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1. Introduction

The empirical risk minimization problem (ERM) with regularization is widely encountered in fields
such as word processing [1], deep learning [2, 3], and matrix factorization and completion [4]. Its
structure can be expressed in the following form:

min
x∈Rd

P(x) = f (x) + h(x) =
1
n

n∑
i=1

fi(x) + h(x), (1.1)

where n is the number of samples, fi(x) : Rd → R (i = 1, . . . , n) represents the loss function,
which is smooth but potentially nonconvex, and h(x) : Rd → R serves as the regularization term,
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which is convex but potentially nonsmooth. It is worth noting that if the regularization function h(x)
is smooth, it can be implicitly absorbed into the objective function f (x). Different combinations of
loss functions and regularization terms give rise to distinct optimization models for various machine
learning tasks. For instance, combining the quadratic loss function with l2-norm regularization leads to
the ridge regression problem [5]; pairing quadratic loss with the l1-norm yields the Lasso problem [6];
combining the hyperbolic tangent-based loss function with the l1-norm constitutes a class of nonconvex
and nonsmooth binary classification optimization problems [7]; and combining nonconvex logistic
loss with the graph-guided fused l1-norm gives rise to a class of structured nonconvex and nonsmooth
optimization problems with variable dependencies [8].

The most fundamental method to solve (1.1) is the proximal gradient descent (ProxGD) method [9],
where its iterative format is given by

xt+1 = proxηh (xt − η∇ f (xt)) ,

where proxηh(x) = argmin
y∈Rd

{h(y) − 1
2η‖y − x‖2} is the proximal operator, and η > 0 is the step size (also

known as the learning rate). The complexity and scale of (1.1) are closely related to n. If n becomes
exceptionally large, then the cost of computing the full gradient increases significantly. Ghadimi
et al. [10], inspired by the stochastic gradient descent (SGD) algorithm proposed by Robbins and
Monro [11], proposed the proximal stochastic gradient descent (ProxSGD) method to solve problem
(1.1). The algorithm adopted the idea of a mini-batch and combined proximal operators with the
stochastic gradient descent algorithm. The key iterative step of this algorithm is as follows:

xt+1 = proxηth

xt −
ηt

|It|

∑
it∈It

∇ fit(xt)

 ,
where It is a mini-batch randomly selected from {1, . . . , n}, the size of It is typically denoted as |It|,
and it is uniformly sampled from {1, . . . , n}. The use of mini-batch sampling in the algorithm has been
verified to be beneficial. Compared to the approach of randomly selecting a single sample at each
iteration, it randomly uses |It| samples to approximate the full gradient. It allows more useful gradient
information to be utilized, thereby improving its efficiency. The performance of ProxSGD is highly
sensitive to the choice of step size, and the algorithm typically requires a diminishing step size to ensure
convergence. Due to the stochastic nature of the sampling process, the convergence rate of ProxSGD
is limited to sublinear convergence.

To improve the convergence rate of SGD for ERM problems, a variety of new algorithms have
been developed. Johnson and Zhang [12] introduced the stochastic variance reduced gradient (SVRG)
algorithm. This method constructs a specific gradient estimator that ensures the variance of stochastic
gradients is bounded above by a decreasing sequence, thereby accelerating convergence. Defazio and
Bach [13] proposed the stochastic average gradient (SAGA) algorithm, inspired by the SVRG. The
SAGA maintains an individual gradient estimate for each sample. During the iterative process, one
sample is selected at a time, and its stored gradient is updated with the newly computed one. Compared
to the SVRG, the SAGA requires n times more storage, which makes the SVRG more advantageous in
scenarios where both the feature dimension and dataset size are large. Nguyen et al. [14] introduced the
stochastic recursive gradient (SARAH) algorithm. Unlike the SAGA, the SARAH estimates gradients
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recursively within the inner loop using accumulated stochastic information, without the need to store
all past gradients. Moreover, its inner loop achieves sublinear convergence.

To handle the nonsmooth regularization term in (1.1), many scholars combined the proximity
operator with the above three algorithms, resulting in the proximal variants of these algorithms:
ProxSVRG [15], ProxSAGA [16], and ProxSARAH [17]. Among them, the ProxSVRG method
proposed by Xiao and Zhang [15] was the most widely applied. Its iterative update is as follows:

xs+1
t+1 = proxηh(xs+1

t − ηvs+1
t ),

where vs+1
t = 1

b

∑
it∈It

(
∇ fit(xs+1

t ) − ∇ fit(x̃s)
)

+ ∇ f (x̃s), with x̃s being the snapshot point.
Another line of work on accelerating stochastic algorithms builds on Nesterov’s pioneering

method [18], which has been shown to outperform standard gradient descent. Given the limitations
of second-order methods in large-scale optimization, first-order acceleration techniques have attracted
growing attention in machine learning. However, in many tasks driven by the pursuit of low-rank
structures and sparsity, the regularization term in problem (1.1) becomes non-differentiable, rendering
the overall objective nonsmooth. Beck and Teboulle [19] proposed the fast iterative shrinkage-
thresholding algorithm (FISTA) to address such nonsmooth problems. Other extrapolation-based
acceleration methods have also been applied to optimization tasks across various domains [20–22].
Despite their empirical success, the theoretical foundations of Nesterov’s acceleration remain not
fully understood, leading researchers to explore explanations from multiple perspectives. From a
primal-dual viewpoint, Allen-Zhu and Orecchia [23] interpreted the accelerated gradient method as
a linear combination of gradient descent and mirror descent. Drawing on the ellipsoid method,
Bubeck et al. [24] introduced a geometric acceleration scheme. Motivated by variational principles, Su
et al. [25] examined Nesterov’s method through the lens of differential equations.

In recent years, researchers have increasingly integrated acceleration techniques with stochastic
first-order methods and applied them to a wide range of learning tasks. To eliminate direct dependence
on n, attention has shifted toward solving problem (1.1) in the dual space. Nitanda [26] introduced
the Acc-Prox-SVRG method, incorporating Nesterov’s acceleration into ProxSVRG to address the
nonsmooth case of problem (1.1). More recently, Yang [27] proposed the SARAH-M method by
integrating momentum techniques into SARAH, achieving linear convergence for strongly convex
functions. Allen-Zhu [28] developed the well-known Katyusha algorithm, which introduced a negative
momentum term to realize true acceleration in stochastic variance reduced gradient methods. He
et al. [29] proposed the negative momentum SVRG (NMSVRG) algorithm, combining Katyusha’s
negative momentum mechanism with the classical SVRG framework. Their method requires fewer
hyperparameter adjustments and achieves linear convergence under strong convexity. Table 1
summarizes the advantages and limitations of the algorithms discussed above. In addition, several
other representative works can be found in [30–32].

