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Abstract: We investigate the normalized solutions for the following Schrödinger–Choquard equations
constrained to L2-sphere with general potential:−∆v − V(x)v − λv = (Iα ∗ F(v)) f (v), in RN ,∫

RN |v|2dx = a, in RN ,

where N ≥ 3, a > 0 is a prescribed mass, V ∈ C1(RN ,R) is an external potential, f ∈ C(R,R),
Iα : RN → R denotes the Riesz potential with order α ∈ (0,N), and λ ∈ R is not prescribed in advance
but appears as a Lagrange multiplier. By using critical point theory, we develop reliable arguments to
construct the existence results of normalized solutions to this kind of Schrödinger–Choquard equations.
The obtained results generalize and improve existing results in the literature.
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1. Introduction and main results

In this paper, the existence of solutions for the following nonlinear Schrödinger–Choquard equation
with general potential and prescribed mass is studied:−∆v − V(x)v − λv = (Iα ∗ F(v)) f (v), in RN ,∫

RN |v|2dx = a, in RN ,
(1.1)

where N ≥ 3, a > 0 is a prescribed mass, V ∈ C1(RN ,R) is an external potential, f ∈ C(R,R),
F(s) :=

∫ s

0
f (t)dt, λ ∈ R appears as a Lagrange multiplier depending on the solution v ∈ H1(RN) but is

not prescribed in advance, and ∗ denotes the convolution on RN . Iα is called the Riesz potential with
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α ∈ (0,N) and is defined by

Iα(x) =
Γ( N−α

2 )

π
N
2 2αΓ(α2 )|x|N−α

, ∀ x ∈ RN\{0},

where Γ denotes the Gamma function [1, 2]. Let Aα =
Γ( N−α

2 )

π
N
2 2αΓ( α2 )

.

Equation (1.1) is closely related to the following focusing time-dependent Hartree equation:

i∂tϕ = −∆ϕ − V(x)v − (Iα ∗ F(v)) f (v), ∀ (t, x) ∈ R+ × RN . (1.2)

It is known that if v is a solution of the first equation of (1.1), then ϕ(t, x) = eitv(x) is a solitary wave
solution of (1.2). Solitary wave solutions are very important in the dynamical behaviors of complex
systems such as the nonlinear Schrödinger equation or Choquard equation. For the physical meanings
of a solitary wave solution, one can refer to [3, 4], in which the authors gave meaningful physical
perspective for a deeper understanding of wave phenomena in complex systems. va is often called a
normalized solution of problem (1.1) if a pair (λa, va) satisfies problem (1.1). In this case, λ is not
fixed. If λ is fixed, then the problem becomes unconstrained. There are many works on unconstrained
problems, see [5–7] for the existence of solutions to the Choquard equation and [8, 9] for solutions to
the N-Laplacian Schrödinger equation.

If N = 3, V(x) ≡ 0, λ = −1, F(v) = v2, and Iα = 1
2|x| , then the first equation of (1.1) reduces to the

following form:

−∆v + v =
(

1
|x|
∗ v2

)
v, ∀ x ∈ R3. (1.3)

In [10], Pekar proposed (1.3) to described the quantum mechanics of a polaron. (1.3) was used to
describe an electron trapped in its hole in the work of Choquard [11] in 1976, and that is why (1.3) is
called the Choquard equation. From then on, if the nonlinearity of an equation has a convolution form,
then this equation is also called a Choquard equation. In fact, since (1.3) modeled self-gravitating
matter, it is also called the Newton-Schrödinger equation or the Hartree equation [12]. When (1.3)
models self-gravitating matter, the quantum state reduction is known as a gravitational phenomenon.
In fact, if the nonlinearity of an equation doesn’t have a convolution form, the equation has the form
−∆v+V(x)v = f (v), and one calls such an equation a Schrödinger equation. The Schrödinger equation
is the fundamental equation of nonrelativistic quantum mechanics [13]. Its physical significance is
profound and multifaceted. For example, it defines the wave function and its evolution, embodies
wave–particle duality, provides a probabilistic interpretation (born rule), quantizes physical quantities,
and unifies the description of quantum systems. So, if an equation has the form of a Schrödinger
equation with convolution nonlinearity, then one usually calls it a Schrödinger–Choquard equation.

When V(x) ≡ 0, f (v) = |v|p−2v, problem (1.1) has the following form:−∆v − λv = (Iα ∗ |v|p)|v|p−2v, in RN ,∫
RN |v|2dx = a, in RN ,

(1.4)

where N ≥ 3, p ∈ [ N+α
N , N+α

N−2 ], α ∈ (0,N), and λ is a Lagrange multiplier.
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Xing and Lei [14] studied problem (1.4) with combined nonlinearity and prescribed mass, where the
nonlinearity is (Iα∗|v|

N+α
N−2 )|v|

4+α−N
N−2 v+ |v|p1−2v with p1 ∈ (2+ 4

N ,
N+α
N−2 ). By using concentration compactness

and the Ekeland variational principle, they established some results on multiple radially normalized
solutions. Feng and Li [15] investigated problem (1.4) with mass prescribed where the nonlinearity
is (Iα ∗ |v|p2)|v|p2−2v + |v|4v with p2 ∈ ( 5

3 , 3). They proved that the positive ground states converge
to a least energy solution of the limited critical local problem of (1.4) when α → 0+. There are
other results of normalized solutions to Choquard equations or Schrödinger equations; one can refer
to [16–26]. Specially, in [16], the authors studied normalized solutions to a critical Choquard equation
with nonlocal perturbation and weakly attractive potential. In [17], the authors obtained sufficient and
necessary conditions for a normalized solution of a Choquard equation where the ground state solutions
and the normalized solutions are equivalent. In [18], normalized solutions for a Choquard equation with
a logarithmic perturbation and critical exponents was studied. In [19], concentration and multiplicity
of normalized solutions for the Choquard equation with potential were established. In [20], the authors
obtained concentration and multiplicity of semiclassical states for the double phase problems with a
Choquard term. In [21], the existence of a local minimum and a mountain pass-type solution for a class
of Choquard–Schrodinger–Poisson systems involving p-Laplacian were obtained. [22,23] concern the
planar Choquard equation, and [24–26] deal with other kinds of Choquard equations and Schrödinger
equations. From the above works, we can see that normalized solutions of Choquard equations and
Schrödinger equations play an important role in physics. To the best of our knowledge, it seems
that there is little work on (1.1) since it involves the potential term V(x) and the convolution term
[Iα ∗ F(v)]F(v)–that is why we investigate this equation in this paper.

Namely, the critical points of the following functional

I(v) :=
1
2

∫
RN
|∇v|2dx −

1
2

∫
RN

V(x)v2dx −
1
2

∫
RN

[Iα ∗ F(v)]F(v)dx (1.5)

under the constrained

S a := {v ∈ H1(RN) : ∥v∥22 :=
∫
RN
|v|2dx = a} (1.6)

are normalized solutions of problem (1.1). We say that a solution v ∈ S a is called a ground state
solution if the energy functional I achieves its minimal energy at v among all the nontrivial solutions
that is

I(v) = inf{I(v) : v ∈ S a, I|′S a
(v) = 0}. (1.7)

When V(x) ≡ 0, problem (1.1) reduces to the following form:−∆v − λv = (Iα ∗ F(v)) f (v), in RN ,∫
RN |v|2dx = a, in RN ,

(1.8)

where N ≥ 3. Li and Ye [27] studied problem (1.8) and established existence results of a ground state
(va, λa) under the following conditions on f :
(f1) f ≡ 0 for t ≤ 0, and there exists p ∈

(
N+α+2

N , N+α
N−2

)
such that

lim
|t|→0

f (t)
|t|p−2t

= 0, lim
|t|→+∞

F(t)
|t|p
= +∞, lim

|t|→+∞

F(t)

|t|
N+α
N−2

= 0;
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(f2) let F̃(t) := f (t)t − N+α+2
2 F(t), and let there exist µ1 ≥ 1 such that

F̃(s1t) ≤ µ1F̃(t), for t ∈ R and s1 ∈ [0, 1];

(f3) let F̄(t) := f (t)t − N+α
N F(t), F̄′(t) exist, and N+2+α

N F̄(t) < F̄(t)t;
(f4) there exist µ2 ∈ (0, 1) and s2 > 1 such that, for all t ∈ R and |s| ≤ s2, F(st) ≤ µ2|s|

N+α+2
N F(t);

(f5) f (t)t < N+α
N−2 F(t), and ∀ t > 0.

