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1. Introduction

In 1998, Pachpatte [1] showed an inequality of Hilbert-type and showed thatif F(o) : {0, 1,2, ...,y} C
N — Rand b(3) : {0, 1,2, ...,{} € N — R with F(0) = b(0) = 0, then

2

F.| bs| P
Fol s 2) (Z({’—ﬁ+1)|Vbﬁ|2 , (1.1)
I=1

t
Zylz o+ 9 SC(V,Z)[Zy:(y—Q+1)|VFQ

o=1

where VFQ = FQ —Fg_l, Vbﬂ = bﬂ - bﬂ_l and

1
Cr.0) = 5\t
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In 2000, Pachpatte [2] extended (1.1) and showed that if A,u > 1 with 1/1+ 1/u = 1, F(o) :
{0,1,2,...,y} c N - Rand b(®) : {0, 1,2, ...,£} ¢ N — R with F(0) = b(0) = 0, then

4

y ¢ . Y % K
ZZW < D(ﬂ,ﬂ,y,f){Z(y—j+1)|VFj|”) (Z({’—ﬂ+1)|Vbﬁ|" . (12)

j=1 9=1

| S|
D(A,p,y,6) = ) t

In 2002, Kim et al. [3] expanded (1.2) and showed that if 4, u > 1, F(0) : {0,1,2,...,y} C N = R, and
b(®) :{0,1,2,...,£} c N — R with F(0) = b(0) = 0, then

y ¢
33 F| 1bs]
L= 1)(ﬂ+ﬂ) (u=1)(A+p)
+ A9 ™

=1 9=1 ]
1 1
Y A a { H
SD*(/I,,u,y,f)(Z(y—j+ 1)|VF]~|] [Z(f—ﬁ+ DIVl | (1.3)
j=1 I=1
where 1
A-1  p-l
D, u,y,0) = TR,
(A, u1,y,0) /l+,uy

Also, the authors [3] showed thatif 4, u > 1 and f : (0,x) > R, g : (0,y) — R for x, y € (0, 00) such
that £(0) = g(0) = 0, then

(@)l 1g(T)l
f f A=D@A+p) (ﬂ D(A+u) deT
po v+ A

e :
< M@, p,x,y) (fo (x—o)If @I dQ) (fo o -0lg'fdr| , (1.4)
where
M, u,x,y) = x%y%.

In 2011, Zhao et al. [4] broadened (1.1) and showed that if v, > 1 such that 1/y; + 1/¢;, = 1 and
F(o,) are real sequences defined for o; = 0, 1,2, ..., my, where m; are natural numbers, F;(0) = 0,
and s = 1,2, ..., h. Define the operator V by VF(o,) = Fy(os) — Fs(0; — 1) for any function F(o;),
s=1,2,...,h. Then,

1

mp mp ny, h my 7
2. 2.2, it 1|F(Qx)| H(Zm o, + DIVF,| (1.5)

o1=lo=1 =1 (Zsz] Qs/fs) =1

where
h S ys—h
1 1/¢
M =M (my,my,....my) =|h— — . mg'.
2.5 [
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Also, the authors [4] showed that if A, > 1, v, > 1 are constants and 1/y; + 1/¢;, = 1 and f(o;)
are real-valued differentiable functions defined on [0, x;), where x; € (0, o). Suppose f;(0) = O for

s=1,2,...,h. Then,
Hs 1 ]‘; (QS)
f f h 1/€Sth-~-dQI
s 1 S

h :
< K]—[(fo (x,~ )

s=1

705 f1(05)

v dgs)” , (1.6)

where
h

i S ys=h
K = K(xl,...,xh) = [h—Z;] .rlhsxi/t’x.
K s=1

s=1
Also, they showed that if yy, £ > 1 such that 1/y, + 1/€; = 1 and F(o;, 74) are real sequences defined
for (oy, T5), Wwhere o, =0, 1,2, ...,m,, 7, = 0, 1,2, ..., hg, and my, hy (s = 1,2, ..., h) are natural numbers.
Assume that F (0, 75) = F(05,0) =0, Vs = 1,2, ..., h. Define the operator V; and V, by
VlFs(QsaTs) = FS(QS?TS) - Fs(Qs - 1, Ts)’

VZFs(Qs’ 7y) = Fy(0s, T5) — FS(QS’TS - 1.