Motivated by the NMSVRG and ProxSVRG algorithms, this paper introduces a new first-
order mini-batch accelerated stochastic method for solving problem (1.1), termed the mini-batch
negative momentum proximal stochastic variance reduced gradient (MNMPSVRG) method. The main
contributions of this work are summarized as follows:
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(1). We integrate the negative momentum framework into the ProxSVRG algorithm. Compared
with the classical Katyusha acceleration scheme, our method requires only a single negative
momentum parameter, which simplifies implementation and effectively reduces the cumulative
error introduced by stochasticity.

(2). We incorporate the mini-batch strategy into the negative momentum-based ProxSVRG algorithm.
By leveraging multiple samples in each iteration, the algorithm mitigates overfitting caused by
single-sample updates and improves overall performance.

(3). We provide a rigorous theoretical convergence analysis of the proposed algorithm under
nonconvex and nonsmooth settings, and prove that the MNMPSVRG algorithm achieves a
sublinear convergence rate. Extensive numerical experiments are conducted on nonconvex and
nonsmooth optimization tasks, including synthetic classification problems, real-world datasets,
nonconvex matrix factorization, and time series prediction, which collectively demonstrate the
superior performance of the proposed method.

In Section 2, we briefly review relevant definitions and their properties. Section 3 introduces the
MNMPSVRG algorithm. A detailed analysis of its convergence properties is provided in Section 4.
Section 5 presents empirical results to validate the effectiveness of our method. Finally, Section 6
concludes the paper.

2. Notations and preliminaries

In this paper, we useRd to denote the d-dimensional Euclidean space, with its standard inner product
denoted by 〈·, ·〉. The Euclidean norm is denoted by ‖ · ‖, without specific mention. We use ‖ · ‖1 to
represent the l1 norm. For a stochastic algorithm, we use E[·] to denote the total expectation in terms
of its whole iteration process.

Below we show several basic assumptions and definitions associated with their properties.

Assumption 2.1. The gradient of each component function fi(x) is Lipschitz continuous, that is, for
each i, there exists a constant Li > 0 such that

‖∇ fi(x) − ∇ fi(y)‖ ≤ Li‖x − y‖,∀x, y ∈ Rd.

Then, it is easy to obtain ‖∇ f (x) − ∇ f (y)‖ ≤ L‖x − y‖, where L =
∑n

i=1 Li.

Assumption 2.2. The regularization h(x): Rd → R in (1.1) is a lower semi-continuous and convex
function, and its effective domain, dom(h) = {x ∈ Rd|h(x) < +∞}, is closed.

Definition 2.1. [33] For a convex function h, its proximity operator is defined as

proxh(x) = argmin
u∈dom(h)

{h(u) −
1
2
‖u − x‖2}.

The convergence criterion is an important aspect in the analysis of nonsmooth and nonconvex
problems. For convex problems, the criterion we usually use is the optimality gap P(x) − P(x∗). Due
to the intractability of general nonconvex problems, using this criterion is unreasonable. For smooth
nonconvex problems (i.e., h ≡ 0), a typical method is to measure stationarity, such as using ‖∇P(x)‖, but
this cannot be used for nonsmooth problems. A fitting alternative method is to use gradient mapping.

AIMS Mathematics Volume 11, Issue 2, 4759–4786.
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Definition 2.2. [34] For nonsmooth problems, the gradient mapping of function P(x) is defined as
follows:

Gη(x) =
1
η

[
x − proxηh (x − η∇ f (x))

]
. (2.1)

If h ≡ 0, this mapping reduces to Gη(x) = ∇ f (x) = ∇P(x), that is, the gradient of function P(x).
We analyze our algorithms using the gradient mapping (2.1) as described more precisely above. The
purpose of using the definition of gradient mapping is that, in the case of nonconvex functions, first-
order algorithms generally can only guarantee convergence to a stable point and cannot guarantee
convergence to the optimal solution. Similar to nonconvex smooth functions using the gradient norm
as the stopping criterion, for nonconvex composite functions, we use the gradient mapping norm to
characterize the convergence rate of an algorithm.

Definition 2.3. [34] A point x output by a stochastic iterative algorithm for solving (1.1) is called an
ε-accurate solution, if E[‖Gη(x)‖2] ≤ ε for some η > 0.

3. The description of the MNMPSVRG algorithm

In this section, we introduce an accelerated mini-batch stochastic algorithm, termed the
MNMPSVRG, for addressing problem (1.1). This method is built upon the concepts of a mini-batch
and negative momentum, and employs a two-level nested loop structure, consisting of an outer and an
inner loop. The acceleration effect is primarily realized within the inner loop, where the momentum
mechanism significantly improves the convergence behavior.

In the classical Nesterov acceleration framework [18], an extrapolation step is introduced into
certain stochastic algorithms, leading to the following iteration:

ys+1
t = xs+1

t + βt(xs+1
t − xs+1

t−1 ),

where s and t denote the indices for the outer and inner iterations, respectively, and βt ∈ (0, 1) is
the momentum parameter. The sequence {xs+1

t } is typically generated by various variance reduced
stochastic methods. This design aims to accelerate convergence. However, in the presence of noisy
data, the stochastic gradients may become unreliable, and incorporating momentum may exacerbate
the bias, potentially impairing convergence.

To mitigate such adverse effects, we adopt a negative momentum framework, incorporating a
Katyusha-style interpolation step:

ys+1
t = θxs+1

t + (1 − θ)x̃s,

where θ ∈ (0, 1), and x̃s denotes a snapshot point. This update performs a convex combination
of the current iterate and the snapshot, which acts as a form of interpolation, in contrast to
Nesterov’s extrapolation. Unlike the original Katyusha method, which utilizes two auxiliary sequences,
our algorithm introduces only a single auxiliary variable, thereby simplifying implementation and
hyperparameter tuning.