It is known that N+α+2
N is called a mass–critical exponent or L2–critical exponent when we investigate

Choquard equations with mass constrained. The critical exponent is very important since it can ensure
the boundedness of the energy functional from below. From (f1), we know that F(t) is larger than
|t|

N+α+2
N when t → +∞; then, the functional of (1.8) is unbounded from below on the constrained set

S a, and problem (1.8) is called mass–supercritical. If F(t) is smaller than |t|
N+α+2

N when t → +∞, then
the functional of the related Choquard equation on the constrained set S a is called mass–subcritical.
Since the structure of an unbounded functional is more complicated, dealing with mass–supercritical
problems is more difficult than dealing with mass–subcritical problems.

In 2020, Bartsch et al. [28] investigated problem (1.8) with mass–supercritical and established
existence results of infinitely many radial normalized solutions and normalized ground state solutions
under the following assumptions on f :
(A1) f ∈ C(R,R), and there exist θ1, θ2 > 0 with N+α+2

N < θ1 ≤ θ2 <
N+α
N−2 such that

0 < θ1F(t) ≤ f (t)t < θ2F(t), ∀ t ∈ R\{0}; (1.9)

(A2) the function F̄(t)

|t|
N+α+2

N
is nondecreasing in (0,+∞) and nonincreasing in (−∞, 0), where F̄(t) is

defined as that in (f3).
Subsequently, Xia and Zhang [29] obtained some results under the following weaker condition than

(A2):
(A2’) F̄(t)

|t|
N+α+2

N
is nondecreasing in (0,+∞).

Very recently, Jin et al. [30] used the following conditions to study normalized solutions for problem
(1.8):
(S1) f ∈ C(R,R), lims→0

f (s)

|s|
2+α

N
= 0, lim|s|→+∞

F(s)

|s|
N+2+α

N
= +∞, lim|s|→+∞

f (s)

|s|
N+α
N−2 −1

= 0;

(S2) 0 < N+2+α
N F(s) ≤ f (s)s < N+α

N−2 F(s), ∀ s ∈ R\{0};
(S3) lim|s|→+∞ sup F(s)

N f (s)s−(N+2+α)F(s) < +∞;
(S3’) there exist k ∈ ( N+α

2+α , 1 +
N
α

) and C0 > 0 such that∣∣∣∣∣∣ f (s)s − N+α
N F(s)

s

∣∣∣∣∣∣
k

≤ C0[N f (s)s − (N + 2 + α)F(s)], ∀ s ∈ R\{0}.

It must be pointed out that (1.9) acts as the classical Ambrosetti–Rabinowtz (AR) condition in the
study of the Choquad equation in the unconstrained case. It is also very important and necessary in
proving the boundedness of Palais–Smale (PS) sequences when studying the Choquad equation with
constrained mass. Li and Ye in [27] used more strict conditions (f2) and (f4) than (A1) to obtain the
boundedness of the PS sequences. The method used by them seems more intricate. We can see that
(S1)–(S3) (or (S3’)) are weaker than (A1)–(A2) (or (A2’)). Jin and Tang [26] and Jin et al. [30]
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proposed a very new method to prove the boundedness of the PS sequences, which seems very
different from existing methods in the literature. To the best of our knowledge, when V(x) , 0, there
seem to be few works on normalized solutions for (1.1). Since the additional terms

∫
RN V(x)v2dx and∫

RN (∇V(x), x)v2dx in the related functional bring difficulties, it is also more difficult to prove the
boundedness of PS sequences. There is one question: Do the results of [30] hold when the
Schrödinger–Choquard equation involves a general potential?

Motivated by the above mentioned works, especially by [26, 30], we will consider normalized
solutions of (1.1). The aim of this paper is to give an affirmate answer to the above question. The
following conditions on V will be needed:
(V1) V ∈ C1(RN ,R) and 2V(x) + (∇V(x), x) = 0;
(V2) there is ϑ ∈ (0, 1) such that

∣∣∣∫
RN (∇V(x), x)v2dx

∣∣∣ ≤ ϑ∥∇v∥22, v ∈ H1(RN).
The main results of this paper are presented in the following:

Theorem 1.1. Assume that (V1) and (V2) hold. If f satisfies (S1)–(S3), then problem (1.1) possesses
a solution pair (λa, va) ∈ (−∞, 0) × H1

rad(RN).

Theorem 1.2. Assume that (V1) and (V2) hold. If f satisfies (S1), (S2), and (S3’), then problem (1.1)
has a solution pair (λa, va) ∈ (−∞, 0) × H1

rad(RN) such that

I(va) = inf{I : v ∈ S a ∩ H1
rad(RN) : I|′S a

(v) = 0}.

Remark 1.3. It is worth pointing out that the conditions on V are much simpler. It seems that there
is no result on (1.1) with general potential. From this point, the results of this paper are new for
the Schrödinger–Choquard equation with potential to some extent. The results obtained in this paper
generalize and extend the existing results for the mass–constrained Schrödinger–Choquard equation.

The organization of this paper is as follows. In Section 2, some preliminary lemmas and the
variational structure are given. In Section 3, we prove Theorems 1.1 and 1.2. In Section 4, we give
some conclusions on this kind of Schrödinger–Choquard equation. The following notations are used
in the this paper:
♣ Ls(RN)(s ∈ [1 +∞)) appears as the Lebesgue space with norm ∥v∥ss =

∫
RN |v|sdx;

♣ H1(RN) is the usual Sobolev space equipped with the inner product and norm

(v, u) =
∫
RN

[∇v∇u + uv]dx, ∥v∥ = (v, v)1/2, ∀ u, v ∈ H1(RN);

♣ H1
rad(RN) = {v ∈ H1(RN) : v(x) = v(|x|)};

♣ vt(x) := v(tx) for t > 0 and v ∈ H1(RN);
♣ Br(x) := {y ∈ RN : |y − x| < r} for any x ∈ RN and r > 0, and Br = Br(0).
♣ M := {v ∈ H1

rad(RN) : ∥v∥22 = a}.
♣ C1,C2, · · · are positive constants depending on the mass a > 0, which may vary in different places.

2. Preliminaries and variational structure

Under conditions (V1), (V2), and (S1), it is well known that the energy functional I(v) is a well
defined C1 functional,

⟨I′(v), u⟩ =
∫
RN
∇v∇udx −

∫
RN

V(x)uvdx −
∫
RN

[Iα ∗ F(v)] f (v)udx, ∀ u, v ∈ H1(RN), (2.1)
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and I(v) is unbounded from below on S a. Therefore, the minimizing argument constrained on S a is not
valid. Following the ideas from [25, 30], we will use a subset S a ∩ H1

rad(RN) of S a to investigate the
minimization of I(v). If v is a solution of problem (1.1), then v satisfies the following Nehari identity:∫

RN
[|∇v|2 − V(x)v2]dx − λ

∫
RN

v2dx −
∫
RN

[Iα ∗ F(v)] f (v)vdx = 0, (2.2)

and the Pohozǎev identity:

N − 2
2

∫
RN
|∇v|2dx −

1
2

∫
RN

[NV(x) + (∇V(x), x)]v2dx

−
Nλ
2

∫
RN

v2dx −
N + α

2

∫
RN

[Iα ∗ F(v)]F(v)dx = 0. (2.3)

From (2.2) and (2.3), v satisfies∫
RN
|∇v|2dx +

1
2

∫
RN

(∇V(x), x)v2dx −
1
2

∫
RN

[Iα ∗ F(v)][N f (v)v − (N + α)F(v)]dx = 0. (2.4)

Let

P(v) :=
∫
RN
|∇v|2dx +

1
2

∫
RN

(∇V(x), x)v2dx −
1
2

∫
RN

[Iα ∗ F(v)][N f (v)v − (N + α)F(v)]dx, (2.5)

then P(v) is a Pohozǎev functional of (1.1), and P(v) = 0 is also called a Pohozǎev identity of (1.1),
which is commonly used to study prescribed–mass problems. The following preliminary results are
often used in the study of existence of solutions for elliptic equations:

Lemma 2.1 [31]. For N ≥ 3, there is an optimal positive constant S depending only on N such that

∥v∥22∗ ≤ S −1∥∇v∥22, ∀ v ∈ D1,2(RN), (2.6)

where D1,2(RN) denotes the completion of C∞0 (RN) with respect to the norm ∥v∥D1,2 := ∥∇v∥2.

