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1. Introduction

In 1998, Pachpatte [1] showed an inequality of Hilbert-type and showed that if z(%) : {0, 1, 2, ..., γ} ⊂
N→ R and b(ϑ) : {0, 1, 2, ..., `} ⊂ N→ R with z(0) = b(0) = 0, then

γ∑
%=1

∑̀
ϑ=1

∣∣∣z%∣∣∣ |bϑ|
% + ϑ

≤ C(γ, `)

 γ∑
%=1

(γ − % + 1)
∣∣∣∇z%∣∣∣2

1
2
∑̀
ϑ=1

(` − ϑ + 1) |∇bϑ|2


1
2

, (1.1)

where ∇z% = z% − z%−1, ∇bϑ = bϑ − bϑ−1 and

C(γ, `) =
1
2

√
γ`.
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In 2000, Pachpatte [2] extended (1.1) and showed that if λ, µ > 1 with 1/λ + 1/µ = 1, z(%) :
{0, 1, 2, ..., γ} ⊂ N→ R and b(ϑ) : {0, 1, 2, ..., `} ⊂ N→ R with z(0) = b(0) = 0, then

γ∑
j=1

∑̀
ϑ=1

∣∣∣z j

∣∣∣ |bϑ|
µ jλ−1 + λϑµ−1 ≤ D(λ, µ, γ, `)

 γ∑
j=1

(γ − j + 1)
∣∣∣∇z j

∣∣∣λ
1
λ
∑̀
ϑ=1

(` − ϑ + 1) |∇bϑ|µ


1
µ

, (1.2)

where
D(λ, µ, γ, `) =

1
λµ
γ

λ−1
λ `

µ−1
µ .

In 2002, Kim et al. [3] expanded (1.2) and showed that if λ, µ > 1, z(%) : {0, 1, 2, ..., γ} ⊂ N→ R, and
b(ϑ) : {0, 1, 2, ..., `} ⊂ N→ R with z(0) = b(0) = 0, then

γ∑
j=1

∑̀
ϑ=1

∣∣∣z j

∣∣∣ |bϑ|
µ j

(λ−1)(λ+µ)
λµ + λϑ

(µ−1)(λ+µ)
λµ

≤ D∗(λ, µ, γ, `)

 γ∑
j=1

(γ − j + 1)
∣∣∣∇z j

∣∣∣λ
1
λ
∑̀
ϑ=1

(` − ϑ + 1) |∇bϑ|µ


1
µ

, (1.3)

where
D∗(λ, µ, γ, `) =

1
λ + µ

γ
λ−1
λ `

µ−1
µ .

Also, the authors [3] showed that if λ, µ > 1 and f : (0, x) → R, g : (0, y) → R for x, y ∈ (0,∞) such
that f (0) = g(0) = 0, then∫ x

0

∫ y

0

| f (%)| |g(τ)|

µ%
(λ−1)(λ+µ)

λµ + λϑ
(µ−1)(λ+µ)

λµ

d%dτ

≤ M(λ, µ, x, y)
(∫ x

0
(x − %) | f ′(%)|λ d%

) 1
λ
(∫ y

0
(y − τ) |g′(τ)|µ dτ

) 1
µ

, (1.4)

where
M(λ, µ, x, y) =

1
λ + µ

x
λ−1
λ y

µ−1
µ .

In 2011, Zhao et al. [4] broadened (1.1) and showed that if γs > 1 such that 1/γs + 1/`s = 1 and
zs(%s) are real sequences defined for %s = 0, 1, 2, ...,ms, where ms are natural numbers, zs (0) = 0,
and s = 1, 2, ..., h. Define the operator ∇ by ∇zs(%s) = zs(%s) − zs(%s − 1) for any function zs(%s),
s = 1, 2, ..., h. Then,

m1∑
%1=1

m2∑
%2=1

...

mh∑
%h=1

∏h
s=1 |zs(%s)|(∑h

s=1 %s/`s

)∑h
s=1 1/`s

≤ M
h∏

s=1

 ms∑
%s=1

(ms − %s + 1) |∇zs(%s)|γs


1
γs

, (1.5)

where

M = M (m1,m2, ...,mh) =

h − h∑
s=1

1
γs


∑h

s=1 1/γs−h

.

h∏
s=1

m1/`s
s .
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Also, the authors [4] showed that if hs ≥ 1, γs > 1 are constants and 1/γs + 1/`s = 1 and fs(%s)
are real-valued differentiable functions defined on [0, xs), where xs ∈ (0,∞) . Suppose fs (0) = 0 for
s = 1, 2, ..., h. Then, ∫ x1

0
...

∫ xh

0

∏h
s=1

∣∣∣ f hs
s (%s)

∣∣∣(∑h
s=1 %s/`s

)∑h
s=1 1/`s

d%h...d%1

≤ K
h∏

s=1

(∫ xs

0
(xs − %s)

∣∣∣ f hs−1
s (%s). f ′s (%s)

∣∣∣γs d%s

) 1
γs

, (1.6)

where

K = K (x1, ..., xh) =

h − h∑
s=1

1
γs


∑h

s=1 1/γs−h

.

h∏
s=1

hsx1/`s
s .

Also, they showed that if γs, `s > 1 such that 1/γs + 1/`s = 1 and zs(%s, τs) are real sequences defined
for (%s, τs) , where %s = 0, 1, 2, ...,ms, τs = 0, 1, 2, ..., hs, and ms, hs (s = 1, 2, ..., h) are natural numbers.
Assume that zs(0, τs) = zs(%s, 0) = 0, ∀s = 1, 2, ..., h. Define the operator ∇1 and ∇2 by

∇1zs(%s, τs) = zs(%s, τs) − zs(%s − 1, τs),

∇2zs(%s, τs) = zs(%s, τs) − zs(%s, τs − 1).

Then,

m1∑
%1=1

h1∑
τ1=1

...

mh∑
%h=1

hh∑
τh=1

∏h
s=1 |zs(%s, τs)|(∑h

s=1 %sτs/`s

)∑h
s=1 1/`s

≤ L
h∏

s=1

 ms∑
%s=1

hs∑
τs=1

(ms − %s + 1) (hs − τs + 1) |∇2∇1zs(%s, τs)|γs


1
γs

, (1.7)

where

L =

h − h∑
s=1

1
γs


∑h

s=1 1/γs−h

.

h∏
s=1

(mshs)1/`s .

