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Abstract: We investigate the normalized solutions for the following Schrodinger—Choquard equations
constrained to L2-sphere with general potential:

{—Av —V(x)v - v = (I, * FO)f(v), inR",

Jov Pdx = a, inRY,

where N > 3, a > 0 is a prescribed mass, V € C (RN, R) is an external potential, f € C(R,R),
I, : RY — R denotes the Riesz potential with order @ € (0, N), and A € R is not prescribed in advance
but appears as a Lagrange multiplier. By using critical point theory, we develop reliable arguments to
construct the existence results of normalized solutions to this kind of Schrodinger—Choquard equations.
The obtained results generalize and improve existing results in the literature.
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1. Introduction and main results

In this paper, the existence of solutions for the following nonlinear Schrédinger—Choquard equation
with general potential and prescribed mass is studied:

—Ay — — v =(L % RN
{Av V- v = (I, * F0)f(), inRY, o

Jon Pdx = a, in RY,

where N > 3, a > 0 is a prescribed mass, V € C!(RY,R) is an external potential, f € C(R,R),
F(s) := fos f(1)dt, A € R appears as a Lagrange multiplier depending on the solution v € H'(RY) but is
not prescribed in advance, and * denotes the convolution on RY. I, is called the Riesz potential with
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a € (0, N) and is defined by

F(M)
I,(x) = — 2 , ¥ x e RM\{0},
2 20T (5)| x|V -
N-a
where I' denotes the Gamma function [1,2]. Let A, = g;—zr:)
n220T(5

Equation (1.1) is closely related to the following focusing time-dependent Hartree equation:
0,0 = —Ap — V(x)v — (I, * FO) f(v), V¥ (t,x) e R* xRV, (1.2)

It is known that if v is a solution of the first equation of (1.1), then ¢(z, x) = ev(x) is a solitary wave
solution of (1.2). Solitary wave solutions are very important in the dynamical behaviors of complex
systems such as the nonlinear Schrodinger equation or Choquard equation. For the physical meanings
of a solitary wave solution, one can refer to [3, 4], in which the authors gave meaningful physical
perspective for a deeper understanding of wave phenomena in complex systems. v, is often called a
normalized solution of problem (1.1) if a pair (A,,v,) satisfies problem (1.1). In this case, A is not
fixed. If A is fixed, then the problem becomes unconstrained. There are many works on unconstrained
problems, see [5—7] for the existence of solutions to the Choquard equation and [8, 9] for solutions to
the N-Laplacian Schrodinger equation.

IfN=3Vx)=0,1=-1, Fv) =v* and I, = ﬁ, then the first equation of (1.1) reduces to the
following form:

1
_Av+v:(ﬂ*vz)v, VX€R3. (13)
X

In [10], Pekar proposed (1.3) to described the quantum mechanics of a polaron. (1.3) was used to
describe an electron trapped in its hole in the work of Choquard [11] in 1976, and that is why (1.3) is
called the Choquard equation. From then on, if the nonlinearity of an equation has a convolution form,
then this equation is also called a Choquard equation. In fact, since (1.3) modeled self-gravitating
matter, it is also called the Newton-Schrodinger equation or the Hartree equation [12]. When (1.3)
models self-gravitating matter, the quantum state reduction is known as a gravitational phenomenon.
In fact, if the nonlinearity of an equation doesn’t have a convolution form, the equation has the form
—Av+V(x)v = f(v), and one calls such an equation a Schrodinger equation. The Schrodinger equation
is the fundamental equation of nonrelativistic quantum mechanics [13]. Its physical significance is
profound and multifaceted. For example, it defines the wave function and its evolution, embodies
wave—particle duality, provides a probabilistic interpretation (born rule), quantizes physical quantities,
and unifies the description of quantum systems. So, if an equation has the form of a Schrodinger
equation with convolution nonlinearity, then one usually calls it a Schrodinger—Choquard equation.

When V(x) = 0, f(v) = |v|""2v, problem (1.1) has the following form:

_ -2 BN
{—Av — v = (I, * VPP, inRY, (14

Jox WPdx = a, inRY,
where N >3, p € [%, %], a € (0,N), and A is a Lagrange multiplier.
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Xing and Lei [14] studied problem (1.4) with combined nonlinearity and prescribed mass, where the
nonlinearity is (/, * |v|%)|vl%v+ [v|P1=2y with p; € 2+ %, %). By using concentration compactness
and the Ekeland variational principle, they established some results on multiple radially normalized
solutions. Feng and Li [15] investigated problem (1.4) with mass prescribed where the nonlinearity
is (I, = V")V~ + |v[*v with p, € (%, 3). They proved that the positive ground states converge
to a least energy solution of the limited critical local problem of (1.4) when @« — 0*. There are
other results of normalized solutions to Choquard equations or Schrodinger equations; one can refer
to [16-26]. Specially, in [16], the authors studied normalized solutions to a critical Choquard equation
with nonlocal perturbation and weakly attractive potential. In [17], the authors obtained sufficient and
necessary conditions for a normalized solution of a Choquard equation where the ground state solutions
and the normalized solutions are equivalent. In [18], normalized solutions for a Choquard equation with
a logarithmic perturbation and critical exponents was studied. In [19], concentration and multiplicity
of normalized solutions for the Choquard equation with potential were established. In [20], the authors
obtained concentration and multiplicity of semiclassical states for the double phase problems with a
Choquard term. In [21], the existence of a local minimum and a mountain pass-type solution for a class
of Choquard-Schrodinger—Poisson systems involving p-Laplacian were obtained. [22,23] concern the
planar Choquard equation, and [24-26] deal with other kinds of Choquard equations and Schrodinger
equations. From the above works, we can see that normalized solutions of Choquard equations and
Schrédinger equations play an important role in physics. To the best of our knowledge, it seems
that there is little work on (1.1) since it involves the potential term V(x) and the convolution term
[1, = F(v)]F(v)-that is why we investigate this equation in this paper.