Then,
5 N 3" i L Ften )
a=ln=l  e=ln=1 (Zs IQsTs/g ) R
h mg g %
< LH[ZZ(WZV Os + 1)(h - T+ 1)|V2V F (QY9 Y)P’v , (17)
§= o0s=1T14=1
where

h 1 Zi;:] 1/ys=h h
_ _ - 1/€s
L= (h Z %) . 1—1[ (mgh)'% .

s=1

Over recent decades, considerable focus has been placed on developing discrete counterparts to
continuous findings across various branches of analysis. The growing interest in the discrete domain
stems from the notable divergence in behavior between discrete operators and their continuous analogs.
This paper aims to derive discrete inequalities within a broader framework termed a “time scale”. Here,
a time scale, denoted by T, represents any nonempty closed subset of the real number R. For more
details about the dynamic inequalities on time scales, see the papers [5-9].

This paper aims to get reversed analogs similar to inequalities of Hilbert-type (1.5)—(1.7) on delta
time scales. These inequalities will be established by applying reverse Holder’s inequality, mean
inequality, and integration by parts on time scales.

The organization of the paper is follows: In Section 2, we show some lemmas on time scales needed
for Section 3 where we prove our results. These results show special cases when T = Nand T = R give
the reverse analogs on delta calculus of inequalities (1.5) and (1.7), and (1.6), respectively. Also, we
can get other inequalities on different time scales, like T =¢" for g > 1.
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2. Preliminaries and basic lemmas

Instead of repitition about the basic facts of time scales and time scale notation, we refer to the
book [10] by Bohner and Peterson which summarizes and organizes much of the theory on time scales.

A time scale T is defined by a nonempty closed subset of the real numbers R. For ¢ € T, we define
the forward jump operator o : T — T and the backward jump operator p : T — T as follows:

o) =inf{seT:s>1¢t and p(t)=sup{seT:s <1},

while the graininess function u : T — [0, o) is given by u(t) = o (t) — t.
In particular, if T = R, then o(¥) = ¢, p(t) = ¢, and u(¢t) = o(t) —t = 0.
KFT=N,theno(t)=t+1,p(t) =t—1,and u(t) = o(t) —t = 1.
If T = g™ for g > 1, then o(¢) = gt, p(t) = é and u(t) = o(t) —t = (g — .

Definition 2.1 ([10]). We set
inf¢p =supT, sup¢ =infT.

For t € T, we have the following cases (also see Figures I and 2):

(1) If o(t) > t, then we say that t is right-scattered.

(2) If t < supT and o(t) = t, then we say that t is right-dense.

(3) If p(t) < t, then we say that t is left-scattered.

(4) If t > inf T and p(t) = t, then we say that t is left-dense.

(5) If t is left-scattered and right-scattered at the same time, then we say that t is isolated (i.e.,
p) <t <o)

(6) Ift is left-dense and right-dense at the same time, then we say that t is dense (i.e., p(t) = t = o (1))

()
]
L @ L L @
p(p(1) p(t) 4 o(t) (o)

Figure 1. Forward and backward jump operators and the graininess function on a time scales.

Dense region (R) a(t) Discrete region
>

e—0 0 0T

|
p(t)

Figure 2. Right scattered points, left scattered points, isolated points, right dense points, left
dense points, and dense points.