Next, we compute a variance reduced stochastic gradient estimate at the interpolation point

vs+1
t =

1
b

∑
it∈It

(
∇ fit(y

s+1
t ) − ∇ fit(x̃s)

)
+ ∇ f (x̃s).
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Since the mini-batch It is drawn randomly, the gradient estimate remains unbiased. Specifically, we
have

E[vs+1
t ] = E

1
b

∑
it∈It

(
∇ fit(y

s+1
t ) − ∇ fit(x̃s)

)
+ ∇ f (x̃s)

 = ∇ f (ys+1
t ) − ∇ f (x̃s) + ∇ f (x̃s) = ∇ f (ys+1

t ).

Finally, we update the iterate using the proximal operator

xs+1
t+1 = proxηh

(
xs+1

t − ηvs+1
t

)
.

With this design, the proposed MNMPSVRG algorithm achieves improved convergence behavior
and enhanced optimization efficiency.

Algorithm 1 describes the detailed process of the MNMPSVRG algorithm for solving nonconvex
and nonsmooth optimization.

Algorithm 1 MNMPSVRG.

Require: Negative momentum coefficient θ ∈ (0, 1), stepsize 0 < η < 1
2L , initial point x̃0 = x0

m = x0 ∈

Rd, epoch length m, S = dT/me, and mini-batch size b.
1: for s = 0 to S − 1 do
2: xs+1

0 ← x̃s

3: ∇ f (x̃s)← 1
n

∑n
i=1 ∇ fi(x̃s)

4: for t = 0 to m − 1 do
5: Uniformly select subset It ⊂ {1, . . . , n} with |It| = b
6: ys+1

t ← θxs+1
t + (1 − θ)x̃s

7: vs+1
t ← 1

b

∑
i∈It

(
∇ fi(ys+1

t ) − ∇ fi(x̃s)
)

+ ∇ f (x̃s)

8: xs+1
t+1 ← proxηh

(
xs+1

t − ηvs+1
t

)
9: end for

10: x̃s+1 ← xs+1
m

11: end for
Ensure: Iterate xa chosen uniformly random from

{
{xs+1

t }
m−1
t=0

}S−1
s=0 .

4. Convergence analysis

In this section, we establish the convergence results of the proposed algorithm. Before providing
the main theoretical results, we need to give the following assumptions and lemmas.

Lemma 4.1. Let us define
y = proxηh(x − ηd′)

for some d′ ∈ Rd. Then for y, the following inequality holds:

P(y) ≤ P(z) + 〈y − z,∇ f (x) − d′〉 +
(

L
2
−

1
2η

)
‖y − x‖2 +

(
L
2

+
1
2η

)
‖z − x‖2 −

1
2η
‖y − z‖2

for all z ∈ Rd.
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We note that the proof of Lemma 4.1 is similar to what is described in [34].

Lemma 4.2. For the iterates xs+1
t , vs+1

t , and x̃s in Algorithm 1, the following inequality holds:

E‖∇ f (xs+1
t ) − vs+1

t ‖
2 ≤

(1 + τ)L2

b
E‖ys+1

t − x̃s‖2 +
(1 + τ)L2

τ
E‖xs+1

t − x̃s‖2, τ > 0.

Proof. According to the definition of vs+1
t , we have

E‖∇ f (xs+1
t ) − vs+1

t ‖
2

= E‖∇ fIt(y
s+1
t ) − ∇ fIt(x̃s) − (∇ f (xs+1

t ) − ∇ f (x̃s))‖2

≤ (1 + τ)E‖∇ fIt(y
s+1
t ) − ∇ fIt(x̃s)‖2 +

1 + τ

τ
E‖∇ f (xs+1

t ) − ∇ f (x̃s)‖2

≤
(1 + τ)L2

b
E‖ys+1

t − x̃s‖
2

+
(1 + τ)L2

τ
E‖xs+1

t − x̃s‖
2
,

where the first inequality follows from the Cauchy-Schwarz and Young inequalities, and the second
inequality is derived from Assumption 2.1. �

Before studying the convergence of the algorithm in the paper, we set up a recursion for which we
use the following Lyapunov function:

Rs+1
t = E

[
P(xs+1

t ) + ct‖xs+1
t − x̃s‖

2]
, t = 0, . . . ,m − 1, (4.1)

where ct = ct+1(1 + 1
m ) + T1 + T2, T1 =

(1+τ)θ2L
4b , T2 =

(1+τ)L
4τ .

Lemma 4.3. For the sequence {ct} satisfying the boundary condition cm = 0 with ct, ct+1 > 0, if

4m(T1 + T2) (1 + m) + L ≤
1
η
,

then the following inequality holds:

ct+1 (1 + m) +
L
2
<

1
2η
.

Proof. From the definition of ct and cm = 0, we have

ct = ct+1(1 +
1
m

) + T1 + T2

= cm(1 +
1
m

)m−t +

[
(1 +

1
m

)m−t−1 + · · · + (1 +
1
m

) + 1
]

(T1 + T2)

= m
[(

1 +
1
m

)m−t

− 1
]

(T1 + T2)

≤ m
[(

1 +
1
m

)m

− 1
]

(T1 + T2)

≤ 2m ·
e − 1

2
(T1 + T2)

≤ 2m(T1 + T2),

(4.2)
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where the second inequality follows upon noting that (i) limm→+∞(1 + 1
m )m = e and (ii) (1 + 1

m )m

is an increasing function for m > 0 (here, e is Euler’s number). By combining (4.2) with the
inequality 4m(T1 + T2)(1 + m) + L ≤ 1

η
, we can draw the conclusion. �

Theorem 4.1. Let the sequence {xa} be generated by Algorithm 1. Denote D = max
{
4m(T1 +

T2) (1 + m) + L, 2L
}
. Suppose the total number of iterations T is a multiple of m, and the step size

η satisfies η ≤ 1
D . Then the following bound holds:

E
[
‖Gη(xa)‖2

]
≤

2
(
P(x̃0) − P(x∗)

)
ηT − 2η2T L

,

where x∗ is an optimal solution to problem (1.1).

Proof. We begin by introducing the full gradient-based reference point, defined as

x̄s+1
t+1 = proxηh

(
xs+1

t − η∇ f (xs+1
t )

)
, (4.3)

which serves solely for theoretical analysis and is not computed during actual execution. Applying
Lemma 4.1 to this point (with y = x̄s+1

t+1 , z = x = xs+1
t , and d′ = ∇ f (xs+1

t )), and taking expectations, we
obtain

E[P(x̄s+1
t+1 )] ≤ E

[
P(xs+1

t ) + 〈x̄s+1
t+1 − xs+1

t ,∇ f (xs+1
t ) − ∇ f (xs+1

t )〉 +
(

L
2
−

1
2η

)
‖x̄s+1

t+1 − xs+1
t ‖

2

+

(
L
2

+
1
2η

)
‖xs+1

t − xs+1
t ‖

2
−

1
2η
‖x̄s+1

t+1 − xs+1
t ‖

2
]

(4.4)

≤ E

[
P(xs+1

t ) +

(
L
2
−

1
η

)
‖x̄s+1

t+1 − xs+1
t ‖

2
]
.