Namely, the critical points of the following functional

1 1 1
Iv):== | |VvPdx-= f V(x)vidx — = f [1, * F(W)]F(v)dx (1.5)
2 RN 2 RN 2 RN
under the constrained
S.:={veH®): |V := f vI*dx = a) (1.6)
RN
are normalized solutions of problem (1.1). We say that a solution v € §, is called a ground state

solution if the energy functional / achieves its minimal energy at v among all the nontrivial solutions
that is

I(v) = inf{I(v) : v € S, 1[5, (v) = O}. (1.7)
When V(x) = 0, problem (1.1) reduces to the following form:

— —_ = k i N
{Av v =y x FO)f(v), inRY, (1.8)

fov WPdx = a, in RV,
where N > 3. Li and Ye [27] studied problem (1.8) and established existence results of a ground state

(v4, 4,4) under the following conditions on f:
(f1) f = 0 for t < 0, and there exists p € (N tat2 N “’) such that

N ’N-=2
t F(t F(t
im 2~ o tim FY - e, §+)=0;
10 |¢|P~2¢ li—+oo |£]P L lik
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(f2) let F (1) := f(t)r — 222 F (1), and let there exist 4£; > 1 such that
F(s1t) < F(t), forteRand s, €[0,1];

(3) let F(2) := f(t)t — N“’F(t) F’(t) exist, and N+2+“F(t) < F(nt,
(f4) there exist u, € (0,1) and s, > 1 such that, for all # € R and |s| < s;, F(st) < ,u2|s| e F(1);
(f5) f(or < N*“F(t) and V¢ > 0.

It is known that & +1f,’+2 is called a mass—critical exponent or L>—critical exponent when we investigate
Choquard equations with mass constrained. The critical exponent is very important since it can ensure
the boundedness of the energy functional from below. From (f1), we know that F(¢) is larger than
|t|Nm+2 when t — +o00; then, the functional of (1.8) is unbounded from below on the constrained set
S 4, and problem (1.8) is called mass—supercritical. If F(f) is smaller than |t| v when t — +o00, then
the functional of the related Choquard equation on the constrained set S, is called mass—subcritical.
Since the structure of an unbounded functional is more complicated, dealing with mass—supercritical
problems is more difficult than dealing with mass—subcritical problems.

In 2020, Bartsch et al. [28] investigated problem (1.8) with mass—supercritical and established
existence results of infinitely many radial normalized solutions and normalized ground state solutions
under the following assumptions on f:

(A1) f € C(R,R), and there exist 6;, 6, > 0 with &2 < 9, < 6, < ¥*2 such that

0<6,F() < f(Ht <6,F(2), ¥YteR\{0} (1.9)

(A2) the function Iff’)ﬂ is nondecreasing in (0, +c0) and nonincreasing in (—oo,0), where F() is
L

defined as that in (£3).

Subsequently, Xia and Zhang [29] obtained some results under the following weaker condition than
(A2):
(A2 ) F® _ is nondecreasing in (0, +co).

N+a+2

Very recently, Jin et al. [30] used the following conditions to study normalized solutions for problem
(1.8): .
(S) f € CR.R), limyo L555 = 0, Timyyopo0 —gi2i = +09, 1Moo~ = 0;
NI NI

[s|N=2"
(S2)0 < N+2+“F(s) < f(s)s < N+“F(s) VY s € R\{0};

F(s)
(S3) limyy 40 SUP NFG)s—(N+2+a)F(s) = T

(S3’) there exist k € (X2 1 + N) and Cy > 0 such that

2+a”’

_ Nrapegylf
‘f(S)s sN © < Co[Nf(s)s — (N + 2+ a)F(s)], ¥V s € R\{0}.

It must be pointed out that (1.9) acts as the classical Ambrosetti—-Rabinowtz (AR) condition in the
study of the Choquad equation in the unconstrained case. It is also very important and necessary in
proving the boundedness of Palais—Smale (PS) sequences when studying the Choquad equation with
constrained mass. Li and Ye in [27] used more strict conditions (f2) and (f4) than (A1) to obtain the
boundedness of the PS sequences. The method used by them seems more intricate. We can see that
(S1)—~(S3) (or (S3’)) are weaker than (A1)-(A2) (or (A2’)). Jin and Tang [26] and Jin et al. [30]
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proposed a very new method to prove the boundedness of the PS sequences, which seems very
different from existing methods in the literature. To the best of our knowledge, when V(x) # 0, there
seem to be few works on normalized solutions for (1.1). Since the additional terms fRN V(x)v*dx and
fRN(VV(x),x)vzdx in the related functional bring difficulties, it is also more difficult to prove the
boundedness of PS sequences. There is one question: Do the results of [30] hold when the
Schrodinger—Choquard equation involves a general potential?

Motivated by the above mentioned works, especially by [26, 30], we will consider normalized
solutions of (1.1). The aim of this paper is to give an affirmate answer to the above question. The
following conditions on V will be needed:

(V1) V e C'(RY,R) and 2V(x) + (VV(x), x) = 0;
(V2) there is ¥ € (0, 1) such that URN(VV(X)’ x)vzdx| < I3, v e H'(RM).

The main results of this paper are presented in the following:

Theorem 1.1. Assume that (V1) and (V2) hold. If f satisfies (S1)—(S3), then problem (1.1) possesses
a solution pair (1,,v,) € (—00,0) X H' (RV).

Theorem 1.2. Assume that (V1) and (V2) hold. If f satisfies (S1), (S2), and (S3”), then problem (1.1)
has a solution pair (1,,v,) € (—o0,0) X H}ad(RN) such that

I(vy) =inf{l :veS,nH, [R"): I; (v) =0}

Remark 1.3. It is worth pointing out that the conditions on V are much simpler. It seems that there

is no result on (1.1) with general potential. From this point, the results of this paper are new for

the Schrodinger—Choquard equation with potential to some extent. The results obtained in this paper

generalize and extend the existing results for the mass—constrained Schrodinger—Choquard equation.
The organization of this paper is as follows. In Section 2, some preliminary lemmas and the

variational structure are given. In Section 3, we prove Theorems 1.1 and 1.2. In Section 4, we give

some conclusions on this kind of Schrodinger—Choquard equation. The following notations are used

in the this paper:

& L*(RM)(s € [1 + o0)) appears as the Lebesgue space with norm VIl = jl‘%N [v|*dx;

& H'(R") is the usual Sobolev space equipped with the inner product and norm

(v,u) = f [VyVu + wvldx, |Vl = (v, )3, Yu,veH'RY);
RN

& H (RY)={veHRY):v(x) = v(xD}:
& v,(x) ;= v(tx) for t > 0 and v € H'(RV);

& B.(x):={yeR":|y—x| <r}forany x € RV and r > 0, and B, = B,(0).
& M:={veH @) : M = a).