Lemma 2.2 [32]. Let N ≥ 3, p, q > 1, and α ∈ (0,N) with N−α
N + 1

p +
1
q = 2, g ∈ Lp(RN), and

h ∈ Lq(RN). There exists a sharp constant Cα,p,q independent of g and h, such that∫
RN

(Iα ∗ g)hdx ≤ Cα,p,q∥g∥p∥h∥q. (2.7)

Particularly, ∫
RN

(Iα ∗ g)hdx ≤ Cα,2N/(N+α),2N/(N+α)∥g∥2N/(N+α)∥h∥2N/(N+α). (2.8)

Lemma 2.3 [33]. For N ≥ 3, let s ∈ (2, 2∗). Then, there is a sharp constant Cs,N > 0 such that

∥v∥s ≤ Cs,N∥∇v∥q2∥v∥
1−q
2 , (2.9)

where q = N(s−2)
2s .
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It is well known that (2.6) is called a Sobolev inequality, (2.7) and (2.8) are Hardy–Littlewood–
Sobolev inequalities, and (2.9) is called a Gagliardo–Nirenberg inequality. Now, we present some
new ideas proposed by Chen and Tang [25], in which normalized solutions of Schrödinger euqations
are obtained under some new critical point theorems on a manifold. Let H and E denote real Hilbert
space and real infinite dimensional Banach space, respectively. The scalar product and norm of H are
denoted by (·, ·)H and ∥·∥H. The norm of E is denoted by ∥·∥E. We assume that the following continuous
injections hold:

E ↪→ H ↪→ E∗, (2.10)

where E∗ denotes the dual space of E. From (2.9), we know that H is equivalent to its dual space.
Define the trace of the unit sphere of H in E as the following:

M := {v ∈ E : ∥v∥H = 1}. (2.11)

It is known that M is unbounded and inherits the topology from E. It is easy to see that M is
submanifold of E whose codimension is 1. For a given point v ∈ M, the tangent space at this point is
given as the following:

TvM := {u ∈ E : (v, u)H = 0}, (2.12)

which is a closed subspace of E and the codimension is 1.
Consider a C1 functional ψ : E → R. Denote the trace of ψ onM by ψ|M. Then ψ|M is of C1, and

the derivative of ψ is

⟨ψ|′
M

(v), u⟩ = ⟨ψ′(v), u⟩, ∀ v ∈ M, u ∈ TvM. (2.13)

The norm of {ψ|′M(v)} is defined as

∥ψ|′
M

(v)∥ = sup
u∈TvM,∥u∥E=1

|⟨ψ′(v), u⟩|, ∀ v ∈ M. (2.14)

For any δ > 0 and any set A ⊂ E, denote

Aδ := {u ∈ E : ∥v − u∥ < δ, ∀ v ∈ A}.

For any b ∈ R and any ψ : E → R, denote ψb := {v ∈ E : ψ(v) ≤ b}. The scalar product of E × R is
given as

⟨(v, s), (u, t)⟩E×R := (v, u)H + st, ∀ (v, s), (u, t) ∈ E × R, (2.15)

and the norm of E × R is

∥(v, s)∥E×R :=
√
∥v∥H + s2, ∀ (v, s) ∈ E × R. (2.16)

Let ψ̃ : E × R→ R be a C1 functional. Denote the trace of ψ̃ on M × R by ψ̃M×R. Then, onM× R,
ψ̃M×R is of class C1 functional, and

⟨ψ̃′M×R(v, s), (u, t)⟩ := ⟨ψ̃(v, s), (u, t)⟩, ∀ (v, s) ∈ M × R, (u, t) ∈ T̃(v,s)(M× R), (2.17)

AIMS Mathematics Volume 11, Issue 2, 4656–4680.



4663

where

T̃(v,s)(M× R) := {(u, t) ∈ E × R : (v, u)H = 0}. (2.18)

Define the norm of {ψ̃′
M×R

(v, s)} by

∥ψ̃′
M×R(v, s)∥ = sup

(u,t)∈T̃(v,s)(M×R),∥(u,t)∥E×R=1
|⟨ψ̃′
M×R(v, s), (u, t)⟩|, ∀(v, s) ∈ M × R. (2.19)

Lemma 2.4 [34]. Let ψ ∈ C1(H1
rad(RN),R) and {vn} ⊂ M be a bounded sequence in H1

rad(RN). Then
the following are equivalent:
(i) ∥ψ|′

M
(vn)∥ → 0 as n→ ∞;

(ii) ψ′(vn) − ⟨ψ′(vn), vn⟩vn in E∗ as n→ ∞, where E∗ is the dual space of H1
rad(RN).

Lemma 2.5 [30]. Assume that c ∈ R, Ῡ ⊂ M × R is a closed set, and ψ̃ ∈ C1(E × R,R). Let

Γ̄ := {γ̄ ∈ C([0, 1],M × R) : γ̄(0) ∈ Ῡ, ψ̃(γ̄(1)) < c}. (2.20)

Suppose that ψ̃ satisfies

σ := inf
γ̄∈Γ̄

max
t∈[0,1]

ψ̃(γ̄(t)) ≥ ϱ := sup
γ̄∈Γ̄

{ψ̃(γ̄(0)), ψ̃(γ̄(1))}. (2.21)

Let {γ̄n} ⊂ Γ̄ be such that

sup
t∈[0,1]

ψ̃(γ̄(t)) ≤ σ +
1
n
, ∀ n ∈ N. (2.22)

Then there exists a sequence {(vn, tn)} ⊂ M × R satisfying
(i) σ − 2

n ≤ ψ̃(vn, tn) ≤ σ + 2
n ;

(ii) mint∈[0,1] ∥(vn, tn) − γ̄n(t)∥E×R ≤ 2
√

n ;
(iii) ∥ψ̃|′M×R(vn, tn)∥ ≤ 8

√
n .

In order to use Lemma 2.5, let H = L2(RN) and E = H1(RN)(H1
rad(RN)). The inner product of H and

E are given as

(v, u)H :=
1
a

∫
RN

uvdx, (v, u)E :=
∫
RN

(∇v · ∇u + vu)dx, ∀ v, u ∈ E, (2.23)

and the norms of H and E are denoted as the following, respectively:

∥v∥H :=
1
√

a

(∫
RN

v2dx
) 1

2

, ∥v∥E :=
[∫
RN

(|∇v|2 + |v|2)dx
] 1

2

, ∀ v ∈ E. (2.24)

When identifying H with its dual space, the injections E ↪→ H ↪→ E∗ are continuous. Define a
continuous map θ : H1(RN) × R→ H1(RN) by

θ(u, s)(x) := e
Nt
2 u(etx), ∀ u ∈ H1(RN), x ∈ RN , t ∈ R. (2.25)
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The following auxiliary functional is needed:

Ĩ(u, s)(x) : = I(θ(u, s))(x)

=
e2s

2
∥∇u∥22 −

1
2

∫
RN

V(e−sx)u2dx −
1

2e(N+α)s

∫
RN

[Iα ∗ F(e
Ns
2 u)]F(e

Ns
2 u)dx. (2.26)

We can see that Ĩ is of class C1, and

⟨Ĩ′(u, s), (w, t)⟩ = ⟨Ĩ′(u, s), (w, 0)⟩ + ⟨Ĩ′(u, s), (0, t)⟩

= e2s
∫
RN
∇u · ∇wdx + te2s∥∇u∥22 −

∫
RN

V(e−sx)uwdx

+
t
2

∫
RN

(∇V(e−sx), e−sx)u2dx −
1

e(N+α)s

∫
RN

[Iα ∗ F(e
Ns
2 u)] f (e

Ns
2 u)e

Ns
2 wdx

−
t

2e(N+α)s

∫
RN

[Iα ∗ F(e
Ns
2 u)][(N + α)F(e

Ns
2 u) − Nue

Ns
2 f (e

Ns
2 u)]dx

= ⟨Ĩ′(u, s), θ(w, s)⟩ + tP(θ(w, s)). (2.27)

Let

v(x) := θ(u, s) = e
Ns
2 u(esx), ϕ(x) := θ(w, s) = e

Ns
2 w(esx), (2.28)

then

(v, ϕ)H =
1
a

∫
RN
ϕ(x)v(x)dx

=
1
a

∫
RN

eNsu(esx)w(esx)dx

=
1
a

∫
RN

u(y)w(y)dy

= (u,w)H. (2.29)

From (2.29), we know that

ϕ ∈ Tv(S a)⇔ (w, s) ∈ T̃u,s(S a × R), ∀ t, s ∈ R. (2.30)

From (2.27), (2.28), and (2.30), we have

∥P(v)∥ = |⟨Ĩ′(u, s), (0, 1)⟩| ≤ ∥Ĩ|′S a×R
(u, s)∥, (2.31)

and

∥Ĩ|′S a
(v)∥ = sup

ϕ∈Tv(S a)

1√
∥∇ϕ∥22 + ∥ϕ∥

2
2

|⟨Ĩ′(u, s), (w, 0)⟩|

= sup
(w,0)∈T̃(u,s)(S a×R)

1√
e2s∥∇w∥22 + ∥w∥

2
2

|⟨Ĩ′(u, s), (w, 0)⟩|
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≤ sup
(w,0)∈T̃(u,s)(S a×R)