In contrast, the actual update in Algorithm 1 is given by

xs+1
t+1 = proxηh(xs+1

t − ηvs+1
t ), (4.5)

where vs+1
t is defined as a variance reduced stochastic gradient estimator:

vs+1
t =

1
b

∑
it∈It

(
∇ fit(y

s+1
t ) − ∇ fit(x̃s)

)
+ ∇ f (x̃s).

Applying Lemma 4.1 on update (4.5) (with y = xs+1
t+1 , z = x̄s+1

t+1 , x = xs+1
t , and d′ = vs+1

t ) and taking
expectations, we obtain

E[P(xs+1
t+1 )] ≤ E

[
P(x̄s+1

t+1 ) + 〈xs+1
t+1 − x̄s+1

t+1 ,∇ f (xs+1
t ) − vs+1

t 〉 +

(
L
2
−

1
2η

)
‖xs+1

t+1 − xs+1
t ‖

2

+

(
L
2

+
1
2η

)
‖x̄s+1

t+1 − xs+1
t ‖

2
−

1
2η
‖xs+1

t+1 − x̄s+1
t+1 ‖

2
]
. (4.6)
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By summing inequalities (4.4) and (4.7), we consolidate the bounds on E[P(x̄s+1
t+1 )] and E[P(xs+1

t+1 )],
yielding

E[P(xs+1
t+1 )] ≤ E

[
P(xs+1

t ) +

(
L −

1
2η

)
‖x̄s+1

t+1 − xs+1
t ‖

2
+

(
L
2
−

1
2η

)
‖xs+1

t+1 − xs+1
t ‖

2

−
1
2η
‖xs+1

t+1 − x̄s+1
t ‖

2
+ 〈xs+1

t+1 − x̄s+1
t+1 ,∇ f (xs+1

t ) − vs+1
t 〉

]
. (4.7)

In inequality (4.7) we take Q1 = 〈xs+1
t+1 − x̄s+1

t+1 ,∇ f (xs+1
t )−vs+1

t 〉, and we can bound the term Q1 as follows:

E[Q1] ≤
1
2η
E

[
‖xs+1

t+1 − x̄s+1
t+1 ‖

2]
+
η

2
E

[
‖∇ f (xs+1

t ) − vs+1
t ‖

2
]

≤
1
2η
E

[
‖xs+1

t+1 − x̄s+1
t+1 ‖

2]
+

(1 + τ)ηL2

2b
E

[
‖ys+1

t − x̃s‖
2]

+
(1 + τ)ηL2

2τ
E

[
‖xs+1

t − x̃s‖
2]

≤
1
2η
E

[
‖xs+1

t+1 − x̄s+1
t+1 ‖

2]
+

(1 + τ)L
4b

E
[
‖ys+1

t − x̃s‖
2]

+
(1 + τ)L

4τ
E

[
‖xs+1

t − x̃s‖
2]
, (4.8)

where the above three inequalities follow from the Cauchy inequality, Lemma 4.2, and Algorithm 1,
respectively. From the definition of ys+1

t , we know

ys+1
t − x̃s = θxs+1

t + (1 − θ)x̃s − x̃s = θ(xs+1
t − x̃s).

Taking the expectation of the above equation, we have

E‖ys+1
t − x̃s‖

2
= θ2E‖xs+1

t − x̃s‖
2
. (4.9)

Combine formulas (4.7)–(4.9), we see that

E[P(xs+1
t+1 )] ≤ E

[
P(xs+1

t ) +

(
L −

1
2η

)
‖x̄s+1

t+1 − xs+1
t ‖

2
+

(
L
2
−

1
2η

)
‖xs+1

t+1 − xs+1
t ‖

2

+

(
(1 + τ)θ2L

4b
+

(1 + τ)L
4τ

)
‖xs+1

t − x̃s‖
2
]
. (4.10)

To further analyze (4.10), we establish a recursion using the following Lyapunov function. Recall that
the function Rs+1

t is defined by (4.1):

Rs+1
t = E

[
P(xs+1

t ) + ct‖xs+1
t − x̃s‖

2]
.

We can then derive an upper bound for Rs+1
t+1 as follows:

Rs+1
t+1 = E

[
P(xs+1

t+1 ) + ct+1‖xs+1
t+1 − x̃s‖2

]
= E

[
P(xs+1

t+1 ) + ct+1‖xs+1
t+1 − xs+1

t + xs+1
t − x̃s‖2

]
≤ E

[
P(xs+1

t+1 ) + ct+1 (1 + m) ‖xs+1
t+1 − xs+1

t ‖
2 + ct+1(1 +

1
m

)‖xs+1
t − x̃s‖2

]
≤ E

[
P(xs+1

t ) +

(
L −

1
2η

)
‖x̄s+1

t+1 − xs+1
t ‖

2 +

[
ct+1 (1 + m) +

L
2
−

1
2η

]
‖xs+1

t+1 − xs+1
t ‖

2 (4.11)
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+

[
ct+1(1 +

1
m

) +
(1 + τ)θ2L

4b
+

(1 + τ)L
4τ

]
‖xs+1

t − x̃s‖2
]

≤ Rs+1
t +

(
L −

1
2η

)
‖x̄s+1

t+1 − xs+1
t ‖

2,

where the first inequality follows from the Cauchy-Schwarz and Young inequalities, the second
inequality is due to the bound (4.10), while the final equality is due to the Lyapunov function Rs+1

t

and Lemma 4.3. The sequence of values ct satisfies the following bound:

ct+1(1 + m) +
L
2
≤

1
2η
.