Theorem 2.1 (Chain rule [10, Theorem 1.90]). Assume g : R — R is continuous, g : T — R is
delta differentiable on T, and f : R — R is continuously differentiable. Then there exists c in the real
interval [t, o (t)] with

(fo™ = f () g"®. (2.1)
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Lemma 2.1 (Integration by parts [11]). IfF, b € T and u, v € C,4([F, b]r, R), then

b b
f u(t)vA (AT = [u(t)v(r)12 - f b (W (T)AT. (2.2)
F F

Lemma 2.2 (Holder’s inequality [11]). IfF, b € T and f, g € Cou([F, blz, R), then

b i[ b ;
f |f(T)|aAT] [f |g(T)|VAT] ,
F F

where @ > 1,and 1/a + 1/v = 1. In addition, if« < 0 and 1/a + 1/v = 1, then

b
fF |f(D)g(DIAT <

b b irob :
fF If(T)g(T)IATZ[ fF |f<r>|“m] [ fF |g(r>|VAr] . 23)

Let T; and T, be time scales. Let CC,; denote the set of functions f (71, 7;) on T X T,, where f is
rd— continuous in 7 and 7,. Let CC i , denote the set of all functions CC,, for which both the A, partial
derivative and A, partial derivative exist and are in CC,,. The following theorem is adapted from [12],
when @ = 0 and A(t, x) = 1.

Lemma 2.3 (Holder’s inequality in two dimensions [12]). Assume that F, b € T withF < b, f, g €
CC.y([F,blr X [F,blt,R)and a, v > 1 such that 1/a + 1/v = 1. Then,

b b
f f |f (7, 0)g(T, 0)|A1TArx
F JF

b b a b b v
< [f f |f (T, x)l“AITAzx] f f lg(T, x)IVAITAgx] .
F Jr F JF

This inequality is reversed when v < 0 such that 1/a + 1/v = 1, and it becomes

b b
f f 1 008t DIA TAsx (2.4)
FJF

b b S0 onb b 3
f f If(T,X)I"AlTAzX] [ f f |g(T,x>|VAnA2x] .
F JF F JF

Lemma 2.4 (Fubini’s theorem [13]). If F,b,c,B € T and ® € CC,([F,bly X [c,B]ly,R) is

A—integrable, then
b/ B B [ b
f (f D (1, x) Azx) AT :f (f D (7, x)Al‘r) Ay x. (2.5)
F c c F

Before starting our main results, we prove the following auxiliary lemma which will be needed in
the proof of these results.

=

Lemma 2.5. Assume Fg, b, € T and either A; € C,4([Fy, bslt, (—00,0]) is a nonincreasing function, or
As € Coy([Fs, bslr , [0, 00)) is a nondecreasing function with A,(F;) =0, s = 1,2, ..., h. Then,

fxx
Fy
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Proof. First, if A; € C,4([Fs, bs]r, (—00,0]) is a nonincreasing function where A,(F) = 0, then we see

that 1%(r,) < 0, and then

Xs
fF‘x

5 (Ts)

Aty = - fxs /l?(TS)ATs == [/ls(xs) - /ls(Fs)] = _/lS(xS) = |/15(x5)| :
Fy

2.7)

Second, if A; € C,4([Fs, bs]r, [0, 00)) is a nondecreasing function with A4(F,) = 0, then we get /lf(rs) >

0, and then

f e
F,

From (2.7) and (2.8), we have, for the two cases of A, that

fxx
Fy

Lemma 2.6 (Mean inequality [14]). If a,, Bs > O for s = 1,2, ..., h, then

n i) By
s=1 (Z?zl ﬁs) -

Lemma 2.7. Let {; < Owith 1)y, + 1/, =1 and o, > 0, s = 1,2, ..., h. Then,

ATS = |/ls(xs)| s

5 (Ts)

which is (2.6).

h 1/
Siout)

h
1/¢,
Oy
];[ (h Z )(h Z: 1 1/73)
Proof. Applying Lemma 2.6 with a; = o, and 8; = —1/¢;, we observe that

h e,
HQI/{’ ( A1Q/ )
sll/f

§=

st s

Since 1/€;, =1 —1/vy,, we see that

Dﬁ:

h
:Z 1-1/y)=h- Zl/%,
s=1

thus (2.11) can be written as the following:

s=1

(£hiee)™ "

h
1/¢ > -
n &5 = h=3" 1y’
7:)

s=1 (h -y 1y

which is (2.10).