Over recent decades, considerable focus has been placed on developing discrete counterparts to
continuous findings across various branches of analysis. The growing interest in the discrete domain
stems from the notable divergence in behavior between discrete operators and their continuous analogs.
This paper aims to derive discrete inequalities within a broader framework termed a “time scale”. Here,
a time scale, denoted by T, represents any nonempty closed subset of the real number R. For more
details about the dynamic inequalities on time scales, see the papers [5–9].

This paper aims to get reversed analogs similar to inequalities of Hilbert-type (1.5)–(1.7) on delta
time scales. These inequalities will be established by applying reverse Hölder’s inequality, mean
inequality, and integration by parts on time scales.

The organization of the paper is follows: In Section 2, we show some lemmas on time scales needed
for Section 3 where we prove our results. These results show special cases when T = N and T = R give
the reverse analogs on delta calculus of inequalities (1.5) and (1.7), and (1.6), respectively. Also, we
can get other inequalities on different time scales, like T =qN for q > 1.

AIMS Mathematics Volume 11, Issue 2, 4445–4464.
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2. Preliminaries and basic lemmas

Instead of repitition about the basic facts of time scales and time scale notation, we refer to the
book [10] by Bohner and Peterson which summarizes and organizes much of the theory on time scales.

A time scale T is defined by a nonempty closed subset of the real numbers R. For t ∈ T, we define
the forward jump operator σ : T→ T and the backward jump operator ρ : T→ T as follows:

σ(t) = inf{s ∈ T : s > t} and ρ(t) = sup{s ∈ T : s < t},

while the graininess function µ : T→ [0,∞) is given by µ(t) = σ(t) − t.
In particular, if T = R, then σ(t) = t, ρ(t) = t, and µ(t) = σ(t) − t = 0.
If T = N, then σ(t) = t + 1, ρ(t) = t − 1, and µ(t) = σ(t) − t = 1.
If T = qN0 for q > 1, then σ(t) = qt, ρ(t) = t

q , and µ(t) = σ(t) − t = (q − 1)t.

Definition 2.1 ([10]). We set
inf φ = supT, sup φ = inf T.

For t ∈ T, we have the following cases (also see Figures 1 and 2):

(1) If σ(t) > t, then we say that t is right-scattered.
(2) If t < supT and σ(t) = t, then we say that t is right-dense.
(3) If ρ(t) < t, then we say that t is left-scattered.
(4) If t > inf T and ρ(t) = t, then we say that t is left-dense.
(5) If t is left-scattered and right-scattered at the same time, then we say that t is isolated (i.e.,

ρ(t) < t < σ(t)).
(6) If t is left-dense and right-dense at the same time, then we say that t is dense (i.e., ρ(t) = t = σ(t)).

ρ(ρ(t)) ρ(t) t σ(t) σ(σ(t))

µ(t)

Figure 1. Forward and backward jump operators and the graininess function on a time scales.

T

Dense region (R) Discrete regionσ(t)

ρ(t)

Figure 2. Right scattered points, left scattered points, isolated points, right dense points, left
dense points, and dense points.

Theorem 2.1 (Chain rule [10, Theorem 1.90]). Assume g : R → R is continuous, g : T → R is
delta differentiable on T, and f : R → R is continuously differentiable. Then there exists c in the real
interval [t, σ(t)] with

( f ◦ g)∆ (t) = f
′

(g(c)) g∆(t). (2.1)

AIMS Mathematics Volume 11, Issue 2, 4445–4464.
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Lemma 2.1 (Integration by parts [11]). If z, b ∈ T and u, v ∈ Crd([z, b]T, R), then∫ b

z

u(τ)v∆(τ)∆τ = [u(τ)v(τ)]b
z −

∫ b

z

u∆(τ)vσ(τ)∆τ. (2.2)

Lemma 2.2 (Hölder’s inequality [11]). If z, b ∈ T and f , g ∈ Crd([z, b]T, R), then∫ b

z

| f (τ)g(τ)|∆τ ≤
[∫ b

z

| f (τ)|α∆τ
] 1
α
[∫ b

z

|g(τ)|ν∆τ
] 1
ν

,

where α > 1, and 1/α + 1/ν = 1. In addition, if α < 0 and 1/α + 1/ν = 1, then∫ b

z

| f (τ)g(τ)|∆τ ≥
[∫ b

z

| f (τ)|α∆τ
] 1
α
[∫ b

z

|g(τ)|ν∆τ
] 1
ν

. (2.3)

Let T1 and T2 be time scales. Let CCrd denote the set of functions f (τ1, τ2) on T1 × T2, where f is
rd− continuous in τ1 and τ2. Let CC1

rd denote the set of all functions CCrd for which both the ∆1 partial
derivative and ∆2 partial derivative exist and are in CCrd. The following theorem is adapted from [12],
when α = 0 and h(τ, x) = 1.

Lemma 2.3 (Hölder’s inequality in two dimensions [12]). Assume that z, b ∈ T with z < b, f , g ∈
CCrd([z, b]T × [z, b]T ,R) and α, ν > 1 such that 1/α + 1/ν = 1. Then,∫ b

z

∫ b

z

| f (τ, x)g(τ, x)|∆1τ∆2x

≤

[∫ b

z

∫ b

z

| f (τ, x)|α∆1τ∆2x
] 1
α
[∫ b

z

∫ b

z

|g(τ, x)|ν∆1τ∆2x
] 1
ν

.

This inequality is reversed when ν < 0 such that 1/α + 1/ν = 1, and it becomes∫ b

z

∫ b

z

| f (τ, x)g(τ, x)|∆1τ∆2x (2.4)

≥

[∫ b

z

∫ b

z

| f (τ, x)|α∆1τ∆2x
] 1
α
[∫ b

z

∫ b

z

|g(τ, x)|ν∆1τ∆2x
] 1
ν

.

