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Abstract: Control charts are proposed with the assumption that the process’s quality parameter
follows a normal distribution. However, in fact, the normality assumption is rarely applied in practice.
Parametric charts have a greater false alarm rate and more incorrect out-of-control comparisons in
non-normal scenarios. Because the actual distribution of the quality parameter at issue is unknown,
nonparametric charts are a strong and useful tool for evaluating a technique. This work proposes a
nonparametric mixed exponentially weighted moving average–double moving average chart based on
sign statistics to monitor the change in the process’s mean under symmetric and asymmetric
distributions. The proposed techniques are notable for their efficiency in identifying modest and
persistent shifts in the process’s location that match the supplied smoothing parameter values. The
efficacy of the proposed chart was established through Monte Carlo (MC) simulation utilizing an
average run length (ARL), a median run length (MRL), and the standard deviation of run length
(S-DRL). Additionally, the average extra quadratic loss (AEQL), performance comparison index
(PCI), and relative mean index (RMI) are additional metrics of overall performance that are applied to
assess the utility of control charts. The proposed chart is found to be more effective in detecting a
small mean shift in the processes faster than alternative charts such as the Shewhart, exponentially
weighted moving average (EWMA), moving average (MA), double moving average (DMA), mixed
EMMA–MA (MEM), and mixed EWMA–DMA (MEDM) charts under different symmetrical and
asymmetrical distributions. In addition, the proposed and existing charts have been applied to three
real-life data-sets: (i) The die-casting hot chamber process used in manufacturing zinc alloy parts for
the sanitary industry, (ii) the survival times of a cluster of patients suffering from head and neck
cancer disease who were treated with radiotherapy, and (iii) the measurements of the outer diameter at
the base of the stem of an exhaust valve bridge.
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1. Introduction

Improving product quality is an important goal of industries. An industry’s favorable reputation in
the worldwide market stems from its excellent product quality and consumer approval. Control charts
are used to help industries manage high-quality products, which are an important tool in statistical
process control (SPC). They have a process operating on two control limits: Upper and lower control
limits (UCL/LCL). The process is considered to be out of control (OOC) if the quality feature is outside
of these limits, whereas it is considered to be in control (IC) if it is. Process outputs are often influenced
by unique causes of variance rather than conventional ones. Control charts assist us in detecting these
particular causes of variation early on, therefore minimizing the cost effects. These properties are quite
important for producing high-quality goods [1]. Each type of data may be represented by different
control charts. Control charts are applied in various disciplines, including medical science [2, 3],
chemistry [4], the packaging and manufacturing industries [5], aircraft industries [6,7], and ecological
and environmental sciences [8] (see also the references cited in the aforementioned works).

Certain essential assumptions, like normalcy and independence, are required by these charting
schemes. However, these assumptions may not always hold in many real-world scenarios, such as
evaluating semiconductor and chemical processes, quantifying cutting equipment wear procedures,
and estimating the lifespan of accelerated life test samples. Control charts have proven to be a
particularly useful tool within SPC, which was first introduced in 1920 by Shewhart [9]. It is only
responsive to large changes in the process. While these control charts are simple to use and effective
at detecting substantial process alterations, their dependence on the current sample’s data limits their
ability to detect minor shifts. To overcome these constraints, several researchers have attempted to
construct memory-based control charts. Many control charts focus on previous data that were created.
In 1954, Page [10] invented the cumulative sum (CUSUM) control chart. Next, Roberts [11]
developed the exponentially weighted moving average (EWMA) control chart in 1959, which could
detect minor changes in the process’s mean. In 2004, Khoo [12] developed the moving average (MA)
control chart, which computes the MA using the MA period (w) and detects small changes extremely
effectively. All of the control charts mentioned above are better at detecting anomalies and
recognizing small to moderate changes than the Shewhart control chart.

Recently, many researchers proposed mixing control charting approaches to improve the
performance of these charts. The most obvious advantage of using mixed control charts is that they
are more sensitive to detecting anomalies than classical control charts. As a result, they make it
simpler to identify slight or slow changes in process parameters. For example, in 1990, the mixed
Shewhart–EWMA control chart [13] was constructed to detect both small and large alterations in the
process. In 2008, by integrating two MA statistics, Khoo and Wong [14] developed a double moving
average (DMA) control chart, which enhances the MA control chart’s capacity to identify
small-to-medium shifts in a process of normal distribution. However, the DMA statistic reported in
this study has an inaccurate variance. Later, in 2022, Alevizakos et al. [15] corrected this inaccurate
variance in the DMA control chart. Taboran et al. [16] introduced the MA–EWMA control chart,
which combines the smoothing properties of the MA with the sensitivity of the EWMA to improve
the detection of short-term and long-term changes. Later that, a mixed EWMA–MA (MEM) control
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chart [17] was designed by Sukprarungsee et al. in 2020 to detect the process’s location and its
application to real-life data sets. The covariance of the MA statistic was not considered in this work.
This gap was later corrected by Raza et al. in [18]. Taboran and Sukparungsee [19] created a mixed
EWMA–DMA (MEDM) control chart in 2023 to identify a slight shift in the mean process and used
it on two real datasets: An industrial factory and the S&P 500 index. Later, Aslam et al. [20] proposed
a mixed DMA–EWMA control chart for exponentially distributed quality by comparing it with the
DMA control chart under exponential distribution and utilizing average run length (ARL) as the
efficiency criterion. Following that, Saengsura et al. [21] designed a mixed DMA–CUSUM control
chart to monitor mean shifts under both symmetric and asymmetrically distributed data. Asif et
al. [22] proposed an accelerated failure time-based, risk-adjusted MA–EWMA control chart to
enhance the monitoring of survival times in healthcare processes.

The majority of the charts mentioned above presuppose the normal distribution of the samples
under observation. However, in real-world process monitoring settings, the normalcy assumption is
frequently broken, and practitioners have little understanding of the underlying process’s distribution.
In this case, nonparametric control charts are an excellent alternative technique for addressing the
aforementioned problem. One of the most popular testing tools for developing nonparametric control
charts is the sign test because of its simplicity. For example, the sign test charts were initially proposed
by Amin et al. [23]. They created Shewhart and CUSUM sign charts (Shewhart–sign and CUSUM–
sign) to keep track of the process’s locations. Yang et al. [24] created the EWMA–sign charts to identify
the process’s location. The generally weighted moving average (GWMA) control chart, which expands
the EWMA chart by permitting weighting schemes and can improve sensitivity to identify small and
moderate variations in the process’s mean, was studied by Sheu and Lin [25]. On the basis of this
work [25], Chakraborty et al. [26] proposed a GWMA–signed–rank chart that integrates the signed–
rank statistic and the GWMA chart, yielding strong robustness versus abnormality. On the basis of this
work [18], Raza et al. [27] developed a nonparametric EWMA–MA control chart using the sign test
(EWMA–MA–sign or MEM–sign), in which the MA statistic is weighted toward the most recent w
samples, since the effect of prior observations declines exponentially with time. Sudsutad et al. [28]
designed the MEM–sign control chart based on the work of [17]. Furthermore, Raza et al. [29] created
a nonparametric EWMA–MA control chart using signed–rank statistics to efficiently detect changes
in the process’s location. In 2021, Taboran et al. [30] studied the MA–double EWMA control chart
with the Tukey statistic, which outperformed others in detecting mean shifts in both symmetric and
non–symmetric processes. In 2024, Shanshool et al. [31] suggested a mixed Shewhart–EWMA control
chart using the sign statistic (Shewhart–EWMA–sign) for the process’s location and dispersion. As a
result, it is clear that there has been relatively little study into developing mixed control charts using
the sign statistic. Mahmood et al. [32] developed MA based location charts with modified successive
sampling, demonstrating enhanced detection of small to moderate shifts in the process’s quality. From
research on related literature, it was found that the work of [19] did not take the covariance of the
DMA statistic generated from the MEDM control chart into account; hence, the chart was confined to
the independent attributes only, which may lead to inaccuracies in some real-world scenarios. To solve
this problem and obtaining inspiration from the work of [19] and [15], we designed a distribution-free
mixed EWMA–DMA sign (MEDM–sign) control chart for detecting changes in the process’s location
parameter that takes the interdependence between consecutive double MAs into account.