1√
e−2s(∥∇w∥22 + ∥w∥

2
2)
|⟨Ĩ′(u, s), (w, 0)⟩|

≤ sup
(w,0)∈T̃(u,s)(S a×R)

1√
e−2s∥w∥22

|⟨Ĩ′(u, s), (w, 0)⟩|

≤ sup
(w,0)∈T̃(u,s)(S a×R)

e|s|

∥w∥2
|⟨Ĩ′(u, s), (w, 0)⟩|

= sup
(w,0)∈T̃(u,s)(S a×R)

e|s|
√

a∥(w, 0)∥E×R
|⟨Ĩ′(u, s), (w, 0)⟩|

≤
e|s|
√

a
∥Ĩ|′S a×R

(u, s)∥. (2.32)

Lemma 2.6. Suppose that (V1), (V2), and (S2) hold. Then,
(i) there exists small enough ρ(a) > 0 such that I(v) > 0 if v ∈ A4ρ and

0 < sup
v∈Aρ

I(v) < ϱa := inf{I(v) : v ∈ S a, ∥∇v∥22 = 4ρ(a)}, (2.33)

where

Aρ = {v ∈ S a : ∥∇v∥22 ≤ ρ(a)}, A4ρ = {v ∈ S a : ∥∇v∥22 ≤ 4ρ(a)}; (2.34)

(ii) there holds

m(a) := inf
γ∈Γa

max
t∈[0,1]

I(γ(t)) ≥ ϱa > sup
γ∈Γa

{I(γ(0)), I(γ(1))}, (2.35)

where

Γa := {γ ∈ C([0, 1], S a) : ∥∇γ(0)∥22 ≤ ρ(a), I(γ(1)) < 0}. (2.36)

Proof. (i) By (S1), for any ε > 0, there exists Cε > 0 such that

| f (t)| ≤ ε|u|
2+α

N +Cε|u|
α+N
N−2−1, ∀ t ∈ R. (2.37)

From (2.37), we obtain that for any ε > 0, there exists Cε > 0 such that

|F(t)| ≤ ε|t|
2+N+α

N +Cε|t|
α+N
N−2 , ∀ t ∈ R. (2.38)

By (2.38), Lemmas 2.1 and 2.3, one has(∫
RN
|F(v)|

2N
N+α dx

) N+α
N

≤

[∫
RN

(ε|v|
2+N+α

N +Cε|v|
α+N
N−2 )

2N
N+α dx

] N+α
N

≤ 4ε2
(∫
RN
|v|

2(2+N+α)
N+α dx

) N+α
N

+ 4C2
ε

(∫
RN
|v|

2N
N−2 dx

) N+α
N
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= 4ε2∥v∥
2(2+N+α)

N
2(2+N+α)/(N+α) + 4C2

ε∥v∥
2(N+α)

N−2
2∗

≤ 4ε2C
2(2+α+N)

N
N,2(2+α+N)/(N+α)a

2+α
N ∥∇v∥22 + 4C2

εS
− N+α

N−2 ∥∇v∥
2(N+α)

N−2
2 . (2.39)

From (2.39), Lemmas 2.1, 2.2 and 2.3, we have∫
RN

[Iα ∗ F(v)]F(v)dx =
Γ( N−α

2 )

2απ
N
2 Γ(α2 )

∫
RN

∫
RN

F(v(x))F(v(y))
|x − y|N−α

dxdy

≤ C0∥F(v)∥22N/(N+α)

≤ 4C0ε
2C

2(2+α+N)
N

N,2(2+α+N)/(N+α)a
2+α

N ∥∇v∥22 + 4C0C2
εS
− N+α

N−2 ∥∇v∥
2(N+α)

N−2
2 . (2.40)

Let ρ > 0 be fixed and be arbitrary, and let v, v0, u ∈ S a be such that

∥∇v∥22 ≤ ρ, ∥∇v0∥
2
2 = 4ρ, ∥∇u∥22 ≤ 4ρ. (2.41)

Let ε > 0 be such that 4C0ε
2C

2(2+α+N)
N

N,2(2+α+N)/(N+α)a
2+α

N < 1
20 in (2.40). By (V1), (V2), and (2.40), we have

I(v) =
1
2

∫
RN
|∇v|2dx −

1
2

∫
RN

V(x)v2dx −
1
2

∫
RN

[Iα ∗ F(v)]F(v)dx

≥
1
2
∥∇v∥22 −

1
4
∥∇v∥22 − 2C0ε

2C
2(2+α+N)

N
N,2(2+α+N)/(N+α)a

2+α
N ∥∇v∥22 − 2C0C2

εS
− N+α

N−2 ∥∇v∥
2(N+α)

N−2
2

≥
9

40
∥∇v∥22 −C1∥∇v∥

2(N+α)
N−2

2 , (2.42)

I(v) =
1
2

∫
RN
|∇v|2dx −

1
2

∫
RN

V(x)v2dx −
1
2

∫
RN

[Iα ∗ F(v)]F(v)dx

≤
1
2
∥∇v∥22 +

ϑ

4
∥∇v∥22 ≤

3
4
ρ, (2.43)

I(u) =
1
2

∫
RN
|∇u|2dx −

1
2

∫
RN

V(x)u2dx −
1
2

∫
RN

[Iα ∗ F(u)]F(u)dx

≥
1
2
∥∇u∥22 −

1
4
∥∇u∥22 − 2C0ε

2C
2(2+α+N)

N
N,2(2+α+N)/(N+α)a

2+α
N ∥∇u∥22 − 2C0C2

εS
− N+α

N−2 ∥∇u∥
2(N+α)

N−2
2

≥
9

40
∥∇u∥22 −C1∥∇u∥

2(N+α)
N−2

2 , (2.44)

I(v0) =
1
2

∫
RN
|∇v0|

2dx −
1
2

∫
RN

V(x)v2
0dx −

1
2

∫
RN

[Iα ∗ F(v0)]F(v0)dx

≥
1
2
∥∇v0∥

2
2 −

1
4
∥∇v0∥

2
2 −

∫
RN

[Iα ∗ F(v0)]F(v0)dx

≥
9

40
∥∇v0∥

2
2 −C1∥∇v0∥

2(N+α)
N−2

2

=
9

10
ρ −C1(4ρ)

α+N
N−2 ≥

33
40
ρ. (2.45)
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From (2.42)–(2.45), there exists sufficiently small ρ = ρ(a) > 0 such that I(v) > 0 if v ∈ A4ρ. Thus, (i)
of Lemma 2.4 holds.

(ii) We need to prove that Γa is not empty. For t > 0 and any v ∈ S a, we have

∥t
N
2 vt∥

2
2 = ∥v∥

2
2, ∥∇(t

N
2 vt)∥22 = t2∥∇v∥22. (2.46)

From (2.46), we know that t
N
2 vt ∈ S a. From (S1), one has

lim inf
t→+∞

1
tN+2+α

∫
RN

[Iα ∗ F(t
N
2 v)]F(t

N
2 v)dx

≥
1

tN+2+α

∫
RN

lim inf
t→+∞

[Iα ∗ F(t
N
2 v)]F(t

N
2 v)dx

= Aα

∫
RN

∫
RN

|v(y)|
N+2+α

N |v(x)|
N+2+α

N

|x − y|N−α
lim inf

t→+∞

 F(t
N
2 v(y))

|t
N
2 v(y)|

N+2+α
N

×
F(t

N
2 v(x))

|t
N
2 v(x)|

N+2+α
N

 dydx

≥ Aα

∫
RN

∫
RN

|v(y)|
N+2+α

N |v(x)|
N+2+α

N

|x − y|N−α
lim inf

t→+∞

 F(t
N
2 v(y))

|t
N
2 v(y)|

N+2+α
N

 × lim inf
t→+∞

 F(t
N
2 v(x))

|t
N
2 v(x)|

N+2+α
N

 dydx

≥ Aα

∫
RN

∫
RN

|v(y)|
N+2+α

N |v(x)|
N+2+α

N

|x − y|N−α
(+∞)dydx

≥ (+∞)
∫
RN

[Iα ∗ |v|
N+2+α

N ]|v|
N+2+α

N dx ≥ +∞. (2.47)

From (2.47), (V1), and (V2), we have

I(t
N
2 vt) =

1
2

∫
RN
|∇(t

N
2 vt)|dx −

1
2

∫
RN

V(x)|t
N
2 vt|

2dx −
1
2

∫
RN

[Iα ∗ F(t
N
2 vt)]F(t

N
2 vt)dx

≤
t2

2
∥∇v∥22 +

ϑ

4
∥∇(t

N
2 vt)∥2dx −

1
2

∫
RN

[Iα ∗ F(t
N
2 vt)]F(t

N
2 vt)dx

=
t2

2
∥∇v∥22 +

ϑt2

4
∥∇v∥22 −

1
2tN+α

∫
RN

[Iα ∗ F(t
N
2 v)]F(t

N
2 v)dx

=
t2

2

[
(1 +

ϑ

2
)∥∇v∥22 −

1
tN+α+2

∫
RN

[Iα ∗ F(t
N
2 v)]F(t

N
2 v)dx

]
→ −∞, t → +∞. (2.48)

From (2.48), we can choose sufficiently small t1 > 0 and sufficiently large t2 > 0 such that

∥∇(t
N
2

1 vt1)∥
2
2 = t2

1∥∇v∥22 ≤ ρ(a), ∥∇(t
N
2

2 vt2)∥
2
2 = t2

2∥∇v∥22 ≥ 4ρ(a), and I(t
N
2

2 vt2) < 0.