Lemma 2.4 (Fubini’s theorem [13]). If z, b, c, β ∈ T and Φ ∈ CCrd
(
[z, b]T ×

[
c, β

]
T ,R

)
is

∆−integrable, then ∫ b

z

(∫ β

c
Φ (τ, x) ∆2x

)
∆1τ =

∫ β

c

(∫ b

z

Φ (τ, x) ∆1τ

)
∆2x. (2.5)

Before starting our main results, we prove the following auxiliary lemma which will be needed in
the proof of these results.

Lemma 2.5. Assume zs, bs ∈ T and either λs ∈ Crd([zs, bs]T , (−∞, 0]) is a nonincreasing function, or
λs ∈ Crd([zs, bs]T , [0,∞)) is a nondecreasing function with λs(zs) = 0, s = 1, 2, ..., h. Then,∫ xs

zs

∣∣∣λ∆
s (τs)

∣∣∣ ∆τs = |λs(xs)| , xs ∈ [zs, bs]T . (2.6)
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Proof. First, if λs ∈ Crd([zs, bs]T , (−∞, 0]) is a nonincreasing function where λs(zs) = 0, then we see
that λ∆

s (τs) ≤ 0, and then∫ xs

zs

∣∣∣λ∆
s (τs)

∣∣∣ ∆τs = −

∫ xs

zs

λ∆
s (τs)∆τs = − [λs(xs) − λs(zs)] = −λs(xs) = |λs(xs)| . (2.7)

Second, if λs ∈ Crd([zs, bs]T , [0,∞)) is a nondecreasing function with λs(zs) = 0, then we get λ∆
s (τs) ≥

0, and then ∫ xs

zs

∣∣∣λ∆
s (τs)

∣∣∣ ∆τs =

∫ xs

zs

λ∆
s (τs)∆τs = λs(xs) − λs(zs) = λs(xs) = |λs(xs)| . (2.8)

From (2.7) and (2.8), we have, for the two cases of λs, that∫ xs

zs

∣∣∣λ∆
s (τs)

∣∣∣ ∆τs = |λs(xs)| ,

which is (2.6). �

Lemma 2.6 (Mean inequality [14]). If αs, βs > 0 for s = 1, 2, ..., h, then

h∏
s=1

αβs
s ≤

(∑h
s=1 αsβs

)∑h
s=1 βs

(∑h
s=1 βs

)∑h
s=1 βs

. (2.9)

Lemma 2.7. Let `s < 0 with 1/γs + 1/`s = 1 and %s > 0, s = 1, 2, ..., h. Then,

h∏
s=1

%1/`s
s ≥

(∑h
s=1 %s/`s

)∑h
s=1 1/`s

(
h −

∑h
s=1 1/γs

)(h−
∑h

s=1 1/γs)
. (2.10)

Proof. Applying Lemma 2.6 with αs = %s and βs = −1/`s, we observe that

h∏
s=1

%1/`s
s ≥

(∑h
s=1 %s/`s∑h
s=1 1/`s

)∑h
s=1 1/`s

. (2.11)

Since 1/`s = 1 − 1/γs, we see that

h∑
s=1

1/`s =

h∑
s=1

(1 − 1/γs) = h −
h∑

s=1

1/γs,

thus (2.11) can be written as the following:

h∏
s=1

%1/`s
s ≥

(∑h
s=1 %s/`s

)∑h
s=1 1/`s

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs
,

which is (2.10). �
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3. Main results

Throughout the paper we assume that the integrals considered are assumed to exist. Now, we can
state and prove our results.

Theorem 3.1. Let zs, εs ∈ T, 0 < γs < 1, and `s < 0 such that 1/γs + 1/`s = 1, λs ∈ Crd([zs, εs]T ,R)
with λs(zs) = 0 and either λs ∈ Crd([zs, bs]T , (−∞, 0]) be a nonincreasing function, or λs ∈

Crd([zs, bs]T , [0,∞)) be a nondecreasing function for s = 1, 2, ..., h. Then,

∫ ε1

z1

...

∫ εh

zh

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs ∏h
s=1 |λs(xs)|(∑h

s=1 (xs − zs) /`s

)∑h
s=1 1/`s

∆xh...∆x1

≥

h∏
s=1

(εs − zs)
1
`s

h∏
s=1

(∫ εs

zs

[εs − σ(xs)]
∣∣∣λ∆

s (xs)
∣∣∣γs

∆xs

) 1
γs

. (3.1)

Proof. Applying (2.6), we have for xs ∈ [zs, bs]T that
∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣ ∆ζs = |λs(xs)| , and so

h∏
s=1

|λs(xs)| =
h∏

s=1

∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣ ∆ζs. (3.2)

Applying (2.3) on
∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣ ∆ζs, with `s < 0, f (ζs) =
∣∣∣λ∆

s (ζs)
∣∣∣, and g(ζs) = 1, we see that

∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣ ∆ζs ≥

(∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣γs
∆ζs

) 1
γs

(∫ xs

zs

∆ζs

) 1
`s

= (xs − zs)
1
`s

(∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣γs
∆ζs

) 1
γs

,

and then

h∏
s=1

∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣ ∆ζs ≥

h∏
s=1

(xs − zs)
1
`s

h∏
s=1

(∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣γs
∆ζs

) 1
γs

. (3.3)

Substituting (3.3) into (3.2), we see that

h∏
s=1

|λs(xs)| ≥
h∏

s=1

(xs − zs)
1
`s

h∏
s=1

(∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣γs
∆ζs

) 1
γs

. (3.4)

Applying (2.10) with %s = xs − zs, we obtain

h∏
s=1

(xs − zs)1/`s ≥

(∑h
s=1 (xs − zs) /`s

)∑h
s=1 1/`s

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs
. (3.5)

Substituting (3.5) into (3.4), we have

h∏
s=1

|λs(xs)| ≥

(∑h
s=1 (xs − zs) /`s

)∑h
s=1 1/`s

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs

h∏
s=1

(∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣γs
∆ζs

) 1
γs

. (3.6)
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Multiplying (3.6) by

h − h∑
s=1

1/γs

h−
∑h

s=1 1/γs

/

 h∑
s=1

(xs − zs) /`s


∑h

s=1 1/`s

,

we observe that∫ ε1

z1

...

∫ εh

zh

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs

(∑h
s=1 (xs − zs) /`s

)∑h
s=1 1/`s

h∏
s=1

|λs(xs)|∆xh...∆x1

≥

∫ ε1

z1

...