Now, adding (4.11) across all the iterations in epoch s + 1 and the telescoping sums, we get

Rs+1
m ≤ Rs+1

0 +

m−1∑
t=0

(
L −

1
2η

)
E

[
‖x̄s+1

t+1 − xs+1
t ‖

2]
, (4.12)

where cm = 0 and from the definition of x̃s+1, it follows that Rs+1
m = E[P(xs+1

m )] = E[P(x̃s+1)].
Furthermore, Rs+1

0 = E[P(xs+1
0 )] = E[P(x̃s)]. This is due to the fact that xs+1

0 = x̃s. Therefore, using the
above reasoning in inequality (4.12), we have

E
[
P(x̃s+1)

]
≤ E [P(x̃s)] +

m−1∑
t=0

(
L −

1
2η

)
E

[
‖x̄s+1

t+1 − xs+1
t ‖

2]
, t = 0, . . . ,m−1, s = 0, . . . , S −1. (4.13)

Adding (4.13) across all the epochs and rearranging the terms, we obtain the bound

S−1∑
s=0

m−1∑
t=0

(
1
2η
− L

)
E

[
‖x̄s+1

t+1 − xs+1
t ‖

2]
≤ P(x̃0) − E[P

(
x̃S

)
] ≤ P(x̃0) − P(x∗), (4.14)

where the second inequality follows from the optimality of x∗. Recall that the gradient mapping Gη(x)
is defined by (2.1):

Gη(xs+1
t ) =

1
η

[
xs+1

t − proxηh

(
xs+1

t − η∇ f (xs+1
t )

)]
.

By using this relationship in (4.14), we see that

S−1∑
s=0

m−1∑
t=0

(
1
2η
− L

)
η2E

[
‖Gη(xs+1

t )‖2
]
≤ P(x̃0) − P(x∗).

Now using the definition of xa from Algorithm 1, we know

T
(

1
2η
− L

)
η2E

[
‖Gη(xa)‖2

]
=

S−1∑
s=0

m−1∑
t=0

(
1
2η
− L

)
η2E

[
‖Gη(xs+1

t )‖2
]
,

and then, we have

E
[
‖Gη(xa)‖2

]
≤

C
ηT − 2η2T L

= O

(
1

ηT − 2η2T L

)
,

where C = 2(P(x̄0) − P(x∗)). �
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We compare the convergence rate of the proposed algorithm with several commonly used first-
order stochastic optimization methods and present their corresponding choices of learning rate and
mini-batch size. The detailed comparison is summarized in Table 2. For ProxSTORM [35], σ2 denotes
an upper bound on the variance of the stochastic gradient estimator.

Table 2. Summary of the convergence rates, learning rates, and mini-batch settings.

Algorithm Learning Rate Mini-Batch Size Convergence Rate

ProxSVRG [15] η =
1

3L
b = n2/3 O

( L
T

)
ProxSAGA [16] η =

1
5L

b = n2/3 O

( L
T

)
ProxSTORM [35] η <

1
L

b ≤ n O

(
σ2

η(T + 1)

)
MNMPSVRG η ≤

1
D

b ≤ n O

(
1

ηT − 2η2T L

)

For ProxSVRG and ProxSAGA, existing theoretical analyzes restrict step size to η = 1/(3L) and
η = 1/(5L), respectively, leading to constants 1/η = 3L and 5L. For the convergence rate O

(
1

ηT−2η2T L

)
of the MNMPSVRG, ηT − 2η2T L is a quadratic function on η. It remains positive for 0 < η < 1

2L , and
achieves the maximum T

8L at η = 1
4L . At this time, the convergence rate of the MNMPSVRG should be

O
(

L
T

)
.

5. Numerical experiments

All experiments in this paper were conducted on a server equipped with a 12th Gen Intel(R)
Core(TM) i5-1240P processor, along with Python 3.10.14 and PyTorch 2.4.0. We evaluate the
convergence behavior and characteristics of the proposed MNMPSVRG algorithm on nonconvex and
nonsmooth models, on nonconvex matrix factorization problems and time series prediction tasks.
Table 3 lists four properties of the different models.

Table 3. Comparison of model properties.

Model / Loss Convexity Robustness Sparsity (`1) Differentiability
Tanh Loss + `1 7 3 3 3

Ramp Loss + `1 7 3 3 Partial 7

Matrix Factorization 7 7 3 7

To ensure experimental consistency and reproducibility, we employed two types of synthetic
datasets under controlled settings. The synthetic Gaussian dataset is constructed with high-dimensional
features sampled from a standard normal distribution. Binary labels are generated using a linear model
with additive Gaussian noise. This dataset is linearly separable with a margin, making it suitable
for evaluating optimization algorithms in both convex and nonconvex regimes on a large scale. The
Moons dataset, generated using the make-moons function in scikit-learn, is a classic toy dataset for
binary classification with nonlinearly separable classes. It consists of two interleaving half circles
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with added Gaussian noise and is commonly employed to evaluate algorithmic performance under
nonconvex decision boundaries.

We also incorporate two real-world binary classification datasets from the UCI repository∗. The
Adult Income dataset is used to predict whether an individual earns more than $50K annually.
It contains both numerical and categorical features, but only numerical features are used in our
experiments. This dataset represents a medium-dimensional classification task.

The Bank Marketing dataset is another real-world dataset related to the direct marketing campaigns
of a Portuguese banking institution. It contains mixed-type attributes, with all categorical features one-
hot encoded, resulting in a high-dimensional sparse feature space. The objective is to predict whether
a client will subscribe to a term deposit.

For matrix factorization tasks, we use the widely adopted MovieLens-100K dataset, which
contains 100,000 real user ratings collected from the MovieLens movie recommendation platform.
This dataset is commonly used to evaluate collaborative filtering and low-rank matrix approximation
techniques.

Furthermore, all datasets were partitioned into 70% for training and 30% for testing, using a fixed
random seed of 42 to ensure reproducibility. A comprehensive summary of the dataset characteristics
is provided in Table 4. For each set of machine learning experiments, we conducted five independent
runs and report the averaged results.

Table 4. Dataset statistics used in experiments.

Dataset Train Samples Test Samples Feature Dimension
Synthetic Gaussian 70,000 30,000 100
Moons 70,000 30,000 2
Adult Income 32,561 13,955 6
Bank Marketing 30,960 13,270 62
MovieLens-100K 70,000 30,000 7

We compare the proposed algorithm with several common first-order stochastic optimization
methods, such as SGD [10], SVRG [12], SGDM [36], Adagrad [30], RMSProp [31], and Adam [32].
The mini-batch size b was chosen to be consistent with the literature used for the comparative
algorithms. Specifically, we set b = d

√
ne in Sections 5.1 and 5.2, b = 64 in Section 5.3, and b = 128

in Section 5.4.