Let γ0 := [t1 + (t2 − t1)t]
N
2 vt1+(t2−t1)t. It is easy to see that γ0 ∈ Γa, which shows that Γa is not empty. For

any γ ∈ Γa, it follows from the intermediate value theorem that there exists t0 ∈ (0, 1), depending on γ
such that ∥∇γ(t0)∥22 = 4ρ(a) and

max
t∈[0,1]

I(γ(t)) ≥ I(γ(t0)) ≥ inf{I(v) : v ∈ S a, ∥∇v∥22 = 4ρ(a)}. (2.49)

From (2.49) and the arbitrariness of γ ∈ Γa, one has

m(a) = inf
γ∈Γa

max
t∈[0,1]

I(γ(t)) ≥ inf{I(v) : v ∈ S a, ∥∇v∥22 = 4ρ(a)}. (2.50)
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Therefore, it follows from the proof of (i) and (2.50) that (ii) of Lemma 2.6 holds. The proof is
complete. □

Similar to [30], we have the following two lemmas:
Lemma 2.7. Suppose that (S1), (V1), and (V2) hold, and there exist ρ(a) > 0 and ϱa > 0 such that
(2.33) and (2.35) hold. Then, there exists a sequence {vn} of S a satisfying

I(vn)→ m(a), I|′S a
(vn)→ 0, and P(vn)→ 0. (2.51)

Lemma 2.8. Suppose that (S1), (V1), and (V2) hold, and there exists ρ(a) > 0 and ϱa > 0 such that
(2.33) and (2.35) hold. Then, there exists a sequence {vn} of S a ∩ H1

rad(RN) satisfying

I(vn)→ m(a), I|′S a
(vn)→ 0, and P(vn)→ 0. (2.52)

Similar to [27], one has the following lemma:
Lemma 2.9 [27]. Suppose that (S1), (V1), and (V2) hold. If there exists v ∈ H1(RN) and λ ∈ R such
that

−∆v − V(x)v − λv = [Iα ∗ F(v)] f (v), in RN , (2.53)

then

P(v) = ∥∇v∥22 +
1
2

∫
RN

(∇V(x), x)v2dx −
1
2

∫
RN

[Iα ∗ F(v)][N f (v)v − (N + α)F(v)]dx= 0. (2.54)

Lemma 2.10. Suppose that (V1), (V2), and (S1)–(S3) hold. Let {vn} ⊂ S a ∩ H1
rad(RN) and satisfy

(2.52), then {vn} is bounded in H1
rad(RN).

Proof. We have ∥vn∥
2
2 = a since {vn} ⊂ S a ∩ H1

rad(RN). Then, to prove {vn} is bounded in H1
rad(RN), we

just need to prove that {∥∇vn∥2} is bounded. Suppose by contradiction that ∥∇vn∥2 → +∞. By (1.5),
(2.5), and (2.52), we have

m(a) + on(1) =
1
2
∥∇vn∥

2
2 −

1
2

∫
RN

V(x)v2
ndx −

1
2

∫
RN

[Iα ∗ F(vn)]F(vn)dx, (2.55)

and

on(1) = P(vn) = ∥∇vn∥
2
2 +

1
2

∫
RN

(∇V(x), x)v2
ndx

−
N
2

∫
RN

[Iα ∗ F(vn)]
[

f (vn)vn −
N + α

N
F(vn)

]
dx. (2.56)

By (V1), (2.55), and (2.56), we have

2m(a) + on(1) = 2I(vn) − P(vn)

= −
1
2

∫
RN

[2V(x) + (∇V(x), x)]v2
ndx

+
N
2

∫
RN

[Iα ∗ F(vn)]
[

f (vn)vn −
N + 2 + α

N
F(vn)

]
dx. (2.57)
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From (S1), one has

lim sup
|s|→∞

| f (s)s − N+α
N F(s)|

|s|
N+α
N−2

= 0. (2.58)

From (2.58), we have

lim sup
|s|→∞

| f (s)s − N+α
N F(s)|

N−2
2+α

|s|
N+α
2+α

= lim sup
|s|→∞

 | f (s)s − N+α
N F(s)|

|s|
N+α
N−2

 N−2
2+α

= 0. (2.59)

From (S1) and (S2), we have

lim sup
|s|→∞

| f (s)s − N+α
N F(s)|

N f (s)s − (2 + N + α)F(s)
=

1
N

lim sup
|s|→∞

[
2F(s)

N f (s)s − (2 + N + α)F(s)
+ 1

]
< +∞. (2.60)

It follows from (2.59) and (2.60) that

lim sup
|s|→∞

| f (s)s − N+α
N F(s)|

α+N
2+α

|s|
α+N
2+α [N f (s)s − (2 + N + α)F(s)]

= lim sup
|s|→∞

 | f (s)s − N+α
N F(s)|

N−2
2+α

|s|
α+N
2+α

·
| f (s)s − N+α

N F(s)|
[N f (s)s − (2 + N + α)F(s)]

 = 0. (2.61)

From (S1), (S2), and (2.61), for some positive constants C2 > 0 and R > 0, we get∣∣∣∣∣∣ f (s)s − N+α
N F(s)

s

∣∣∣∣∣∣
α+N
α+2

≤ C2[N f (s)s − (2 + N + α)F(s)], ∀ |s| ≥ R, (2.62)

and

|F(s)| ≤ C2[N f (s)s − (2 + N + α)F(s)], ∀ |s| ≥ R. (2.63)

Let Λn := {x ∈ RN : |vn(x)| ≤ R}. From (S1) and the Hardy–Little–Hood inequality, we have

Aα

∫
Λn

∫
Λn

F(vn(x))
|x − y|N−α

F(vn(y))dxdy

=

∫
Λn

[Iα ∗ F(vn)]F(vn)dx

≤ C3

(∫
Λn

|F(vn)|
2N

N+α dx
) N+α

N

≤

[∫
Λn

(C4|vn|
N+2+α

N +C5|vn|
N+α
N−2 )

2N
N+α dx

] N+α
N

≤ C6

(∫
Λn

|vn|
2R

4
N+α dx +

∫
Λn

|vn|
2R

4
N−2 dx

) N+α
N
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≤ C7

(∫
Λn

|vn|
2dx

) N+α
N

≤ C7a
N+α

N . (2.64)

By (S1), (2.57), (2.62), and (2.64), there exists C8 > 0 such that

1
∥∇vn∥

2
2

∫
Λn

[Iα ∗ F(vn)]
[

f (vn)vn −
N + α

N
F(vn)

]
dx

≤
1

∥∇vn∥
2
2

∫
Λn

[Iα ∗ F(vn)] f (vn)vndx

=
Aα

∥∇vn∥
2
2

∫
Λn

∫
RN

F(vn(y))
|x − y|N−α

f (vn(x))vn(x)dydx

<
(N + α)Aα

(N − 2)∥∇vn∥
2
2

∫
Λn

∫
RN

F(vn(y))
|x − y|N−α

F(vn(x))dydx

=
(N + α)Aα

(N − 2)∥∇vn∥
2
2

∫
RN

∫
Λn

F(vn(y))
|x − y|N−α

F(vn(x))dxdy

=
(N + α)Aα

(N − 2)∥∇vn∥
2
2

∫
Λn

∫
Λn

F(vn(y))
|x − y|N−α

F(vn(x))dxdy

+
(N + α)Aα

(N − 2)∥∇vn∥
2
2

∫
RN\Λn

∫
Λn

F(vn(y))
|x − y|N−α

F(vn(x))dxdy

≤
C2(N + α)Aα

(N − 2)∥∇vn∥
2
2

∫
RN\Λn

∫
Λn

F(vn(y))
|x − y|N−α

[N f (vn(x))vn(x) − (N + 2 + α)F(vn(x))]dxdy

+
(N + α)C8a

N+α
N

(N − 2)∥∇vn∥
2
2

≤
C2(N + α)