The remainder of the paper is arranged in the following manner: Section 2 includes the
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corresponding design structures. Section 3 outlines how the proposed control chart’s performance was
measured. Section 4 shows the results and a discussion of the simulations. The comparative results
are presented in Section 5 and Section 6 also provides applications of three real-world data examples
from the sanitary industry, medical science, and the manufacturing industry with the proposed chart.
Finally, the research concludes with a summary and some closing notes.

2. Construction of existing and nonparametric control charts

In this section, we provide the control charts and their attributes, which will be utilized throughout
this work, including: the EWMA, MA, DMA, MEDM, and MEDM–sign control charts.

2.1. The EWMA control chart

In 1959, the EWMA control chart was introduced by Roberts [11], and showed performance in
detecting small shifts. The Zt statistic of the EWMA chart with a weighting parameter λ, where λ ∈
(0, 1] for monitoring the process’s mean is shown as

Zt = λXt + (1 − λ)Zt−1, t = 1, 2, . . . , (2.1)

where Xt denotes independently and identically distributed (i.i.d.) random samples from the normal
distribution with µ0 and σ2. The starting value is the process target, i.e., Z0 = µ0. The expected and
variance of the EWMA chart are given by

E(Zt) = µ0 and V(Zt) = σ2
(

λ

2 − λ

(
1 − (1 − λ)2t

))
, t = 1, 2, . . . . (2.2)

If we take t → ∞, then (1 − λ)2t → 0. This yields the following asymptotic variance:

V(Zt) = σ2
(

λ

2 − λ

)
. (2.3)

The asymptotic control limits of the EWMA chart are calculated as follows:

UCL1/LCL1 = µ0 ± L1

√
σ2

(
λ

2 − λ

)
, (2.4)

where L1 denotes a coefficient of the control limits of the EWMA chart. The process’s mean and
variance are denoted as µ0 and σ2, respectively.

2.2. The MA control chart

The MA chart is a handy tool in SPC and is capable of detecting small changes. It was proposed by
Khoo in 2004 [12]. Let us assume that we have collected individual observations. Let Xt, t = 1, 2, . . .,
be i.i.d. random samples from the normal distribution. The MAt statistic of the MA chart derived from
the MA at each span w at time t is computed as follows:

MAt =


1
t

t∑
j=1

X j, t < w,

1
w

t∑
j=t−w+1

X j, t ≥ w.
(2.5)

AIMS Mathematics Volume 11, Issue 2, 4479–4521.



4483

The mean or expected and variance values of the MAt statistic (2.5) are defined by

E(MAt) = µ0 and V(MAt) =


σ2

t
, t < w,

σ2

w
, t ≥ w.

(2.6)

The covariance of the MA chart was studied by Alevizakos et al. [15] in 2020, i.e.,

Cov(MA j1 ,MA j2) =



σ2Λ1( j1, j2), 1 ≤ j1, j2 ≤ w − 1,

σ2Λ2( j1, j2), 1 ≤ j1 ≤ w − 1, j2 ≥ w,

σ2Λ2( j1, j2), j1, j2 ≥ w,

0, j2 − j1 ≥ w,

(2.7)

where

Λ1( j1, j2) =
min{ j1, j2}

j1 j2
, 1 ≤ j1, j2 ≤ w − 1, (2.8)

Λ2( j1, j2) =
max{0, j1 − j2 + w}

j1w
, 1 ≤ j1 ≤ w − 1, j2 ≥ w, (2.9)

Λ3( j1, j2) =
max{0, j1 − j2 + w}

w2 , j1, j2 ≥ w. (2.10)

The control limits of the MA chart are then established as

UCL2/LCL2 = µ0 ± L2

√
V(MAt), (2.11)

where L2 denotes a coefficient of the control limits of the MA chart. The process’s mean and variance
are denoted as µ0 and σ2, respectively.

2.3. The DMA control c hart

We now provide the details of the DMA chart which was developed by Khoo et al. in 2008 [14]
and corrected the variance by Alevizakos et al. [15]. Let us assume that we have collected individual
observations. The DMAt statistic of the DMA chart derived from the MA at each span (w) at time t is
computed as

DMAt =


1
t

t∑
j=1

MA j, t < w,

1
w

t∑
j=t−w+1

MA j, t ≥ w,
(2.12)
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where MAt denotes the statistic of the MA chart, which is defined by (2.5). The expected and variance
values of the DMA chart are defined by E(DMAt) = µ0 and

V(DMAt) =



σ2

t2

 t∑
j=1

1
j

+

t−1∑
j1=1

t∑
j2= j1+1

2
j2

 , 1 ≤ t < w,

σ2

w2

[ w−1∑
j1=t−w+1

1
j1

+
∑

t−w+1≤ j1< j2≤w−1

2
j2

+
t − w + 1

w

+

w−1∑
j1=t−w+1

t∑
j2=w

2Λ2( j1, j2) +
∑

w≤ j1< j2≤t

2Λ3( j1, j2)
]
, w ≤ t < 2w − 1,

σ2

w2

1 +
∑

t−w+1≤ j1< j2≤t

2Λ3( j1, j2)

 , t ≥ 2w − 1,

(2.13)

where Λi(u1, u2) are given by (2.8)–(2.10) for i = 1, 2, 3, respectively. The covariance of the DMA
chart is given by

Cov(DMA j1 ,DMA j2) =



σ2

j1 j2

[ j1∑
u1=1

1
u1

+
∑

1≤u1<u2≤ j1

2
u2

+

j1∑
u1=1

j2∑
u2=u1+1

1
u2

]
,

1 ≤ j1, j2 ≤ w − 1,

σ2

j1w

[ j1∑
u1=1

w−1∑
u2= j2−w+1

Λ1(u1, u2) +

j1∑
u1=1

j2∑
u2=w

Λ2(u1, u2)
]
,

w ≤ t < 2w − 1, t − w + 1 ≤ j1 ≤ w − 1, w ≤ j2 ≤ t,

σ2

j1w

[ j2−w∑
u1= j1−w+1

w−1∑
u2= j2−w+1

Λ1(u1, u2) +

j2−w∑
u1= j1−w+1

j2∑
u2=w

Λ2(u1, u2)

+

w−1∑
u1= j2−w+1

1
u1

+
j1 − w + 1

w
+

∑
j2−w+1≤u1<u2≤w−1

2
u2

+

w−1∑
u1= j2−w+1

j1∑
u2=w

2Λ2(u1, u2) +
∑

w≤u1<u2≤ j1

2Λ3(u1, u2)

+

w−1∑
u1= j2−w+1

j2∑
u2= j1+1

Λ3(u1, u2) +

j1∑
u1=w

j2∑
u2= j1+1

Λ3(u1, u2)
]
,

w ≤ j1 < j2 < 2w − 1,

σ2

w2

 w−1∑
u1= j1−w+1

j2∑
u2= j2−w+1

Λ2(u1, u2) +

j1∑
u1=w

j2∑
u2= j2−w+1

Λ3(u1, u2)


w ≤ j1 ≤ 2w − 2, 2w − 1 ≤ j2 ≤ 3w − 3,

σ2

w2

j1∑
u1= j1−w+1

j2∑
u2= j2−w+1

Λ3(u1, u2),

w ≤ u1 < 2w − 1, u2 ≥ 2w − 1,

(2.14)
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where Λi(u1, u2) are given by (2.8)–(2.10) for i = 1, 2, 3, respectively. The control limits of the DMA
chart are established as

UCL3/LCL3 = µ0 ± L3

√
V(DMAt), (2.15)

where L3 denotes a coefficient of the control limits of the DMA chart. The process’s mean and variance
are denoted as µ0 and σ2, respectively.