∫ εh

zh

h∏
s=1

(∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣γs
∆ζs

) 1
γs

∆xh...∆x1 =

h∏
s=1

∫ εs

zs

(∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣γs
∆ζs

) 1
γs

∆xs. (3.7)

Again by applying (2.3) on ∫ εs

zs

(∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣γs
∆ζs

) 1
γs

∆xs,

with `s < 0, f (xs) =
(∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣γs
∆ζs

) 1
γs and g (xs) = 1, we have that

∫ εs

zs

(∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣γs
∆ζs

) 1
γs

∆xs ≥

(∫ εs

zs

∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣γs
∆ζs∆xs

) 1
γs

(∫ εs

zs

∆xs

) 1
`s

= (εs − zs)
1
`s

(∫ εs

zs

∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣γs
∆ζs∆xs

) 1
γs

,

and then
h∏

s=1

∫ εs

zs

(∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣γs
∆ζs

) 1
γs

∆xs ≥

h∏
s=1

(εs − zs)
1
`s

h∏
s=1

(∫ εs

zs

∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣γs
∆ζs∆xs

) 1
γs

. (3.8)

Substituting (3.8) into (3.7), we see that

∫ ε1

z1

...

∫ εh

zh

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs

(∑h
s=1 (xs − zs) /`s

)∑h
s=1 1/`s

h∏
s=1

|λs(xs)|∆xh...∆x1

≥

h∏
s=1

(εs − zs)
1
`s

h∏
s=1

(∫ εs

zs

∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣γs
∆ζs∆xs

) 1
γs

. (3.9)

Using (2.2) on ∫ εs

zs

(∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣γs
∆ζs

)
∆xs,

with f (xs) =
∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣γs
∆ζs and g∆(xs) = 1, we get∫ εs

zs

(∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣γs
∆ζs

)
∆xs =

(∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣γs
∆ζs

)
g(xs)

∣∣∣∣∣∣εs

zs

−

∫ εs

zs

∣∣∣λ∆
s (xs)

∣∣∣γs gσ(xs)∆xs, (3.10)

AIMS Mathematics Volume 11, Issue 2, 4445–4464.



4453

where g(xs) = xs − εs. Since g(εs) = 0, from (3.10) we have∫ εs

zs

(∫ xs

zs

∣∣∣λ∆
s (ζs)

∣∣∣γs
∆ζs

)
∆xs =

∫ εs

zs

∣∣∣λ∆
s (xs)

∣∣∣γs [εs − σ(xs)] ∆xs. (3.11)

Substituting (3.11) into (3.9), we obtain

∫ ε1

z1

...

∫ εh

zh

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs ∏h
s=1 |λs(xs)|(∑h

s=1 (xs − zs) /`s

)∑h
s=1 1/`s

∆xh...∆x1

≥

h∏
s=1

(εs − zs)
1
`s

h∏
s=1

(∫ εs

zs

[εs − σ(xs)]
∣∣∣λ∆

s (xs)
∣∣∣γs

∆xs

) 1
γs

,

which is the desired inequality (3.1). �

Remark 3.1. If T = N0, σ(xs) = xs + 1, and zs = 0 for s = 1, 2, ..., h, 0 < γs < 1, and `s < 0 such that
1/γs + 1/`s = 1. Then (3.1) reduces to the following:

ε1−1∑
x1=0

...

εh−1∑
xh=0

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs ∏h
s=1 |λs(xs)|(∑h

s=1 xs/`s

)∑h
s=1 1/`s

≥

h∏
s=1

ε
1
`s
s

h∏
s=1

εs−1∑
xs=0

[εs − xs − 1] |∆λs(xs)|γs


1
γs

,

(3.12)

where
∆λ(x) =

λ(σ(x)) − λ(x)
σ(x) − x

= λ(x + 1) − λ(x).

Example 1. Determining T = N0, h = 2, s = 1, 2, γ1 = 1
2 , `1 = −1, γ2 = 1

3 , `2 = −1
2 , λ1(x) = λ2(x) = x,

ε1 = 3, and ε2 = 2. Then, the left side of inequality (3.12) becomes

ε1−1∑
x1=0

...

εh−1∑
xh=0

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs ∏h
s=1 |λs(xs)|(∑h

s=1 xs/`s

)∑h
s=1 1/`s

=

2∑
x1=0

1∑
x2=0

(
2 −

∑2
s=1 1/γs

)2−
∑2

s=1 1/γs ∏2
s=1 λs(xs)(∑2

s=1 xs/`s

)∑2
s=1 1/`s

=
155
27

.

In this case, the right side of (3.12) gives

h∏
s=1

ε
1
`s
s

h∏
s=1

εs−1∑
xs=0

[εs − xs − 1] |∆λs(xs)|γs


1
γs

=

2∏
s=1

ε
1
`s
s

2∏
s=1

εs−1∑
xs=0

[εs − xs − 1]


1
γs

=
3
4
,

and this indicates the validity of (3.12).
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Remark 3.2. If T = R, σ(xs) = xs, zs = 0, 0 < γs < 1, and `s < 0 such that 1/γs +1/`s = 1. Then, (3.1)
reduces to the following:

∫ ε1

0
...

∫ εh

0

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs ∏h
s=1 |λs(xs)|(∑h

s=1 xs/`s

)∑h
s=1 1/`s

dxh...dx1

≥

h∏
s=1

ε
1
`s
s

h∏
s=1

(∫ εs

0
[εs − xs]

∣∣∣λ′s(xs)
∣∣∣γs dxs

) 1
γs

.

Remark 3.3. If T =βN0 for β > 1, σ(xs) = βxs, µ (xs) = σ(xs) − xs = (β − 1) xs, 0 < γs < 1, and `s < 0
such that 1/γs + 1/`s = 1. Then, (3.1) reduces to the following:

ε1/β∑
x1=z1

...

εh/β∑
xh=zh

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs ∏h
s=1 (β − 1) xs |λs(xs)|(∑h

s=1 (xs − zs) /`s

)∑h
s=1 1/`s

≥

h∏
s=1

(εs − zs)
1
`s

h∏
s=1

 εs/β∑
xs=zs

(β − 1) xs
[
εs − βxs

] ∣∣∣λ∆
s (xs)

∣∣∣γs


1
γs

,

where
λ∆

s (xs) = ∆βλs(xs) =
λs(βxs) − λs(xs)

(β − 1) xs
.