(N − 2)∥∇vn∥
2
2

∫
RN\Λn

[Iα ∗ F(vn)][N f (vn)vn − (N + 2 + α)F(vn)]dy + on(1)

≤
C2(N + α)(2m(a) + on(1))

(N − 2)∥∇vn∥
2
2

+ on(1) = on(1). (2.65)

From (S1), for any ε > 0, there exists C′ε > 0 such that

|F(s)| ≤ C′ε|s|
N+2+α

N + ε|s|
N+α
N−2 , ∀ s ∈ R. (2.66)

From the Hölder inequlity, (2.57), (2.62), and (2.66), we have

1
∥∇vn∥

2
2

∫
RN\Λn

[Iα ∗ F(vn)]
[

f (vn)vn −
N + α

N
F(vn)

]
dx

≤
1

∥∇vn∥
2
2

(∫
RN\Λn

|[Iα ∗ F(vn)]||vn|
α+N
N−2 dx

) N−2
α+N

∫
RN\Λn

∣∣∣∣∣∣ f (vn)vn −
N+α

N F(vn)
vn

∣∣∣∣∣∣
N+α
2+α

dx


α+2
α+N

≤
1

∥∇vn∥
2
2

(∫
RN\Λn

C2[N f (vn)vn − (2 + N + α)F(vn)]dx
) α+2

N+α
(∫
RN\Λn

|Iα ∗ F(vn)||vn|
N+α
N−2 dx

) N−2
N+α
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≤
[2C2(2m(a) + 1)]

α+2
α+N

∥∇vn∥
2
2

[∫
RN

(C′ε|vn|
N+2+α

N + ε|vn|
N+α
N−2 )

2N
N+α dx

] N−2
2N

(∫
RN
|vn|

2N
N−2 dx

) N−2
2N

≤
C9[2C2(2m(a) + 1)]

α+2
α+N

∥∇vn∥
2
2

((C′ε)
N−2
N+α ∥∇vn∥

N−2
N+α
2 + ε

N−2
N+α ∥∇vn∥2)∥∇vn∥2

= C9(C′ε)
N−2
N+α [2C2(2m(a) + 1)]

α+2
α+N ∥∇vn∥

− 2+α
N+α

2 +C9[2C2(2m(a) + 1)]
α+2
α+N ε

N−2
N+α

= on(1) +C9[2C2(2m(a) + 1)]
α+2
α+N ε

N−2
N+α . (2.67)

From (V1), (V2), (2.56), (2.65), and (2.67), we have

on(1) +
2
N
=

1
∥∇vn∥

2
2

∫
RN

[Iα ∗ F(vn)]
[

f (vn)vn −
N + α

N
F(vn)

]
dx

−
1

N∥∇vn∥
2
2

∫
RN

(∇V(x), x)|vn|
2dx

≤
ϑ

N
+

1
∥∇vn∥

2
2

∫
Λn

[Iα ∗ F(vn)]
[

f (vn)vn −
N + α

N
F(vn)

]
dx

+
1

∥∇vn∥
2
2

∫
RN\Λn

[Iα ∗ F(vn)]
[

f (vn)vn −
N + α

N
F(vn)

]
dx

=
ϑ

N
+ on(1) +C9[2C2(2m(a) + 1)]

α+2
α+N ε

N−2
N+α . (2.68)

It is easy to see (2.68) is a contradiction since ε is arbitrary. Therefore, {vn} is bounded in H1
rad(RN). □

Lemma 2.11. Suppose that N ≥ 4 and (V1), (V2), (S1), (S2), and (S3’) hold. Let {vn} ⊂ S a∩H1
rad(RN)

and satisfy (2.52); then, {vn} is bounded in H1
rad(RN).

Proof. Let {vn} ⊂ S a ∩ H1
rad(RN). Then ∥vn∥

2
2 = a. So, we only need to prove that {∥∇vn∥2} is bounded.

By (1.5), (2.5), and (2.53), we have

m(a) + on(1) =
1
2
∥∇vn∥

2
2 −

1
2

∫
RN

V(x)v2
ndx −

1
2

∫
RN

[Iα ∗ F(vn)]F(vn)dx (2.69)

and

on(1) = P(vn) = −
N
2

∫
RN

[Iα ∗ F(vn)]
[

f (vn)vn −
N + α

N
F(vn)

]
dx

+∥∇vn∥
2
2 +

1
2

∫
RN

(∇V(x), x)v2
ndx. (2.70)

From (V1), (2.69), and (2.70), we have

2m(a) + on(1) = 2I(vn) − P(vn)

=
N
2

∫
RN

[Iα ∗ F(vn)]
[

f (vn)vn −
N + 2 + α

N
F(vn)

]
dx

−
1
2

∫
RN

[2V(x) + (∇V(x), x)]v2
ndx
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=
N
2

∫
RN

[Iα ∗ F(vn)]
[

f (vn)vn −
N + 2 + α

N
F(vn)

]
dx. (2.71)

By (V2), (S1), (S2), Lemmas 2.1–2.3, and (2.70), we get

∥∇vn∥
2
2 = −

1
2

∫
RN

(∇V(x), x)v2
ndx +

N
2

∫
RN

[Iα ∗ F(vn)]
[

f (vn)vn −
N + α

N
F(vn)

]
dx

≤ C8

(∫
RN
|F(vn)|

2N
N+α dx

) N+α
2N

(∫
RN
| f (vn)vn|

2N
N+α dx

) N+α
2N

+
ϑ

2
∥∇vn∥

2
2 +C8

(∫
RN
|F(vn)|

2N
N+α dx

) N+α
N

≤
ϑ

2
∥∇vn∥

2
2 +C9

(∫
RN
|F(vn)|

2N
N+α dx

) N+α
N

≤
ϑ

2
∥∇vn∥

2
2 +C9

[∫
RN

(ε|vn|
N+2+α

N +Cε|vn|
N+α
N−2 )dx

] N+α
N

≤
ϑ

2
∥∇vn∥

2
2 +C10ε

2
(∫
RN
|vn|

2(N+2+α)
N+α dx

) N+α
N

+C10C2
ε

(∫
RN
|vn|

2N
N−2 dx

) N+α
N

=
ϑ

2
∥∇vn∥

2
2 +C10∥∇vn∥

N+α
N

2(N+2+α)
N+α

+C11C2
ε∥∇vn∥

22∗
2∗

≤
ϑ

2
∥∇vn∥

2
2 +C10ε

2C
2(N+2+α)

N
2(N+2+α)

N+α

∥vn∥
2(2+α)

N
2 ∥∇vn∥

2
2 +C11C2

εS
− N+α

N−2 ∥∇vn∥
2(N+α)

N−2
2

=
ϑ

2
∥∇vn∥

2
2 +C12ε

2∥∇vn∥
2
2 +C13C2

ε∥∇vn∥
2(N+α)

N−2
2 . (2.72)

Since ϑ ∈ (0, 1), ε is arbitrary, from (2.72), the Hölder inequality, Lemmas 2.1 and 2.3, we get that
∥∇vn∥

2
2 ≥ C14. Set k′ = k

k−1 , then N+2
N < k′ < N+α

N−2 . From (V2), (S1), (S2), (S3’), (2.38), (2.71), (2.70),
and the Hölder inequality, we have

2
N
= −

1
N∥∇vn∥

2
2

∫
RN

(∇V(x), x)|vn|
2dx

+
1

∥∇vn∥
2
2

∫
RN

[Iα ∗ F(vn)]
[

f (vn)vn −
N + α

N
F(vn)

]
dx

≤
ϑ

N
+

1
∥∇vn∥

2
2

∫
RN

[Iα ∗ F(vn)]
 | f (vn)vn −

N+α
N F(vn)|

vn

k

dx


1
k

×

(∫
RN

[Iα ∗ F(vn)]|vn|
k′dx

) 1
k′

≤
ϑ

N
+

1
∥∇vn∥

2
2

(∫
RN

[C∗[Iα ∗ F(vn)][N f (vn)vn − (2 + N + α)F(vn)]dx
) 1

k

×

(∫
RN

[Iα ∗ F(vn)]|vn|
k′dx

) 1
k′
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≤
ϑ

N
+

C15C
1
k
∗ (4m(a) + on(1))

1
k

∥∇vn∥
2
2

(∫
RN
|F(vn)|

2N
N+α dx

) N+α
2Nk′

(∫
RN
|vn|

2Nk′
N+α dx

) N+α
2Nk′

≤
ϑ

N
+

C15C
1
k
∗ (4m(a) + on(1))