Aty = f AT, = A(xs) = A(F) = A,0x) = ()l
Fy

(2.8)

(2.9)

(2.10)

(2.11)

O
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3. Main results

Throughout the paper we assume that the integrals considered are assumed to exist. Now, we can
state and prove our results.

Theorem 3.1. Let F,e, €T, 0 <y, < 1, and €; < O such that 1]y, + 1/{, = 1, A; € Cy([Fs, &5]7,R)
with A,F;) = 0 and either A, € C,([Fy,bgly,(—00,0]) be a nonincreasing function, or A; €
C,u([Fs, bslt, [0, 0)) be a nondecreasing function for s = 1,2, ..., h. Then,

Eh h Zs 1 1/%) - 1—[?—1 |45Cx)l
f f 7 AX},...AXI
S (= F) /6 S
h 1 h £ s
> l:ll (63 - FS)TS ljl[ (‘f/—; [85 s (xS) " Axs) ' (31)

Proof. Applying (2.6), we have for x, € [F;, b] that Fxs ,)| AL, = |A4(x;,)|, and so

h h
[Teo=]] @Az (3.2)
s=1 s=1 s
Applying (2.3) onf ALY AL, with £, < 0, f(L) = /1A(§v)| and g(Z,) = 1, we see that
[ el ( [ eer A{;)” ( [ A{s) L= -Ft ( [ er Ags)” ,
Fs Fs F Fs
and then
ﬂ f s¢)|ag > H (x,—F)* ]—[ ( f @l Ags) . (33)
Substituting (3.3) into (3.2), we see that
h 1
[ 1= ]_[ (x, = F)" ]_[( NSl Ags) : (3.4)
s=1
Applying (2.10) with o, = x; — F,, we obtain
" = Fo )
rl (x5 — Fs)l/gs 2 ( Gl )/h—)” Uys (3.5)
s=1 (h - Zle 1/73) Zom 175
Substituting (3.5) into (3.4), we have
i1/t |
s (-xs - Fv) /5? . h Xs s
]_[ ()] 2 h)): — 1 ( f NSl A{;) . (3.6)
(h Zia )

AIMS Mathematics Volume 11, Issue 2, 4445-4464.
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Multiplying (3.6) by

h =S ys ooy St
(h—Zl/ys] /[Z (xs—Fo/fs) :
s=1 s=1
we observe that
h=33_ 1/7s
(A=) =
|- f /7] —— [ Tiag...ax
(Zh) o= F) 7)™ =
f f ﬂ( S Agg) Axj.Axy = l_[ f ( Y@ Aa)” Ax.. (37
Fr s=1 s=1

Again by applying (2.3) on

o Aés)” Ax,

NI

1
7 A{v)” and g (x,) = 1, we have that

Es Xs y % Es %
[ [ e acas] (7o)
F,r F.v F»Y
. Es Xs
([
Fs JFs
and then

h £ Xy
ﬂ f ( f 40 ”Ags) Ax»ﬂ(ss Fot ﬂ( fF fF 4
s=1 s=1 s s

Substituting (3.8) into (3.7), we see that

with £, <0, f (x0) = ([ 42

S

5 (&)

\%

» Ags)” Ax; A¢y)

1
”AQA%)‘,

s (4s)

”AgAayf (3.8)

h—ZQZ] 1/7s

oo (h=X0 1y, h
J“.“jw ( 1) XIUZI]MA&NAMWAM
oo R (2’;1<xs—F>/5) Ca
h
> [ -Fot ] ( f f 8¢ ”A{;Ax;) - (3.9)
s=1
Using (2.2) on
f ( f ) Afs)Axs,
Fy Fy
with f(x,) = [ [43(6)]” A and g%(x,) = 1, we get
f S ( f e Aa)Axs: ( f e Aa)g(xs) e @A, (u10)
Fy, \JF, Fy F, s
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where g(x;) = x; — &;. Since g(g;) = 0, from (3.10) we have

f' (f s A{s)AxS:f
Fy Fy Fy

Substituting (3.11) into (3.9), we obtain

5 ()