& Cy,C,,- - are positive constants depending on the mass a > 0, which may vary in different places.

2. Preliminaries and variational structure

Under conditions (V1), (V2), and (S1), it is well known that the energy functional /(v) is a well
defined C' functional,

'), uy = f VvVudx — f V(x)uvdx — f (1, * FO)f(Mudx, Y u,ve H'(RY), 2.1
RN RN RN
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and /(v) is unbounded from below on §,. Therefore, the minimizing argument constrained on S, is not
valid. Following the ideas from [25,30], we will use a subset S, N H rla d(RN ) of S, to investigate the
minimization of I(v). If v is a solution of problem (1.1), then v satisfies the following Nehari identity:

f [IVV? = V(v ]dx — A f vidx — f [1, * F0W)]f(v)vdx = 0, (2.2)
RN RN

RN

and the Pohozaev identity:

N-2 f VvPdx - & f [NV(x) + (VV(x), 0)]v*dx
2 RN 2 RN

-5 [ a0 | s FoFmar=o. 23)
2 Jan 2 Jo

From (2.2) and (2.3), v satisfies

1 1
f IVvPPdx + = f (VV(x), x)v¥dx — = f [, * FOW)INf(v)y = (N + a)F(v)]dx = 0. 2.4)
RN 2 RN 2 RN
Let
1 1
P(v) := f IVvPdx + = f (VV(x), x)v’dx — = f [y * FOIINf)v = (N + @)F()]dx,  (2.5)
RN 2 RN 2 RN

then P(v) is a Pohozdev functional of (1.1), and P(v) = 0 is also called a Pohozéev identity of (1.1),

which is commonly used to study prescribed—mass problems. The following preliminary results are
often used in the study of existence of solutions for elliptic equations:

Lemma 2.1 [31]. For N > 3, there is an optimal positive constant S depending only on N such that

Ivll3. < S7HIVVI, ¥V ve DYRY), (2.6)
where D'2(RN) denotes the completion of Cy (RN) with respect to the norm ||v||p12 := |[VV]l,.
Lemma 2.2 [32]. Let N > 3, p,q > 1, and a € (0,N) with % + % + é =2, g € LP(RY), and
h € LY(RN). There exists a sharp constant C,, ,, independent of g and h, such that
fN(Ia * g)hdx < Co p4llgllpllAll,- (2.7)
R
Particularly,
f N(Ia * @)hdx < Coonyivia)2n/v+allgllon/ Al vea) - (2.8)
R

Lemma 2.3 [33]. For N > 3, let s € (2,2%). Then, there is a sharp constant C, > 0 such that

Vs < ConlIVVIEIVIEL ™, (2.9)

N(s-2)

where g = ==
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It is well known that (2.6) is called a Sobolev inequality, (2.7) and (2.8) are Hardy-Littlewood—
Sobolev inequalities, and (2.9) is called a Gagliardo—Nirenberg inequality. Now, we present some
new ideas proposed by Chen and Tang [25], in which normalized solutions of Schrodinger eugations
are obtained under some new critical point theorems on a manifold. Let H and E denote real Hilbert
space and real infinite dimensional Banach space, respectively. The scalar product and norm of H are
denoted by (-, -)y and ||-||z. The norm of E is denoted by ||-||z. We assume that the following continuous
injections hold:

E < H< E", (2.10)

where E* denotes the dual space of E. From (2.9), we know that H is equivalent to its dual space.
Define the trace of the unit sphere of H in E as the following:

Mi={veE: |vly=1) 2.11)

It is known that M is unbounded and inherits the topology from E. It is easy to see that M is
submanifold of E whose codimension is 1. For a given point v € M, the tangent space at this point is
given as the following:

T M:={ueE:(v,uy=0}, (2.12)

which is a closed subspace of E and the codimension is 1.
Consider a C' functional ¢ : E — R. Denote the trace of iy on M by ¥y Then iy, is of C!, and
the derivative of ¢ is

Wy, uy =W/’ v),u), YveM, ueT,M. (2.13)
The norm of {y/1),(v)} is defined as

Wyl = sup  ['(v),w)l, YveM. (2.14)

ueTyM,||ullg=1

For any 6 > 0 and any set A C E, denote
As ={ueE:|lv—-u|l <o YveA}L

For any b € R and any ¢ : E — R, denote ¥’ := {v € E : (v) < b}. The scalar product of E X R is
given as

<(Va S)’ (l/l, t))EXR = (V, M)H + St, v (V, S), (u’ t) e EXx R9 (215)
and the norm of £ X R is
NV, Dllexe == VIVIlg + 52, ¥V (v,5) € EXR. (2.16)

Lety : EXR — R be a C' functional. Denote the trace of y on M X R by ¢ pz. Then, on M X R,
W pixr 1s of class C! functional, and

(&;WX]R(V, ), (u, 1)) = W, s), u, 1), ¥ s5)eMxR, (u,t) € T(V,S)(M X R), (2.17)
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where
ToyMXR) :={(u,1) € EXR : (v,u)y = 0} (2.18)
Define the norm of {¢, . (v, 5)} by

II&;WR(V, | = sup |<J/ijR(v, s), (u, 1)), Y(v,s) e M xR. (2.19)

(U,NET (1, 5) MXR), ()| Exr =1

Lemma 2.4 [34]. Lety € C'(H rla d(RN ),R) and {v,} ¢ M be a bounded sequence in H rlu d(RN ). Then
the following are equivalent:

@ Iy, (vl = 0 as n — oo;

(1) ' (vy) — W' (vy), vo)v, in E* as n — oo, where E* is the dual space oerlad(RN).

Lemma 2.5 [30]. Assume thatc € R, Y ¢ M X R is a closed set, and §y € C'(E X R,R). Let

= {5 € C(0,1], M X R) : (0) € T, d3(1)) < c. (2.20)
Suppose that  satisfies
o := inf max y(y(1) = o := sup{h(¥(0)), g(7(1))}. (2.21)
yer 1€[0,1] el

Let {¥,} c T be such that

~ 1
sup y(y(t)) <o+ -, Ynel. (2.22)
t€[0,1] n

Then there exists a sequence {(v,,t,)} C M X R satisfying

: 2 7 2.
(1)0-_ n S%”(Vn,fn) <o+ e

n
(if) Mty 100: ) = Fa(Dllexe < 23
o ~ 8
(i) 1935 (v 1) < .