1
k

∥∇vn∥
2
2

∥∇vn∥
Nk′−N−α

2k′

2 ∥vn∥
N+α−(N−2)k′

2k′

2

×

{∫
RN

[Cε|vn|
2+N+α

N + ε|vn|
N+α
N−2 ]

2N
N+α dx

} N+α
2Nk′

≤
ϑ

N
+

C16C
1
k
∗ (4m(a) + on(1))

1
k ∥∇vn∥

Nk′−N−α
2k′

2

∥∇vn∥
2
2

×

{
C

2N
N+α
ε

∫
RN
|vn|

2(2+N+α)
N+α dx + ε

2N
N+α

∫
RN
|vn|

2N
N−2 dx

} N+α
2Nk′

≤
ϑ

N
+

C17C
1
k
∗ (4m(a) + on(1))

1
k ∥∇vn∥

Nk′−N−α
2k′

2

∥∇vn∥
2
2

×(C−
2N

N+α
ε ∥vn∥

2(2+α)
N+α

2 ∥∇vn∥
2N

N+α
2 + ε

2N
N+α ∥∇vn∥

2N
N−2
2 )

N+α
2Nk′

≤
ϑ

N
+

C18C
1
k
∗ (4m(a) + on(1))

1
k ∥∇vn∥

Nk′−N−α
2k′

2

∥∇vn∥
2
2

× (C
− 1

k′
ε ∥∇vn∥

1
k′

2 + ε
1
k′ ∥∇vn∥

N+α
(N−2)k′

2 )

=
ϑ

N
+C18C

1
k
∗ (4m(a) + on(1))

1
k (C

− 1
k′

ε ∥∇vn∥
1
k′ +

Nk′−N−α
2k′ −2

2 + ε
1
k′ ∥∇vn∥

N+α
(N−2)k′ +

Nk′−N−α
2k′ −2

2 )

=
ϑ

N
+ on(1). (2.73)

From (2.73), we know that {∥∇vn∥2} is bounded. Hence, {vn} is bounded in H1
rad(RN). □

3. Proof of main results

Proof of Theorem 1.1. By Lemmas 2.8–2.10, we know that there exists a sequence {vn} ⊂ S a∩H1
rad(RN)

satisfying (2.52) and ∥vn∥ ≤ C19 for some constant C19 > 0. From Lemma 2.4, we have

∥vn∥
2
2 = a, I(vn)→ m(a), I′(vn) − λnvn → 0, (3.1)

where

λn =
⟨I′(vn), vn⟩

∥vn∥
2
2

=
1
a

[
∥∇vn∥

2
2 −

∫
RN

V(x)v2
ndx −

∫
RN

[Iα ∗ F(vn)] f (vn)vndx
]

≤
1
a

(
∥∇vn∥

2
2 +

ϑ

2
∥∇vn∥

2
2

)
. (3.2)

From the boundedness of {∥∇vn∥2}, (S1), (S2), (V1), (V2), and (3.2), we have

|λn| ≤
1
a

∥∇vn∥
2
2 + ϑ∥∇vn∥

2
2 +C0

(∫
RN
|F(vn)|

2N
N+α dx

) N+α
2N

(∫
RN
| f (vn)vn|

2N
N+α dx

) N+α
2N


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≤
1 + ϑ

a
∥∇vn∥

2
2 +

C0C20

a

(∫
RN
|F(vn)|

2N
N+α dx

) N+α
N

≤
1 + ϑ

a
∥∇vn∥

2
2 +

C0C20

a

(∫
RN

(C21|vn|
2+α+N

N +C22|vn|
α+N
N+2 )

2N
N−α dx

) N+α
N

≤
1 + ϑ

a
∥∇vn∥

2
2 +

C0C21

a
(C23∥∇vn∥

2
2 +C24∥∇vn∥

2(α+N)
N−2

2 )

≤ C25. (3.3)

Hence, passing to a subsequence if necessary, we can assume that λn → λa on R, vn ⇀ v in E, vn → v
in Lp(RN) for p ∈ (2, 2∗), and vn → v a.e. on RN . From (V1) and (V2), we have

lim
n→∞

∫
RN

V(x)v2
ndx =

∫
RN

V(x)v2dx, (3.4)

lim
n→∞

∫
RN

V(x)vnudx =
∫
RN

V(x)uvdx, ∀ u ∈ H1
rad(RN), (3.5)

and

lim
n→∞

∫
RN

(∇V(x), x)v2
ndx =

∫
RN

(∇V(x), x)v2dx. (3.6)

From (S1) and (S2), we have

lim
n→∞

∫
RN

[Iα ∗ F(vn)] f (vn)udx =
∫
RN

[Iα ∗ F(v)] f (v)udx, ∀ u ∈ H1
rad(RN), (3.7)

lim
n→∞

∫
RN

[Iα ∗ F(vn)] f (vn)vndx =
∫
RN

[Iα ∗ F(v)] f (v)vdx, (3.8)

and

lim
n→∞

∫
RN

[Iα ∗ F(vn)]F(vn)dx =
∫
RN

[Iα ∗ F(v)]F(v)dx. (3.9)

Hence, it follows from (V1), (V2), (2.55), (2.56), (3.8), and (3.9) that

2m(a) = lim
n→∞

{
−

1
2

∫
RN

[2V(x) + (∇V(x), x)]v2
ndx

+
N
2

∫
RN

[Iα ∗ F(vn)]
[

f (vn)vn −
2 + α + N

N
F(vn)

]
dx

}
= lim

n→∞

N
2

∫
RN

[Iα ∗ F(vn)]
[

f (vn)vn −
2 + α + N

N
F(vn)

]
dx

=
N
2

∫
RN

[Iα ∗ F(v)]
[

f (v)v −
2 + α + N

N
F(v)

]
dx. (3.10)
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From (S2) and (3.10), we know that v , 0. For any u ∈ E, from (3.1), (3.2), λn → λa on R, and vn ⇀ v
in E, we have

|⟨I′(vn) − λavn, u⟩ − ⟨I′(v) − λav, u⟩|

≤ |(vn − v, u)E | +

∫
RN

V(x)|(vn − v)u|dx +
∣∣∣∣∣∫
RN

[Iα ∗ F(v)] f (v)u −
∫
RN

[Iα ∗ F(vn)] f (vn)u
∣∣∣∣∣

+

∣∣∣∣∣(1 + λa)
∫
RN

vudx − (1 + λn)
∫
RN

vnudx
∣∣∣∣∣

≤

∣∣∣∣∣(1 + λa)
∫
RN

(v − vn)udx
∣∣∣∣∣ + ∣∣∣∣∣(λa − λn)

∫
RN

vnudx
∣∣∣∣∣ + on(1)

= on(1). (3.11)

It follows from (3.1) and (3.11) that

I′(v) − λav = 0. (3.12)

Hence, from (3.12), we have

⟨I′(v) − λav, v⟩ = ∥∇v∥22 −
∫
RN

V(x)v2dx − λa∥v∥22 −
∫
RN

[Iα ∗ F(v)] f (v)vdx = 0, (3.13)

and

P(v) = ∥∇v∥22 +
1
2

∫
RN

(∇V(x), x)v2dx −
1
2

∫
RN

[Iα ∗ F(v)][N f (v)v − (N + α)F(v)]dx = 0. (3.14)

By (V1), (S2), (3.13), and (3.14), we get

−λa∥v∥22 =
1
2

∫
RN

[2V(x) + (∇V(x), x)]|v|2dx

+
1
2

∫
RN

[Iα ∗ F(v)][(N + α)F(v) − (N − 2) f (v)v]dx

=
1
2

∫
RN

[Iα ∗ F(v)][(N + α)F(v) − (N − 2) f (v)v]dx. (3.15)

From (3.15), we know that λa < 0. By (2.1), (3.1), (3.7), (3.9), and (3.12), we have

0 = lim
n→∞

[⟨I′(vn) − λavn, vn − v⟩ − ⟨I′(v) − λav, vn − v⟩]

= lim
n→∞

{∫
RN

[|∇(vn − v)|2 − V(x)|vn − v|2 − λa|vn − v|2]dx

+

∫
RN

[Iα ∗ F(vn)] f (vn)vdx −
∫
RN

[Iα ∗ F(vn)] f (vn)vndx

+

∫
RN

[Iα ∗ F(v)] f (v)vndx −
∫
RN

[Iα ∗ F(v)] f (v)vdx
}

= lim
n→∞

{∫
RN

[|∇(vn − v)|2 − λa|vn − v|2 − V(x)|vn − v|2]dx
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+

∫
RN

[Iα ∗ F(v)] f (v)(vn − v)dx
}

= lim
n→∞

{∫
RN

[|∇(vn − v)|2 − λa|vn − v|2 − V(x)|vn − v|2]dx
}
. (3.16)

From (3.16), we know that vn → v in E; hence, ∥v∥22 = a, I(v) = m(a) and I|′S a
(v) = 0. □

Proof of Theorem 1.2. We should prove that problem (1.1) has a ground state solution in S a∩H1
rad(RN).