2.4. The MEDM control chart

In 2023, Taboran and Sukparungsee [19] developed the MEDM control chart, in which the DMAt

statistic is used as input to the EWMA control chart to monitor the process’s location. The MEDMt

statistic of the MEDM control chart at time t is given as

MEDMt = λDMAt + (1 − λ)MEDMt−1, t = 1, 2, . . . , (2.16)

where DMAt denotes the DMA statistic at time t, λ is a weighting parameter with λ ∈ (0, 1], and
MEDM0 denotes the initial value which is the process target such that MEDM0 = µ0 = µDMA. The
variance formulation of the MEDM charting statistic shows that the DMA components are independent
of one another. This technique might lead to false findings in practice because each DMA term of span
w may incorporate information from w − 1 previous samples. Therefore, the MEDM chart should be
adjusted to achieve correct control limits and results. In this section, we will modify the variance of
the MEDM control chart by taking the DMA terms’ dependency frame into account.

The MEDMt statistic (2.16) can be expressed as

MEDMt = λ

t−1∑
j=0

(1 − λ) jDMAt− j + (1 − λ)tMEDM0. (2.17)

The expected value of the MEDMt statistic is defined by

E(MEDMt) = λ

t−1∑
j=0

(1 − λ) jE(DMAt− j) + (1 − λ)tE(MEDM0)

= µ0

λ t−1∑
j=0

(1 − λ) j + (1 − λ)t−1

 = µ0

(
λ

(
1 − (1 − λ)t

1 − (1 − λ)

)
+ (1 − λ)t

)
= µ0. (2.18)

The revised variance formula of the MEDMt statistic is defined as follows:

V(MEDMt) = λ2
t−1∑
j=0

(1 − λ)2tV(DMAt− j) + 2λ2
∑

1≤ j1< j2≤t

(1 − λ)t− j1(1 − λ)t− j2Cov(DMA j1 ,DMA j2)

= λ2
t−1∑
j=0

(1 − λ)2tV(DMA j) + 2λ2
t−1∑
j1=1

t∑
j2= j1+1

(1 − λ)2t− j1− j2Cov(DMA j1 ,DMA j2), (2.19)

where V(DMAt) and Cov(DMA j1 ,DMA j2) are defined by (2.13) and (2.14), respectively. The revised
control limits of the MEDM control chart are then given as

UCL4/LCL4 = µ0 ± L4

√
V(MEDMt), (2.20)

where L4 denotes a coefficient of the control limits of the MEDM control chart.
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2.5. Nonparametric EWMA–DMA–sign (MEDM–sign) chart

Let X denote a specific feature with a target or median value of θ. Let Y denote a deviation of X from
θ under probability p = P(Y > 0). The process is called IC if p = p0 = P(Y ≤ θ) = P(Y > θ) = 0.5,
while the process is called OOC if p = p1 , 0.5. Let X jt, j = 1, 2, . . . , n, and t = 1, 2, . . . ,m, be the
observation at time at time t in the jth logical subgroup of size n, which is i.i.d. taken from X to survey
the difference from the process’s target value θ. The difference between X jt and θ, i.e., Y jt = X jt − θ, is
inside groups defined by

Y jt = X jt − θ and I jt =

 1, Y jt > 0,

0, otherwise.
(2.21)

Suppose that S t is the sign statistic, which is the total number of positive signs, i.e., S t =
∑n

j=1 I jt. It
evaluates a binomial distribution with a parameter (n, p0) = (n, 0.5) for an IC process.

Next, a nonparametric MEDM–sign chart was constructed by integrating the MEDM chart and the
sign test. First, the MAS t statistic of span w at time t is given as

MAS t =


1
t

t∑
j=1

S i, t < w,

1
w

t∑
j=t−w+1

S i, t ≥ w,
(2.22)

where

E(MAS t) = µ0 =
n
2
, V(MAS t) =


n
4t
, t < w,

n
4w

, t ≥ w,
(2.23)

and the covariance of the MAS t statistic is provided by

Cov(MAS j1
,MAS j2

) =



nΛ1( j1, j2)
4

, 1 ≤ j1, j2 ≤ w − 1,

nΛ2( j1, j2)
4

, 1 ≤ j1 ≤ w − 1, j2 ≥ w,

nΛ3( j1, j2)
4

, j1, j2 ≥ w,

0, j2 − j1 ≥ w,

(2.24)

where Λi( j1, j2) are given by (2.8)–(2.10) for i = 1, 2, 3, respectively. Now, the DMAS t statistic of span
w at time t is given as

DMAS t =


1
t

t∑
j=1

MAS j , t < w,

1
w

t∑
j=t−w+1

MAS j , t ≥ w,
(2.25)

where E(DMAS t) = n/2, V(DMAS t) is given by (A.7), and the covariance of the DMA–sign control
chart is given by (A.14). The MEDMS t statistic is designed by

MEDMS t = λDMAS t + (1 − λ)MEDMS t−1 , t = 1, 2, . . . , (2.26)
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where λ denotes a smoothing parameter with λ ∈ (0, 1], MEDMS 0 = µ0 = n/2. Next, we show that the
expected and variance values of the MEDMS t statistic of the MEDM–sign chart. The statistic (2.26)
can be rewritten as

MEDMS t = λ

t−1∑
j=0

(1 − λ) jDMAS t− j + (1 − λ)tMEDMS 0 . (2.27)

It is easy to show that the expected value E(MEDMS t). The expected value of the MEDMS t statistic
can be then calculated as follows:

E(MEDMS t) = λ

t−1∑
j=0

(1 − λ) jE(DMAS t− j) + (1 − λ)tE(MEDMS 0) =
n
2
. (2.28)

The revised variance formula of the MEDMS t statistic is defined as shown below:

V(MEDMS t) = λ2
t−1∑
j=0

(1−λ)2tV(DMAS j)+2λ2
t−1∑
j1=1

t∑
j2= j1+1

(1−λ)2t− j1− j2Cov(DMAS j1
,DMAS j2

), (2.29)

where V(DMAS j) and Cov(DMAS j1
,DMAS j2

) are denoted by (A.7) and (A.14), respectively. The
revised control limits of the MEDM–sign control chart are then given as

UCL5/LCL5 =
n
2
± L5

√
V(MEDMS t), (2.30)

where L5 denotes a coefficient of the control limits of the MEDM–sign control chart. The MEDM–
sign chart is generated by plotting MEDMS t against the respective control limits. If MEDMS t drops
outside the control limits, the process is considered to be OOC. Otherwise, the process is IC; that is,
if LCL5t

< MEDMS t < UCL5t
. This design seeks to enhance the process monitoring performance by

achieving an effective balance between sensitivity and stability.