In order to use Lemma 2.5, let H = L*(R") and E = H'(RV)(H! (R")). The inner product of H and
E are given as

1
v, uy = ;f uvdx, (v,u)g := f (Vv-Vu+vu)dx, Yv,uekE, (2.23)
RN RN

and the norms of H and E are denoted as the following, respectively:

1 5 ;
Vg := —( f vzdx) s AVIE = [ f (Vv)* + |v|2)dx] , VVvEE. (2.24)
\/a RN RN

When identifying H with its dual space, the injections E < H < E* are continuous. Define a
continuous map 6 : H'(RV) x R — H'(R") by

O(u, $)(x) := e u(e'x), Yue H'®RY), xeRY, teR. (2.25)
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The following auxiliary functional is needed:

I(u, $)(x) : 1(6(u, $))(x)

2s

2

We can see that [ is of class C', and

e 1 _s 1 Ns Ns
5 I1vull; -3 fR Ve utdx - S L M FleZw)F(e > uydx.

(2.26)

(I'(u,s),w, 1)y = I'(u,s),(w,0)) +(I'(u,s),(0,0))
= ¥ f Vu - Vwdx + te*||Vul)} - f V(e x)uwdx
RN RN
+£ (VV(e™*x), e x)u*dx — f [, * F(e% u)]f(e% u)e% wdx
2 RN e(N_HI)S RN
L f [1, * F(eZ u)][(N + @)F(e u) — Nue'* f(e* u)]dx
2e(N+a)s RN
= (I'(u, 5),0(w, 5)) + tP(O(w, 5)). (2.27)
Let
V(x) = 0, 5) = e T u(e’x), ¢(x):=0w,s)=e?we'x), (2.28)
then
1
v,y = - f d(x)v(x)dx
a RN
= 1 f eV u(e* x)w(e’ x)dx
a Jrn
1
= - f u(y)w(y)dy
a RN
= (u,w)g. (2.29)
From (2.29), we know that
peT(S) e W, s) €T (SaXR), Y1,5s€eR. (2.30)
From (2.27), (2.28), and (2.30), we have
PO = KT (u, 5), (0, 1) < |5, e (ut, 5, (2.31)

and
- 1 -
Mg, VIl = sup KL’ (u, 5), (W, 0))]
o BSa VIS + llgll3
1 -
= sup KI'(u, 5), (w, 0))]

O OTus o) [e2([Twl + w3
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1 T

< sup KT, 5), (w, 0))

0TS0\ Je25([Twl + i)

1 T’

< Eup —|<I (I/t, S)a (W’ 0)>|

(W,0)€T (45)(S aXR) e—2s||w||§

sl _

< sup KT’ (u, 5), (w, 0))]

(0T (s oxy W12

Is| B

= Sup —KI/(M’ S)9 (W’ 0)>|

W,0)€T (4.5)(S «XR) \/EH(W, 0)llexr

el ,
< =g (1 I (2.32)

Va

Lemma 2.6. Suppose that (V1), (V2), and (S2) hold. Then,
(i) there exists small enough p(a) > 0 such that I(v) > 0 if v € Ay, and

0< sup I(v) < 0, := inf{I(v) : v € S 4, |IVVI3 = 4p(a)}, (2.33)
where
A, ={veS, IV S p(@), Ay =1{veS,: V5 < 4p(a)): (2.34)
(ii) there holds
m(a) 1= rf max I(y(1) 2 00 > igrp{l(y(o)) ACy(D)}, (2.35)
where
T, = {y € C([0,11,8,) : [VY(O)Il3 < p(a), I(¥(1)) < O}. (2.36)

Proof. (i) By (S1), for any & > 0, there exists C, > 0 such that
lf ()] < 8|u|2+7& + Cglul%‘l, YiteR. (2.37)

From (2.37), we obtain that for any & > 0, there exists C, > 0 such that

Y CRE, YieR. (2.38)
By (2.38), Lemmas 2.1 and 2.3, one has
Nta N+a
2N N +a a+N _ 2N N
( f |F(v)|~+ndx) < [ f vy cg|v|m>~+wdx]
RN RN
N+a N+(1
2 2(2+N+a) N 2
< 4e [v|” ¥ dx +4C; |v|N Zdx
RN RN
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2Q2+N+a) 2 2(N+a)
— “N-2
= 4 ||V||2(2+N+(y)/(N+a) +4C Il
2(2+a+N) 9 o _Nta 2(N+a)
< ASCyo s @ T IVVIR +4C2S TR [V, (2.39)

From (2.39), Lemmas 2.1, 2.2 and 2.3, we have

F(N—(x F F
[y * FOIF()dx = ——— f wdxdy
RY 202 (%) rvo =yt
< COHF(V)H%N/(NJra)
2(2+a+N) 5 2(N+a)
< 4CpE’ CN2(2+Q+N)/(N+Q) VNV +4CoC2S - = 2||Vv||2N . (2.40)

Let p > 0 be fixed and be arbitrary, and let v, vy, u € S, be such that

IV < p, IVwll; = 4p, [IVull; < 4p. (2.41)

2(2+a+N )

Let & > 0 be such that 4CoeC,5 n veey@ ¥ < 35 in (2.40). By (V1), (V2), and (2.40), we have

Iv) = % f |Vv|2dx—% f V(x)vzdx—% f [1, * F(W)]F(v)dx
RN RN RN

2(2+a+N) 2N+a)

1 1
§||Vv||§—1||Vv||2 ZCOSQCN2(2+Q+N)/(N+Q) VIR - 2CoC2S V(|||

%

2(N+a)

9 2+a)
EIWVII% - GV, (2.42)

\%

Iv) = ;f IVv|Pdx — %f V() dx — %f [1, * FOW)]F(v)dx
RN RN

3
< EHVVHQ ”Vvllz < 4P (2.43)
1 ) 1 ) 1
I(uw) = 3 |[Vu|“dx — 3 V(x)u“dx — 3 [1, * F(u)]F(u)dx
RN RV RN
1 5 1 ) 2(2+a+N) 5 2AN+a)
> EIIVMII2 - ZIIVuII2 2Cye CN2(2+Q+N)/(N+Q) ||Vu||2 2CyCsS~ e 2||VM||2N =
0 R
> EIIVMH% = ClIVul|,", (2.44)
1 5 1 5 1
I(vg) = = [Vvol°dx — = V(x)vgdx — = [1, * F(vg)]F(vy)dx
2 RN 2 RN 2 RN
1 1
> EIIVVoH% - ZIWVoII% - f [Ly * F(vo)]F (vo)dx
RN
9 2AN+a)
> _”VVO“% — Cil[Voll,**
9 33
= =p-Ci4p)¥2 = Zp. (2.45)

