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Abstract: In this paper, we study a class of nonlinear fractional boundary value problems involving
the Caputo fractional derivative of order 7 € (1, 2]. We establish sufficient conditions for the existence
and uniqueness of solutions. Our analysis is based on Krasnoselskii’s fixed-point theorem and the
Banach contraction principle in appropriate Banach spaces. The obtained results not only guarantee
the solvability of the proposed equation but also generalize and improve several related results available
in the literature. An example is provided in several orders to validate the results.
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1. Introduction

Fractional derivatives (FDs) have become an essential tool for modeling complex real-world
problems. The involvement of nonlocal behavior in different research areas makes it more attractive for
scientists and researchers. The study of nonlinear fractional differential equations (FDEs) is of great
importance because it provides a rigorous mathematical framework for modeling real-world systems
that exhibit memory, heredity, and nonlocal effects including phenomena that classical integer-order
models fail to capture [1,2]. Fractional derivatives enable a more realistic description of complex
dynamical behaviors observed in physics, biology, engineering, and finance, such as anomalous
diffusion, viscoelasticity, population dynamics with delayed responses, and long-range dependence in
financial markets. Understanding the existence and uniqueness of solutions to such systems is crucial
to ensure the well-posedness of models, validate analytical predictions, and guarantee that numerical
simulations are meaningful and reliable [3,4].

Ahmad and Nieto [5] were among the first to establish existence results for Caputo-type FDEs
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with antiperiodic boundary conditions, employing topological techniques such as the Leray—Schauder
degree. Their work underscored the significance of nonlocal constraints in the study of fractional
systems and demonstrated their relevance across various areas of physics and applied mathematics.
Subsequently, Agarwal, Ahmad, and Nieto [6] advanced the field by formulating nonlocal parametric
antiperiodic boundary conditions. This approach generalized the classical antiperiodic framework by
introducing an intermediate point in addition to fixed endpoints, and the authors proved existence
results using fixed-point theory.

Fixed-point theorems play a central role in the analysis of fractional differential equations,
particularly in establishing the existence and uniqueness of solutions for nonlinear boundary value
problems. Due to the nonlocal and integral nature of fractional operators, explicit solutions are rarely
obtainable, making functional analytic techniques essential. By transforming fractional differential
equations into equivalent integral equations, classical tools such as Banach’s contraction principle,
Schauder’s fixed-point theorem, and Krasnoselskii’s fixed-point theorem can be applied to prove
solvability under suitable continuity, compactness, and Lipschitz conditions. These approaches provide
a rigorous and flexible framework for handling nonlinearities and complex boundary conditions and
have become standard methods in the modern theory of fractional differential equations [7-9].

This paper studies the existence of a solution of the following problem:

‘Dy(x)=Y(x,y(x), Te(1,2], 0<x <z, we (0,2),

ay(0) + By(w) = —yy(2), .,y 20, a+B+vy # 0, (1.1)
6y (0)+ey'(w) = =4y (2), 6,6, >0, 6+e+{ #0,

where “D7 is the Caputo derivative of order 7, and Y : [0, z] X R — R is a continuous function. This
study is based on the Krasnoselskii fixed-point theorem.

This study is of high importance, as it develops a generalized framework for establishing existence
and uniqueness results for nonlinear fractional boundary value problems with mixed-boundary
conditions. By employing a combination of Krasnoselskii’s fixed-point theorem and the Banach
contraction principle, the study provides analytically verifiable criteria that extend and unify previous
results in the literature. This research work will strengthen the theoretical foundation of fractional
calculus and will facilitate its application to a wide range of practical problems, including viscoelastic
material modeling, anomalous transport phenomena, neuronal signal processing, and geophysical
wave propagation. Thus, the present work enhances both the mathematical framework of fractional
differential equations and the construction of practical, memory-inclusive models for real-world
applications, paving the way for future research in the analysis, control, and simulation of complex
memory-dependent systems across diverse scientific and engineering domains.