3. Performance evaluation of the MEDM–sign chart

The run length (RL) profile and its related properties are commonly used to measure the
performance of a control chart. The effectiveness of a control chart is measured by its ability to
promptly and accurately identify shifts in the process’s mean. The sensitivity of control charts may be
evaluated using various performance measures based on run length distributions such as ARL,
standard deviation of run length (S-DRL), and median run length (MRL). In addition, other tools are
used to evaluate the overall performance of control charts, including average extra quadratic loss
(AEQL), relative mean index (RMI), and performance comparison index (PCI).

The ARL value is widely used to analyze the performance of control charts. ARL is the predicted
number of plotted statistics before an OOC signal is received for the first time; see [1]. It is the
most popular performance measurement instrument. The control charts will signal a false alarm if the
process is IC; it has a large value of ARL. It is said to be ARL0. In contrast, if the process is OOC, the
ARL value is low, and the control charts will rapidly detect the change, demonstrating that the chart is
successful at recognizing deviations from the target mean. It is said to be ARL1. Because of the ARL’s
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skewness distribution, it is used to quantify the control chart’s performance, and it is recommended
to utilize percentiles of the RL attributes to assess performance, such as S-DRL which measures the
variability, MRL which is the middle value of RLs; see [33–35]. The control chart via the minimal
values of ARL1, MRL1, and S DRL1 is more effective at immediately detecting changes in the process
for a specific ARL0. In this work, ARL, S-DRL, and MRL values were obtained using the Monte Carlo
(MC) simulation approach with R software, where ARL0 u 370, as follows:

ARL =
1

1 − P(LCL5 ≤ MEDMS t ≤ UCL5)
, (3.1)

and

ARL =

∑N
k=1 RLk

N
, S − DRL =

√∑N
k=1(RLk)2

N
− (ARL)2, MRL = Median(RL), (3.2)

where k is presented as number of experimental repetitions, so RLt represents the number of simulation
repeats. The redundant RLt should be changed to RLk, which is necessary before the first sample
exceeds the OOC limits, and N denotes the number of repetitions simulated. Nevertheless, if the
amount of the change is vague but can be fairly anticipated to fall within a specific range, in this
situation, different tools can help analyze the overall performance within that range, including AEQL,
PCI, and RMI. AEQL is used to evaluate a chart’s performance over a range of variations considered
during the workflow; it is based on the loss function. The mathematical expression of AEQL is given
by

AEQL =
1
∆

δ=δmax∑
δ=δmin

δ2 × ARL(δ) where ∆ = δmax − δmin, (3.3)

where ARL(δ) denotes the value of ARL for a certain change δ, δ refers to the number of shifts observed
in the process, and δmax and δmin represent the maximum and minimum shifts regarded in the location
process, respectively. A smaller value of AEQL indicates that the control chart is performing better.
Next, the RMI value is the performance tool, which was suggested by Han and Tsung [36]. The value
of RMI depends on the relative differences in the ARL1, which is given by

RMI =
1
N

N∑
i=1

ARL(δi) − ARL∗(δi)
ARL∗(δi)

, (3.4)

where N denotes the total number of shifts considered in the process, ARL(δi) denotes the value of ARL
for a control chart satisfying a certain shift δi, and ARL∗(δi) denotes the value of a control chart with
the smallest value of ARL1 among all of the emulating control charts for the assigned shift. Similarly,
the control chart with respect to the smallest RMI value is thought to be more efficient than the others.
Finally, the value of PCI is defined as the ratio of a chart’s AEQL value to the benchmark chart’s
AEQL, which is recommended by the work in [37]. A chart with a low PCI value is chosen over other
charts. It is given by

PCI =
AEQL

AEQLbenchmark
. (3.5)

The value of the RL profile for the control chart may be calculated using many methods, including
the integral equation, the Markov chain method, and MC simulation. In this paper, we will use MC
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simulation to calculate the RL profile of all control charts. This method is preferred over other
estimating strategies because it is precise and adaptable enough to handle a wide range of
circumstances. The following details the steps of this procedure are shown below.

(1) Generate the sample size (n) for each round of the experiment using 2000 random numbers from
a given distribution under the parameters n, w, and λ with the mean adjusted from µ to µ1, i.e.,
µ1 = µ + δσ.

(2) The number of experiment repetitions is set to N = 200000 to ensure stable run length estimates
while maintaining a reasonable computational cost.

(3) To achieve the desired ARL0 ' 370, set an arbitrary value of L while keeping the other design
parameters, n, w, and λ, constant.

(4) Compute the DMAS t using Eq. (2.25) and then define the monitoring statistic MEDMS t , which
is given by (2.26).

(5) Estimate the control limits and compare them with the charting statistics MEDMS t .
(6) Count how many samples fall under the control limits before the MEDM–sign control chart sends

the first OOC signal; this count is the single value of RL.
(7) Repeat Steps (1) to (5) with 200000 replications (N) to compute the characteristic values of RL,

including ARL, S-DRL, and MRL.

Table 1. The value of L6 for the MEDM–sign control chart for varying (n,w, λ) at ARL0 '

370 under the Normal(0, 1) distribution.

n λ
MEDM–sign control chart

w = 2 w = 3 w = 4 w = 5 w = 6 w = 7 w = 8 w = 9 w = 10 w = 15

5 0.05 4.694 6.785 8.803 10.756 12.674 14.485 16.271 18.006 19.683 27.417
0.20 4.999 6.975 8.736 10.338 11.803 13.138 14.367 15.514 16.583 21.106
0.25 4.950 6.828 8.4736 9.935 11.252 12.436 13.531 14.536 15.478 19.511

10 0.05 4.695 6.788 8.805 10.756 12.642 14.479 16.265 17.995 19.681 27.405
0.20 5.038 7.003 8.775 10.378 11.829 13.159 14.389 15.517 16.584 21.085
0.25 4.998 6.871 8.517 9.975 11.285 12.468 13.551 14.548 15.485 19.396

15 0.05 4.696 6.793 8.909 10.761 12.654 14.489 16.269 17.998 19.681 27.405
0.20 5.052 7.016 8.787 10.382 11.839 13.165 14.395 15.532 16.598 21.098
0.25 5.017 6.885 8.527 9.985 11.295 12.478 13.557 14.557 15.488 19.415

For Step (1), given p = p0 = 0.5 for computing the value of ARL0, while ARL1 values are computed
by repeating Steps (1) to (7) under p = p1 , 0.5. Our simulation study uses λ = 0.05, 0.20, and
0.25; span w = 2, 3, 4, 5, 6, 7, 8, 9, 10, 15; and a sample size n = 5, 10, 15. Each chart’s control limits
(L) are calibrated to achieve an IC ARL of approximately ARL0 ' 370, ensuring a fair comparison
across different parameter settings. The value L is selected using an iterative procedure, which is
satisfied by the bisection technique, i.e., L = (Llower + Lupper)/2. Calculate the equivalent ARL0 ' 370
by substituting the value L into the simulation. If ARL0 < 370, L is increased by setting Llower = L;
otherwise, if ARL0 > 370, Lupper = L. This procedure is repeated until a value of L is obtained such
that the resulting IC ARL satisfies ARL0 ' 370. Table 1 shows the control limit coefficient (L) of the
MEDM–sign control chart for varying sample sizes (n) and parameters (w, λ) at ARL0 ' 370. When λ
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and n are fixed, the limit coefficient (L) increases while the span (w) increases. It has also been noticed
that the value of L increases with n for a constant value of w. For effective monitoring of minor shifts
in the process, it is generally advisable to select a relatively large w and a small smoothing parameter
λ. A larger w emphasizes the contribution of recent observations, improving responsiveness, whereas a
smaller λ limits the memory of past data, facilitating faster adaptation to new changes. This parameter
configuration has been shown in simulation studies to optimize the detection speed while maintaining
acceptable false alarm rates.

