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1. Introduction

Differential equation models with exponential nonlinearity appear in many fields of mathematics,
ranging from models of earthquake faulting [2] to plastic deformation in metals [11] and electrical
oscillators [17]. These nonlinear terms are not solely physical but also serve mathematical purposes,
such as regularizing non-smooth systems via smooth approximations like tanh functions [18],
analyzing gene regulatory networks that converge exponentially to piecewise-smooth limiting
systems [15], and employing singular exponential coordinates in tropical geometry to study algebraic
systems [19]. While exponential nonlinearities address threshold behaviors and regularization, another
layer of complexity arises in systems requiring nonlocal memory effects, a domain where fractional
calculus has emerged as a critical tool.

Although fractional calculus is not a relatively new science, its fundamentals and principles have
been extensively studied for decades [24, 25]. With an increasing number of natural phenomena
that can be accurately described using various types of fractional differential equations [10, 20],
many researchers remain interested in developing fractional calculus and developing numerous
definitions and properties that will help to make new contributions to this important field. Tempered
fractional differentiation is considered one of the most recent and important definitions of fractional
differentiations, given its ability to describe some phenomena that traditional fractional differentiation
definitions cannot explain. Introducing an exponential smoothing factor into the fractional
differentiation helps control the influence of distant past events, offering an advantage in studying
systems with exponential memory decay, such as geophysical flows [21], groundwater hydrology [22],
finance [5], and poroelasticity [13]. Zaky [29] studied the existence and uniqueness of a class of
tempered fractional differential equations, and applied the spectral collocation scheme for its numerical
solution. Obeidat and Bentil [23] investigated the existence and uniqueness of the solution to the
tempered fractional Black-Scholes and tempered fractional convection-diffusion equations, making
use of the tempered fractional natural transform approach. Saffarian and Mohebbi [28] introduced
a stable semi-discrete numerical method based on the finite difference scheme followed by the
Crank–Nicolson approach in the time direction and the finite element method in the space direction
for getting an unconditionally stable numerical solution for one- and two-dimensional time–space
fractional tempered diffusion-wave equations. Rayal and Verma [27] implemented an operational
technique with the spectral collocation method for the numerical solution of a tempered fractional
Klein–Gordon equation based on two–dimensional Gegenbauer wavelets. In [3], Bu and Oosterlee
employed the shifted Grunwald difference methods as the basis of a third-order semi-discretized
numerical approach to solve the tempered fractional diffusion equation. Qiao et al. [26] introduced
a numerical solution to the multidimensional tempered fractional integrodifferential equation using the
second-order convolution quadrature and backward differentiation schemes in the time direction, with
implicit and finite difference approaches in the alternating direction in the space direction. The authors
in [12] utilized the Fox H-function to derive the analytical solution of the one-dimensional tempered
fractional diffusion equation, and then they applied a graded mesh L1-based Galerkin finite element
approach for the solution of a two-dimensional tempered time–space fractional diffusion equation.

Reaction-diffusion equations play an important role in modeling many natural phenomena in
physics, ecology, chemistry, and biology [7–9]. Furthermore, fractional reaction–diffusion equations
are known to be flexible tools for describing complex systems that exhibit nonlocal behavior or memory
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effects, something classical reaction-diffusion equations cannot do (see [1,6,14]). As a special kind of
reaction–diffusion equation, the ZFK equation provides an accurate interpretation to the combustion
theory; it helps model the propagation of planar laminar premixed flames [4, 16]. While significant
progress has been made in numerical methods for tempered fractional reaction–diffusion equations,
existing schemes predominantly address linear or polynomial nonlinearities, leaving a critical gap in
handling systems with exponential reaction terms, which are central to combustion models like the
ZFK equations. Extensions to two-dimensional tempered fractional ZFK equations, which couple
anomalous diffusion with stiff exponential nonlinearities of the form λ2

2 v(1 − v)e−λ(1−v), remain absent
in prior work. This paper fills this gap by introducing a spectral collocation method that combines
ultraspherical polynomial bases for spatial discretization with IRK time integration. The approach
explicitly addresses the computational challenges of the exponential nonlinearity and derives tempered
fractional differentiation matrices in physical space, enabling efficient resolution in two-dimensional
geometries. By unifying spectral accuracy for tempered operators with robust time stepping, the
method provides the first dedicated framework for simulating two-dimensional tempered fractional
ZFK equations.

