Ic(t),Ts(t),Tu(t), A(t))⊤ ∈ R5

+.

S
Susceptible

Ia

Acute
Ic

Chronic

Ts

ART
suppressed

Tu

ART
unsuppressed

A
AIDSΛ λS κaIa

τsIc

τuIc ρ1Ts

κcIc

κuTu

ρsTs

ρuTu

µS µIa µIc

µTs

µTu

(µ + µA)A

Definitions
N = S + Ia + Ic + Ts + Tu + A

λ =
βaIa + βcIc + βuTu + βAA

N

Figure 1. Flow diagram of the deterministic HIV/AIDS model (2.2).

The vector field in (2.2) is locally Lipschitz on {X ∈ R6
+ : N > 0}, hence there exists a unique local

solution for any X(0) ∈ R6
+ with N(0) > 0. Consequently, all trajectories eventually enter and remain in

the positively invariant bounded set

Γinv :=
{
X ∈ R6

+ : 0 < N ≤ max {N(0),Λ/µ}
}
. (2.3)
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Setting Y = 0 in (2.2) gives the disease-free equilibrium (DFE)

E0 =

(
Λ

µ
, 0, 0, 0, 0, 0

)
. (2.4)

Linearization of the infected subsystem at E0 yields a Metzler matrix, reflecting the monotone
structure of progression/treatment transitions.

We computeR0 via the next-generation matrix method using Y = (Ia, Ic,Ts,Tu, A)⊤. Under frequency-
dependent incidence, at the DFE we have S ∗ = Λ/µ and N∗ = Λ/µ, hence S ∗/N∗ = 1. The new-infection
terms are

F (Y) =
(
βaIa + βcIc + βuTu + βAA, 0, 0, 0, 0

)⊤
,

so F = DF (E0) is

F =


βa βc 0 βu βA

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0


.

LetV(Y) denote the remaining transition terms (progression, treatment, cycling, mortality) so that
Ẏ = F (Y) −V(Y). A direct reading of (2.2) gives

V = DV(E0) =


κa + µ 0 0 0 0
−κa τs + τu + κc + µ −ρs −ρu 0
0 −τs ρs + ρ1 + µ 0 0
0 −τu −ρ1 ρu + κu + µ 0
0 −κc 0 −κu µ + µA


.

The matrix V has nonpositive off-diagonal entries and positive diagonal entries; under the feasibility
condition below it is a nonsingular M-matrix (equivalently, V−1 ≥ 0). The next-generation matrix is
K = FV−1, and the basic reproduction number is

R0 = ρ(FV−1).

For (2.2), the spectral radius admits the closed form

R0 =
βa

κa + µ
+

κa

κa + µ

1
D


βc + βu

τu +
ρ1τs

ρs + ρ1 + µ

ρu + κu + µ
+ βA

κc + κu

τu +
ρ1τs

ρs + ρ1 + µ

ρu + κu + µ

µ + µA


, (2.5)

where

D = (τs + τu + κc + µ) −
ρsτs

ρs + ρ1 + µ
−

ρu

ρu + κu + µ

(
τu +

ρ1τs

ρs + ρ1 + µ

)
. (2.6)

Remark 2.1. Throughout the paper we assume D > 0. This condition guarantees that the chronic-
treatment subnetwork is transient in the linearized dynamics, ensures V is nonsingular, and makes (2.5)
well-defined.
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Interpretation. The term βa/(κa + µ) is the expected number of secondary infections generated during
the acute stage. The factor κa/(κa + µ) is the probability that an acutely infected individual progresses to
chronic infection before natural death. The factorD−1 represents the effective expected time spent in the
chronic-treatment subnetwork starting from Ic, accounting for ART initiation and cycling induced by
loss of suppression and treatment interruption. The bracketed term aggregates transmission contributions
from chronic untreated infection (βc), unsuppressed treatment (βu weighted by expected residence in
Tu), and AIDS (βA weighted by expected residence in A along the pathways Ic → A and Ic → Tu → A).

3. Stochastic perturbation: Common and idiosyncratic Brownian noise with Lévy shocks

To incorporate both persistent small-scale variability (e.g., contact heterogeneity, adherence
fluctuations, and unmodeled behavioral changes) and sporadic disruptions (e.g., mass gatherings, policy
shifts, and ART stockouts), we construct an Itô-Lévy perturbation of the deterministic system (2.2). We
work on a complete filtered probability space (Ω,F , {Ft}t≥0,P) satisfying the usual hypotheses. On this
space we define a common one-dimensional Brownian motion W0(t) (shared environment), and
independent idiosyncratic Brownian motions W j(t) for j ∈ {S , Ia, Ic,Ts,Tu, A}. Each compartment is
driven by the same common noise W0 and by its own idiosyncratic noise W j through multiplicative
terms of the form

X j(t)
(
σ0 dW0(t) + σ j dW j(t)

)
.

The common driver W0 represents system-wide shocks that simultaneously affect all compartments,
such as nationwide changes in mobility and contact patterns, large-scale risk perception, generalized
access to care, or reporting and surveillance fluctuations. Thus, σ0 measures the strength of correlated
environmental forcing: when σ0 > 0, a single perturbation tends to move several subpopulations in the
same direction, which is consistent with synchronized behavioral responses (e.g., policy
tightening/relaxation) or macro disruptions (e.g., economic instability affecting adherence and clinic
attendance). In contrast, the idiosyncratic terms W j capture within-compartment heterogeneity that is
not synchronized across the system, such as stage-specific adherence variability in treatment classes,
localized contact heterogeneity, or unobserved clinical variability affecting progression and retention.
The multiplicative form preserves positivity and is epidemiologically natural: fluctuations scale with the
current size of the affected class, so small classes experience proportionally smaller absolute
perturbations.

Consequently, when σ0 > 0 the diffusion part is correlated across compartments. More precisely, for
i , j,

Cov
(
dXi(t), dX j(t) | Ft

)
= σ2

0 Xi(t)X j(t) dt,

whereas the idiosyncratic terms contribute only to the diagonal variances. This common-idiosyncratic
decomposition therefore provides a parsimonious correlation structure that is consistent with
synchronized environmental forcing while retaining stage-dependent randomness. From the viewpoint
of long-time outcomes, increasing diffusion intensities (especially σ0) increases the effective stochastic
“damping” contribution ∆σ that appears in our extinction indicator, meaning that unresolved
environmental variability can reduce the effective invasion potential even when the deterministic
skeleton suggests persistence.

So, the diffusion part of (3.1) is driven by a common Brownian motion W0 and mutually independent
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idiosyncratic Brownian motions W j, j ∈ {S , Ia, Ic,Ts,Tu, A}, adapted to {Ft}t≥0. The diffusion intensities
satisfy σ0 ≥ 0 and σ j ≥ 0.

We also introduce two independent Poisson random measures Nβ(dt, dz) and NT (dt, dz) on R+⋆ :=
R+ \ {0} with Lévy measures Πβ(dz) and ΠT (dz), respectively, and their compensated versions

Ñβ(dt, dz) = Nβ(dt, dz) − Πβ(dz) dt, ÑT (dt, dz) = NT (dt, dz) − ΠT (dz) dt.

Remark 3.1. We interpret Nβ as transmission shocks, i.e., abrupt shifts in risky mixing and effective
contact rates (mass gatherings, sudden mobility surges, short-lived policy relaxations, or abrupt changes
in prevention behavior), implemented through jump amplitudes hβj(z) that modulate transmission-related
terms. We interpret NT as treatment-program shocks (ART stockouts, sudden clinic closures, rapid
reallocation of health resources, or abrupt improvements due to emergency campaigns), implemented
through amplitudes hT

j (z) acting on the infected/treatment block. Using two jump measures allows these
drivers to have distinct jump-frequency and jump-size laws (via Πβ and ΠT ) and distinct compartmental
impacts (via hβj and hT

j ).