5.1. Tanh loss with `1 regularization

We consider the nonconvex binary classification problem (referred to as Model 1) with a tanh loss
term and a nonsmooth `1 regularization term. The objective function is formulated as follows:

min
x∈Rd

P(x) =
1
n

n∑
i=1

[1 − tanh(bi〈ai, x〉)] + λ‖x‖1,

where ai ∈ R
d denotes the feature vector of the i-th sample, and bi ∈ {−1,+1} is the corresponding

binary class label. The model parameter vector is w ∈ Rd. The term `(z) = 1 − tanh(z) is a nonconvex
∗UCI Machine Learning Repository: https://archive.ics.uci.edu/.
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yet smooth classification loss function. The regularization parameter λ > 0 controls the sparsity level
through the `1-norm penalty. The regularization parameter λ is set to 1 × 10−3, the mini-batch size is
b = d

√
ne, and the epoch length is m = 50 throughout this paper.

Figure 1 provides a comprehensive evaluation of the performance of the proposed MNMPSVRG
method with different initial step sizes η0 on two synthetic datasets, in comparison with the baseline
SVRG algorithm.

Figures 1(a) and 1(b) respectively illustrate the training loss and test accuracy on the Synthetic
Gaussian dataset. If η0 = 0.1, the MNMPSVRG exhibits the fastest convergence and achieves the
lowest final training loss. It also reaches a peak test accuracy close to 0.992 at the early stages of
training and maintains high stability throughout. In contrast, although the SVRG with η0 = 0.1 also
performs reasonably well, its convergence is slower and the final loss is higher. Furthermore, as shown
in Figure 1(b), an excessively large step size (η0 = 1) or an overly small one (η0 = 0.0001) can lead to
instability or significantly slower convergence in the MNMPSVRG.

Figures 1(c) and 1(d) present the training loss and test accuracy on the Moons dataset. In Figure 1(c),
the configuration with η0 = 1 yields the lowest final loss. Notably, if η0 = 0.1, the performance of the
MNMPSVRG is comparable to that of the SVRG, while extremely small step sizes (e.g., η0 = 0.0001)
cause training stagnation and consistently high loss. Figure 1(d) further shows that the MNMPSVRG
with η0 = 1 achieves the highest accuracy (exceeding 0.86). Although its performance is initially
inferior to the SVRG, it surpasses the SVRG after approximately four epochs and remains superior
thereafter.
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Figure 1. Effect of initial step size η0 with the MNMPSVRG method on Synthetic Gaussian
and Moons.
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These results demonstrate that the MNMPSVRG is more robust to step size selection than the
SVRG. A moderately large step size, such as η0 = 0.01, offers a favorable trade-off between
convergence speed and accuracy, contributing to both efficient and stable optimization.

Figure 2 provides a detailed analysis of the performance of the MNMPSVRG method with different
initial step sizes η0 on two real-world classification datasets, in comparison with the baseline SVRG
algorithm.

Figures 2(a) and 2(b) present the training loss and test accuracy on the Adult Income dataset. If
η0 = 0.5, the MNMPSVRG achieves the lowest training loss and the fastest convergence. For η0 = 0.2,
the performance of the MNMPSVRG is comparable to that of the SVRG. In terms of test accuracy,
although the MNMPSVRG with η0 = 0.5 initially reaches a high accuracy, it begins to decline around
the third epoch. In contrast, the MNMPSVRG with η0 = 0.2 achieves the best overall accuracy,
reaching approximately 0.80, outperforming the SVRG with the same step size.

Figures 2(c) and 2(d) show the training loss and test accuracy on the Bank Marketing dataset. The
MNMPSVRG with η0 = 1 achieves both the lowest training loss and the highest test accuracy. With
η0 = 0.5, the MNMPSVRG is competitive with the SVRG: although its initial performance is slightly
inferior, the accuracy curves of both methods closely align as the number of epochs increases.
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Figure 2. Effect of initial step size η0 with the MNMPSVRG method on Adult Income and
Bank Marketing.

These results further confirm that the MNMPSVRG demonstrates strong robustness under different
step size configurations. If the step size is appropriately selected, the MNMPSVRG generally
outperforms the SVRG. Specifically, a step size of η0 = 0.2 on the Adult Income dataset and
η0 = 0.5 on the Bank Marketing dataset achieves a favorable balance between convergence speed
and generalization performance.
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Figures 3 and 4 compare the performance of the MNMPSVRG with other modern optimization
methods on Model 1 using two distinct datasets: Synthetic Gaussian (Figure 3) and Bank Marketing
(Figure 4). For all compared methods, we adopted their default parameter settings. On the Synthetic
Gaussian dataset, we set the parameter θ = 0.1 for the MNMPSVRG and use a unified initial step size
of η0 = 0.1 for all methods. On the Bank Marketing dataset, we set θ = 0.9 and η0 = 0.5 for the
MNMPSVRG. For other optimizers, we use a common initial step size of η0 = 0.1 for SGD, SGDM,
and Adagrad, and η0 = 0.02 for RMSProp, Adam, and SVRG.
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Figure 3. Comparison of the MNMPSVRG and other modern methods on Model 1 over
Synthetic Gaussian.
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Figure 4. Comparison of the MNMPSVRG and other modern methods on Model 1 over
Bank Marketing.

Figure 3 presents a comparative study between the MNMPSVRG method and several commonly
used optimization algorithms on the Synthetic Gaussian dataset using Model 1. As illustrated in
Figure 3(a), the MNMPSVRG consistently achieves the fastest convergence and the lowest training
loss across all epochs. While the SVRG performs relatively well among the baseline methods, its
final loss remains higher than that of the MNMPSVRG. In contrast, methods such as SGD, SGDM,
Adagrad, RMSprop, and Adam converge more slowly and settle at significantly higher loss values,
with SGD exhibiting the poorest performance in terms of loss reduction. Figure 3(b) further validates
the superior generalization capability of the MNMPSVRG. It rapidly reaches near-perfect test accuracy
in the early stages of training and maintains this high level throughout the entire process. Although
the SVRG eventually achieves a similar final accuracy, its convergence is noticeably slower. Adaptive
methods like Adam and RMSprop, as well as classical approaches such as SGD, yield lower final
accuracies and require more epochs to stabilize. The MNMPSVRG demonstrates clear advantages in
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both convergence efficiency and model generalization. These results highlight the effectiveness and
robustness of the proposed algorithm in synthetic data optimization tasks.