The main contribution of this paper is highlighted as follows:

• Ultraspherical polynomials are employed for the first time as basis functions in the numerical
solution of tempered fractional ZFK equations.

• Tempered fractional differentiation matrices are derived in physical space using ultraspherical
polynomial bases.

• A hybrid spectral–temporal framework is developed by combining ultraspherical discretization
with IRK time integration.

• The application of the spectral collocation approach is validated through numerical experiments
on benchmark problems.

The paper is outlined as follows: Section 2 introduces some basic tools and definitions. Section 3
presents a numerical solution to the two–dimensional tempered space–fractional ZFK equation using
the spectral collocation approach. Section 4 discusses the application of the IRK method to the
resulting system of ordinary differential equations. Section 5 obtains the numerical results to ensure
the validity of the presented numerical scheme. Section 6 provides some concluding remarks.

2. Preliminaries

This section introduces the foundational mathematical concepts and tools necessary for the
subsequent analysis, including definitions of fractional operators and properties of ultraspherical
polynomials.

2.1. Fractional operators

This subsection defines the Riemann–Liouville (RL) fractional derivatives and their tempered
variants, which are crucial for modeling the nonlocal dynamics in the tempered fractional ZFK
equation. Key operators include left/right derivatives and their tempered extensions, culminating in
the fractional diffusion operator.
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The left RL fractional derivative is defined as

0Dϑ
xv(x, t) =

1
Γ(n − ϑ)

∂n

∂xn

∫ x

0

v(τ, t)
(x − τ)ϑ−n+1 dτ, n − 1 < ϑ < n, (2.1)

where Γ(·) is the gamma function, n is an integer, and ϑ is the fractional order.
The right RL fractional derivative is given by

xDϑ
ℓ v(x, t) =

(−1)n

Γ(n − ϑ)
∂n

∂xn

∫ ℓ

x

v(τ, t)
(τ − x)ϑ−n+1 dτ, n − 1 < ϑ < n. (2.2)

The left RL tempered fractional derivative extends the classical RL derivative by incorporating an
exponential tempering factor γ. It is defined as

0Dϑ,γ
x v(x, t) =

e−γx

Γ(n − ϑ)
∂n

∂xn

∫ x

0

eγτv(τ, t)
(x − τ)ϑ−n+1 dτ, n − 1 < ϑ < n, (2.3)

where γ > 0 is the tempering parameter that controls the exponential decay.
Similarly, the right RL tempered fractional derivative is defined as

xDϑ,γ
ℓ v(x, t) =

(−1)neγt

Γ(n − ϑ)
∂n

∂xn

∫ ℓ

x

e−γτv(τ, t)
(τ − x)ϑ−n+1 dτ, n − 1 < ϑ < n. (2.4)

The variants of the left and right RL tempered fractional derivatives are defined as

∂
ϑ,γ
+x v(x, t) = 0Dϑ,γ

x v(x, t) − γϑv(x, t) − ϑγϑ−1 ∂v
∂x

(x, t)

and
∂
ϑ,γ
−x v(x, t) = xDϑ,γ

ℓ v(x, t) − γϑv(x, t) + ϑγϑ−1 ∂v
∂x

(x, t),

The fractional diffusion operator, which combines the left and right variants, is defined as

∂
ϑ,γ

|x| v(x, t) = −
1

2 cos(ϑπ/2)

(
∂
ϑ,γ
−x v(x, t) + ∂ϑ,γ+x v(x, t)

)
.

2.2. Ultraspherical polynomials

This subsection outlines the properties of ultraspherical polynomials, their orthogonality, recurrence
relations, and quadrature rules. These polynomials form the basis for the spectral discretization
method, enabling efficient approximation and differentiation in bounded domains.