4. Results and discussion of simulations

This study evaluated the performance of the MEDM–sign control chart compared with the
Shewhart, EWMA, MA, DMA, MEM, and MEDM control charts when the process was not under
control. This work includes four distributions: Two symmetric distributions (Normal(0, 1) and
Laplace(0, 1)) and two asymmetric distributions (Exponential(1) and Gamma(4, 1)). The four
distributions are chosen to evaluate the robustness of the proposed control charts across diverse
data-generating mechanisms. These distributions are widely used due to their mathematical properties
and their vast applicability in simulating various occurrences. The normal distribution represents a
large number of random variables, describes many natural phenomena, serves as a foundation for
statistics and probability theory, underpins the central limit theorem, and supports numerous statistical
methods. The Laplace distribution is widely recognized as an effective probability distribution for
modeling random phenomena in various fields, such as engineering, finance, biomedical science,
environmental science, and other related areas. The exponential distribution is frequently utilized in
commercial and scientific studies because it provides significant insights into the behavior of
time-dependent events and survival analysis. The gamma distribution is widely used in many fields
such as engineering, finance, healthcare, and statistics, particularly for modeling waiting times and
reliability analyses. We present the performance of the proposed control chart by using a sample size
of 2000 and 200000 iterations in the MC simulations technique with ARL0 ' 370. The RL profiles of
all the control charts are obtained through simulations with λ = 0.25; n = 5, 10, 15;
δ = 0,±0.05 ± 0.10,±0.25,±0.50,±0.75,±1.00,±1.50,±2.00,±3.00,±4.00; and w = 2, 5, 8, 10, 15,
for various distributions such as Normal(0, 1), Laplace(0, 1), Exponential(1), and Gamma(4, 1), as
shown in Tables 2–13. The advantage of all control charts was evaluated using ARL based on the
zero-state, which was defined as the minimum average run length (ARL1). Tables 2–4 present the
simulation results of ARL performance for w = 2, 5, 8, 10, 15 and n = 5, 10, 15 when the data’s
distribution is Normal(0, 1). While the simulation results of ARL performance for varying w and n
when the data’s distribution is Laplace(0, 1) are shown in Tables 5–7. In addition, the distributions of
Exponential(1), and Gamma(4, 1) are similar, as shown in Tables 8–10 and Tables 11–13,
respectively. Note that, if speedy detection of small changes is desired, a large value of w is often
preferred. Furthermore, Table 14 displays the overall performance efficacy of the MEDM–sign
control chart under various distributions by varying w = 2, 5, 8, 10, 15; n = 5, 10, 15; and λ = 0.25.
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5. Comparative results

In this section, we compare the performance of the MEDM–sign control chart with some existing
control charts, including the Shewhart, EWMA, MA, DMA, and MEDM control charts, using the
ARL, S-DRL, and MRL criteria to analyze changes of a specific magnitude. These metrics help
evidence-based parameter selection in practical applications by allowing a thorough assessment of
each parameter combination’s stability and sensitivity for anomaly identification. Additionally, the
overall performance of the MEDM–sign control chart is calculated by applying the AEQL, PCI, and
RMI criteria to compare it with some existing control charts. All control charts are proposed using
ARL0 = 370, n = 5, w = 5, and λ = 0.25, with their corresponding framework parameters for a logical
comparison. Tables 15–18 demonstrate the numerical results using the Normal(0, 1), Laplace(0, 1),
Exponential(1), and Gamma(4, 1) distributions, respectively.

(a) Normal(0, 1). (b) Laplace(0, 1).

(c) Exponential(1). (d) Gamma(4, 1).

Figure 1. The ARL shapes of the EWMA, MA, DMA, MEM, MEDM, and MEDM–sign
control charts at ARL0 = 370, w = 5, λ = 0.25, and n = 5 under different distributions.

The MEDM–sign control chart yields the following intriguing results. Under the Normal(0, 1) and
Laplace(0, 1) distributions, we found that the MEDM–sign control chart has minimal ARL1 values
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as compared with the existing control charts, as shown in Tables 15 and 16 and Figure 1a, 1b. The
MEDM–sign control chart has minimal ARL1 values except for shifts of δ > 2.00, whereas the MEDM
control chart works somewhat better under the Exponential(1) distribution, as shown in Table 17 and
Figure 1c. Similarly, in the case of the Gamma(4, 1) distribution, the MEDM–sign control chart has
minimal ARL1 values except for δ < 0.10, as shown in Table 18 and Figure 1d. Furthermore, the
numerical results from Tables 15–18 show that the MEDM–sign control chart has lower AEQL, PCI,
and RMI values than its rivals, demonstrating its overall superior shift capability. In addition, if
we compare the GWMA-based charts, including the GWMA–sign and GWMA–signed–rank charts,
with the MEDM–sign chart, then the proposed chart uses a dual smoothing approach that combines the
EWMA and DMA charts with sign statistics. This chart increases the sensitivity to small changes while
maintaining simplicity in its interpretation and parameter usage. It can be seen that the proposed chart
differs from the GWMA-based charts, which require specifying multiple weight parameters. Therefore,
the proposed chart uses fewer parameters and is easier to understand, making it more suitable for
practical use. A deeply detailed numerical comparative result with the GWMA–sign and GWMA–
signed–rank charts is ignored in this paper but not in future research.

(a) Normal(0, 1). (b) Laplace(0, 1).

(c) Exponential(1). (d) Gamma(4, 1).

Figure 2. The MRL shapes of the EWMA, MA, DMA, MEM, MEDM, and MEDM–sign
control charts at ARL0 = 370, w = 5, λ = 0.25, and n = 5 under different distributions.
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6. Applications to real data sets

This section applies the proposed control chart to three datasets and discusses their usefulness. We
have focused on three applications: (i) The die-casting hot chamber process is used in manufacturing
zinc alloy (ZAMAK) parts for the sanitary industry [38], (ii) the survival times of a cluster of patients
suffering from head and neck cancer disease who were treated with radiotherapy (RT) [39], and (iii)
the measurements of the outer diameter at base of stem of an exhaust valve bridge [40].

6.1. The die-casting hot chamber process used in manufacturing ZAMAK parts for the sanitary
industry

This dataset presents the die-casting hot chamber process used in manufacturing ZAMAK parts
for the sanitary industry [38]. The dataset is given as follows: 292.6, 289.0, 291.4, 288.0, 290.0,
288.2, 535.4, 518.4, 529.2, 527.0, 533.6, 439.2, 447.2, 443.4, 434.0, 436.0, 437.6, 419.6, 422.4, 416.8,
420.4, 421.6, 418.4, 410.4, 449.0, 441.6, 393.2, 401.8, and 412.6. This dataset presents a Phase I IC
dataset of 30 samples of size n = 5. It was confirmed to have a normal distribution with parameter
values with a mean of 420.31 and a standard deviation of 77.75863 (p-value = 0.2388 > 0.05) by
the Kolmogorov–Smirnov test. Figure 3a, 3g show the simulation’s performance results in detecting
the mean of the die-casting hot chamber process used in manufacturing ZAMAK parts for the sanitary
industry, applying the Shewhart, EWMA, MA, DMA, MEM, MEDM, and MEDM–sign control charts.
Figure 3g illustrates that the mean shift process is identifiable at the first observation under the MEDM–
sign control chart. As illustrated in Figure 3b, 3c, 3e, the EWMA, MA, and MEM control charts
identify a change in the process’s mean at the fourth observation. Finally, the Shewhart, DMA, and
MEDM control charts failed to identify a change in the process’s mean at any observation value, as
illustrated in Figure 3a, 3d, 3f. As a result, we conclude that the MEDM–sign control chart is more
effective than other control charts in detecting changes in the process’s mean.