Figure 4 presents a comprehensive comparison of the MNMPSVRG method with several commonly
used optimization algorithms on the Bank Marketing dataset using Model 1. Similar to the results
observed in Figure 3, the MNMPSVRG achieves the lowest training loss and the highest test accuracy
across all methods.

5.2. Ramp loss with l1 regularization

We also consider a nonconvex binary classification problem with ramp loss and an `1 regularization
term, referred to as Model 2. The objective function is defined as follow:

min
x∈Rd

P(x) =
1
n

n∑
i=1

[1 −max (0,min (1, bi〈ai, x〉))] + λ‖x‖1.

This model captures the robustness of the ramp loss against outliers while promoting sparsity
through the nonsmooth `1 regularizer.

Figure 5 illustrates the impact of different initial step sizes η0 on the performance of the proposed
MNMPSVRG method across two synthetic datasets, with a comparative analysis against the baseline
algorithm SVRG. From the figure, it can be observed that the MNMPSVRG demonstrates greater
robustness to the choice of step size compared to the SVRG.
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Figure 5. Effect of initial step size η0 with the MNMPSVRG method on Synthetic Gaussian
and Moons.

Figures 5(a) and 5(b) present the training loss and test accuracy on the Synthetic Gaussian dataset,
respectively. The MNMPSVRG with η0 = 0.2 achieves the fastest convergence rate and the lowest final
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loss. In contrast, although the SVRG with η0 = 0.1 performs reasonably well, it converges more slowly
and results in a higher final loss, exhibiting inferior performance compared to the MNMPSVRG under
the same step size. It is also noteworthy that excessively small step sizes (e.g., η0 = 0.0001) cause the
MNMPSVRG to become unstable or converge very slowly during training.

Figures 5(c) and 5(d) show the corresponding results on the Moons dataset. The MNMPSVRG
with η0 = 1 achieves the lowest final loss and the best test accuracy. Notably, although the test
accuracy of the MNMPSVRG is slightly lower than that of the SVRG during the initial few iterations,
it consistently surpasses the SVRG after four epochs.

Figure 6 investigates the effect of the initial step size η0 on the performance of the MNMPSVRG
method across two real-world datasets, with a comparative analysis against the baseline SVRG
algorithm. The results indicate that the MNMPSVRG exhibits greater robustness to step size selection
in practical applications.

Figures 6(a) and 6(b) show the training loss and test accuracy on the Adult Income dataset,
respectively. If η0 = 0.2, the MNMPSVRG achieves the best convergence behavior, reaching the
lowest final loss while maintaining stable accuracy throughout the training process.

Figures 6(c) and 6(d) present the corresponding metrics on the Bank Marketing dataset. Under the
configuration η0 = 0.5, the MNMPSVRG demonstrates optimal performance by attaining the lowest
final loss as shown in Figure 6(c).
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Figure 6. Effect of initial step size η0 with the MNMPSVRG method on Adult Income and
Bank Marketing.

Figures 7 and 8 present a comprehensive comparison between the proposed MNMPSVRG method
and other modern methods on Model 2. For all compared methods, we adopt their default
hyperparameter settings unless otherwise specified. On Synthetic Gaussian, we set the parameter θ
of the MNMPSVRG method to 0.1, and use a unified initial step size η = 0.1 for SGD, Adagrad,
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SVRG, and MNMPSVRG, while the remaining methods use η = 0.02. On Bank Marketing, we set
θ = 0.9 and η = 0.2 for the MNMPSVRG, and use η = 0.1 for SGD, RMSProp, Adam, and SVRG,
whereas the other methods are assigned η = 0.5.
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Figure 7. Comparison of the MNMPSVRG and other modern methods on Model 2 over
Synthetic Gaussian.
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Figure 8. Comparison of the MNMPSVRG and other modern methods on Model 2 over
Bank Marketing.

Figure 7 compares the proposed the MNMPSVRG method with several popular first-order
stochastic optimization algorithms on the Synthetic Gaussian dataset under the Model 2 architecture.
Figure 7(a) shows that the MNMPSVRG achieves the fastest convergence rate and consistently
maintains the lowest training loss throughout all training epochs. While the SVRG remains competitive
among the baseline methods, it still results in a higher final loss compared to the MNMPSVRG. In
contrast, other methods exhibit significantly slower convergence behavior, with SGD performing the
worst in terms of loss minimization. Figure 7(b) confirms the superior generalization capability of
the MNMPSVRG. The method achieves near-optimal test accuracy early in the training process and
maintains this high level of accuracy consistently. Adaptive methods such as Adam and RMSprop
stabilize at noticeably lower accuracy levels.

Figure 8 presents a comprehensive comparison of the MNMPSVRG method with several commonly
used optimization algorithms on the Bank Marketing dataset using Model 2. Similar to the results
observed in Figure 7, the MNMPSVRG achieves the lowest training loss and the highest test accuracy
across all methods.

Table 5 summarizes the detailed results of the MNMPSVRG algorithm on four datasets across two
machine learning problems, corresponding to Figures 1, 2, 5, and 6. Table 6 provides a comprehensive
comparison between the MNMPSVRG and other baseline algorithms.
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5.3. Matrix factorization

We evaluate the performance of the proposed optimization algorithms on a nonconvex matrix
factorization (MF) task using the MovieLens-100K dataset. The goal is to learn low-dimensional
user and item embeddings P ∈ RN×d and Q ∈ RM×d by minimizing the following regularized squared
error objective:

min
P,Q

1
|Ω|

∑
(u,i)∈Ω

(〈Pu,Qi〉 − yui)2 +
λ

2

(
‖P‖2F + ‖Q‖2F

)
,

where Ω is the set of observed (user, item) pairs and yui is the corresponding rating.
We compare the performance of the proposed MNMPSVRG optimizer (with θ = 0.1 and without

proximal thresholding) against standard PyTorch optimizers, including SGD, SGDM, Adagrad,
RMSProp, and Adam. All models were configured with the same latent dimension d = 16, initial
step size η0 = 0.02, regularization parameter λ = 10−3, and a batch size of 64. Each method was
trained for 100 epochs, with 70% of the data used for training and the remaining 30% for testing.