The ultraspherical polynomials, denoted as Gθk(z) with θ > − 1
2 , form a complete orthogonal system

on the interval [−1, 1]. These polynomials satisfy the recurrence relation

kGθk(z) = 2(k + θ − 1)zGθk−1(z) − (k + 2θ − 2)Gθk−2(z), k = 2, 3, . . . ,

with initial conditions Gθ0(z) = 1 and Gθ1(z) = 2θz. The explicit polynomial form of Gθk(z) is given by
the series expansion

Gθk(z) =
k∑

m=0

Γ(θ + 1
2 )Γ(2θ + k + m)

Γ(2θ)Γ(m + θ + 1
2 )m!(k − m)!

(
z − 1

2

)m

.
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The orthogonality of these polynomials is expressed through the weighted orthogonality relation∫ 1

−1
Gθk(z)Gθl (z)wθ(z) dz = hθkδkl,

where the weight function is wθ(z) = (1 − z2)θ−
1
2 and the normalization constant is

hθk =
π21−2θΓ(2θ + k)
k!(k + θ)Γ2(θ)

.

For polynomial interpolation, the quadrature rule is∫ 1

−1
ϕ(z)wθ(z) dz =

ℵ∑
j=0

wθ
ℵ, jϕ(z j),

where the nodes z j include the endpoints z0 = −1 and zℵ = 1 and the interior nodes are the zeros of
∂zG

(θ)
ℵ

(z) for j = 1, . . . ,ℵ − 1. The corresponding weights are

wθ
ℵ,0 = wθ

ℵ,ℵ =
2−1+2θ(1 + 2θ) Γ

(
1
2 + θ

)2
Γ(ℵ)

Γ(1 + 2θ + ℵ)
,

wθ
ℵ, j =

2−1−2θπ Γ(2θ + ℵ)
Γ(1 + θ) Γ(2 + θ)Γ(ℵ)G1+θ

−2+ℵ(z j)G2+θ
−2+ℵ(z j) (1 − z2

j)
.

Any function u(z, t) ∈ L2
wθ([−1, 1]) can be approximated by the series expansion

u(z, t) =
∞∑

k=0

∞∑
l=0

cklG
θ
k(z)Gθl (z),

where the coefficients ckl are computed as

ckl =
1

hθkh
θ
l

∫ 1

−1

∫ 1

−1
u(z, t)Gθk(z)Gθl (z)wθ(z) dz dt.

3. Two-dimensional spectral discretization

In this section, we present a spatial discretization approach for the tempered fractional ZFK equation
using the pseudospectral collocation method combined with expansions in ultraspherical polynomials
along the spatial dimension. The equation under consideration is

∂v
∂t

(x, y, t) − ϵ ∂ϑ,γ
|x| v(x, y, t) − ϵ ∂ϑ,γ

|y| v(x, y, t) =
λ2

2
v(x, y, t)(1 − v(x, y, t))e−λ(1−v(x,y,t)) + p(x, y, t), (3.1)

where (x, y) ∈ Ω = (0, ℓx) × (0, ℓy) and t ∈ I = (0, T ]. The boundary and initial conditions are given by

v(0, y, t) = v(ℓx, y, t) = v(x, 0, t) = v(x, ℓy, t) = 0, for t ∈ I, on ∂Ω,
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v(x, y, 0) = g(x, y), on Ω,

where 1 < ϑ < 2 and γ > 0.
The solution v(x, y, t) is expressed in terms of unknown variable coefficients v̂s,r(t) as follows:

v(x, y, t) =
ℵx∑
s=0

ℵy∑
r=0

v̂s,r(t)ψs(x)ϕr(y),

where ψs(x) and ϕr(y) are the shifted ultraspherical polynomials defined on the physical domains
[0, ℓx] and [0, ℓy], respectively. These basis functions are constructed from the standard ultraspherical
polynomials Gθs(ζ) and Gθr(η) defined on [−1, 1] via the transformations:

ψs(x) = Jθ
s (ζ(x)) , where ζ(x) =

2x
ℓx
− 1,

ϕr(y) = Jθ
r (η(y)) , where η(y) =

2y
ℓy
− 1.