The stochastic HIV/AIDS model is the six-dimensional Itô-Lévy system

dS (t) =
[
Λ − µS (t) − λ(t)S (t)

]
dt + S (t)

(
σ0 dW0(t) + σS dWS (t)

)
+

∫
R+⋆

hβS (z) S (t−) Ñβ(dt, dz) +
∫
R+⋆

hT
S (z) S (t−) ÑT (dt, dz),

dIa(t) =
[
λ(t)S (t) − (κa + µ)Ia(t)

]
dt + Ia(t)

(
σ0 dW0(t) + σa dWIa (t)

)
+

∫
R+⋆

hβa(z) Ia(t−) Ñβ(dt, dz) +
∫
R+⋆

hT
a (z) Ia(t−) ÑT (dt, dz),

dIc(t) =
[
κaIa(t) + ρsTs(t) + ρuTu(t) − (τs + τu + κc + µ)Ic(t)

]
dt

+ Ic(t)
(
σ0 dW0(t) + σc dWIc (t)

)
+

∫
R+⋆

hβc(z) Ic(t−) Ñβ(dt, dz) +
∫
R+⋆

hT
c (z) Ic(t−) ÑT (dt, dz),

dTs(t) =
[
τsIc(t) − (ρs + ρ1 + µ)Ts(t)

]
dt + Ts(t)

(
σ0 dW0(t) + σs dWTs (t)

)
+

∫
R+⋆

hβTs
(z) Ts(t−) Ñβ(dt, dz) +

∫
R+⋆

hT
Ts

(z) Ts(t−) ÑT (dt, dz),

dTu(t) =
[
τuIc(t) + ρ1Ts(t) − (ρu + κu + µ)Tu(t)

]
dt + Tu(t)

(
σ0 dW0(t) + σu dWTu (t)

)
+

∫
R+⋆

hβTu
(z) Tu(t−) Ñβ(dt, dz) +

∫
R+⋆

hT
Tu

(z) Tu(t−) ÑT (dt, dz),

dA(t) =
[
κcIc(t) + κuTu(t) − (µ + µA)A(t)

]
dt + A(t)

(
σ0 dW0(t) + σA dWA(t)

)
+

∫
R+⋆

hβA(z) A(t−) Ñβ(dt, dz) +
∫
R+⋆

hT
A(z) A(t−) ÑT (dt, dz).

(3.1)

A key implication is that jumps contribute explicitly to the extinction indicator through their
compensators. When shocks correspond predominantly to adverse events (e.g., stockouts or high-risk
gatherings), the associated compensator terms quantify the average long-run effect of these disruptions
on persistence; conversely, when rapid intervention-type shocks are present, their net effect can support
eradication. This separation is one of the practical strengths of the Itô-Lévy framework: It distinguishes
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gradual variability (diffusion) from rare but impactful events (jumps) and allows each to be
parameterized and interpreted from epidemiological records (e.g., frequency/severity of stockouts, dates
of mass events, policy-change timelines). All driving noises are assumed to be mutually independent
and adapted to the filtration {Ft}t≥0.

The measurable jump amplitudes hβj , h
T
j : R+⋆ → (−1,∞) ( j ∈ {S , Ia, Ic,Ts,Tu, A}) represent relative

changes in the jth class induced by transmission shocks and treatment-program shocks, respectively.
For each • ∈ {β,T } and each coordinate j ∈ {S , Ia, Ic,Ts,Tu, A}, the jump amplitudes h•j : R+⋆ → (−1,∞)
are measurable and satisfy ∫

R+⋆

(
h•j(z)

)2
Π•(dz) < ∞. (3.2)

The constraint h•j(z) > −1 ensures positivity at the jump times: X j(t) = X j(t−)
(
1 + h•j(z)

)
≥ 0.

4. Preliminaries and analytical framework

We establish an extinction theory for the Itô-Lévy HIV/AIDS system (3.1) by isolating the infected
subsystem and introducing a weighted infected-block construction.

4.1. Compact notation and infected-block decomposition

Define the transmission-weight vector

b :=
(
βa, βc, 0, βu, βA

)⊤
∈ R5

+, (4.1)

so that, with the force of infection λ(t) =
(
βaIa(t) + βcIc(t) + βuTu(t) + βAA(t)

)
/N(t),

λ(t)S (t) =
S (t)
N(t)

b⊤Y(t), 0 <
S (t)
N(t)

≤ 1 a.s. on {N(t) > 0}. (4.2)

Let e1 = (1, 0, 0, 0, 0)⊤ ∈ R5. Then the infected block admits the drift-martingale decomposition

dY(t) =
(S (t)
N(t)

(b⊤Y(t)) e1 + M Y(t)
)

dt + dMY(t), (4.3)

where M ∈ R5×5 collects all linear transfers among (Ia, Ic,Ts,Tu, A) (progressions, treatment
initiation/cycling, and mortalities), namely,

M =


−(κa + µ) 0 0 0 0

κa −(τs + τu + κc + µ) ρs ρu 0
0 τs −(ρs + ρ1 + µ) 0 0
0 τu ρ1 −(ρu + κu + µ) 0
0 κc 0 κu −(µ + µA)


. (4.4)

The increment dMY(t) is the infected-block local martingale gathering all stochastic drivers
restricted to the coordinates of Y (Brownian and compensated-jump terms). Concretely, with
W̃(t) = (WIa(t),WIc(t),WTs(t),WTu(t),WA(t))⊤ and D(Y) = diag(Ia, Ic,Ts,Tu, A), one may write

dMY(t) = σ0 Y(t) dW0(t) + D
(
Y(t)

)
Σ dW̃(t) +

∫
R+⋆

D
(
Y(t−)

)
hβ(z) Ñβ(dt, dz) +

∫
R+⋆

D
(
Y(t−)

)
hT (z) ÑT (dt, dz),

where Σ = diag(σa, σc, σs, σu, σA) and hβ(z) = (hβa, h
β
c , h

β
Ts
, hβTu

, hβA)⊤, hT (z) = (hT
a , h

T
c , h

T
Ts
, hT

Tu
, hT

A)⊤.
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4.2. Standing hypotheses

To formalize the Itô-Lévy terms and the infected-block weighting, we impose the following
assumption.

(E1) Log-moment conditions for jump envelopes. For each • ∈ {β,T } define the infected-block
extrema

g⋆• (z) := max
i∈{1,...,5}

h•i (z), g•,⋆(z) := min
i∈{1,...,5}

h•i (z),

where indices i = 1, . . . , 5 correspond to Y = (Ia, Ic,Ts,Tu, A). Assume the square-integrability of
the logarithmic envelopes:∫

R+⋆

(
log(1 + g⋆• (z))

)2
Π•(dz) < ∞,

∫
R+⋆

(
log(1 + g•,⋆(z))

)2
Π•(dz) < ∞, • ∈ {β,T }.

In addition, assume integrability of the jump-drift envelope:

Φ•(z) := max
i∈{1,...,5}

(
log(1 + h•i (z)) − h•i (z)

)
∈ L1(Π•), • ∈ {β,T }.

These conditions are standard and ensure that the logarithmic Itô-Lévy calculus used later is
well-defined.

Remark 4.1 (Biological meaning of Assumption (E1)). Assumption (E1) requires the jump amplitudes
h•i (z) (• ∈ {β,T }) acting on the infected/treatment classes Y = (Ia, Ic,Ts,Tu, A) to have controlled
(finite log-moment) severities. Since jumps act multiplicatively, log(1 + h•i (z)) measures the effective
percentage-like shock size; the square-integrability of the log-envelopes prevents unrealistically heavy-
tailed “catastrophic” disruptions across stages. Moreover, Φ• ∈ L1(Π•) guarantees that the average
net contribution of transmission shocks (• = β) and treatment-program shocks (• = T) is finite, so the
compensator terms entering the explicit threshold are well-defined and epidemiologically interpretable.