Theorem 3.2. Assume that zs, εs, υs ∈ T, 0 < γs < 1, and `s < 0 such that 1/γs + 1/`s = 1
and λs ∈ CC′rd([zs, εs]T × [zs, υs]T ,R+ ∪ {0}) with λ∆2∆1

s (τs, xs) ≥ 0, λs(zs, xs) = λs(τs, zs) = 0 for
xs ∈ [zs, εs]T and τs ∈ [zs, υs]T , s = 1, 2, ..., h. Then,

∫ υ1

z1

∫ υh

zh

...

∫ ε1

z1

∫ εh

zh

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs ∏h
s=1 |λs(τs, xs)|(∑h

s=1 (τs − zs) (xs − zs) /`s

)∑h
s=1 1/`s

∆2xh∆2x1...∆1τh∆1τ1

≥

h∏
s=1

(υs − zs)
1
`s (εs − zs)

1
`s

h∏
s=1

(∫ εs

zs

∫ υs

zs

(υs − σ (τs)) (εs − σ (xs))
∣∣∣λ∆2∆1

s (τs, xs)
∣∣∣γs

∆1τs∆2xs

) 1
γs

.

(3.13)

Here the ∆1−derivative of the function λ(τ, x) is the ∆−derivative with respect to the first variable τ,
and the ∆2−derivative of the function λ(τ, x) is the ∆−derivative with respect to the second variable x.

Proof. Applying (2.5) and the hypothesis λ∆2∆1
s (τs, xs) ≥ 0 and λs(zs, xs) = λs(τs, zs) = 0 for xs ∈

[zs, εs]T and τs ∈ [zs, υs]T, we see that∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ζs, ϑs)

∣∣∣ ∆2ϑs∆1ζs =

∫ τs

zs

∫ xs

zs

λ∆2∆1
s (ζs, ϑs)∆2ϑs∆1ζs

=

∫ τs

zs

∫ xs

zs

[
λ∆2

s (ys, ϑs)
]∆1

∆2ϑs∆1ys
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=

∫ xs

zs

(∫ τs

zs

[
λ∆2

s (ys, ϑs)
]∆1

∆1ys

)
∆2ϑs

=

∫ xs

zs

(
λ∆2

s (τs, ϑs) − λ∆2
s (zs, ϑs)

)
∆2ϑs

= λs(τs, xs) − λs(τs, zs) − λs(zs, xs) + λs(zs, zs)
= λs(τs, xs) = |λs(τs, xs)| ,

and then
h∏

s=1

|λs(τs, xs)| =
h∏

s=1

∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣ ∆2ϑs∆1ys. (3.14)

Applying (2.4) on
∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣ ∆2ϑs∆1ys, with `s < 0, f (ys, ϑs) = 1 and g(ys, ϑs) =∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣ , we observe that∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣ ∆2ϑs∆1ys

≥

(∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs∆1ys

) 1
γs

(∫ τs

zs

∫ xs

zs

∆2ϑs∆1ys

) 1
`s

= (τs − zs)
1
`s (xs − zs)

1
`s

(∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs∆1ys

) 1
γs

,

and then

h∏
s=1

∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣ ∆2ϑs∆1ys

≥

h∏
s=1

(τs − zs)
1
`s (xs − zs)

1
`s

h∏
s=1

(∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs∆1ys

) 1
γs

.

(3.15)

Substituting (3.15) into (3.14), we see that

h∏
s=1

|λs(τs, xs)| ≥
h∏

s=1

(τs − zs)
1
`s (xs − zs)

1
`s

h∏
s=1

(∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs∆1ys

) 1
γs

. (3.16)

Applying (2.10) with %s = (τs − zs) (xs − zs) , we have that

h∏
s=1

(τs − zs)
1
`s (xs − zs)

1
`s ≥

(∑h
s=1 (τs − zs) (xs − zs) /`s

)∑h
s=1 1/`s

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs
. (3.17)

Substituting (3.17) into (3.16), we obtain
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h∏
s=1

|λs(τs, xs)| ≥

(∑h
s=1 (τs − zs) (xs − zs) /`s

)∑h
s=1 1/`s

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs

×

h∏
s=1

(∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs∆1ys

) 1
γs

. (3.18)

Multiplying (3.18) byh − h∑
s=1

1/γs

h−
∑h

s=1 1/γs

/

 h∑
s=1

(τs − zs) (xs − zs) /`s


∑h

s=1 1/`s

,

we observe that

∫ υ1

z1

∫ υh

zh

...

∫ ε1

z1

∫ εh

zh

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs ∏h
s=1 |λs(τs, xs)|(∑h

s=1 (τs − zs) (xs − zs) /`s

)∑h
s=1 1/`s

∆2xh∆2x1...∆1τh∆1τ1

≥

∫ υ1

z1

∫ υh

zh

...

∫ ε1

z1

∫ εh

zh

h∏
s=1

(∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs∆1ys

) 1
γs

∆2xh∆2x1...∆1τh∆1τ1

=

h∏
s=1

∫ υs

zs

∫ εs

zs

(∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs∆1ys

) 1
Υs

∆2xs∆1τs.

(3.19)

Applying (2.4) on ∫ υs

zs

∫ εs

zs

(∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs∆1ys

) 1
γs

∆2xs∆1τs,

with `s < 0, f (xs, τs) = 1 and

g(xs, τs) =

(∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs∆1ys

) 1
γs

,

we have that∫ υs

zs

∫ εs

zs

(∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs∆1ys

) 1
γs

∆2xs∆1τs

≥

(∫ υs

zs

∫ εs

zs

∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs∆1ys∆2xs∆1τs

) 1
γs

(∫ υs

zs

∫ εs

zs

∆2xs∆1τs

) 1
`s

= (υs − zs)
1
`s (εs − zs)

1
`s

(∫ υs

zs

∫ εs

zs

∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs∆1ys∆2xs∆1τs

) 1
γs

,

and then
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h∏
s=1

∫ υs

zs

∫ εs

zs

(∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs∆1ys

) 1
γs

∆2xs∆1τs

≥

h∏
s=1

(υs − zs)
1
`s (εs − zs)

1
`s

×

h∏
s=1

(∫ υs

zs

∫ εs

zs

∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs∆1ys∆2xs∆1τs

) 1
γs

.