These bases are orthogonal with respect to the weight functions wθ(x) and wθ(y) on [0, ℓx] and [0, ℓy],
respectively. The orthogonality relations are given by:

(ψs(x), ψl(x))w =

∫ ℓx

0
ψs(x)ψl(x)wθ(x) dx = hθsδsl,

(ϕr(y), ϕk(y))w =

∫ ℓy

0
ϕr(y)ϕk(y)wθ(y) dy = hθrδrk.

The normalization constants hθx,s and hθy,r for the shifted ultraspherical polynomials ψs(x) and ψr(y) are
given by:

hθx,s =
πℓ1−2θ

x Γ(2θ + s)
s!(s + θ)Γ2(θ)

,

hθy,r =
πℓ1−2θ

y Γ(2θ + r)

r!(r + θ)Γ2(θ)
.

The ultraspherical Gauss Lobatto (UGL) quadrature rule is applied in both spatial directions

∫ ℓx

0

∫ ℓy

0
ϕ(x, y)wθ(x)wθ(y) dx dy =

ℵx∑
i=0

ℵy∑
j=0

ϖθ
ℵx,iϖ

θ
ℵy, jϕ(xℵx,i, yℵy, j).

The UGL nodes and weights in the x-direction are given by

xℵx,i =
ℓx

2
(1 + ζi) , ϖθ

ℵx,i =
ℓx

2
wθ
ℵx,i, i = 0, 1, . . . ,ℵx,

and these in the y-direction are given by

yℵy, j =
ℓy

2

(
1 + η j

)
, ϖθ

ℵy, j =
ℓy

2
wθ
ℵy, j, j = 0, 1, . . . ,ℵy.
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The spatial tempered fractional and integer–order derivatives are approximated using ultraspherical
differentiation matrices in both x and y directions. For xℵx,n and yℵy,m, the coefficients v̂s,r(t) are
computed via the discrete inner product:

v̂s,r(t) =
1

hθshθr

ℵx∑
j=0

ℵy∑
k=0

ψs(xℵx, j)ϕr(yℵy,k)ϖ
θ
ℵx, jϖ

θ
ℵy,kv(xℵx, j, yℵy,k, t). (3.2)

Spatial fractional derivatives are approximated using ultraspherical differentiation matrices. For
xℵx,n (n = 1, . . . ,ℵx − 1) and yℵy,m (m = 1, . . . ,ℵy − 1)

0Dϑ,γ
x v(x, y, t) =

ℵx∑
i=0

ℵy∑
j=0

( ℵx∑
k=0

ℵy∑
l=0

1
hθkh

θ
l

ψk(xℵx,i)ϕl(yℵy, j)

×ϖθ
ℵx,iϖ

θ
ℵy, j0Dϑ,γ

x
[
ψk(x)

]
ϕl(y)

)
v(xℵx,i, yℵy, j, t),

(3.3)

xDϑ,γ
ℓx

v(x, y, t) =
ℵx∑
i=0

ℵy∑
j=0

( ℵx∑
k=0

ℵy∑
l=0

1
hθkh

θ
l

ψk(xℵx,i)ϕl(yℵy, j)

×ϖθ
ℵx,iϖ

θ
ℵy, j xDϑ,γ

ℓx

[
ψk(x)

]
ϕl(y)

)
v(xℵx,i, yℵy, j, t).

(3.4)

At the nodes xℵx,n (n = 1, . . . ,ℵx − 1) and yℵy,m (m = 1, . . . ,ℵy − 1), we have

0Dϑ,γ
x v(xℵx,n, yℵy,m, t) =

ℵx∑
i=0

ℵy∑
j=0

LDn,m
i, j v(xℵx,i, yℵy, j, t), (3.5)