"

s (x5)

&gy — o(xy)] Ax,. (3.11)

f fsh h Zs 1 1/’}’3) - e H?zl MS(XS)'

Sy 1/6
Sh (e —Fy) /€)™

= ﬁ (&, = F)% ]—[ ( fF e - HEDI Axs)” ,

which is the desired inequality (3.1).

.Xh...A)Cl

O
Remark 3.1. If T =Ny, o(x;) = x;+ 1, andF; =0 for s = 1,2

e, 0 <7y, < 1,and €; < 0 such that
1/ys+ 1/€; = 1. Then (3.1) reduces to the following:

S5 (=2 ) " T )

=0 %=0 (2t xs/"s)ml " | (3.12)
h h (&1 s

> 1D te = x - iAo |
s=1 s=1 \x;=0

where

AA(x) = % = Ax + 1) = A%).

Example 1. Determining T =No, h=2,s=1,2,y1 =13, 6 =-1, 72 =1 6 =3, 11(x) = L(x) = x,
g1 =3, and &, = 2. Then, the left side of inequality (3.12) becomes

~ B h h—ZI;: 1/7.& h

8121 en—1 (h — D 1/73) ] [Ts=1 14s(x)l
e ZI;: l/gs

x1=0  x;,=0 ( ?:1 -xs/fs) 1

_ Z Z 2 o 11/%)2 Z e I3 As(xy) _ 155
x1=0 x2=0 (Z?zl )Cs/fs)zj:1 Ve 27

In this case, the right side of (3.12) gives

h \ h gs—1 7% 2 . 2 gs—1 7% 3
1_[ 8.53 n Z les — xg — 1] |A/ls(-xs)|ys] = n 8? 1_[ (Z [es — x5 — 1]] = Z,
s=1 s=1 \x;=0 s=1 s=1 \x;=0

and this indicates the validity of (3.12).

AIMS Mathematics Volume 11, Issue 2, 4445-4464.
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Remark 3.2. If T =R, o(x,) = x,,F;, = 0,0 <y, < 1,and €; < O such that 1/ys+1/€; = 1. Then, (3.1)
reduces to the following:

h=3" 1)y,
e e (b= 3 1 y) T T )]
f f Y dxh...dxl
0 0 (ZS | X S/f) ‘
h 1 h £ #
> l:[ 8;5 l:[ (ﬁ [8s - xs] /l;(xs) 7 dxs)

Remark 3.3. If T =6 for 8> 1, 0-(x,) = Bxg, 1 (x;) = 0(x) —x, = (B— 1) x;, 0 <y, < 1, and £, < 0
such that 1/ys + 1/, = 1. Then, (3.1) reduces to the following:

_yh )
% Wi (=3 1) T B - D )
x1=F xp=Fp (Z?z] (Xs — FS) /fs)zszl Ve
h W ( elp 7
> | [@e-For | || D) B-Dxles—pxl e[|
s=1 s=1 \x,=F;

where

/ls(ﬁxs) - As(xs)

(ﬂ - 1) Xs .
Theorem 3.2. Assume that F, €, vy € T, 0 < vy, < 1, and €; < O such that 1)y, + 1/, = 1
and A, € CC ([Fy, &]r X [Fs,v5ly, RY U {0 with 432 (1, x,) 2 0, A(Fy, x,) = A(1,,F,) = 0 for
x5 € [Fy,e5lyand 75 € [Fy,ugly, s = 1,2, ..., h. Then,

/lsA(xs) = Aﬁ/ls(xs) =

Jl/ya

h ZA 1 1/75) H?:] |/lS(TS’xs)|
f f sho1/¢ Ao xpNoxy . A TRA T
s=1 s

1(n—/f)(xs—m/f)

h
> [ [ @ =Fo% (e, - Fo® ( f f (s — o (7)) (&
s=1

L
s

xs) AITSAZ'XS)

(3.13)

Here the Ay—derivative of the function A(t, x) is the A—derivative with respect to the first variable T,
and the A,—derivative of the function A(t, x) is the A—derivative with respect to the second variable x.