(3.20)

Substituting (3.20) into (3.19) and applying (2.5), we see that

∫ υ1

z1

∫ υh

zh

...

∫ ε1

z1

∫ εh

zh

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs ∏h
s=1 |λs(τs, xs)|(∑h

s=1 (τs − zs) (xs − zs) /`s

)∑h
s=1 1/`s

∆2xh∆2x1...∆1τh∆1τ1

≥

h∏
s=1

(υs − zs)
1
`s (εs − zs)

1
`s

h∏
s=1

(∫ υs

zs

∫ εs

zs

∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs∆1ys∆2xs∆1τs

) 1
γs

=

h∏
s=1

(υs − zs)
1
`s (εs − zs)

1
`s

×

h∏
s=1

(∫ εs

zs

(∫ υs

zs

[∫ τs

zs

∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs∆1ys

]
∆1τs

)
∆2xs

) 1
γs

. (3.21)

Applying (2.2) on the term
∫ υs

zs

(∫ τs

zs

[∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs

]
∆1ys

)
∆1τs with

f (τs) =

∫ τs

zs

[∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs

]
∆1ys and g∆(τs) = 1,

we get ∫ υs

zs

(∫ τs

zs

[∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs

]
∆1ys

)
∆1τs

= g(τs)
(∫ τs

zs

[∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs

]
∆1ys

)∣∣∣∣∣∣υs

zs

−

∫ υs

zs

gσ(τs)
[∫ xs

zs

∣∣∣λ∆2∆1
s (τs, ϑs)

∣∣∣γs
∆2ϑs

]
∆1τs, (3.22)

where g(τs) = τs − υs. Since g (υs) = 0, from (3.22) we have∫ υs

zs

(∫ τs

zs

[∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs

]
∆1ys

)
∆1τs

=

∫ υs

zs

[υs − σ (τs)]
[∫ xs

zs

∣∣∣λ∆2∆1
s (τs, ϑs)

∣∣∣γs
∆2ϑs

]
∆1τs. (3.23)
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Integrating (3.23) over xs from zs to εs and then by applying (2.5), we obtain∫ εs

zs

∫ υs

zs

(∫ τs

zs

[∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs

]
∆1ys

)
∆1τs∆2xs

=

∫ εs

zs

∫ υs

zs

[υs − σ (τs)]
[∫ xs

zs

∣∣∣λ∆2∆1
s (τs, ϑs)

∣∣∣γs
∆2ϑs

]
∆1τs∆2xs

=

∫ υs

zs

∫ εs

zs

[υs − σ (τs)]
[∫ xs

zs

∣∣∣λ∆2∆1
s (τs, ϑs)

∣∣∣γs
∆2ϑs

]
∆2xs∆1τs

=

∫ υs

zs

[υs − σ (τs)]
(∫ εs

zs

[∫ xs

zs

∣∣∣λ∆2∆1
s (τs, ϑs)

∣∣∣γs
∆2ϑs

]
∆2xs

)
∆1τs. (3.24)

Again by applying (2.2) on ∫ εs

zs

[∫ xs

zs

∣∣∣λ∆2∆1
s (τs, ϑs)

∣∣∣γs
∆2ϑs

]
∆2xs,

with

f (xs) =

∫ xs

zs

∣∣∣λ∆2∆1
s (τs, ϑs)

∣∣∣γs
∆2ϑs and g∆ (xs) = 1,

we see that ∫ εs

zs

[∫ xs

zs

∣∣∣λ∆2∆1
s (τs, ϑs)

∣∣∣γs
∆2ϑs

]
∆2xs

= g (xs)
(∫ xs

zs

∣∣∣λ∆2∆1
s (τs, ϑs)

∣∣∣γs
∆2ϑs

)∣∣∣∣∣∣εs

zs

−

∫ εs

zs

gσ (xs)
∣∣∣λ∆2∆1

s (τs, xs)
∣∣∣γs

∆2xs, (3.25)

where g (xs) = xs − εs. Since g (εs) = 0, from (3.25) we have∫ εs

zs

[∫ xs

zs

∣∣∣λ∆2∆1
s (τs, ϑs)

∣∣∣γs
∆2ϑs

]
∆2xs

=

∫ εs

zs

(εs − σ (xs))
∣∣∣λ∆2∆1

s (τs, xs)
∣∣∣γs

∆2xs. (3.26)

Substituting (3.26) into (3.24) and applying (2.5), we obtain∫ εs

zs

∫ υs

zs

(∫ τs

zs

[∫ xs

zs

∣∣∣λ∆2∆1
s (ys, ϑs)

∣∣∣γs
∆2ϑs

]
∆1ys

)
∆1τs∆2xs

=

∫ υs

zs

(υs − σ (τs))
(∫ εs

zs

(εs − σ (xs))
∣∣∣λ∆2∆1

s (τs, xs)
∣∣∣γs

∆2xs

)
∆1τs

=

∫ υs

zs

∫ εs

zs

(υs − σ (τs)) (εs − σ (xs))
∣∣∣λ∆2∆1

s (τs, xs)
∣∣∣γs

∆2xs∆1τs

=

∫ εs

zs

∫ υs

zs

(υs − σ (τs)) (εs − σ (xs))
∣∣∣λ∆2∆1

s (τs, xs)
∣∣∣γs

∆1τs∆2xs. (3.27)
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Substituting (3.27) into (3.21), we see that

∫ υ1

z1

∫ υh

zh

...

∫ ε1

z1

∫ εh

zh

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs ∏h
s=1 |λs(τs, xs)|(∑h

s=1 (τs − zs) (xs − zs) /`s

)∑h
s=1 1/`s

∆2xh∆2x1...∆1τh∆1τ1

≥

h∏
s=1

(υs − zs)
1
`s (εs − zs)

1
`s 1

h∏
s=1

(∫ εs

zs

∫ υs

zs

(υs − σ (τs)) (εs − σ (xs))
∣∣∣λ∆2∆1

s (τs, xs)
∣∣∣γs

∆1τs∆2xs

) 1
γs

,

which is (3.13). �

Remark 3.4. If T = N0, σ (xs) = xs + 1, and zs = 0, we get the reverse analog of inequality (1.7) as
follows:

υ1−1∑
τ1=0

υh−1∑
τh=0

...