10 40
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From (2.42)—(2.45), there exists sufficiently small p = p(a) > 0 such that I(v) > 0 if v € A4,. Thus, (1)
of Lemma 2.4 holds.
(i) We need to prove that I', is not empty. For # > 0 and any v € S, we have

13wl = VR, IV vl = AlIVvIE. (2.46)

From (2.46), we know that £ v, € S,. From (S1), one has

lim inf
f—+co N2+

f[l *F(IZV)]F(IZV)dx

> N2 fhmmf[l *F(ﬁv)]F(ﬁv)dx
N t—+0co
N+2+(1 N+2+cv N
F(t F(t%
= f f I IVng)I 11m1nf[ (ZV(N)EL (zv(;i Zzaldydx
A = [T v) TR ()]
N+2+a N+2+a
F(t F(t
> A, f bl ¥ 'va 2l hminf[—( V(Ny)) xliminf[—N( ”(jﬂlld dx
lx = y[*=e =+ | [rTy(y))| t=ree |z v(x)|
N+2+(1 N+2+cv
> f f O~ 'vf,le (+00)dydx
RN lx =yl
> (+00) | [L, + | VI 7 dx > +oo. (2.47)
RN
From (2.47), (V1), and (V2), we have
1 1 1
I1(t7v) = = | [V(@2v)dx - = f VOlt2v,Pdx — = f [I, + F(t2v)]F(t2v,)dx
2 RN 2 ]RN 2
12 2 9 N 5 1
< —IIVVI|2+—||V(ﬁvz)|I dx—if [Ia*F(ﬁvz)]F(ﬁvz)dx
RN
= ||V 2 + annz— L x F(t3v)|F(1* v)dx
) 2 2 2N+a @
= Plas Yywe - I« FA3 W vd
= S|+ DI - tNW | Mo FEIF@E
— —00, [ — 400, (2.48)

From (2.48), we can choose sufficiently small #; > 0 and sufficiently large #, > 0 such that
N2 — 212 N2 — 212 5
IV vi)llz = GlIVVIE < pla), [V vi)ll; = GIIVVI; = 4p(a), and I(z;v,,) < 0.

Letyy :=[t; + (¢, — tl)t]gv,ﬁ(,z_tl)t. It is easy to see that y, € I',, which shows that I', is not empty. For
any y € I',, it follows from the intermediate value theorem that there exists ¢y € (0, 1), depending on y
such that [|Vy(z)|l3 = 4p(a) and

max [(y(0)) 2 I(y(%)) 2 inf(I(v) : v € 84, IVVIl; = 4p(a)). (2.49)

From (2.49) and the arbitrariness of y € I',, one has

m(a) = 1an “%8‘{‘ I(y(t)) > inf{I(v) : v e S, ||Vv||2 = 4p(a)}. (2.50)
yel', te
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Therefore, it follows from the proof of (i) and (2.50) that (ii) of Lemma 2.6 holds. The proof is
complete. O

Similar to [30], we have the following two lemmas:
Lemma 2.7. Suppose that (S1), (V1), and (V2) hold, and there exist p(a) > 0 and o, > 0 such that
(2.33) and (2.35) hold. Then, there exists a sequence {v,} of S, satisfying

I(v,) —» m(a), II’Sa(vn) — 0, and P(v,) — 0. (2.51)

Lemma 2.8. Suppose that (S1), (V1), and (V2) hold, and there exists p(a) > 0 and o, > 0 such that
(2.33) and (2.35) hold. Then, there exists a sequence {v,} of S, N Hrla d(RN ) satisfying

1v,) —» m(a), Ilgu(v,,) — 0, and P(v,) — 0. (2.52)

Similar to [27], one has the following lemma:
Lemma 2.9 [27]. Suppose that (S1), (V1), and (V2) hold. If there exists v € H'(RY) and A € R such
that

—Av = V(x)v— v = [I, * FW)]f(v), inR", (2.53)

then

P) = IIVV||% + % f (VV(x), x)v*dx — % f (I, * FO)IINf(v)y — (N + a)F(v)]dx= 0. (2.54)
RN RN

Lemma 2.10. Suppose that (V1), (V2), and (S1)—(S3) hold. Let {v,} C S, N Hrlad(RN) and satisfy
(2.52), then {v,} is bounded in Hrlad(RN).

Proof. We have ||v,|3 = a since {v,} € S, N H! (RY). Then, to prove {v,} is bounded in H! (R"), we
just need to prove that {||Vv,]||>} is bounded. Suppose by contradiction that ||Vv,|, — +co. By (1.5),
(2.5), and (2.52), we have

m(a) + 0,(1) = lIIanH% - lf V(x)vidx - lf [, * F(v)F(v,)dx, (2.55)
2 2 Jgw 2 Jgw
and

o,(1) = P(v,) = ||an||§+% f (VV(x), x)v2dx
RN

—% IRN[IQ * F(vy)] [f(vn)vn - %F(Vn) dx. (2.56)

By (V1), (2.55), and (2.56), we have
2m(a) + 0,(1) = 2I(v,) — P(v,)
_ L f [2V(x) + (VV(x), x)]v2dx
2 Jrv

N+2+a

N
_|_E ‘L;N[IQ * F(Vn)] [f(vn)vn - N

F(vn)] dx. (2.57)
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From (S1), one has

[f($)s = 52 F (s)| _

lim sup —
|s]—00 |S| N-2
From (2.58), we have
oy FOS T REFOEE L ((5)s = SEFG) =
lim sup T = lim su — =0.
|s|—>00 |S| 2+a |s|—>oo |S| N-2
From (S1) and (S2), we have
lim su F(s)s - NWF(S)l ! — lim su 2F(s) +1| <+
00,
o Nf()s—2+N+)F(s) N ol | Nf(s)s— (2 + N+ a)F(s)

It follows from (2.59) and (2.60) that

a+N

[f(s)s = B2 F (s)| %

lim sup
lsloco | §| T 2 [Nf(s)s —(2+ N + a)F(s)]
o (If(s)s “ e |f)s - MeRGs) ] )
T e | INf(s)s— 2+ N+a)Fs)1)

From (S1), (S2), and (2.61), for some positive constants C, > 0 and R > 0, we get

a+N
a+2

< GINf(s)s— 2+ N+ a)F(s)], V|s| =R,

|f(S)S — BEF(s)

and
|F(s)| < CA[INf(s)s— 2+ N+ a)F(s)], Y|s| >R.