0Dϑ,γ
y v(xℵx,n, yℵy,m, t) =

ℵx∑
i=0

ℵy∑
j=0

LD
n,m
i, j v(xℵx,i, yℵy, j, t), (3.6)

xDϑ,γ
ℓx

v(xℵx,n, yℵy,m, t) =
ℵx∑
i=0

ℵy∑
j=0

RDn,m
i, j v(xℵx,i, yℵy, j, t), (3.7)

yDϑ,γ
ℓy

v(xℵx,n, yℵy,m, t) =
ℵx∑
i=0

ℵy∑
j=0

RD
n,m
i, j v(xℵx,i, yℵy, j, t), (3.8)

where

LDn,m
i, j =

ℵx∑
k=0

ℵy∑
l=0

1
hθkh

θ
l

ψk(xℵx,i)ϕl(yℵy, j)ϖ
θ
ℵx,iϖ

θ
ℵy, j0Dϑ,γ

xℵx ,n

[
ψk(xℵx,n)

]
ϕl(yℵy,m), (3.9)

LD
n,m
i, j =

ℵx∑
k=0

ℵy∑
l=0

1
hθkh

θ
l

ψk(xℵx,i)ϕl(yℵy, j)ϖ
θ
ℵx,iϖ

θ
ℵy, jψk(xℵx,n)0Dϑ,γ

yℵy ,m

[
ϕl(yℵy,m)

]
, (3.10)

AIMS Mathematics Volume 11, Issue 2, 4805–4817.
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RDn,m
i, j =

ℵx∑
k=0

ℵy∑
l=0

1
hθkh

θ
l

ψk(xℵx,i)ϕl(yℵy, j)ϖ
θ
ℵx,iϖ

θ
ℵy, j xℵx ,n

Dϑ,γ
ℓx

[
ψk(xℵx,n)

]
ϕl(yℵy,m), (3.11)

RD
n,m
i, j =

ℵx∑
k=0

ℵy∑
l=0

1
hθkh

θ
l

ψk(xℵx,i)ϕl(yℵy, j)ϖ
θ
ℵx,iϖ

θ
ℵy, jψk(xℵx,n)yℵy ,m

Dϑ,γ
ℓy

[
ϕl(yℵy,m)

]
. (3.12)

The tempered fractional diffusion derivative’s spectral discretization can be represented in compact
notation as

∂
ϑ,γ

|x| v(xℵx,n, yℵy,m, t) =
ℵx∑
i=0

ℵy∑
j=0

D
n,m
i, j v(xℵx,i, yℵy, j, t) +

γϑ

cos
(
ϑπ
2

)v(xℵx,n, yℵy,m, t), (3.13)

∂
ϑ,γ

|y| v(xℵx,n, yℵy,m, t) =
ℵx∑
i=0

ℵy∑
j=0

D
n,m
i, j v(xℵx,i, yℵy, j, t) +

γϑ

cos
(
ϑπ
2

)v(xℵx,n, yℵy,m, t), (3.14)

where

D
n,m
i, j = −

1

2 cos
(
ϑπ
2

) (
LDn,m

i, j + RDn,m
i, j

)
, (3.15)

D
n,m
i, j = −

1

2 cos
(
ϑπ
2

) (
LD

n,m
i, j + RD

n,m
i, j

)
. (3.16)

Let us denote

vi, j(t) = v(xℵx,i, yℵy, j, t),
pi, j(t) = p(xℵx,i, yℵy, j, t),

gi, j = g(xℵx,i, yℵy, j).

As a result of these manipulations, we arrive at the following system of semi–discrete equations in
time:

v̇n,m(t) = ϵ
ℵx−1∑
i=1

ℵy−1∑
j=1

D
n,m
i, j vi, j(t) + ϵ

ℵx−1∑
i=1

ℵy−1∑
j=1

D
n,m
i, j vi, j(t)

+ ϵ
2γϑ

cos
(
ϑπ
2

)vn,m(t) + pn,m(t) +
λ2

2
vn,m(t)(1 − vn,m(t))e−λ(1−vn,m(t)),

(3.17)

with the initial condition
vn,m(0) = gn,m.