4.3. Auxiliary lemmas

We begin by recalling standard definitions from matrix analysis.

Definition 4.1. • A Z-matrix is a real square matrix whose off-diagonal entries are nonpositive, i.e.,
ai j ≤ 0 for all i , j.

• A nonsingular M-matrix is a Z-matrix A that is invertible and satisfies A−1 ≥ 0 componentwise.
Equivalently, A can be written as

A = sI − B, B ≥ 0, s > ρ(B),

where ρ(B) denotes the spectral radius of B.

Next, we state three lemmas that underpin the extinction analysis.

Lemma 4.1 (Global existence and positivity). Assume (3.2) holds. For any initial condition X(0) ∈ R6
+,

system (3.1) admits a unique global strong solution X(t) on [0,∞) and

X(t) ∈ R6
+, t ≥ 0, a.s.
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The proof follows standard Itô-Lévy positivity arguments and is similar to [32].

Lemma 4.2 (Verifiable sufficient condition for the infected-block M-matrix). Let V := −M and define

d1 := κa + µ, d2 := τs + τu + κc + µ, d3 := ρs + ρ1 + µ, d4 := ρu + κu + µ, d5 := µ+ µA.

Set
D := d2 −

ρsτs

d3
−
ρu

d4

(
τu +

ρ1τs

d3

)
. (4.5)

Assume
d2d3 − ρsτs > 0, d2d4 − ρuτu > 0, D > 0. (4.6)

Then, V = −M is a nonsingular M-matrix. In particular,

(−M)−1 ≥ 0 and (−M⊤)−1 ≥ 0 (componentwise).

Proof. By (4.4), V is a Z-matrix. Reorder variables as (Ia) | (Ic,Ts,Tu) | (A) to obtain a block lower-
triangular structure, hence

det(V) = d1 d5 det(C), C =


d2 −ρs −ρu

−τs d3 0
−τu −ρ1 d4

 .
A direct expansion yields det(C) = d3d4D, so D > 0 implies det(C) > 0 and therefore V is nonsingular.

Moreover, the principal minors of C satisfy

d2 > 0, d3 > 0, d4 > 0, det
(

d2 −ρs

−τs d3

)
= d2d3 − ρsτs > 0,

det
(

d2 −ρu

−τu d4

)
= d2d4 − ρuτu > 0, det

(
d3 0
−ρ1 d4

)
= d3d4 > 0,

and det(C) = d3d4D > 0. Hence all principal minors of the Z-matrix C are positive, so C is a nonsingular
M-matrix and C−1 ≥ 0.

Finally, in this ordering, V is block lower-triangular with diagonal blocks d1 > 0, C, and d5 > 0, and
its strict lower off-diagonal blocks are componentwise ≤ 0. The block inversion formula yields V−1 ≥ 0,
i.e., V = −M is a nonsingular M-matrix. Since the class of nonsingular M-matrices is closed under
transpose, (−M⊤)−1 ≥ 0 as well. □

The inequalities in (4.6) have a transparent biological interpretation for the infected-treatment block
(Ic,Ts,Tu). The quantities d2, d3, d4 are the total exit rates from the corresponding compartments:

d2 = τs + τu + κc + µ (chronic infected: treatment initiation/progression + removal + natural death),

d3 = ρs + ρ1 + µ (treated-suppressed: relapse/failure + progression + natural death),

d4 = ρu + κu + µ (treated-unsuppressed: relapse + removal + natural death).

Hence, the two conditions

d2d3 − ρsτs > 0, d2d4 − ρuτu > 0
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state that the feedback loops Ic → Ts → Ic and Ic → Tu → Ic are subcritical: the product of the
forward “recruitment into treatment” rates (τs, τu) and the backward “return to infectiousness” rates
(ρs, ρu) cannot dominate the product of total exit rates from the involved stages (d2d3 and d2d4). In other
words, treatment failure/relapse is not strong enough to create a net self-sustaining cycle inside the
infected-treatment subsystem in the absence of new infections.

The composite quantity D in (4.5) accounts for the combined influence of the two treatment loops,
including the cross-coupling pathway Ts → Tu (through ρ1). The requirement D > 0 can be viewed
as a global “net outflow dominance” condition: after eliminating the treated stages, the effective
dissipation rate of the core infected stage Ic remains positive. Consequently, the infected-treatment
linear subsystem is dissipative and cannot amplify perturbations by internal cycling, which is precisely
the structural property captured by V = −M being a nonsingular M-matrix. This guarantees that
the inverse (−M)−1 ≥ 0 exists and that the associated weights θ = (−M⊤)−1b are componentwise
nonnegative, i.e., each infected/treatment stage contributes monotonically (with biologically meaningful
positive weights) to the aggregated infectious burden used in the extinction analysis.

Lemma 4.3 (Weight vector and identification of R0). Let b =
(
βa, βc, 0, βu, βA

)⊤
∈ R5

+, and let M be
given by (4.4). Assume that −M is a nonsingular M-matrix and define

θ := (−M⊤)−1b ∈ R5
+. (4.7)

Then θ ≥ 0 componentwise and
θ1 = R0, (4.8)

where R0 is given by the next-generation method:

R0 = ρ(FV−1), F = e1b⊤, V = −M, e1 = (1, 0, 0, 0, 0)⊤.

Proof. Since −M is a nonsingular M-matrix, (−M⊤)−1 ≥ 0, hence θ ≥ 0. At the disease-free equilibrium,
new infections enter only the acute class, so F = e1b⊤ and V = −M. Then FV−1 = e1 b⊤(−M)−1 is rank
one with unique nonzero eigenvalue b⊤(−M)−1e1, hence

R0 = ρ(FV−1) = b⊤(−M)−1e1.

Finally,
θ1 = e⊤1 (−M⊤)−1b = b⊤(−M)−1e1 = R0.

□

Lemma 4.4 (Positivity of θ on Ib). Assume the hypotheses of Lemma 4.3 are true. Let

Ib := {i ∈ I : bi > 0} = {a, c, u, A},

and let θ = (−M⊤)−1b. If for each i ∈ Ib there exists j ∈ Ib such that [(−M)−1] ji > 0, then θi > 0 for all
i ∈ Ib.

Proof. Since θ = (−M⊤)−1b, we have

θi =
∑
j∈I

b j [(−M)−1] ji.

Fix i ∈ Ib. By assumption there exists j ∈ Ib with b j > 0 and [(−M)−1] ji > 0, hence the sum contains a
strictly positive term, so θi > 0. □
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Remark 4.2 (Robustness of the infected-block weights θ under parameter perturbations). Assume that
−M is a nonsingular M-matrix. Then M is Hurwitz (in particular, α(M) < 0) and invertible, and the
inverse map M 7→ M−1 is analytic on the open set of invertible matrices. Consequently, the weight
vector

θ(M) = (−M⊤)−1b

depends smoothly (indeed, continuously differentiably) on any model parameter that enters M. Let ∆M
be a small perturbation induced by a small change in transition/treatment rates. Using the resolvent
expansion,

(A + ∆A)−1 = A−1 − A−1(∆A)A−1 + O(∥∆A∥2) (∥∆A∥ → 0),

with A = −M⊤, we obtain the first-order sensitivity identity

θ(M + ∆M) − θ(M) = −(−M⊤)−1(∆M)⊤(−M⊤)−1b + O(∥∆M∥2). (4.9)

In particular, for ∥∆M∥ sufficiently small,

∥∆θ∥ ≤ ∥(−M⊤)−1∥2 ∥b∥ ∥∆M∥ + O(∥∆M∥2), (4.10)

which shows that θ is locally Lipschitz in the model parameters.
Importantly, (4.10) provides an operational robustness criterion: the weights remain stable as long

as the infected-block dissipation margin is not close to a loss of invertibility. Equivalently, if the spectral
abscissa satisfies α(M) ≤ −ε for some ε > 0 (or, more generally, if ∥(−M⊤)−1∥ is uniformly bounded
on the parameter set of interest), then small parameter changes produce proportionally small changes
in θ. Since the extinction indicator THIV is an explicit combination of continuous functionals of θ
(through βθ) and of the diffusion/jump compensators, it follows that THIV is structurally stable under
small perturbations of clinically meaningful rates: the sign of THIV cannot flip unless the system is
tuned near the critical boundary THIV ≈ 0 or the infected-block margin approaches singularity.