6.2. The survival times of a cluster of patients suffering from head and neck cancer disease who were
treated with RT

This dataset displays the survival times of a cluster of patients suffering from head and neck cancer
disease who were treated with RT [39]. The dataset is as follows: 6.53, 7, 10.42, 14.48, 16.1, 22.7,
34, 41.55, 42, 45.28, 49.4, 53.62, 63, 64, 83, 84, 91, 108, 112, 129, 133, 133, 139, 140, 140, 146,
149, 153, 157, 160, 160, 165, 146, 149, 154, 157, 160, 160, 165, 173, 176, 218, 225, 241, 248, 273,
277, 297, 405, 417, 420, 440, 523, 583, 594, 1101, 1146, and 1417. This dataset was confirmed to
have an asymptotic exponential distribution with parameter values with a rate of 0.0044217158 (p-
value = 0.08143 > 0.05) by the Kolmogorov–Smirnov test. Figure 4a–4g) displays the simulation’s
performance results in detecting the mean survival times of a cluster of patients suffering from head
and neck cancer disease and treated using RT, applying the Shewhart, EWMA, MA, DMA, MEM,
MEDM, and MEDM–sign control charts. Figure 4g illustrates that the mean shift of the process is
identifiable at the first observation with the MEDM–sign control chart. As illustrated in Figure 4b,
4c, the EWMA and MA control charts identify a change in the process’s mean at the 56th observation.
Figure 4e shows that the mean shift of the process is identifiable at the 58th observation with the MEM
control chart. Finally, the Shewhart, DMA, and MEDM control charts failed to identify a change in the
process’s mean at any observation value, as illustrated in Figure 4a, 4d, 4f. As a result, we conclude
that the MEDM–sign control chart is more effective than other control charts in detecting changes in

AIMS Mathematics Volume 11, Issue 2, 4479–4521.
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the process’s mean.

(a) (b)

(c) (d)

(e) (f)

(g)

Figure 3. Simulation performance results of the dataset of die-casting hot chamber process
used in manufacturing ZAMAK parts for the sanitary industry of the existing control charts:
(a) Shewhart; (b) EWMA; (c) MA; (d) DMA; (e) MEM; (f) MEDM; (g) MEDM–sign.
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(a) (b)

(c) (d)

(e) (f)

(g)

Figure 4. Simulation performance results of the dataset of survival times of a cluster of
patients suffering from head and neck cancer disease who were treated with RT of the existing
control charts: (a) Shewhart; (b) EWMA; (c) MA; (d) DMA; (e) MEM; (f) MEDM; (g)
MEDM–sign.
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(a) (b)

(c) (d)

(e) (f)

(g)

Figure 5. Simulation performance results of the dataset of measurements of the outer
diameter at the base of the stem of an exhaust valve bridge of the existing control charts:
(a) Shewhart; (b) EWMA; (c) MA; (d) DMA; (e) MEM; (f) MEDM; (g) MEDM–sign.
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6.3. The measurements of the outer diameter at the base of the stem of an exhaust valve bridge

This case study relates to controlling the outside diameter of an exhaust valve bridge stem, with a
required particular of 1.1550–1.1560 inches [40]. The data set consists of 20 samples, each with a size
of n = 5, and each sample is 0.0001 inches above 1.1550 inches. The dataset is as follows: 3.0, 4.0,
4.4, 4.6, 5.0, 5.6, 6.8, 7.0, 7.6, 7.8, 8.0, 8.6, 9.0, 1.8, 2.4, 2.6, 2.8, 3.0, 3.4, and 3.6. This dataset was
confirmed to have an asymptotic gamma distribution with parameter values with a shape of 4.8382765
and a scale of 0.9580745 (p-value = 0.7685 > 0.05) by the Kolmogorov–Smirnov test. Figure 5a–
5g display the simulation’s performance results in detecting the mean of the outside diameter of an
exhaust valve bridge stem, applying the Shewhart, EWMA, MA, DMA, MEM, MEDM, and MEDM–
sign control charts. Figure 5g illustrates that the mean shift of the process is identifiable at the ninth
observation under the MEDM–sign control chart. As illustrated in Figure 5c, 5d, the MA and DMA
control charts identify a change in the process’s mean at the 13th observation, respectively. Finally,
the Shewhart, EWMA, MEM, and MEDM control charts failed to identify a change in the process’s
mean at any observation value, as illustrated in Figure 5a, 5b, 5e, 5f. As a result, we conclude that
the MEDM–sign control chart is more effective than other control charts in detecting changes in the
process’s mean.

7. Conclusions

Non-parametric control charts are a dependable and useful tool for assessing a process when the
real distribution of the quality attributes is unknown. To detect changes in the process’s mean, we
developed a mixed control chart with no distribution and employed the sign statistic (MEDM–sign
chart). MC simulations with both symmetric and asymmetric distributions are used to assess how
the efficacy control charts that use the minimum ARL1 work. Nonetheless, the overall performance
criteria based on the AEQL, PCI, and RMI values indicated that the MEDM-Sign chart outperformed
the others throughout the whole range of shifts in all distributions. The results demonstrated that the
MEDM–sign chart detects various changes more effectively than other charts. Three real-life examples
are also offered to demonstrate how the proposed chart differs from earlier control charts in terms of
usefulness and capacity to identify process modifications. Additionally, this analysis can be applied
to data with both symmetric and asymmetric distributions. According to our results, the MEDM–sign
control chart is an alternative to a nonparametric control chart. In future work, we plan to develop
new control chart formulations based on nonparametric statistics and to investigate processes governed
by alternative distributional structures. Although the present study does not include comparisons with
the GWMA–sign and GWMA–signed–rank charts, these methods constitute important nonparametric
benchmarks, and incorporating such comparisons will form a valuable extension of our subsequent
research and provide a complete picture of the performance of the proposed chart.
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A. Appendix

To analyze the expected and variance values of the MEDM–sign control chart, we must know about
the expected and variance values of the MEDM control chart. In the following procedure, we will
analyze the variance value of the MAS t statistic for several ranges of t.

Theorem A.1. We have the following variance values:

V(MAS t) =


n
4t
, t < w,

n
4w

, t ≥ w.
(A.1)

Proof. For 1 ≤ t ≤ w − 1, we have

V(MAS t) =
1
t2

t∑
j=1

V(S j) =
n

4t2 (t − 1 + 1) =
n
4t
.

For t ≥ w − 1, we have

V(MAS t) =
1

w2

t∑
j=t−w+1

V(S j) =
n

4w2 (t − t + w − 1 + 1) =
n

4w
.

The proof is completed. �

Lemma A.2. For 1 ≤ j1, j2 ≤ w − 1, we have the following relation:

Cov(MAS j1
,MAS j2

) =
n min{ j1, j2}

4 j1 j2
=

nΛ1( j1, j2)
4

. (A.2)

Proof. For j1 < j2, we have

Cov(MAS j1
,MAS j2

) = Cov

 1
j1

j1∑
u1=1

S u1 ,
1
j2

j2∑
u2=1

S u2

 =
1

j1 j2

j1∑
u1=1

V(S u1) =
n

4 j2
.

For j2 < j1, we have the covariance Cov(MAS j1
,MAS j2

) is calculated by

Cov(MAS j1
,MAS j2

) = Cov

 1
j1

j1∑
u1=1

S u1 ,
1
j2

j2∑
u2=1

S u2

 =
1

j1 j2

j2∑
u2=1

V(S u2) =
n

4 j1
.