Let A, := {x € RV : |v,(x)| < R}. From (S1) and the Hardy-Little—-Hood inequality, we have

f f lF(V"('?l Flv,()dxdy

f [, * F o)1 F(r)dx
Ap

N+a

o N~
< G |F(vy)[ ¥ dx
An
N+a
N, 2+(y N+a 2N
< [ f + c5|vn|~*z>wdx]
N+ar

<

c6(f V| RN+rdx+f |vn|2RN2dx)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)
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A
9
~

=
S

o
o,
o

S —

IA
Q
E

By (S1), (2.57), (2.62), and (2.64), there exists Cg > 0 such that

1 N+«
m j:\,, [L, = F(vy)] [f(v,,)vn — TF(vn)] dx

IA

IIVv 112 f o * F(vu)1f(va)vadx

= F(va(y)
B ”anllz fn RN | |N (xf(v"(x))vn(x)dydx

(N +@)A, f Fv,(y)
(N - 2)||an||2 yN-e

N+ A, F(vn(y))
T -2 L) o

. WtoA, (vn(y»
= -2 f f fr—yjal Cn()dxdy

————F(v,(x))dydx

A, JRN |X -

VA, f f FOMO) p v
RM\A, |x — y[N-@

(N = 2)|IVv, |13

IA

(N = 2)IVv,li3 x = y¥-

(N + a)Cga s
+—
(N = 2)|IVv,li3
Cy(N + @)
(N =2)|IVv,li3
Cr(N + a)2m(a) + 0,(1))
(N = 2)|IVv,li3

IA

+0,(1) = 0,(1).

From (S1), for any € > 0, there exists C, > 0 such that

N+2+a N+a
IF(s)| < Clls| % +¢|s|"2, VseR.

From the Holder inequlity, (2.57), (2.62), and (2.66), we have

1 N+«
m LN\A,, [1, * F(v,)] [f(vn)v,, - TF(V")] dx

C>(N + a)A, f f Fa() [N £ (0, () () —
_ RN\A | n n

f(vn)vn - %F(Vn)

(2.64)

(N +2+ a)F(v,(x))]dxdy

f Uy * FODIINfn)vn = (N + 2 + @)F(v,)]dy + 0,(1)
RN\A,

(2.65)

(2.66)

a+2

a+2

1 ey |
< B |[Ia * I'r(vn)]“‘}nllv_2 dx
||an||2 RNM\A, RM\A,
< 1
TVl

AIMS Mathematics

N+a oiN
2+a ath
dx

N=2

( f ColNf()v — 2+ N + a)F(vmdx) ( f 1, + F(vn>||vn|mdx)
RM\A, RM\A,
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N-2 N-2
2C,2m(a) + 1)] 5+ 1q B B
[2C2(2m(a) + 1)] [f (C;|vn|N13 +8|Vn|11\\’]—2)13ﬁldx:| (f |vn|5—N2dx)
RN RN

= 2
IVvall3
Col2C,2m(a) + D]&v  wa N2y
< e (COFF VI + &5 V0, IV,
IVvall3
,\ N2 a+2 -2 a2 N2
= Co(CHM[2C,(2m(a) + D] |[Vv,|l, ™ + Co[2C2(2m(a) + 1)]N gNze
= 0,(1) + Co[2C>(2m(a) + 1)]#¥ e, (2.67)

From (V1), (V2), (2.56), (2.65), and (2.67), we have

o+ % = ”Vin”% fR o F ) [frm, = R0
S [ Ve o
S m | 1w 1 [ v, - T2 p) ax
+”Vin”§ fR o o ) [ £, = 2R,
= % + 0n(1) + Co[2C>(2m(a) + 1)]#N ghia. (2.68)

Itis easy to see (2.68) is a contradiction since ¢ is arbitrary. Therefore, {v,} is bounded in H rla d(RN ). O

Lemma 2.11. Suppose that N > 4 and (V1), (V2), (S1), (S2), and (S3’) hold. Let {v,} C S, ﬁHr1

(RY)
ad
and satisfy (2.52); then, {v,} is bounded in Hrla d(RN ).

Proof. Let{v,} CS,N Hlad(RN). Then ||vn||§ = a. So, we only need to prove that {||Vv,]|>} is bounded.

7

By (1.5), (2.5), and (2.53), we have

m(a) + 0,(1) = lIIanlli -1 f V(x)vidx - : f [lo * F(v)1F (v,)dx (2.69)
2 2 Jan 2 Jan
and
o,(1) = P(v,) = _% fRN[Ia * F(v,)] [f(vn)vn - %F(Vn) dx
|V, |3 + % f (VV(x), x)v2dx. (2.70)
RN

From (V1), (2.69), and (2.70), we have

2m(a) + 0,(1)

2I(vn) - P(Vn)

N 1« Fo [f(v,ovn -

2 RN

N+2+«
N

F (vn)] dx

1 f 2V(x) + (VV(x), )]vidx
2 Jon
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N+2+«

= g LN[IQ * F(Vn)] [f(vn)vn - N

F(vn)] dx. (2.71)

By (V2), (S1), (S2), Lemmas 2.1-2.3, and (2.70), we get

2
IVvallz

(VV(x), x)vdx + N f [1, * F,)] [f(vmn - Mnm dx
RN 2 Jpv N

2
Cs ( f |F(vn>|~2+”wdx) ( f |f<vn>vn|~2ﬁdx)
RN RN

N+a

|F<vn>|fv2+”adx)

IA

9
+§||an||§ + Cs(
RN

N+a

9 2
< —|IV,ll5 + Co (f IF(v,,)INZindx)

2 o

19‘ N;\r]w
< Do+ Co s Cglvnlm)dx]