5. Almost-sure exponential extinction

Throughout this section, recall the infected subvector Y(t), the transmission-weight vector b, the
infected-block matrix M in (4.4), and the weight vector θ defined in (4.7). In particular, M⊤θ = −b and
θ1 = R0 by Lemma 4.3. We use the index set

I := {a, c, s, u, A}, Ya = Ia, Yc = Ic, Ys = Ts, Yu = Tu, YA = A, θ = (θa, θc, θs, θu, θA)⊤.

5.1. Lyapunov functional and auxiliary constants

Assume L(0) > 0 (equivalently Y(0) , 0) and define the Lyapunov functional

L(t) := θ⊤Y(t) =
∑
i∈I

θi Yi(t). (5.1)

Let the active transmission index set be

Ib := {i ∈ I : bi > 0} = {a, c, u, A}.
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Define the transmission-to-weight ratio

βθ := max
i∈Ib

bi

θi
. (5.2)

Set the diffusion corrections as follows:

σ2
min := min

i∈I
σ2

i , ∆σ :=
1
2
σ2

0 +
1
10
σ2

min. (5.3)

Let ψ(x) := log(1 + x) − x for x > −1. For each • ∈ {β,T } and z ∈ R+⋆, define

m•(z) := min
i∈I

h•i (z), M•(z) := max
i∈I

h•i (z). (5.4)

Introduce the sharp concavity envelope

Φ̂•(z) := max
x∈[m•(z),M•(z)]

ψ(x) =


0, if m•(z) ≤ 0 ≤ M•(z),

ψ
(
m•(z)

)
, if m•(z) > 0,

ψ
(
M•(z)

)
, if M•(z) < 0.

(5.5)

Then Φ̂•(z) ≤ 0 for all z, and by Assumption (E1) the constants

G• :=
∫
R+⋆

Φ̂•(z)Π•(dz) ∈ (−∞, 0], • ∈ {β,T }, (5.6)

are well-defined.

5.2. Almost-sure extinction criterion

Theorem 5.1 (Almost-sure exponential extinction). Assume (3.2) and (E1) hold. If L(0) > 0, then

lim sup
t→∞

1
t

logL(t) ≤ (R0 − 1) βθ − ∆σ +Gβ +GT , a.s. (5.7)

Consequently, if
THIV := (R0 − 1) βθ − ∆σ +Gβ +GT < 0, (5.8)

then L(t)→ 0 exponentially fast a.s., and hence

Ia(t), Ic(t), Tu(t), A(t) −−−→
t→∞

0, a.s.

Moreover, if θs > 0, then also Ts(t)→ 0 exponentially a.s.

Proof. Step 1. Recall the infected-block subvector Y(t) = (Ia(t), Ic(t),Ts(t),Tu(t), A(t))⊤ and the
Lyapunov functional

L(t) = θ⊤Y(t), θ ≫ 0,

where θ is chosen such that M⊤θ = −b and θ1 = θ
⊤e1 = R0 (Lemma 4.3). From the infected-block

decomposition (4.3), we may write

dY(t) =
(S (t)
N(t)

(b⊤Y(t)) e1 + MY(t)
)
dt + dMY(t),
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where dMY(t) collects all Brownian and compensated-jump terms acting on the infected block. Taking
the scalar product with θ gives

dL(t) = θ⊤dY(t) =
(S (t)
N(t)

(b⊤Y(t)) θ⊤e1 + θ
⊤MY(t)

)
dt + θ⊤dMY(t).

Using θ⊤e1 = θ1 = R0 and

θ⊤MY = (M⊤θ)⊤Y = (−b)⊤Y = −b⊤Y,

we obtain the exact one-dimensional semimartingale representation

dL(t) =
(S (t)
N(t)

R0 − 1
)

(b⊤Y(t)) dt + dML(t), (5.9)

where dML(t) := θ⊤dMY(t) is a real-valued local martingale (the sum of Brownian integrals and
compensated Poisson integrals).

We now bound the drift in (5.9). On {N(t) > 0} we have 0 ≤ S (t) ≤ N(t), hence

0 <
S (t)
N(t)

≤ 1 a.s. on {N(t) > 0} ⇒
(S (t)
N(t)
R0 − 1

)
≤ (R0 − 1).

Next, since Y(t) ≥ 0 componentwise and bi = 0 for i < Ib,

b⊤Y(t) =
∑
i∈Ib

biYi(t) =
∑
i∈Ib

bi

θi
θiYi(t)

≤
(

max
i∈Ib

bi

θi

)∑
i∈Ib

θiYi(t) ≤ βθ
∑
i∈I

θiYi(t) = βθL(t),

where βθ := maxi∈Ib bi/θi. Combining the two bounds with (5.9) yields the differential inequality

dL(t) ≤ (R0 − 1)βθL(t) dt + dML(t). (5.10)

Step 2. Since log x is singular at x = 0, we localize away from the boundary. For n ∈ N, set

τn := inf{t ≥ 0 : L(t) ≤ n−1}.

Because L(0) > 0 and L is càdlàg, τn > 0 a.s., and on [0, τn] we have L(t) ≥ n−1 so that logL(t) is
well-defined.

For t < τn, define the weights

pi(t) :=
θiYi(t)
L(t)

, i ∈ I,

so that pi(t) ≥ 0 and
∑

i∈I pi(t) = 1.
(a) Let [L]c denote the quadratic variation of the continuous martingale part of L. On the infected

block, the diffusion terms consist of a common Brownian driver W0 with intensity σ0 and idiosyncratic
Brownian drivers Wi with intensities σi. Consequently, the continuous martingale part of L can be
written as

dLc(t) = σ0L(t) dW0(t) +
∑
i∈I

σi θiYi(t) dWi(t),
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and thus
d[L]c

t = σ
2
0L

2(t) dt +
∑
i∈I

σ2
i θ

2
i Y2

i (t) dt.

Dividing by L2(t) and using θiYi(t) = L(t)pi(t) gives

d[L]c
t

L2(t)
= σ2

0 dt +
∑
i∈I

σ2
i p2

i (t) dt ≥ σ2
0 dt + σ2

min

∑
i∈I

p2
i (t) dt,

where σ2
min := mini∈I σ

2
i . Since

∑
i∈I pi(t) = 1 and |I| = 5, Cauchy-Schwarz inequality yields∑

i∈I p2
i (t) ≥ 1/5. Therefore,

−
1
2

∫ t∧τn

0

d[L]c
s

L2(s)
≤ −

1
2
σ2

0 (t ∧ τn) −
1

10
σ2

min (t ∧ τn) = −∆σ (t ∧ τn),

with ∆σ := 1
2σ

2
0 +

1
10σ

2
min.

(b) For each • ∈ {β,T }, a jump with mark z ∈ R+⋆ acts multiplicatively on the infected block:
Yi(t) = Yi(t−)

(
1 + h•i (z)

)
. Hence the relative jump size of L is

∆•(t, z) :=
L(t) − L(t−)
L(t−)

=

∑
i∈I θiYi(t−) h•i (z)
L(t−)

=
∑
i∈I

pi(t−) h•i (z).