Thus, the relation (A.2) is achieved. �
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Lemma A.3. For 1 ≤ j1 ≤ w − 1 and j2 ≥ w, we have the following relation:

Cov(MAS j1
,MAS j2

) =
n max{0,w + j1 − j2}

4 j1w
=

nΛ2( j1, j2)
4

. (A.3)

Proof. For 1 ≤ j1 ≤ w − 1 and j2 ≥ w, we have the following results:

Cov(MAS j1
,MAS j2

) = Cov

 1
j1

j1∑
u1=1

S u1 ,
1
w

j2∑
u2= j2−w+1

S u2

 =
1

j1w
Cov

 j1∑
u1=1

S u1 ,

j2∑
u2= j2−w+1

S u2

 .
It should be observed that when u1 = u2, we have Cov(S u1 , S u2) = 0.
For j2 − w + 1 ≤ j1, we have

Cov(MAS j1
,MAS j2

) =
1

j1w
Cov

 j1∑
u1=1

S u1 ,

j1∑
u2= j2−w+1

S u2 +

j2∑
u2= j1+1

S u2


=

1
j1w

j1∑
u1= j2−w+1

V(S u2)

=
n(w + j1 − j2)

4 j1w
.

For j2 − w + 1 > j1, we have

Cov(MAS j1
,MAS j2

) =
1

j1w
Cov

 j1∑
u1=1

S u1 ,

j2∑
u2= j2−w+1

S u2

 = 0.

Thus, the relation (A.3) is obtained. �

Lemma A.4. For j1, j2 ≥ w, we have the following relation:

Cov(MAS j1
,MAS j2

) =
n max{0,w + | j1 − j2|}

4w2 =
nΛ3( j1, j2)

4
. (A.4)

Proof. For j1, j2 ≥ w, and 0 < j2 − j1 < w, we have the following results:

Cov(MAS j1
,MAS j2

) = Cov

 1
w

j1∑
u1= j1−w+1

S u1 ,
1
w

j2∑
u2= j2−w+1

S u2


=

1
w2 Cov

 j1∑
u1= j1−w+1

S u1 ,

j2∑
u2= j2−w+1

S u2


=

1
w2 Cov

 j2−w∑
u1= j1−w+1

S u1 +

j1∑
u1= j2−w+1

S u1 ,

j1∑
u2= j2−w+1

S u2 +

j2∑
u2= j1+1

S u2


=

1
w2 V

 j1∑
u1= j2−w+1

S u1


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=
n( j1 − j2 + w)

4w2 .

Using the same procedure, for j1, j2 ≥ w, and 0 < j1 − j2 < w, we have the following results:

Cov(MAS j1
,MAS j2

) = Cov

 1
w

j1∑
u1= j1−w+1

S u1 ,
1
w

j2∑
u2= j2−w+1

S u2


=

1
w2 Cov

 j1∑
u1= j1−w+1

S u1 ,

j2∑
u2= j2−w+1

S u2


=

1
w2 Cov

 j2∑
u1= j1−w+1

S u1 +

j1∑
u1= j2+1

S u1 ,

j1−w∑
u2= j2−w+1

S u2 +

j2∑
u2= j1−w+1

S u2


=

1
w2 V

 j2∑
u2= j1−w+1

S u1


=

n( j2 − j1 + w)
4w2 .

For j1, j2 ≥ w, and j2 − j1 > w, we have

Cov(MAS j1
,MAS j2

) = Cov

 1
w

j1∑
u1= j1−w+1

S u1 ,
1
w

j2∑
u2= j2−w+1

S u2

 = 0.

In addition, for j1, j2 ≥ w, and j1 − j2 > w, we have

Cov(MAS j1
,MAS j2

) = Cov

 1
w

j1∑
u1= j1−w+1

S u1 ,
1
w

j2∑
u2= j2−w+1

S u2

 = 0.

Thus, the relation (A.4) is obtained. �

Theorem A.5. For 1 ≤ t < w, we have the following variance:

V(DMAS t) =
n

4t2

 t∑
j=1

1
j

+
∑

1≤ j1< j2≤t

2
j2

 .
Proof. For 1 ≤ t < w, we have

V(DMAS t) = V

1
t

t∑
j=1

MAS t

 =
1
t2

 t∑
j=1

V(MAS j) + 2
∑

1≤ j1< j2≤t

Cov(MAS j1
,MAS j2

)

 .
Applying Theorem A.1 and Lemma A.2, for j1 < j2, we obtain

V(DMAS t) =
n

4t2

 t∑
j=1

1
j

+
∑

1≤ j1, j2≤t

2
j2

 .
The proof is done. �
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Theorem A.6. For w ≤ t < 2w − 1, we have the following variance:

V(DMAS t) =
n

4w2

[ w−1∑
j=t−w+1

1
j

+ 2
∑

t−w+1≤ j1< j2≤w−1

Λ1( j1, j2) +
t − w + 1

w

+2
w−1∑

j1=t−w+1

t∑
j2=w

Λ2( j1, j2) + 2
∑

w≤ j1< j2≤t

Λ3( j1, j2)
]
. (A.5)

Proof. For w ≤ t < 2w − 1, it follows that

V(DMAS t) = V

 1
w

t∑
j=t−w+1

MAS j


=

1
w2 V

 w−1∑
j=t−w+1

MAS j +

t∑
j=w

MAS j


=

1
w2

[ w−1∑
j=t−w+1

V(MAS j) + 2
∑

t−w+1≤ j1< j2≤w−1

Cov(MAS j1
,MAS j2

) +

t∑
j=w

V(MAS j)

+2
w−1∑

j1=t−w+1

t∑
j2=w

Cov(MAS j1
,MAS j2

) + 2
∑

w≤ j1< j2≤t

Cov(MAS j1
,MAS j2

)
]
.

Applying Theorem A.1 and Lemmas A.2–A.4, we achieve the result (A.5). �

Theorem A.7. For t ≥ 2w − 1, we have the following variance:

V(DMAS t) =
n

4w2

1 + 2
∑

t−w+1≤ j1< j2≤t

Λ3( j1, j2)

 . (A.6)

Proof. Since t ≥ 2w − 1, we find that t − w + 1 ≥ w. We then have

V(DMAS t) = V

 1
w

t∑
j=t−w+1

MAS j


=

1
w2 V

 t∑
j=t−w+1

MAS j


=

1
w2

 t∑
j=t−w+1

V(MAS j) + 2
∑

t−w+1≤ j1< j2≤t

Cov(MAS j1
,MAS j2

)

 .
Applying Theorem A.1 and Lemma A.4, we achieve the result (A.5). �
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From all results in Theorems A.5–A.7, the following conclusion can be given:

V(DMAS t) =



n
4t2

 t∑
j=1

1
j

+

t−1∑
j1=1

t∑
j2= j1+1

2
j2

 , 1 ≤ t < w,

n
4w2

[ w−1∑
j1=t−w+1

1
j1

+
∑

t−w+1≤ j1< j2≤w−1

2
j2

+
t − w + 1

w

+

w−1∑
j1=t−w+1

t∑
j2=w

2Λ2( j1, j2) +
∑

w≤ j1< j2≤t

2Λ3( j1, j2)
]
, w ≤ t < 2w − 1,

n
4w2

1 +
∑

t−w+1≤ j1< j2≤t

2Λ3( j1, j2)

 , t ≥ 2w − 1.