2 R

ﬂ N;r,ar %
< 51Vl + Croe? (f Vi |2%++z;a)dX) +C1oC2 (f Ivnlngzdx)

2 RN RN

¥ 2 Nra 2 2+
= =[IVvall; + CiollVVall yineey + Cr1CAIV V|52

2 N+a
19. N+2. 2(2+a) 5 2(N+a)
< ) ”anllz + C108 Cz(N+z+a) ”Vn”z : ||VV,,||2 +CnCS™ w3 ”VV”HZN )
N+a
’9 2 Reh
= 2IIanllz + C& IVl + CisC2IVv, [, (2.72)

Since ¢ € (0,1), ¢ is arbitrary, from (2.72), the Holder inequality, Lemmas 2.1 and 2.3, we get that
IVv,|I? = Cy4. Set k' = k o, then N+2 <k < N+" . From (V2), (S1), (S2), (§3), (2.38), (2.71), (2.70),
and the Holder inequality, we have

2
Z = \"AY L2d
N N||V n||2f (VVE, 0l dx

T IIan||§ fRN o * F(vy)] [ Fv, — ]dx
v T o = Serelf
© N [fw[l“ * F(V””( v ) dx]
(f 7o F(vn)]|vn| dx),
ﬂ 1

x ( [, + F(vn)]|vn|k’dx)k
RN
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N+a N+a

1

9 Ci5CE(4m(a) + 0,(1)% W e\

< 2, G ( m(a)2 0,(1))x (f |F(V,,)|13£]”dx) (f v, |N+'iydx)
N ”an”2 RN RY

1
9 CisCitdm(@) + o, (D)F o Wlpen = eyt
< =+ P ”an”2 ”vn”z
N Vvl

X
RN
NK' -N-a

PN C16C* (ma) + 0,(1)} IVvall,
N IVv.ll3
N+a

1371\’ 22+N+a) 2N 2NK
X CY [Vl ¥ dx + gV [v,|¥2dx
RN RN

Nk'-N-a

g, CirCl@m(a) + 0,(1) IIan||2 .
N IVVall3

N+a

2+N+a N+a . 2N 2Nk
N +8|Vn|N—2]N+adx

2N 2(2+a)

X(Ce N*”IlvnllzN“’ IIVVnIIN“’ + 8N“*||an|| 2)2Nk

'_N-a

9 C C 4m(a) + 0,(1))%||Vv, - 1 o
< " 18 ( ( ) ( 2)) ” “2 (C(9 k,”VVn”z + 8k’||an||(N 2K )
N IVvall;

N+a Nk'-N-a )

) 1 1 & L NE=N=a Wt
v Ci3C: (dm(a) + 0,(1)) (C " [Vl + et IVVall, )

)
= 5t on(1). (2.73)
From (2.73), we know that {||Vv,||»} is bounded. Hence, {v,} is bounded in Hrla d(RN ). O

3. Proof of main results

Proof of Theorem 1.1. By Lemmas 2.8-2.10, we know that there exists a sequence {v,} C S,NH rla JRY
satisfying (2.52) and ||v,|| < Cj9 for some constant C19 > 0. From Lemma 2.4, we have
vally = @, I(vy) = m(a), T'(vy) = A, = 0, (3.1)
where
I’ n’svn 1
= L)1 [nwnné - f Vn2dx - f [, » F(vn)]f(vmndx]
[vall3 a RN RN
1 0
s - (IIanH% + EIIanllg). (3.2)

From the boundedness of {||Vv,||.}, (S1), (§2), (V1), (V2), and (3.2), we have

1 2 2 2N % 2N %
— [IIVills + Vw5 + Co (f |F(Vn)|N+"dX) (f |f(Vn)Vn|N+"dx)
a RN RN
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N+a

1+ C.C v N
g e ( f |F(vn)|N2+“dx)
a a RN
1 + 19 C C +a+N a+N N %
< IVvall3 + e (f (C21|Vn|2 N+ C22|Vn|N+2)N2-"dx)
a a RN
1+ CoC 2AatN)
< IVl + = Coll Vvl + CaallVll, ™)
< Cys. 3.3)

Hence, passing to a subsequence if necessary, we can assume that 4, - 4, onR,v, = vinE,v, - v
in LP(RM) for p € (2,2%), and v, — v a.e. on RY. From (V1) and (V2), we have

lim | V(x)vidx = f V(x)vidax, (3.4)
n—eo Jew RN
lim L VOowudx = fR Veouvdx, Ve H' (RY), (3.5)
and
lim fR N(VV(x),x)vﬁdx = fR N(VV(x),x)vzdx. (3.6)
From (S1) and (S2), we have
lim N [I, * Fv)1f(v,)udx = fR Mo« FONfudx, Vue H! (RY), (3.7)
lim fR Mo F )l fWp)vudx = fR Mo F WI1f(v)vdx, (3.8)
and
lim fR % Fr)]F(v,)dx = jl; o FO)IF()dx. (3.9)

Hence, it follows from (V1), (V2), (2.55), (2.56), (3.8), and (3.9) that

2m(a) lim {—% f [2V(x) + (VV(x), x)]v2dx
RN

N 2+a+ N
v fR o F1 | fr, - Tnm] dx}
2+a+ N

. N
= lim 5 - [Ia * F(Vn)] [f(vn)vn - N

n—oo

F (vn)] dx

24+a+ N

¥ F(v)] dx. (3.10)

- 2 f [, * FO)] [f(v)v—
RN
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From (S2) and (3.10), we know that v # 0. For any u € E, from (3.1), (3.2), 1, = 4, onR,and v, —= v

in E, we have

[KI' (V) = AqVn, u) = I'(v) = A, u)

(v = v, gl + f V(Ol(v, — vuldx +
RN

IA

+ '(1 + /la)f vudx — (1 + A4,,) V,udx
RN

RN

(A, — ) f v, udx
RN

+

IA

(1+ /la)f v —v,)udx +0,(1)
RN
= o0,(1).
It follows from (3.1) and (3.11) that
I'v)y—A,v=0.

Hence, from (3.12), we have

(I'(v) = Av,v) = V|5 — f V(x)v?dx — A,vII5 - f [1, * FW)]f(v)vdx = 0,
N R

R N

and

P@y) = ||Vv||§ + % f (VV(x), x)vzdx - % f [, * FOW)IINf(v)yv — (N + a)F(v)]dx = 0.
RN R

N

By (V1), (S2), (3.13), and (3.14), we get

1
—AVIE = 3 f [2V(x) + (VV(x), )]vI*dx
RN

b3 [ o FONN + @F6) - = 270vids
RN
1
= 5 [ = FOUW + 0F0) = (V= 2f .