The rest of the paper is organized as follows: In Section 2, we present the basic theory, concepts and
results in the form of Theorems and Lemmas for the analysis of our work. The main results regarding
the existence and uniqueness of the solution has been proved through analytical skills in Section 3. In
Section 4, we presented examples in the support of main theoretical results. Finally, the concluding
remarks along with future directions are presented in Section 5.
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2. Preliminary

Definition 2.1. [10] The Caputo fractional derivative (CFD) of order 7 > 0, denoted “D7, for a given
function y € C*([0, z]), is defined by

‘Dy(x) = f x(x -V yO)dy.
0

Definition 2.2. [10] The Riemann-Liouville fractional integral I* of a function y(x), is defined by

I'tk—1)

YW = 55 f (x =)

Theorem 2.1. [11] Let A be a closed, nonempty, convex subset of a Banach space Q. Let 1 and 7,
be operators on A and satisfying (i) for all y,,y, € A, F1y1+ T2y, € A; (ii) the operator F; is compact
and continuous, and (iii) F, is a contraction. Then, there exists ay € A such that y = F1y + F»y.

Lemma 2.2. [10] y(x) = Y., e;x' is the general solution of ‘D7y(x) = 0, 7 > 0, n = [7] — 1, and
e; € R, where [1] is the integer part of the real number T.

Lemma 2.3. For any f € C|[0, z], the unique solution of

‘Dy(x)=f(x), 7€ (1,2], 0<x <z, we(0,z),

ay(0) + By(w) = —yy(z), @B,y 20,a+B+7y #0, (2.1)
6y (0)+eyw)=-y(2), 6,6L>0, 6+e+{+#0,

is given by
[T a=nT! 1 ﬁ R e el
= [ By - — ; [ [ oo+ ™ Lol
(,BW+VZ)—(01+B+7)X 2 e
@+B+ G retd) r(r— 1)f W=y sy + (T— 0 fo €= f(v)dv]'
2.2)
Proof. Using Lemma (2.2), the solution of (2.1) is given by
0= [ e )y — e - ex
By applying the boundary conditions, we get
_ 1 ﬁ " _ a1 - ‘ _ -1
ey = I y[F(T) fo w=r)""f(v)dv+ o fo (z-v) f(v)dv]
S & — o+ 1 [
(0/+,8+y)(5+e+§) I'(t-1) rr-1) J, ’
1 -2 ‘ _ -2
o= srergliem | et s e
Substituting ey and e, into the solution, we arrive at (2.2). O
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3. Main results

Let C = C([0, z], R) denote the Banach space of all continuous function, and Y : [0,z] X R — R be
a continuous function. Suppose the following:
(S 1Y(x,y) = Y(x,9)| < Lly = 51, Vx € [0,2], .9 € R, and L > 0.
(S2) |Y(x,y)| < o(x) for all (x,y) € [0,z] XR, and o € L'([0, z], RY).

Define the operator (¥ y)(x) : C — C as

3 X (x _ V)T—l
(Fy)x) = T Y(v,y(v)) dv
! IB " 71 Y ) 7—1
— a,+ﬂ+fy[r(‘[') ‘f(; (W—V) Y(V,y(V))dV+ m‘f(; (Z—V) Y(V,y(V))dV

Bw+yz)—(@+B+7y)x € v e
@+B+)0+e+D) [F(T—l)fo(w YOy dy

+ F(Tg— D fo (2= V)Y (v, y(v)) dv]. (3.1)

Theorem 3.1. Assume that Y : [0,z] X R — R is a continuous function, and (S ) holds. Then, (1.1)
has a unique solution on [0, z] if LN, < 1, where

N = (@+B+2Y)O0+ e+ DT +PO+ e+ W + M(rew™ ! + 17771

b T(r+ D@+B+7)S+e+0)
and M = max,ej{Bw + yz,az + (2 — w)}.
Proof. Suppose sup o ;1Y (x,0)] = K and define F as in (3.1). Also, let B, = {Y € C : |[Y]| < r},
where r > KN, /(1 — LN,) is a fixed radius. Therefore, we obtain

Y (x—v)!
o TI'(M

Pl < max || (Y043 = Y0, 00 +1Y0: 00 |

1
+
a+p+y

[ p fW(W —VHYy) = Y0, 0l + 1Y (v, 0)]) dv
I'(r) Jo
+ % fo =" (YY) = Y, 0) + Y (%, 0))) dV]

|(Bw + yz) — (@ + B + y)x]
(@+B+y)0+€e+0)

[r(:_ ) fo =) (Y0,0) = Y0, 0) + Y (1, 0)D) dv

+ r(f_ 5 fo (= V2 (Y 043) — Y0, 0)1 + V(. 0)) ||
Thus, we find
(Lr+ K)[(a FBH2Y)E + €+ DT + 6 + e+ Ow + M(rew™ + ngf—l)]
IF Y < Cr+ D(a@+B+y)6+e+0) :
which yields