(A.7)

Lemma A.8. For 1 ≤ j1, j2 ≤ w − 1, we have the following relation:

Cov(DMAS j1
,DMAS j2

)=
n

4 j1 j2

j1∑
u1=1

j2∑
u2=1

Λ1(u1, u2). (A.8)

Proof. For 1 ≤ j1, j2 ≤ w − 1, it follows that

Cov(DMAS j1
,DMAS j2

) = Cov

 1
j1

j1∑
u1=1

MAS u1
,

1
j2

j2∑
u2=1

MAS u2

 =
1

j1 j2

j1∑
u1=1

j2∑
u2=1

Cov(MAS u1
,MAS u2

).

Applying Lemma A.2, we obtain the relation (A.8). �

Lemma A.9. For 1 ≤ j1 ≤ w − 1 and w ≤ j2 < 2w − 1, we have the following relation:

Cov(DMAS j1
,DMAS j2

) =
n

4 j1w

 j1∑
u1=1

w−1∑
u2= j2−w+1

Λ1(u1, u2) +

j1∑
u1=1

j2∑
u2=w

Λ2(u1, u2)

 . (A.9)

Proof. For 1 ≤ j1 ≤ w − 1 and w ≤ j2 < 2w − 1, we find that

Cov(DMAS j1
,DMAS j2

) = Cov

 1
j1

j1∑
u1=1

MAS u1
,

1
w

j2∑
u2= j2−w+1

MAS u2


=

1
j1w

 j1∑
u1=1

w−1∑
u2= j2−w+1

Cov(MAS u1
,MAS u2

) +

j1∑
u1=1

j2∑
u2=w

Cov(MAS u1
,MAS u2

)

 .
Applying Lemma A.2 and Lemma A.3, the relation (A.9) is achieved. �

Lemma A.10. For 1 ≤ j1 ≤ w − 1 and j2 ≥ 2w − 1, we have the following relation:

Cov(DMAS j1
,DMAS j2

) =
n

4 j1w

j1∑
u1=1

w−1∑
u2= j2−w+1

Λ2(u1, u2). (A.10)
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Proof. For 1 ≤ j1 ≤ w − 1 and j2 ≥ 2w − 1, we obtain

Cov(DMAS j1
,DMAS j2

) = Cov

 1
j1

j1∑
u1=1

MAS u1
,

1
w

j2∑
u2= j2−w+1

MAS u2

 =
1

j1w

j1∑
u1=1

j2∑
u2= j2−w+1

Cov(MAS u1
,MAS u2

).

Applying Lemma A.3, the relation (A.10) is achieved. �

Lemma A.11. For w ≤ j1, j2 < 2w − 1, we have the following relation:

Cov(DMAS j1
,DMAS j2

) =
n

4w2

[ w−1∑
u1= j1−w+1

w−1∑
u2= j2−w+1

Λ1(u1, u2) +

w−1∑
u1= j1−w+1

j2∑
u2=w

Λ2(u1, u2)

+

j1∑
u1=w

w−1∑
u2= j2−w+1

Λ2(u1, u2) +

j1∑
u1=w

j2∑
u2=w

Λ3(u1, u2)
]
. (A.11)

Proof. For w ≤ j1, j2 < 2w − 1, it follows that

Cov(DMAS j1
,DMAS j2

) = Cov

 1
w

j1∑
u1= j1−w+1

MAS u1
,

1
w

j2∑
u2= j2−w+1

MAS u2


=

1
w2

[ w−1∑
u1= j1−w+1

w−1∑
u2= j2−w+1

Cov(MAS u1
,MAS u2

) +

w−1∑
u1= j1−w+1

j2∑
u2=w

Cov(MAS u1
,MAS u2

)

+

j1∑
u1=w

w−1∑
u2= j2−w+1

Cov(MAS u1
,MAS u2

) +

j1∑
u1=w

j2∑
u2=w

Cov(MAS u1
,MAS u2

)
]
.

Applying Lemmas A.2–A.4, the relation (A.11) is obtained. �

Lemma A.12. For w ≤ j1 < 2w − 1 and j2 ≥ 2w − 1, we have the following relation:

Cov(DMAS j1
,DMAS j2

) =
n

4w2

 w−1∑
u1= j1−w+1

j2∑
u2= j2−w+1

Λ2(u1, u2) +

j1∑
u1=w

j2∑
u2= j2−w+1

Λ3(u1, u2)

 . (A.12)

Proof. For w ≤ j1 < 2w − 1 and j2 ≥ 2w − 1, we have

Cov(DMAS j1
,DMAS j2

) = Cov

 1
w

j1∑
u1= j1−w+1

MAS u1
,

1
w

j2∑
u2= j2−w+1

MAS u2


=

1
w2

 w−1∑
u1= j1−w+1

j2∑
u2= j2−w+1

Cov(MAS u1
,MAS u2

) +

j1∑
u1=w

j2∑
u2= j2−w+1

Cov(MAS u1
,MAS u2

)

 .
Applying Lemma A.3 and Lemma A.4, the relation (A.12) is achieved. �

Lemma A.13. For j1, j2 ≥ 2w − 1, we have the following relation:

Cov(DMAS j1
,DMAS j2

) =
n

4w2

j1∑
u1= j1−w+1

j2∑
u2= j2−w+1

Λ3(u1, u2). (A.13)
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Proof. For j1, j2 ≥ 2w − 1, we get

Cov(DMAS j1
,DMAS j2

) = Cov

 1
w

j1∑
u1= j1−w+1

MAS u1
,

1
w

j2∑
u2= j2−w+1

MAS u2


=

1
w2

j1∑
u1= j1−w+1

j2∑
u2= j2−w+1

Cov(MAS u1
,MAS u2

).

Applying Lemma A.4, the relation (A.12) is obtained. �

From all results in Lemmas A.8–A.13, the following conclusion can be drawn:

Cov(DMAS j1
,DMAS j2

) =



n
4 j1 j2

[ j1∑
u1=1

1
u1

+
∑

1≤u1<u2≤ j1

2
u2

+

j1∑
u1=1

j2∑
u2=u1+1

1
u2

]
,

1 ≤ j1, j2 ≤ w − 1,

n
4 j1w

[ j1∑
u1=1

w−1∑
u2= j2−w+1

Λ1(u1, u2) +

j1∑
u1=1

j2∑
u2=w

Λ2(u1, u2)
]
,

w ≤ t < 2w − 1, t − w + 1 ≤ j1 ≤ w − 1, w ≤ j2 ≤ t,

n
4 j1w

[ j2−w∑
u1= j1−w+1

w−1∑
u2= j2−w+1

Λ1(u1, u2) +

j2−w∑
u1= j1−w+1

j2∑
u2=w

Λ2(u1, u2)

+

w−1∑
u1= j2−w+1

1
u1

+
j1 − w + 1

w
+

∑
j2−w+1≤u1<u2≤w−1

2
u2

+

w−1∑
u1= j2−w+1

j1∑
u2=w

2Λ2(u1, u2) +
∑

w≤u1<u2≤ j1

2Λ3(u1, u2)

+

w−1∑
u1= j2−w+1

j2∑
u2= j1+1

Λ3(u1, u2) +

j1∑
u1=w

j2∑
u2= j1+1

Λ3(u1, u2)
]
,

w ≤ j1 < j2 < 2w − 1,

n
4w2

 w−1∑
u1= j1−w+1

j2∑
u2= j2−w+1

Λ2(u1, u2) +

j1∑
u1=w

j2∑
u2= j2−w+1

Λ3(u1, u2)


w ≤ j1 ≤ 2w − 2, 2w − 1 ≤ j2 ≤ 3w − 3,

n
4w2

j1∑
u1= j1−w+1

j2∑
u2= j2−w+1

Λ3(u1, u2),w ≤ u1 < 2w − 1, u2 ≥ 2w − 1.

(A.14)
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