ε1−1∑
x1=0

εh−1∑
xh=0

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs ∏h
s=1 |λs(τs, xs)|(∑h

s=1 τsxs/`s

)∑h
s=1 1/`s

≥

h∏
s=1

(εsυs)
1
`s

h∏
s=1

εs−1∑
xs=0

υs−1∑
τs=0

(υs − τs − 1) (εs − xs − 1) |∆2∆1λs(τs, xs)|γs


1
γs

,

where
∆1λs(τs, xs) = λs(τs + 1, xs) − λs(τs, xs),

∆2λs(τs, xs) = λs(τs, xs + 1) − λs(τs, xs).

Remark 3.5. If T = R, σ (xs) = xs, and zs = 0, γs, `s > 1 such that 1/γs + 1/`s = 1 and λs ∈

C([0, εs] × [0, υs],R+ ∪ {0}) with ∂2

∂xs∂τs
λs(τs, xs) ≥ 0, λs(0, xs) = λs(τs, 0) = 0 for xs ∈ [0, εs]T and

τs ∈ [0, υs]T , where s = 1, 2, ..., h, then

∫ υ1

0

∫ υh

0
...

∫ ε1

0

∫ εh

0

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs ∏h
s=1 |λs(τs, xs)|(∑h

s=1 τsxs/`s

)∑h
s=1 1/`s

dxhdx1...dτhdτ1

≥

h∏
s=1

(υsεs)
1
`s

h∏
s=1

(∫ εs

0

∫ υs

0
(υs − τs) (εs − xs)

∣∣∣∣∣∣ ∂2

∂xs∂τs
λs(τs, xs)

∣∣∣∣∣∣γs

dτsdxs

) 1
γs

.

Remark 3.6. If T =βN0 for β > 1, σ (y) = βy for y ∈ T, γs, `s > 1 such that 1/γs + 1/`s = 1 and
λs : [zs, εs]T × [zs, υs]T → R+ ∪ {0} with λ∆2∆1

s (τs, xs) ≥ 0, λs(zs, xs) = λs(τs, zs) = 0 for xs ∈ [zs, εs]T
and τs ∈ [zs, υs]T , where s = 1, 2, ..., h, then

υ1/β∑
τ1=z1

υh/β∑
τh=zh

...

ε1/β∑
x1=z1

εh/β∑
xh=zh

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs ∏h
s=1 (β − 1)2 τsxs |λs(τs, xs)|(∑h

s=1 (τs − zs) (xs − zs) /`s

)∑h
s=1 1/`s

≥

h∏
s=1

(υs − zs)
1
`s (εs − zs)

1
`s
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×

h∏
s=1

 εs/β∑
xs=zs

υs/β∑
τs=zs

(β − 1)2 τsxs (υs − βτs) (εs − βxs)
∣∣∣λ∆2∆1

s (τs, xs)
∣∣∣γs


1
γs

.

Here the ∆1−derivative of the function λ(τ, x) is the ∆−derivative with respect to the first variable τ,
and the ∆2−derivative of the function λ(τ, x) is the ∆−derivative with respect to the second variable x.

Theorem 3.3. Let zs, εs ∈ T, hs ≥ 1, 0 < γs < 1, and `s < 0 such that 1/γs + 1/`s = 1, and let
λs ∈ Crd([zs, εs]T ,R+) be a nonnegative and increasing function with λs(zs) = 0, for s = 1, 2, ..., h.
Then,

∫ ε1

z1

...

∫ εh

zh

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs ∏h
s=1 λ

hs
s (xs)(∑h

s=1 (xs − zs) /`s

)∑h
s=1 1/`s

∆xh...∆x1

≥

h∏
s=1

hs (εs − zs)
1
`s

h∏
s=1

(∫ εs

zs

(εs − σ(xs))
(
[λs(xs)]hs−1 λ∆

s (xs)
)γs

∆xs

) 1
γs

. (3.28)

Proof. Applying (2.1) on the term λhs
s (ys), hs ≥ 1, we get[
λhs

s (ys)
]∆

= hsλ
hs−1
s (cs)λ∆

s (ys), (3.29)

where cs ∈
[
ys, σ(ys)

]
. Since λs is an increasing function, hs ≥ 1, and cs ≥ ys, from (3.29) we have[

λhs
s (ys)

]∆
≥ hs

[
λs(ys)

]hs−1 λ∆
s (ys),

and then (where λs(zs) = 0), we observe that

hs

∫ xs

zs

[
λs(ys)

]hs−1 λ∆
s (ys)∆ys

≤

∫ xs

zs

[
λhs

s (ys)
]∆

∆ys = λhs
s (xs) − λhs

s (zs) = λhs
s (xs).

Thus,
h∏

s=1

hs

∫ xs

zs

[
λs(ys)

]hs−1 λ∆
s (ys)∆ys ≤

h∏
s=1

λhs
s (xs). (3.30)

Applying (2.3) on ∫ xs

zs

[
λs(ys)

]hs−1 λ∆
s (ys)∆ys,

with `s < 0, f (ys) =
[
λs(ys)

]hs−1 λ∆
s (ys) and g(ys) = 1, we have that∫ xs

zs

[
λs(ys)

]hs−1 λ∆
s (ys)∆ys

≥

(∫ xs

zs

∆ys

) 1
`s

(∫ xs

zs

([
λs(ys)

]hs−1 λ∆
s (ys)

)γs
∆ys

) 1
γs
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= (xs − zs)
1
`s

(∫ xs

zs

([
λs(ys)

]hs−1 λ∆
s (ys)

)γs
∆ys

) 1
γs

,

and then
h∏

s=1

∫ xs

zs

[
λs(ys)

]hs−1 λ∆
s (ys)∆ys ≥

h∏
s=1

(xs − zs)
1
`s

h∏
s=1

(∫ xs

zs

([
λs(ys)