Since {pi(t−)} is a convex combination, we have

m•(z) ≤ ∆•(t, z) ≤ M•(z), m•(z) := min
i∈I

h•i (z), M•(z) := max
i∈I

h•i (z).

Applying Itô-Lévy to logL produces the compensator term∫ t∧τn

0

∫
R+⋆

(
log(1 + ∆•(s, z)) − ∆•(s, z)

)
Π•(dz) ds =

∫ t∧τn

0

∫
R+⋆

ψ(∆•(s, z))Π•(dz) ds,

where ψ(x) := log(1 + x) − x is concave on (−1,∞) and satisfies ψ(x) ≤ 0 with maximum 0 at x = 0.
Therefore,

ψ(∆•(s, z)) ≤ max
x∈[m•(z),M•(z)]

ψ(x) =: Φ̂•(z),

where Φ̂• is given explicitly by (5.5). Integrating against Π• yields∫
R+⋆

ψ(∆•(s, z))Π•(dz) ≤
∫
R+⋆

Φ̂•(z)Π•(dz) =: G•, • ∈ {β,T }.

(c) Applying Itô-Lévy to log(L(t∧ τn)) and using (5.10) together with the diffusion and jump bounds
above gives

logL(t ∧ τn) ≤ logL(0) +
(
(R0 − 1)βθ − ∆σ +Gβ +GT

)
(t ∧ τn) +Mn(t), (5.11)

where Mn(t) is a real-valued local martingale collecting the remaining stochastic integrals. For
concreteness, one may take

Mn(t) :=
∫ t∧τn

0

1
L(s−)

dML(s)
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+
∑
•∈{β,T }

∫ t∧τn

0

∫
R+⋆

log
(
1 + ∆•(s, z)

)
Ñ•(ds, dz), (5.12)

which is well-defined because L(s−) ≥ n−1 on [0, τn] and ∆•(s, z) > −1.
(d) Divide (5.11) by t and let t → ∞. Under Assumption (E1), the predictable quadratic variation

⟨Mn⟩t grows at most linearly in t, hence the strong law for square-integrable local martingales implies
Mn(t)/t → 0 a.s. Consequently,

lim sup
t→∞

1
t

logL(t ∧ τn) ≤ (R0 − 1)βθ − ∆σ +Gβ +GT , a.s.

Finally, since τn ↑ ∞ a.s. on {L(0) > 0}, letting n→ ∞ yields (5.7).
Step 3. Assume THIV < 0. Then, by (5.7),

lim sup
t→∞

1
t

logL(t) ≤ THIV < 0, a.s.,

and hence L(t) converges to 0 exponentially fast almost surely.
Let Ib := {i ∈ I : bi > 0}. By Lemma 4.4, we have θi > 0 for all i ∈ Ib. Since Y(t) ∈ R|I|+ , for each

i ∈ Ib,

0 ≤ Yi(t) =
1
θi
θiYi(t) ≤

1
θi

∑
j∈I

θ jY j(t) =
L(t)
θi

, t ≥ 0.

Therefore Yi(t)→ 0 exponentially fast a.s. for all i ∈ Ib. In particular,

Ia(t)→ 0, Ic(t)→ 0, Tu(t)→ 0, A(t)→ 0 exponentially fast a.s.

Moreover, if θs > 0, the same estimate yields

0 ≤ Ts(t) ≤
L(t)
θs

,

and thus Ts(t)→ 0 exponentially fast a.s. □

Remark 5.1 (Interpretation). The factor (R0 − 1)βθ is the deterministic “invasion” contribution: R0

appears through θ1 = R0, while βθ is the sharp constant in b⊤Y ≤ βθ θ⊤Y. The diffusion contribution
is strictly damping because the quadratic-variation term in the Itô formula produces −1

2σ
2
0 from the

common noise and at least − 1
10σ

2
min from the idiosyncratic noises via

∑
i∈I p2

i ≥ 1/5. Finally, the jump
compensators contribute Gβ ≤ 0 and GT ≤ 0 since ψ(x) = log(1 + x) − x ≤ 0 and the envelope Φ̂• is the
sharp concavity bound on the admissible interval [m•(z),M•(z)]. Thus extinction can occur even when
R0 > 1 provided the stochastic damping dominates, i.e., THIV < 0.

6. Numerical simulations

6.1. Simulation setting and computed thresholds

This section validates the analytical extinction criterion of Theorem 5.1 by comparing deterministic
trajectories with stochastic sample paths generated from the Itô-Lévy formulation. Throughout, the
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deterministic basic reproduction number R0 is computed from the closed-form expression (2.5) and
(2.6). In parallel, the stochastic extinction indicator is evaluated as

THIV := (R0 − 1)βθ − ∆σ +Gβ +GT ,

so that THIV < 0 guarantees almost-sure exponential extinction of the infected block, whereas THIV > 0
corresponds to a non-proved behavior in the sense of Theorem 5.1.

All simulations are performed on [0,T ] with T = 200 and time step ∆t = 10−2. The deterministic
system (2.2) is solved using ode45 with relative tolerance 10−7 and absolute tolerance 10−9. The
stochastic dynamics are approximated via an explicit Euler-Maruyama (EM) scheme (See Appendix
A) with multiplicative diffusion and rare proportional jumps. Table 2 reports the demographic and
transition parameters used identically in all experiments. The case-dependent parameters are: (i) the
transmission coefficients (βa, βc, βu, βA), tuned to realize a prescribed R0; (ii) the diffusion intensities
and the jump settings. These are reported in Tables 3–5. For completeness, Table 6 reports the values of
βθ, ∆σ, Gβ, GT , and THIV in each scenario.

Table 2. Fixed baseline parameters used in all cases.

Symbol Meaning Value
Λ recruitment rate 1.0 × 104

µ natural mortality 1/70
µA AIDS-induced mortality 0.15
κa acute→ chronic progression 4.0
κc chronic→ AIDS progression 0.20
κu unsuppressed ART→ AIDS progression 0.10
τs ART initiation (suppressed) 0.40
τu ART initiation (unsuppressed) 0.15
ρs loss of suppression Ts → Ic 0.25
ρ1 switch Ts → Tu 0.12
ρu interruption Tu → Ic 0.18

The initial condition is fixed as

X(0) = (S (0), Ia(0), Ic(0),Ts(0),Tu(0), A(0))⊤ = (2.0 × 105, 200, 1000, 500, 300, 50)⊤.

This corresponds to a population initially dominated by susceptibles, with a non-negligible chronic
reservoir and ongoing treatment classes.

6.2. Three-case design and threshold verification

We consider three scenarios designed to test the sharpness and interpretability of the extinction
condition THIV < 0:

• Case 1 (subcritical transmission): R0 = 0.8 < 1 with THIV = −0.5013 < 0. This is a classical
deterministic elimination regime; the stochastic perturbations further reinforce extinction.
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• Case 2 (supercritical but noise/jump-driven extinction): R0 = 1.2 > 1 but
THIV = −0.4355895598 < 0. This illustrates the core message of Theorem 5.1: even when R0 > 1,
sufficiently strong stochastic effects (diffusion and/or negative jumps) can make the logarithmic
growth rate negative and drive the infected block to extinction.

• Case 3 (Theorem 5.1 is inconclusive): R0 = 1.2 > 1 and THIV = 0.0218 > 0. Here stochastic
forcing is weak, so the threshold fails and persistence-like behavior is observed.

Table 3. Transmission coefficients per case.

Case βa βc βu βA

1 (R0 = 0.8) 0.1259916058 0.03149790145 0.06299580291 0.09449370436
2 (R0 = 1.2) 0.1889874087 0.04724685218 0.09449370436 0.1417405565
3 (R0 = 1.2) 0.1889874087 0.04724685218 0.09449370436 0.1417405565

Table 4. Computed weight vector θ = (−M⊤)−1b (ordering (Ia, Ic,Ts,Tu, A)).