In fact, this allows for the exact imposition of boundary conditions

v0,k(t) = vℵx,k(t) = v j,0(t) = v j,ℵy(t) = 0.
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4. Implicit Runge–Kutta method

To solve the given system of differential equations numerically, we employ an IRK scheme. The
system is described by

du j

dt
= F j (t, u1, . . . , uN−1) , j = 1, . . . ,N − 1, t ∈ (0, 1], (4.1)

with the initial conditions
u j(0) = h j, j = 1, . . . ,N − 1. (4.2)

The solution is approximated using an IRK method. For a fixed time step size ∆t, the discrete time
points are defined as

tn = t0 + n∆t, n = 0, 1, 2, . . . ,

where u(n)
j denotes the numerical approximation of the exact solution u j(tn).

The IRK scheme updates the solution iteratively as follows:

u(n+1)
j = u(n)

j + ∆t
p∑

s=1

dsℓ
(n)
j,s , j = 1, . . . ,N − 1. (4.3)

Here, the stage values ℓ(n)
j,s are determined by solving the system

ℓ(n)
j,s = F j

(
tn + es∆t,R(n)

j,s

)
, s = 1, . . . , p. (4.4)

The intermediate approximations R(n)
j,s are computed as

R(n)
j,s = u(n)

j + ∆t
p∑

r=1

fs,rℓ
(n)
j,r , s = 1, . . . , p. (4.5)

In this formulation, ∆t represents the step size, and the coefficients fs,r, ds, and es define the
specific Runge–Kutta method. These coefficients are typically organized in the Butcher tableau as
follows (Table 1):

Table 1. Butcher tableau for the IRK method.

e1 f11 . . . f1p
...

...
. . .

...

ep fp1 . . . fpp

d1 . . . dp

5. Numerical results

In this example, we consider the two-dimensional tempered fractional ZFK equation on the domain
Ω = [0, 1] × [0, 1] with ϵ = 0.1:

∂v
∂t

(x, y, t) − ϵ ∂ϑ,γ
|x| v(x, y, t) − ϵ ∂ϑ,γ

|y| v(x, y, t) =
1
2

v(x, y, t)(1 − v(x, , yt))e−(1−v(x,y,t)) + p(x, y, t). (5.1)
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The boundary and initial conditions are given by

v(0, y, t) = v(ℓx, y, t) = v(x, 0, t) = v(x, ℓy, t) = 0, for t ∈ (0, 1], on ∂Ω.

v(x, y, 0) = x3y3(1 − x)3(1 − y)3, on Ω.

The tempered fractional ZFK equation admits the exact solution v(x, t) = e−tx3(1 − x)3y3(1 − y)3.

To demonstrate the high–order accuracy and tempering sensitivity of the proposed method, we
consider two characteristic cases:

• Without tempering (γ = 0): in Figure 1, the proposed method evaluates the space-fractional
problem under negative tempering with fractional orders ϑ = 1.2, 1.6, and 1.8, Jacobi parameters
θ = 2 and β = 2, and spatial resolution N = 10, demonstrating high accuracy.

• Positive tempering (γ = 1): in Figure 2, the method achieves superior accuracy for all tested ϑ
values, underscoring its adaptability to tempered fractional operators.

Figure 1. Absolute error function of u with γ = 0, θ = 2, N = 15 and different values of ϑ.

Figure 2. Absolute error function of u with γ = 1, θ = 2, N = 15 and different values of ϑ.

AIMS Mathematics Volume 11, Issue 2, 4805–4817.
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6. Conclusions

This paper presented a high–order spectral discretization approach for solving the tempered
fractional ZFK equation in two spatial dimensions. By introducing the differentiation matrices of
ultraspherical polynomials, we developed a robust pseudospectral collocation framework capable of
handling the non–local and tempered fractional operators efficiently. Central to this approach the use
of shifted ultraspherical polynomials, which enabled accurate approximation of tempered fractional
derivatives while inherently enforcing boundary conditions through the construction of the basis. The
integration of Gauss–Lobatto quadrature ensured precise numerical differentiation and integration,
maintaining spectral accuracy across the domain. Furthermore, the IRK scheme employed for temporal
integration provided high-order accuracy.
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