From (3.15), we know that 4, < 0. By (2.1), (3.1), (3.7), (3.9), and (3.12), we have
0 = HmML (%) = A, v = vy = (') = A, v = V)]
= { fRN“V(Vn — WP = V@, = v = v, — Pl
+ fR [ * FO)lf vy - fR o * FOIf 0,
+ fR Mo x FO)Lf(v)vadix = fR o x F)] f(v)vdx}

n—oo

= lim { [V, = WP = vy =V = V(x)lv, = v/P1dx
RN

LN [I(t * F(V)]f(V)Lt - jR:N [I(l * F(Vn)]f(vn)u

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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+ f o * FO)]fOW)(v, — v)dx}
RN

= lim { IV, = VI? = v, = VI* = V(X)|v, — vlz]dx}. (3.16)
n—oo RV
From (3.16), we know that v, — v in E; hence, ||v||§ = a, I(v) = m(a) and I[§ (v) = 0. |

Proof of Theorem 1.2. We should prove that problem (1.1) has a ground state solution in S,NH,_,(R").
In order to do this, let

Y,:={veS,NH

ad(RN) s (v) =0}, ma) = i?f 1. (3.17)
We first prove that (', is not empty. From Lemmas 2.8 and 2.11, we know that there exists a sequence
fvi}jcS.,.NH rla d(RN ) satisfying (2.52) and ||v,|| < Cy6 for some constant C¢ > 0. Similar to the proof
of Theorem 1.1, one can prove that there exists v € E such that v, — v in E, ||\7||§ = a, and I|’Sa(\7) =0.
Thus, v € T, which implies that (', is not empty. By (1.5), (2.5), (V1), (V2), and (S2), we get

20(v) = 2I(v) - P(v)

_ ! [2V(x) + (VV(x), x)]vidx
2 Jpn

+g f [, * FO)] [ Fow - N+—2+aF(v)] dx
RN
_ N f [, + F(v)] [f(v)v _NF2Ha L gy 50, VreT, (3.18)
2 ]RN N

It follows from (3.18) that /iz(a) > 0. We need to show that 7i2(a) > 0. Let {v,,} C Y, be such that
I(vy) = m(a), Ifs (v,) =0. (3.19)

By (1.6), (2.5), (3.19), (V1), (V2), and Lemma 2.9, we have

n(a) + 0,(1) = %nwnng - % f ) V(x)vidx — % f N[IC, x F(v,)]F(v,)dx, (3.20)

R R

and
1
o,(1) = P(v,) = IIan||§+§f(VV(X),X)Vﬁdx
RN

5 [ U FODUNF @~ O + @) F)1dx (3.21)
RN

From (V1), (3.20), and (3.21), we have

in(a) + o,(1) = _411 f [2V(x) + (VV(x), x)]v2dx
RN
N 2+N+«
v fR e+ F)) [f(v,»vn -2 B | dx
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2+N+a

= g f [, * F(v,)] [f(vn)vn - F(vn)] dx. (3.22)
RN

Similar to (2.72), we know that ||v,1||§ > (7 for some positive constant Cy;. Set k' = k , then k' €
(% Ntay From (V1), (V2), (S1), (S2), (S3°), (2.62), (2.63), (3.21), (3.22), Lemmas 2.1 nd 2.3 and

> N-2
the Holder inequality, we get

2 1 f ) 1 N+a
- - (VV(), vida + f [+ PO | £0nva = 2 Fv)|dx
N NIIV,li5 Jev IVvall; Jrv N
k % 1
ﬁ 1 vn V}’l - Ml;‘ vn , g
= f [y » Fuy [L02n = PO ( f Lo % FO)lnl* dx)
N [V, li3 | Jry [Vl RN
) 1 ( f i
=t = C* [Ia * F(Vn)] [Nf(vn)vn - (2 + N + Q)F(Vn)]d-x)
N IV, l3 \Jew
1
I'd
( f [y F)]val” dX)
RN
N+a N+a
C.(4nm + 0,(1 i 2NK’ NK 2Nk
< — 4+ [ ( m(a) 20( ))]k (f |F(vn)|N+<rdx) (f |vn|§\/+’irdx)
N ||VVn|| R RV
K ~-N-a N+a-(V-2K
9 [C (din(a) + 0,(1)]F C28”VVn”2 o all,
N IV vall3
2N 2AN+2+a) N %
X(Cé\/‘*"f |V| N+a dx+8N+af |Vn|N‘2dx)
RN RN
C. (4 D CollVvlls &
) m(a) + o, v, N+a
_ @@ + o, ColVols ™ by + et
N (IVvall3
) N 1
= y° [C.(4r(a) + 0,(1))]* Ca9
+ 7N7(y_ N+a +Nk —N-a )
><(C”||V nll” W 4 gV ||y ally 2, (3.23)

From (3.23), we know that {||Vv,]||»} is bounded and 7(a) > 0; thus {v,} is bounded. It follows from a
standard argument that there exists vy € T, such that I(vy) = (a). O

4. Conclusions

This paper investigates normalized solutions for a kind of mass—supercritical
Schrodinger—Choquard equation. By applying a new variational framework and some new analytic
techniques, we obtain two main existence results for normalized solutions for this kind of
mass—supercritical Schrodinger—Choquard equation. In particular, we first prove that the functional 7
possesses the properties of mountain pass geometry, and the minimum level m(a) or m(a) is greater
than or equal to inf/ in §,. Second, we prove that there exists a sequence {v,} of S, satisfying
1(v,) — m(a) (or (a)), I (v,) — 0, and P(v,) — 0. Third, we prove that the Lagrange multiplier A,
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is bounded and 4, — A, on R, and we prove that {v,} is bounded in Hrla d(RN ) by using some new
analytical methods. Finally, we prove that the bounded {v,} converges to a v in E, and v is the
normalized solution of problem (1.1). Besides, we prove that the normalized solution obtained in
Theorem 1.2 is in fact a ground state solution. Our results improve and generalize related results in
the literature and hope that the methods used in this paper can be applied to study related elliptic

equations.
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