Case θa θc θs θu θA

1 (R0 = 0.8) 0.800000 0.771359 0.777020 0.881315 0.575179
2 (R0 = 1.2) 1.200000 1.157039 1.165530 1.321972 0.862769
3 (R0 = 1.2) 1.200000 1.157039 1.165530 1.321972 0.862769

Table 5. Diffusion intensities and jump amplitudes per case.

Case σ0 σS σa σc σs σu σA hT
j (z) hβj(z)

1 0.9549 0.20 0.50 0.50 0.30 0.30 0.50 −0.1842 −0.10
2 0.9549 0.20 0.50 0.50 0.30 0.30 0.50 −0.1842 −0.10
3 0.1432 0.03 0.075 0.075 0.045 0.045 0.075 −0.1842 −0.10

Table 6. Computed threshold indicators per case.

Case R0 βθ ∆σ Gβ GT THIV

1 0.8000 0.1642857143 0.4650000000 −5.3605156578 × 10−4 −2.9106511082 × 10−3 −0.5013038455

2 1.2000 0.1642857143 0.4650000000 −5.3605156578 × 10−4 −2.9106511082 × 10−3 −0.4355895598

3 1.2000 0.1642857143 0.0104625000 −8.0407734867 × 10−5 −4.3659766623 × 10−4 +0.0218776375

6.3. Panel figures and interpretation

For each case, Figures 2–4 display a 2 × 3 panel of the six state variables (S , Ia, Ic,Ts,Tu, A),
overlaying the deterministic trajectory (ODE45) with a representative stochastic realization (EM).

Case 1. Figure 2 corresponds to the subcritical regime R0 = 0.8 in which THIV < 0. Both deterministic
and stochastic trajectories exhibit a progressive decay of the infected block: Ia(t), Ic(t), Ts(t), Tu(t), and
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A(t) approach low levels, reflecting elimination. The susceptible population S (t) converges toward a
demographic balance driven by recruitment and mortality, with only transient depletion due to early
incidence. Stochastic perturbations accelerate the decay relative to the deterministic curve, consistent
with the negative Itô correction and the contraction induced by negative jumps.
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Figure 2. Case 1: R0 = 0.8 and THIV < 0 (extinction). Deterministic (ODE45) and stochastic
(EM).

Case 2. Figure 3 illustrates the main qualitative message of the extinction theorem: although R0 =

1.2 > 1, the computed indicator remains negative (THIV < 0), and the stochastic sample path decays. In
contrast, the deterministic solution tends to sustain infection levels over long horizons (supercritical
transmission), while the stochastic trajectory exhibits a marked downward trend in the infected and
AIDS compartments. This discrepancy demonstrates how the diffusion term (through ∆σ) and the jump
correction (Gβ) can dominate the positive drift contribution (R0 − 1)βθ, leading to extinction in the
stochastic sense even when deterministic persistence would be expected.

Case 3. Figure 4 corresponds to a supercritical transmission regime R0 = 1.2 in which the stochastic
forcing is reduced and the computed indicator becomes positive (THIV > 0). Consequently, the
stochastic trajectory no longer exhibits systematic decay in the infected block; instead, infection-related
compartments remain sustained over time, in qualitative agreement with the deterministic dynamics.
Comparing Figures 3 and 4 isolates the role of stochastic intensity: keeping R0 fixed while decreasing
∆σ and weakening jump effects changes the sign of THIV and reverses the long-term behavior.

Across the three scenarios, Figures 2–4 confirm the predictive value of THIV: negative values
correspond to a decay of infection (Cases 1 and 2), whereas a positive value corresponds to sustained
infection (Case 3). In particular, Case 2 provides a clear illustration of noise-induced extinction beyond
the deterministic threshold R0 = 1.
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Figure 3. Case 2: R0 = 1.2 but THIV < 0 (stochastic extinction despite R0 > 1).
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Figure 4. Case 3: R0 = 1.2 and THIV > 0 (non-extinction regime).

6.4. Monte-Carlo validation and near-critical sensitivity around THIV ≈ 0

We complement the single-trajectory illustrations by a Monte-Carlo (MC) study and a near-critical
parameter scan, using exactly the baseline demographic/clinical parameters of Case 2.
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Let {X(k)(t)}NMC
k=1 denote NMC independent realizations of the stochastic solution. We summarize the

epidemic burden using the infected/treatment load

Z(t) := Ia(t) + Ic(t) + Ts(t) + Tu(t) + A(t).

The empirical mean and standard deviation are

µ̂Z(t) =
1

NMC

NMC∑
k=1

Z(k)(t), σ̂Z(t) =

 1
NMC − 1

NMC∑
k=1

(
Z(k)(t) − µ̂Z(t)

)2

1/2

,

and we visualize µ̂Z(t) together with the band µ̂Z(t) ± σ̂Z(t). To quantify extinction numerically, we also
compute an empirical extinction-frequency curve

P̂ε(t) =
1

NMC

NMC∑
k=1

1{Z(k)(t)≤ε},

for a small threshold ε > 0 (specifically ε = 1).
Figure 5 compares the deterministic trajectory Zdet(t) with the MC mean µ̂Z(t) for the stochastic

model, and displays the uncertainty band µ̂Z(t) ± σ̂Z(t). In the extinction regime THIV < 0 (Cases 1 and
2 of Section 6), the stochastic mean stays below the deterministic trajectory and the infected load decays
toward a neighborhood of zero, in agreement with the almost-sure extinction theorem. Figure 6 reports
P̂ε(t), showing that the fraction of paths with Z(t) ≤ ε increases with time, providing a statistically
robust confirmation of extinction beyond a single realization.
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Figure 5. Monte-Carlo validation (Case 2 parameters). Comparison of deterministic infected
load Zdet(t) = Ia + Ic + Ts + Tu + A (solid) with the stochastic empirical mean µ̂Z(t) (solid),
and the shaded band µ̂Z(t) ± σ̂Z(t). The stochastic trajectories remain, on average, below the
deterministic prediction and decay consistently with THIV < 0.
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Figure 6. Empirical extinction-frequency curve P̂ε(t) for ε = 1 based on NMC independent
runs (Case 2). The probability that the infected load satisfies Z(t) ≤ ε increases over time,
supporting the extinction conclusion predicted by THIV < 0.

To explore sensitivity near the boundary, we introduce a scalar factor s > 0 that scales the stochastic
intensities while leaving the deterministic skeleton (hence R0) unchanged:

σ0 7→ sσ0, σi 7→ sσi, λβ 7→ sλβ, λT 7→ sλT ,

where σ0 denotes the common diffusion intensity, σi the idiosyncratic intensities, and λβ, λT the jump
rates. Under this scaling, the explicit threshold decomposition yields the one-parameter family

THIV(s) = (R0 − 1)βθ − ∆σ(s) +Gβ(s) +GT (s),

where ∆σ(s) increases quadratically in s (diffusion damping), whereas Gβ(s) and GT (s) scale linearly in
s through the jump intensities. We then identify an empirical critical value scrit such that THIV(scrit) ≈ 0
by scanning s on a grid and detecting the sign change of THIV(s).

Figure 7 plots THIV(s) and indicates the estimated scrit. As expected, the dynamics become most
sensitive near THIV(s) ≈ 0: small increases in stochastic intensity can shift the system from persistence-
like behavior (slower decay and sustained burden) to extinction-like behavior (rapid decay toward low
levels), confirming that THIV provides a meaningful and quantitative boundary for long-time outcomes.