IF NI < (Lr+ K)Ny <.
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Now, for each x € [0, z] and y;,y, € C, we have
T (x=v)!
o T'(®
1
+
a+p+y F(T)

T )f(z WY 010) = Y, y,(0)D) dV]

IFy)() = (Fy2)(0l < max [ (Y0, (7) = Y, v (0)]) dv]

f W =" (Y4 01(7) = Y, () dv

|(Bw + y2) — (@ + B+ y)x]
(@+B+y)0+€e+ )

fo @Y1 ) = Y0, 3200 dv]]

T(r - 1)f W =2 (Y05 3107) = YO, 220D dv

"Te-D

Ly = yall| (@ + B+ 29)(6 + €+ 07 + B(6 + €+ Ow™ + M(rew™" + ngf‘l)]

= T(r+ (@+B+7)0+e+{) = LNilyr =yl

Now, as LN; < 1, then ¥ is a contraction. Therefore, we have proved the Theorem 3.1 based on the
contraction mapping principle. O

Theorem 3.2. Assume that Y : [0,z] X R — R is a continuous function, and (S 1) and (S ;) hold. Then,
the problem (1.1) has at least one solution on [0, z] if LN, < 1, where

BO+e+ W +v(©0 + €+ )T +etMw + tMZ7!
'+ D@+B+y)0+€e+ )
and M = max,ej{Bw + vz, az + Bz — w)}.

N2:

Proof. Let B, = {y € C : ||yll < r}, where r > ||o||N; is a fixed radius. Define two operators

(T a-nT!
(Fiy)(x) = j(; Tao Y(v,y(v))dv,

ﬁ 1 ) -1
a+,8+)/[F(T)f(W V) Y(Vy(v))d”mf(z—v) Y(v,y(v)) dv

(,8w+7z)—(a+ﬁ+y)x
(a+,8+y)(5+e+{)

(Fay)(x) = =

f W =Y (v, y(») dv
I'(r-1)

+ F(T ) j; (z—=v)"2Y (v, y(v)) dv].

For any y, and y, € B,, we have

ot @+ B4 20)5 + €+ ) + B + €+ O + M{rew™ + 27|

lF1y1 + Foyall < Tr+ D@tB+9)0+e+0) <r

Therefore, F1y; + 2y, € B,.
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Also, 7 is a contraction by the assumption LN, < 1. Moreover, the operator ¥ is continuous due
to the continuity of Y and uniformally bounded because

Finally, we prove the compactness of the operator ;. We suppose  sup  ||[Y(x, V)| = YVipax <
(x.y)€[0,z]X By
So, taking 0 < x; < x, < z, we have

IF 1) Ce)=F1y)Ce)ll = |Im f [ =) ==Y O, y(ﬂ)dwm f (=) Y, YO,

which implies that

IF ) - Finoa)ll < [2(x2 )T X - x;}.

F( 1)

The norm tends to zero as x, — x;. Hence, 7(B,) is equicontinuous uniformly with respect to y € B,.

Moreover, F(B,) is uniformly bounded. Therefore, by the Arzela—Ascoli theorem, F(B,) is relatively
compact in C([0, z], R). Consequently, #; is a compact operator on B,.

Consequently, by Theorem 2.1 the problem (1.1) has at least one solution on [0, z]. O

Example 3.1. For 7 = 3/2, v = 5/3, and 7 = 7/4, consider the following problem:

‘DTY(X) = i 1o + cos(x), x € [0,2],
y(0) +y(1) = =¥(2), (3.2)

YO0 +y (1) ==y ().
First, observe that
1
1Y (x,y1) = Y(x,y2)| < ) yi = yal,

which implies that L = 1/9.
For T = 3/2, we obtain

219V2 + 5
LN, zwz0.444< 1.

81+
Hence, by Theorem 3.1, Eq (3.1) admits a unique solution on [0, 2]. To illustrate the theoretical findings
established in the previous section, we compute a numerical approximation of Eq (3.1) for the fractional
order 7 = 3/2. The solution and its first derivative are presented in Figure 1 over the interval [0, 2].
The numerical results demonstrate the smooth behavior of the solution and reflect the influence of the
fractional-order operator on the system.
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Numerical Solution of the Fractional Equation cp3¥2 y(x) = f(x,y)

0.4

_04 Il Il Il Il Il Il Il Il Il
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
First Derivative y'(x)
0.5 X :
Z ot .
>
_05 Il Il Il Il Il Il Il Il Il
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Figure 1. A numerical solution of (3.1 ) at 7 = 3/2 and its first derivative.