]hs−1 λ∆
s (ys)

)γs
∆ys

) 1
γs

. (3.31)

Substituting (3.31) into (3.30), we get
h∏

s=1

λhs
s (xs) ≥

h∏
s=1

hs (xs − zs)
1
`s

h∏
s=1

(∫ xs

zs

([
λs(ys)

]hs−1 λ∆
s (ys)

)γs
∆ys

) 1
γs

. (3.32)

Applying (2.10) with %s = xs − zs, we have that

h∏
s=1

(xs − zs)1/`s ≥

(∑h
s=1 (xs − zs) /`s

)∑h
s=1 1/`s

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs
. (3.33)

Substituting (3.33) into (3.32), we see that

h∏
s=1

λhs
s (xs) ≥

(∑h
s=1 (xs − zs) /`s

)∑h
s=1 1/`s

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs

h∏
s=1

hs

(∫ xs

zs

([
λs(ys)

]hs−1 λ∆
s (ys)

)γs
∆ys

) 1
γs

. (3.34)

Multiplying (3.34) on the termh − h∑
s=1

1/γs

h−
∑h

s=1 1/γs

/

 h∑
s=1

(xs − zs) /`s


∑h

s=1 1/`s

,

and integrating over xs from zs to εs, s = 1, 2, ..., h, we observe that∫ ε1

z1

...

∫ εh

zh

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs ∏h
s=1 λ

hs
s (xs)(∑h

s=1 (xs − zs) /`s

)∑h
s=1 1/`s

∆xh...∆x1

≥

∫ ε1

z1

...

∫ εh

zh

h∏
s=1

hs

(∫ xs

zs

([
λs(ys)

]hs−1 λ∆
s (ys)

)γs
∆ys

) 1
γs

∆xh...∆x1

=

h∏
s=1

hs

∫ εs

zs

(∫ xs

zs

([
λs(ys)

]hs−1 λ∆
s (ys)

)γs
∆ys

) 1
γs

∆xs. (3.35)

Applying (2.3) on the term ∫ εs

zs

(∫ xs

zs

([
λs(ys)

]hs−1 λ∆
s (ys)

)γs
∆ys

) 1
γs

∆xs,

with `s < 0, f (xs) = 1, and

g(xs) =

(∫ xs

zs

([
λs(ys)

]hs−1 λ∆
s (ys)

)γs
∆ys

) 1
γs

,

we have that
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∫ εs

zs

(∫ xs

zs

([
λs(ys)

]hs−1 λ∆
s (ys)

)γs
∆ys

) 1
γs

∆xs

≥ (εs − zs)
1
`s

(∫ εs

zs

(∫ xs

zs

([
λs(ys)

]hs−1 λ∆
s (ys)

)γs
∆ys

)
∆xs

) 1
γs

,

and then
h∏

s=1

∫ εs

zs

(∫ xs

zs

([
λs(ys)

]hs−1 λ∆
s (ys)

)γs
∆ys

) 1
γs

∆xs

≥

h∏
s=1

(εs − zs)
1
`s

h∏
s=1

(∫ εs

zs

(∫ xs

zs

([
λs(ys)

]hs−1 λ∆
s (ys)

)γs
∆ys

)
∆xs

) 1
γs

. (3.36)

Substituting (3.36) into (3.35), we see that∫ ε1

z1

...

∫ εh

zh

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs ∏h
s=1 λ

hs
s (xs)(∑h

s=1 (xs − zs) /`s

)∑h
s=1 1/`s

∆xh...∆x1

≥

h∏
s=1

hs (εs − zs)
1
`s

h∏
s=1

(∫ εs

zs

(∫ xs

zs

([
λs(ys)

]hs−1 λ∆
s (ys)

)γs
∆ys

)
∆xs

) 1
γs

. (3.37)

Applying (2.2) on ∫ εs

zs

(∫ xs

zs

([
λs(ys)

]hs−1 λ∆
s (ys)

)γs
∆ys

)
∆xs,

with f (xs) =
∫ xs

zs

([
λs(ys)

]hs−1 λ∆
s (ys)

)γs
∆ys and g∆(xs) = 1, we get∫ εs

zs

(∫ xs

zs

([
λs(ys)

]hs−1 λ∆
s (ys)

)γs
∆ys

)
∆xs

= g(xs)
(∫ xs

zs

([
λs(ys)

]hs−1 λ∆
s (ys)

)γs
∆ys

)∣∣∣∣∣∣εs

zs

−

∫ εs

zs

gσ(xs)
(
[λs(xs)]hs−1 λ∆

s (xs)
)γs

∆xs, (3.38)

where g(xs) = xs − εs. Since g(εs) = 0, from (3.38) we have∫ εs

zs

(∫ xs

zs

([
λs(ys)

]hs−1 λ∆
s (ys)

)γs
∆ys

)
∆xs =

∫ εs

zs

(εs − σ(xs))
(
[λs(xs)]hs−1 λ∆

s (xs)
)γs

∆xs. (3.39)

Substituting (3.39) into (3.37), we observe that∫ ε1

z1

...

∫ εh

zh

(
h −

∑h
s=1 1/γs

)h−
∑h

s=1 1/γs ∏h
s=1 λ

hs
s (xs)(∑h

s=1 (xs − zs) /`s

)∑h
s=1 1/`s

∆xh...∆x1

≥

h∏
s=1

hs (εs − zs)
1
`s

h∏
s=1

(∫ εs

zs

(εs − σ(xs))
(
[λs(xs)]hs−1 λ∆

s (xs)
)γs

∆xs

) 1
γs

,

which is the desired inequality (3.28), and this ends the proof. �
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Remark 3.7. If T = R, σ (y) = y for any y ∈ T, and zs = 0 for s = 1, 2, ..., h, we have the reverse analog
on delta calculus of (1.6) for the nonnegative increasing function λ with λs(0) = 0, s = 1, 2, ..., h.

4. Conclusions

In this paper, we established some new reverse Hilbert-type inequalities on delta time scale calculus.
To prove these inequalities, we needed to apply the dynamic reverse Hölder inequality. In addition,
we presented some inequalities involving the first and second partial derivative on time scales and the
special cases in continuous, discrete, and quantum calculus.
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