In this experiment, the regularizer is the squared Frobenius norm, which is smooth and
differentiable. Consequently, the corresponding proximal operator reduces to an identity mapping, and
the MNMPSVRG update coincides with a standard gradient-based step. Therefore, explicit proximal
thresholding is not required in this setting.

Figure 9 compares the root mean squared error (RMSE) performance of various optimization
methods for matrix factorization on the MovieLens-100K dataset. The proposed MNMPSVRG method
demonstrates faster convergence and superior generalization, achieving the lowest test RMSE among
all methods. In contrast, while standard optimizers such as SGDM and Adagrad exhibit rapid initial
descent, their test errors plateau at relatively higher levels. Adaptive methods like RMSProp and Adam
show stable training but do not outperform the MNMPSVRG in final test performance. These results
highlight the effectiveness of incorporating mini-batch negative momentum and variance reduction in
addressing nonconvex matrix factorization problems. Table 7 presents the final training and test RMSE
of each algorithm on the MovieLens-100K matrix factorization task, where the MNMPSVRG achieves
the lowest values (training: 0.8353, test: 0.9707), consistent with the convergence trend illustrated in
Figure 9.
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Figure 9. RMSE comparison of the MNMPSVRG and modern methods on MovieLens-
100K.
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Table 7. Final train and test RMSE of different algorithms on MovieLens-100K.

Algorithm Train RMSE Test RMSE
MNMPSVRG 0.8353 0.9707
SGD 1.1831 1.2359
SGDM 1.1613 1.2183
Adagrad 1.1765 1.2278
RMSProp 1.3120 1.3670
Adam 1.2145 1.2684

5.4. Prediction of time series tasks

In the short-term wind power forecasting task, we employed a gated recurrent unit (GRU) model
to evaluate the proposed MNMPSVRG algorithm with several defferent θ using the Wind dataset,
which recorded turbine power generation and related meteorological variables at 10-minute intervals
from January 1 to December 31, 2018. All features were normalized, and the training samples were
reshaped into the three-dimensional tensor format (N, 1, d) required by recurrent neural networks
(RNNs). Supervised learning samples were constructed via a sliding-window approach with input
length nin = 1 and prediction horizon nout = 1. A single-layer GRU with hidden dimension h = 128
was adopted. In the experiments, we set the batch size b = 128, learning rate η = 0.001, and the
number of inner iterations m equal to the number of batches in the training set.

For several fixed values of theta, the MNMPSVRG algorithm consistently reduced the training
mean absolute error (MAE), indicating that the implemented variance reduction strategy effectively
stabilizes the error decrease in this GRU-based time series forecasting task.

Inspired by the backtracking stepsize rule in the FISTA [19], we introduce a new dynamic
adjustment strategy on the negative momentum. For the convex combination ys+1

t = θxs+1
t + (1 − θ)x̃s

in Algorithm 1, the negative momentum θ is replaced by dynamic θt as follows:

θt =


t − 2
t + 1

, t > 2,

0, t ≤ 2.

This design ensures that θt takes a small value in the initial iterations, thereby assigning larger weight
to the snapshot x̃s in the combination, which enhances the variance reduction effect and stabilizes the
optimization path. As the iteration proceeds (t > 2), θt = t−2

t+1 increases monotonically and gradually
approaches 1, and larger weight is assigned to the current iterate xs+1

t . This dynamic adjustment
mechanism not only maintains path stability in the early stage but also fully exploits the latest iterate
information in the later phase.

The numerical results of the fixed parameters θ (0.1, 0.3, 0.5, 0.7, 0.9) and the dynamic θt will be
presented separately below. In the experiments, Algorithm 1 with θt is denoted as the MNMPSVRG
dynamic. The corresonding numerical results are shown in Figures 10 and 11, and Tables 8 and 9.

Figure 10 illustrates the MAE performance of the MNMPSVRG with fixed θ values and the dynamic
θt variant on both the training and validation sets, while Table 8 reports the detailed MAE and RMSE
results. It can be observed that excessively small θ values lead to unstable performance in the later
iterations. Among the fixed settings, θ = 0.5 achieves the best overall results, and the dynamic θt

variant also demonstrates competitive performance.
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(b) Validation loss

Figure 10. Train loss and validation loss on the Wind dataset.

Table 8. MAE and RMSE of the MNMPSVRG with different θ on training loss and
validation loss.

Algorithm Training Loss Validation Loss
MAE RMSE MAE RMSE

MNMPSVRG θ = 0.1 0.167824 0.191321 0.156517 0.179369
MNMPSVRG θ = 0.3 0.234277 0.247918 0.244346 0.259946
MNMPSVRG θ = 0.5 0.047670 0.087277 0.050800 0.080830
MNMPSVRG θ = 0.7 0.048892 0.090051 0.052144 0.082942
MNMPSVRG θ = 0.9 0.048399 0.088824 0.051700 0.082048
MNMPSVRG dynamic 0.048367 0.089146 0.051606 0.082267

Figure 11 presents the prediction performance of different MNMPSVRG variants under various θ
settings for the next 500 hours, while Table 9 reports the corresponding MAE and RMSE between the
final predictions and the true values. It can be observed that the dynamic θt version of the MNMPSVRG
achieves competitive performance compared with the fixed θ counterparts.
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Figure 11. Prediction performance of different MNMPSVRG variants on the Wind dataset.
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Table 9. MAE and RMSE of the MNMPSVRG with different θ.

Algorithm MAE RMSE
MNMPSVRG θ = 0.1 0.193093 0.198024
MNMPSVRG θ = 0.3 0.198858 0.204230
MNMPSVRG θ = 0.5 0.028033 0.052458
MNMPSVRG θ = 0.7 0.028247 0.052519
MNMPSVRG θ = 0.9 0.028040 0.052273
MNMPSVRG dynamic 0.027942 0.052304

6. Conclusions

This paper proposed a first-order accelerated mini-batch stochastic algorithm for addressing
nonconvex and nonsmooth optimization problems. Built upon the ProxSVRG framework, the proposed
method integrated mini-batching and a negative momentum technique to enhance performance and
accelerate convergence. Finally, the experimental results validated our theoretical findings and
demonstrated that the proposed algorithm exhibited superior convergence and stability compared
with existing methods for nonconvex and nonsmooth optimization problems. In future work, we
will focus on extending the theoretical analysis, such as investigating the convergence theory for
problems with the regularization term h(x) nonconvex, designing adaptive parameter tuning strategies,
and establishing stronger convergence rate guarantees.
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