In order to do this, let

Υa := {v ∈ S a ∩ H1
rad(RN) : I|′S a

(v) = 0}, m̃(a) := inf
Υa

I. (3.17)

We first prove that Υa is not empty. From Lemmas 2.8 and 2.11, we know that there exists a sequence
{vn} ⊂ S a ∩ H1

rad(RN) satisfying (2.52) and ∥vn∥ ≤ C26 for some constant C26 > 0. Similar to the proof
of Theorem 1.1, one can prove that there exists v̄ ∈ E such that vn → v̄ in E, ∥v̄∥22 = a, and I|′S a

(v̄) = 0.
Thus, v̄ ∈ Υa, which implies that Υa is not empty. By (1.5), (2.5), (V1), (V2), and (S2), we get

2I(v) = 2I(v) − P(v)

= −
1
2

∫
RN

[2V(x) + (∇V(x), x)]v2
ndx

+
N
2

∫
RN

[Iα ∗ F(v)]
[

f (v)v −
N + 2 + α

N
F(v)

]
dx

=
N
2

∫
RN

[Iα ∗ F(v)]
[

f (v)v −
N + 2 + α

N
F(v)

]
dx ≥ 0, ∀ v ∈ Υa. (3.18)

It follows from (3.18) that m̃(a) ≥ 0. We need to show that m̃(a) > 0. Let {vn} ⊂ Υa be such that

I(vn)→ m̃(a), I|′S a
(vn) = 0. (3.19)

By (1.6), (2.5), (3.19), (V1), (V2), and Lemma 2.9, we have

m̃(a) + on(1) =
1
2
∥∇vn∥

2
2 −

1
2

∫
RN

V(x)v2
ndx −

1
2

∫
RN

[Iα ∗ F(vn)]F(vn)dx, (3.20)

and

on(1) = P(vn) = ∥∇vn∥
2
2 +

1
2

∫
RN

(∇V(x), x)v2
ndx

−
1
2

∫
RN

[Iα ∗ F(vn)][N f (vn)vn − (N + α)F(vn)]dx. (3.21)

From (V1), (3.20), and (3.21), we have

m̃(a) + on(1) = −
1
4

∫
RN

[2V(x) + (∇V(x), x)]v2
ndx

+
N
4

∫
RN

[Iα ∗ F(vn)]
[

f (vn)vn −
2 + N + α

N
F(vn)

]
dx
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=
N
4

∫
RN

[Iα ∗ F(vn)]
[

f (vn)vn −
2 + N + α

N
F(vn)

]
dx. (3.22)

Similar to (2.72), we know that ∥vn∥
2
2 ≥ C27 for some positive constant C27. Set k′ = k

k−1 , then k′ ∈
( N+α

N , N+α
N−2 ). From (V1), (V2), (S1), (S2), (S3’), (2.62), (2.63), (3.21), (3.22), Lemmas 2.1 and 2.3 and

the Hölder inequality, we get

2
N
= −

1
N∥∇vn∥

2
2

∫
RN

(∇V(x), x)v2
ndx +

1
∥∇vn∥

2
2

∫
RN

[Iα ∗ F(vn)]
[

f (vn)vn −
N + α

N
F(vn)

]
dx

≤
ϑ

N
+

1
∥∇vn∥

2
2

∫
RN

[Iα ∗ F(vn)]

∣∣∣∣∣∣ | f (vn)vn −
N+α

N F(vn)|
|vn|

∣∣∣∣∣∣
k

dx


1
k (∫

RN
[Iα ∗ F(vn)]|vn|

k′dx
) 1

k′

≤
ϑ

N
+

1
∥∇vn∥

2
2

(∫
RN

C∗[Iα ∗ F(vn)][N f (vn)vn − (2 + N + α)F(vn)]dx
) 1

k

×

(∫
RN

[Iα ∗ F(vn)]|vn|
k′dx

) 1
k′

≤
ϑ

N
+

[C∗(4m̃(a) + on(1))]
1
k

∥∇vn∥
2
2

(∫
RN
|F(vn)|

2N
N+α dx

) N+α
2Nk′

(∫
RN
|vn|

2Nk′
N+α dx

) N+α
2Nk′


≤

ϑ

N
+

[C∗(4m̃(a) + on(1))]
1
k C28∥∇vn∥

Nk′−N−α
2k′

2 ∥vn∥
N+α−(N−2)k′

2k′

2

∥∇vn∥
2
2

×

(
C

2N
N+α
ε

∫
RN
|vn|

2(N+2+α)
N+α dx + ε

2N
N+α

∫
RN
|vn|

2N
N−2 dx

) N+α
2Nk′

≤
ϑ

N
+

[C∗(4m̃(a) + on(1))]
1
k C29∥∇vn∥

Nk′−N−α
2k′

2

∥∇vn∥
2
2

(C
1
k′
ε ∥∇vn∥

1
k′

2 + ε
1
k′ ∥∇vn∥

N+α
(N−2)k′

2 )

=
ϑ

N
+ [C∗(4m̃(a) + on(1))]

1
k C29

×(C
1
k′
ε ∥∇vn∥

1
k′ +

Nk′−N−α
2k′ −2

2 + ε
1
k′ ∥∇vn∥

N+α
(N−2)k′ +

Nk′−N−α
2k′ −2

2 ). (3.23)

From (3.23), we know that {∥∇vn∥2} is bounded and m̃(a) > 0; thus {vn} is bounded. It follows from a
standard argument that there exists v0 ∈ Υa such that I(v0) = m̃(a). □

4. Conclusions

This paper investigates normalized solutions for a kind of mass–supercritical
Schrödinger–Choquard equation. By applying a new variational framework and some new analytic
techniques, we obtain two main existence results for normalized solutions for this kind of
mass–supercritical Schrödinger–Choquard equation. In particular, we first prove that the functional I
possesses the properties of mountain pass geometry, and the minimum level m(a) or m̃(a) is greater
than or equal to inf I in S a. Second, we prove that there exists a sequence {vn} of S a satisfying
I(vn) → m(a) (or m̃(a)), I|′S a

(vn) → 0, and P(vn) → 0. Third, we prove that the Lagrange multiplier λn
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is bounded and λn → λa on R, and we prove that {vn} is bounded in H1
rad(RN) by using some new

analytical methods. Finally, we prove that the bounded {vn} converges to a v in E, and v is the
normalized solution of problem (1.1). Besides, we prove that the normalized solution obtained in
Theorem 1.2 is in fact a ground state solution. Our results improve and generalize related results in
the literature and hope that the methods used in this paper can be applied to study related elliptic
equations.
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4612-4146-1

32. E. H. Lieb, M. Loss, Analysis (graduate studies in mathematics), American Mathematical Society,
1997. https://doi.org/10.1090/gsm/014

33. M. I. Weinstein, Nonlinear Schrödinger equations and sharp interpolation estimates, Commun.
Math. Phys., 87 (1983), 567–576. https://doi.org/10.1007/BF01208265

34. H. Berestycki, P. Lions, Nonlinear scalar field equations, II existence of infinitely many solutions,
Arch. Ration. Mech. Anal., 82 (1983), 347–375. https://doi.org/10.1007/BF00250556

© 2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 11, Issue 2, 4656–4680.

https://dx.doi.org/https://doi.org/10.1002/mma.70274
https://dx.doi.org/https://doi.org/10.58997/ejde.2025.49
https://dx.doi.org/https://doi.org/10.23952/jnva.9.2025.2.03
https://dx.doi.org/https://doi.org/10.1007/s00033-025-02478-x
https://dx.doi.org/https://doi.org/10.1016/j.jde.2023.12.026
https://dx.doi.org/https://doi.org/10.1016/j.aml.2024.109329
https://dx.doi.org/https://doi.org/10.1063/1.4902386
https://dx.doi.org/https://doi.org/10.1007/s42985-020-00036-w
https://dx.doi.org/https://doi.org/10.1016/j.jde.2023.03.049
https://dx.doi.org/https://doi.org/10.1007/s00032-025-00415-1
https://dx.doi.org/https://doi.org/10.1007/978-1-4612-4146-1
https://dx.doi.org/https://doi.org/10.1007/978-1-4612-4146-1
https://dx.doi.org/https://doi.org/10.1090/gsm/014
https://dx.doi.org/https://doi.org/10.1007/BF01208265
https://dx.doi.org/https://doi.org/10.1007/BF00250556
https://creativecommons.org/licenses/by/4.0

	Introduction and main results
	Preliminaries and variational structure
	Proof of main results
	Conclusions