Similarly, for T = 5/3,
29 (223 + 8

B r(2)

~ 0.44338 < 1,

and therefore, Theorem 3.1 again guarantees the existence and uniqueness of the solution on [0, 2].
To further examine the influence of the fractional order on the behavior of the solution, we compute a
numerical approximation of Eq (3.1) for 7 = 5/3. The resulting solution profile and its first derivative
are displayed in Figure 2. A comparison with the previous case highlights the sensitivity of the system
dynamics to variations in the fractional parameter.

Numerical Solution of the Fractional Equation °D% y(x) = f(x,y)
T T T T T T T T T

0.2 4
0.1F 1
=
= 0r ]
0.1+ 4
02 \ L L L L I 1 1 ]
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
First Derivative y'(x)
0.5 T T T
Z of 1
>
_05 Il Il Il Il Il Il Il Il Il
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Figure 2. A numerical solution of (3.1) at 7 = 5/3 and its first derivative.
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39234 + 11
Finally, when 7 = 7/4, we have LN} = ——  — ~ 0.4408 < 1.

1081 (4)

Thus, Theorem 3.1 ensures that Eq (3.1) possesses a unique solution on the interval [0, 2]. Finally,
we consider this case in order to further investigate the impact of the fractional order on the qualitative
behavior of the solution. The corresponding numerical solution of Eq (3.1) and its first derivative are
illustrated in Figure 3. The results confirm that variations in the fractional parameter significantly
influence the curvature and growth rate of the solution, emphasizing the role of memory effects in the
system dynamics.

Numerical Solution of the Fractional Equation cp7/4 y(x) = f(x,y)
0.2 i

01 .

-0.1F B

0.2 \ L 1 | | I 1 1 1 1

First Derivative y'(x)
05 T T T

-0.5 1 1 1 1 1 1 1 1 1

Figure 3. A numerical solution of (3.1 ) at 7 = 7/4 and its first derivative of y(x).

03 Comparison of Solutions y(x) for different fractional orders T
. T T T T T T T T

0.2 - — 16667

0.1+ T

y(x)

-0.1 T

06 I I I I I I I I I

Figure 4. A numerical solution of (3.1) at different orders of 7.
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Remark. Over the interval [0, 2], we see that Figure 4 illustrates the influence of the fractional order 7
on both the solutions and its first derivative. The different values of 7 lead to noticeably different
dynamical behaviors. This difference highlights the crucial role of the fractional order in controlling the
memory and smoothing effects inherent in the system. Although numerical simulations and graphical
results provide valuable insights into the behavior of fractional-order systems, a theoretical analysis
is indispensable to ensure that these results are mathematically meaningful. In particular, existence
and uniqueness theorems guarantee that the plotted solution actually corresponds to a well-defined
physical or mathematical state. Moreover, theoretical bounds establish how the solution depends
on the fractional order 7, which explains why small changes in 7 lead to noticeable variations in
smoothness and dynamics, as observed in the figures. Without such analytical foundations, numerical
approximations could converge to spurious or unstable solutions. Therefore, the theoretical study
provides reliability and a deeper understanding of how memory and nonlocal effects governed by
fractional operators shape the system’s behavior.

4. Conclusions

This paper offers significant advancements that both extend and generalize prior results in the
study of FDEs. In particular, by adjusting the values of «,f,7, 9, €, and ¢, the integral presented in
Eq (2.1) expands upon the findings of [5, 6], providing a broader framework for analysis. Furthermore,
Theorems 3.1 and 3.2 extend and unify previous existence and uniqueness results for solutions of FDEs
of order T € (1, 2], thereby consolidating and extending the contributions of earlier works [5, 6]. The
problem (1.1) may be interpreted as a model for a viscoelastic beam whose response depends not
only on its current state but also on its past behavior. The fractional derivative captures the material’s
memory, and the nonlocal boundary conditions describe how information measured at interior and
boundary points is used to regulate the system. This type of model is especially useful for studying
flexible structures with distributed sensing and feedback mechanisms, which may motivate future
research and practical applications.
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