The above observations are consistent with the explicit decomposition THIV. The deterministic
component (R0 − 1)βθ quantifies invasion pressure inherited from the mean-field dynamics, whereas ∆σ
is a diffusion-induced damping term (increasing with overall noise intensity) and Gβ,GT ≤ 0 are jump
compensators capturing the net contraction effect of negative proportional shocks. The Monte-Carlo
mean paths and extinction-frequency curves corroborate that when the combined stochastic penalties
dominate the deterministic invasion pressure (i.e., THIV < 0), the infected/treatment burden is driven
toward extinction with high probability; near THIV ≈ 0, the system exhibits a sharp sensitivity to the
stochastic intensity, which is precisely the critical behavior expected from a threshold-type criterion.
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Figure 7. Near-critical scan of the explicit indicator THIV(s) for Case 2. The dashed horizontal
line marks 0, and the dashed vertical line indicates the estimated scrit where THIV(s) crosses 0.
This scan visualizes the sensitivity of the extinction boundary to noise/jump intensity.

7. Monthly Pakistan data fitting and extinction-threshold diagnostics

7.1. Dataset and epidemiological meaning of the measurements

We use the monthly reported HIV-AIDS and ART case counts in Pakistan over January 2016–
December 2021 (Table 7, declared data and the related study can be found in [40]). From a public-health
reporting perspective, the category “HIV-AIDS cases” typically reflects the advanced disease burden
and is therefore closer to AIDS-stage incidence/prevalence than to early HIV infection. Accordingly,
we interpret the first series as an AIDS proxy and map it to the AIDS compartment A(t). In contrast,
the ART series represents individuals under antiretroviral therapy, which in our model are divided into
treated-suppressed and treated-unsuppressed classes, Ts(t) and Tu(t). Hence, the observation map is
chosen as

Ĥ(t) = sH A(t), ÂRT (t) = sART
(
Ts(t) + Tu(t)

)
, (7.1)

where sH > 0 and sART > 0 are reporting/scaling factors that aggregate model compartments to the units
of the surveillance data. Biologically, sH absorbs (i) under-/over-reporting, (ii) differences between
modeled A(t) (a compartment size) and the reported “cases” definition, and (iii) any systematic bias in
the case definition; similarly, sART corrects for eligibility/coverage differences and registry completeness.
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Table 7. Monthly reported HIV-AIDS and ART cases in Pakistan (2016–2021) (Table 1
in [40]).

HIV-AIDS cases ART cases
Month 2016 2017 2018 2019 2020 2021 2016 2017 2018 2019 2020 2021
Jan 17018 22512 28884 34506 45522 51380 9884 14461 20133 27106 37946 42320

Feb 17382 22957 29429 35245 46431 51910 10140 14822 20580 27945 39348 42843

Mar 17704 23298 30271 36136 47085 52498 10405 15059 21385 28833 39951 43360

Apr 18471 23961 31035 36612 45953 53149 11171 15881 22019 29058 37662 44021

May 18919 24537 31664 37693 46158 53606 11581 16321 22606 30208 37857 44443

Jun 19357 24950 30707 39288 46484 54450 11952 16782 22239 31682 38149 45224

Jul 19586 25416 31425 39581 46791 55183 12047 17332 22863 32051 38234 45942

Aug 19913 26059 31985 41429 46998 55918 12455 17899 23442 33494 38411 47230

Sep 20394 26611 32698 43456 47065 56781 12784 18317 24068 35427 38478 48050

Oct 19727 27243 32026 45061 49595 57426 12449 18758 24461 37202 40478 49972

Nov 20138 27873 32967 46550 52211 58156 12753 19225 25407 38860 41993 50697

Dec 20536 29113 33898 44939 50300 58945 13115 20143 26426 37590 41865 51385

7.2. Estimation methodology (multi-start least squares)

Unknown parameters were estimated by multi-start nonlinear least squares using the full monthly
series (72 observations for each output). To balance early and late months (different magnitudes) while
remaining robust under monotone growth, the criterion combines relative residuals and log-residuals:

min
ϑ

72∑
k=1

 Ĥ(tk;ϑ) − Hk

Hk + 1

2

+

 ÂRT (tk;ϑ) − ARTk

ARTk + 1

2
+ 0.49

72∑
k=1

[(
log(Ĥ(tk;ϑ) + 1) − log(Hk + 1)

)2
+

(
log(ÂRT (tk;ϑ) + 1) − log(ARTk + 1)

)2
]
. (7.2)

The deterministic system was integrated with ode45 under positivity constraints. Randomized starts
were generated in log-parameter space to mitigate local minima and identifiability issues, and the best
solution (minimum residual norm) was retained.

7.3. Estimated parameters and biological interpretation

Table 8 reports the fitted transmission-related coefficients, observation scales, and the estimated
initial infected-related states, while the remaining biological parameters were fixed (demographic and
known parameters).

The estimate βA is the dominant non-negligible transmission pathway linked to the AIDS-stage class,
while βc and βu are extremely small; under the adopted mapping (7.1), this indicates that the Pakistan
series is most strongly explained by AIDS-driven infectious pressure together with progression and
treatment flows, rather than by large direct contributions from the Ic and Tu infectious components. The
relatively large sH suggests that the reported “HIV-AIDS cases” exceed the raw compartment size A(t)
in the chosen units (e.g., due to aggregation/reporting conventions), whereas sART > 1 indicates that the
ART registry counts correspond to an amplified aggregate of Ts + Tu in the model scale.
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The deterministic fit is highly accurate for both outputs (Table 9).

Table 8. Estimated parameters for Pakistan monthly data (2016–2021).

Parameter Estimate
βa 4.7338676
βc 2.4447657 × 10−7

βu 1.8055611 × 10−7

βA 0.1180094
sH 2.9313961
sART 1.4620095
Ia(0) 1613.3494
Ic(0) 8861.8183
Ts(0) 2.5853105 × 10−5

Tu(0) 6709.7781
A(0) 5995.7250

Table 9. General goodness-of-fit metrics for the deterministic fit (Pakistan, 2016–2021).

Output RMSE MAE MAPE (%) R2

HIV-AIDS (H) 1245.338 1007.968 2.76 0.9903
ART 1273.914 859.216 2.77 0.9894

Biologically, this agreement means that the model can reproduce (i) the sustained increase in the
AIDS burden and (ii) the expansion of ART coverage over time using a single mechanistic parameter
set, suggesting that the progression-to-AIDS and treatment initiation/retention mechanisms capture the
dominant drivers in this dataset. Figure 8 shows the fitted trajectories on the full horizon.
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Figure 8. Deterministic fit to Pakistan monthly data (2016–2021). Top: AIDS proxy Ĥ(t) =
sHA(t). Bottom: ART proxy ÂRT (t) = sART (Ts(t) + Tu(t)). Markers: data; solid curves: fitted
model outputs.
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Let Y(t) = (Ia(t), Ic(t),Ts(t),Tu(t), A(t))⊤ denote the infected block, and let b = (βa, βc, 0, βu, βA)⊤

be the effective transmission vector (with Ts taken as non-infectious). Following the infected-block
reduction in the paper,

θ = (−M⊤)−1b, R0 = θ1, βθ = max
i∈Ib

bi

θi
, Ib = {i : bi > 0}. (7.3)

For the fitted parameters we obtain

R0 = 1.8044589170, βθ = 2.6234277492, θ = (1.8045, 0.6274, 0.6042, 0.6279, 0.7183)⊤.
(7.4)

Since R0 > 1, the deterministic model predicts that, in the absence of environmental variability and
abrupt shocks, each typical newly infected individual generates on average more than one secondary
infection through the infected chain. In biological terms, progression and treatment alone do not suffice
to eliminate infection under the fitted baseline contact pressure.

7.4. Stochastic extinction diagnostics

We next incorporate environmental variability (multiplicative diffusion) and abrupt shocks (two
independent compound-Poisson jump channels affecting transmission and treatment). In Theorem 5.1
notation, define

ψ(x) = log(1 + x) − x, x > −1, (7.5)

which satisfies ψ(x) ≤ 0 for x > −1; thus, jumps generate a negative logarithmic drift correction. The
diffusion and jump contributions are summarized by

∆σ =
1
2
σ2

0 +
1
10
σ2

min, Gβ = λβ Φ̂β, GT = λT Φ̂T , (7.6)

where ∆σ is the diffusion penalty (quadratic-variation effect), and Gβ,GT ≤ 0 are jump log-compensator
terms induced by ψ. The extinction indicator reads

THIV = (R0 − 1)βθ − ∆σ +Gβ +GT . (7.7)

For the tuned stochastic settings used to generate extinction-consistent paths,

σ0 = 0.8078, σS = 0.0750, σI = 0.7967, (λβ, ηβ) = (4.2516, −0.6781), (λT , ηT ) = (2.3900, 0.4687), (7.8)

we obtain

∆σ = 0.3897446221, Gβ = −1.9364578890, GT = −0.2015312917, (7.9)

and consequently,
THIV = −0.4172939568 < 0. (7.10)

Moreover,
ψ(ηβ) = −0.4554622421, ψ(ηT ) = −0.0843237402, (7.11)

confirming that the jump channels create a negative drift in the logarithmic Lyapunov functional.
Biologically, (7.10) formalizes the following mechanism: even if the average contact/transmission
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level would sustain infection (R0 > 1), high variability (diffusion) and recurrent disruptive shocks
(jumps) can reduce the long-run growth rate of the infected block below zero, producing extinction
with probability one (see Table 10). In particular, the negative ηβ corresponds to sudden decreases in
effective transmission (e.g., abrupt behavioral changes, intervention bursts, mobility disruption), while
treatment shocks modulate entry/retention in ART.

Table 10. Extinction-theorem quantities computed from fitted parameters and tuned stochastic
settings.

Quantity Value
R0 1.8044589170
βθ 2.6234277492
∆σ 0.3897446221
Gβ −1.9364578890
GT −0.2015312917
THIV −0.4172939568

Figure 9 displays a representative stochastic trajectory under the tuned Itô-Lévy perturbations. The
path exhibits substantial short-term fluctuations around the reported counts, reflecting environmental
noise and shock events, yet it eventually declines, consistent with the negative indicator THIV < 0. From
a biological viewpoint, this behavior corresponds to an epidemic system in which: (i) transmission
is intermittently suppressed by strong, recurrent disruptions, (ii) treatment dynamics are subject to
variability (e.g., adherence/coverage instability), and (iii) the combined effect yields a negative long-term
growth balance for the infected chain.
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Figure 9. One stochastic trajectory under tuned Itô-Lévy perturbations (small time step;
strong diffusion and jumps). Top: AIDS proxy Ĥ(t) = sHA(t). Bottom: ART proxy ÂRT (t) =
sART (Ts(t) + Tu(t)). Markers: data; dashed curves: deterministic fit; solid curve: stochastic
path showing large variability and extinction-consistent decay (cf. THIV < 0).
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8. Conclusions

We developed and analyzed a deterministic and stochastic multi-stage HIV/AIDS transmission model
that captures heterogeneity across acute infection, chronic untreated infection, ART with good adherence,
ART with poor adherence, and AIDS. The deterministic formulation yields a transparent invasion
criterion through the basic reproduction number R0, while preserving positivity and boundedness of
solutions under biologically meaningful assumptions.

To account for environmental variability and abrupt perturbations in transmission and clinical
progression, we proposed an Itô-Lévy extension with multiplicative diffusion and proportional jump
mechanisms. A key contribution is the construction of infected-block weighted M-matrix multipliers,
which provide a systematic way to aggregate the infected subsystem into a single Lyapunov-type
functional. This structure enables sharp, tractable drift estimates for the stochastic dynamics, even in
the presence of coupled stages and discontinuous jump effects.

Our main theoretical result is an almost-sure exponential extinction criterion expressed by the
noise-corrected threshold

THIV = (R0 − 1) βθ − ∆σ +Gβ +GT ,

which explicitly separates deterministic invasion pressure from diffusion-induced contraction and the
compensator contributions generated by the jump components. In particular, the framework shows
how sufficiently strong multiplicative fluctuations and/or downward transmission shocks can enforce
extinction almost surely, including regimes where R0 > 1, thereby quantifying a rigorous stochastic
stabilization mechanism.

To demonstrate practical relevance and validate the theoretical indicators, we calibrated the
deterministic core to real monthly HIV-AIDS and ART data from Pakistan (2016–2021) using
multi-start nonlinear least squares, computed R0, βθ, and all components of THIV from the fitted
parameters, and then constructed an Itô-Lévy perturbation regime consistent with the extinction
condition THIV < 0. The resulting simulations reproduce the observed trends at the deterministic level
and, under the tuned stochastic setting, generate extinction-consistent sample paths, illustrating
concretely how noise and rare shocks can overturn deterministic persistence predictions.

Beyond HIV/AIDS, the proposed infected-block M-matrix methodology is portable to a broad class
of multi-stage epidemic systems with treatment structure and heterogeneous infectiousness, and it
is particularly suited to models where noise and rare events act multiplicatively. Future work will
focus on (i) fully data-driven calibration of the stochastic components, (ii) sensitivity and uncertainty
quantification for THIV, and (iii) extensions to regime-switching environments and structured contact
heterogeneity, with the goal of translating the derived thresholds into actionable risk indicators for
long-term control.
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Appendix A. Euler-Maruyama scheme for the Itô-Lévy model

We briefly describe the time-discretization used to simulate (3.1) in a reproducible way. Let tn = n∆t
for n = 0, 1, . . . ,NT , where NT∆t = T .

A.1. Brownian (diffusion) update

Let ∆W0,n ∼ N(0,∆t) denote the increment of the common Brownian motion W0 and ∆W j,n ∼

N(0,∆t) the increment of the idiosyncratic Brownian motion W j (for j ∈ {S , Ia, Ic,Ts,Tu, A}), all
independent across n (and independent of jumps). Writing the drift in (3.1) as f (X), the explicit
Euler-Maruyama step for each coordinate is

X(diff)
j,n+1 = X j,n + f j(Xn)∆t + X j,n

(
σ0 ∆W0,n + σ j ∆W j,n

)
. (A.1)

A.2. Jump simulation and compensated correction

The model uses two independent jump measures (transmission shocks and treatment-program
shocks), with Lévy measures Πβ and ΠT , and compensated measures Ñβ and ÑT . To implement the
compensated integral, we simulate the uncompensated jump sum over each time step and subtract the
compensator mean.

Assume λ• := Π•(R+) ∈ (0,∞) for • ∈ {β,T } (compound-Poisson case), and let ν•(dz) = Π•(dz)/λ•
be the normalized jump-size law. For each step [tn, tn+1]:

1) Draw K•,n ∼ Poisson(λ•∆t).

2) Draw independent and identically distributed (i.i.d.) marks Z•,n,1, . . . ,Z•,n,K•,n ∼ ν•.

Define the compensator constants (precomputed once):

J•, j :=
∫
R+

h•j(z)Π•(dz), • ∈ {β,T }. (A.2)

Then the jump-corrected update (applied after (A.1)) is

X j,n+1 = X(diff)
j,n+1 − X j,n

(
Jβ, j + JT, j

)
∆t + X j,n

Kβ,n∑
k=1

hβj(Zβ,n,k) + X j,n

KT,n∑
k=1

hT
j (ZT,n,k). (A.3)
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In the multiplicative specification used in (3.1), one may equivalently apply the jump step as successive
multiplications:

X j,n+1 ← X j,n+1

Kβ,n∏
k=1

(
1 + hβj(Zβ,n,k)

) KT,n∏
k=1

(
1 + hT

j (ZT,n,k)
)
,

together with the compensator subtraction in the drift. The admissibility condition h•j(z) > −1 guarantees
positivity at the jump times. In computations, we additionally guard against floating-point underflow by
setting X j,n+1 ← max{X j,n+1, 0}.
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