Proof. Applying (2.5) and the hypothesis 152" (ty, x,) > 0 and A,(F,, x,) = A,(ts,Fs) = 0 for x, €

[Fs, &5l and 74 € [Fy, vs]r, we see that
f f /I?ZAI (gs’ ﬂs)AZﬂsAlgs
F F

[ [ o] s,
Fy JF,

AIMS Mathematics Volume 11, Issue 2, 4445-4464.
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[ ( [ ol Alys)Azm
Fy Fy

f (A2 9 = A2 (F . 9)) A,
Fs

= /ls(Ts’ xs) - /lS(TS’ Fc) - /1S(FS7 xs) + /ls(Fs» Fs)
As(Tg, X5) = |As(T5, X)|

and then

AP (35, D)

AZﬁxAlys- (314)

h h T X
];[Msm,xsn:];[ fF | fF |

Applying (2.4) on fFi F):
/ISAZAl (vs, )|, we observe that

L)
S
(t, - Fy) (xs—Fm‘s( f f

Fs JF,

325 (y,, D)

AyOAry,, with € < 0, f(y5,95) = 1 and g(y,,95) =

A28 (s, 94

AZﬁsAlys

% Ts Xs s
7 A219sAlys) A (f f AZﬂsAlys)
Fg Fy

A28 (g, 99" AzﬂsAlys) )

v
=

AR (v, )

and then

h Ts s
nf f |/1?2A1 (ys’ ﬂs) AZﬂsAlys
s=1 Fs Fs
h h T X 1 (3.15)
1 1 K K vs s
>| |z, = F)% (x, — F,)% ( f f A28 (v, 9 Ay A ys) :
Substituting (3.15) into (3.14), we see that
h h 1 h To L
1 ) ¥s
[ [z [ @ -Fox o =Foe | ] ( f f 2N (. 9| Azﬁsmys) . (16
s=1 s=1 s=1 Fs Fs
Applying (2.10) with oy = (1, — F;) (x; — Fy), we have that
v
h 1 1 (Z?:l (Ts - Fs) (xs - Fs) /fs) .
[ [ -For e =Fon > ; (3.17)
s=1 )h_zszl 1/ys

(h =2 1/,

Substituting (3.17) into (3.16), we obtain

AIMS Mathematics Volume 11, Issue 2, 4445-4464.
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(Z?:l (ts —Fy) (x, = Fy) /53)2?:1 1/¢

(h=gh 1) "

h Ty
<1 [
=1 Fs JFs

\%

h
[ 1o xol
s=1

AP (s, 0y)

”mmm%y. (3.18)

Multiplying (3.18) by

h h=S s oy PYIBYIA
[h—Ezlhq 42;&;—F00%—FQMJ :

s=1

we observe that

fvl fvh fgl f‘sh (h - Z?:l 1/73
- e rJe

(Zhy (= F) (= F)) /L,

Vi U e1 pen N Ts s

> LTI [
Fr JF Fi JFp 51 \WFy JF;
ﬁ fvs f‘gx ( f‘r.v fxs
o1 JFe IRy \JF, IR,

Applying (2.4) on
AT

with ¢; <0, f(xs,7,) = 1 and

g(xs,n)=(ff
F Fy
we have that

1
Us Es Ts Xs ¥s
f f (f f 7 AZﬁsAlys) AZ'XSAITS
Fs JF; Fs JFs
€ 1
Vs Es Ts Xs s Vs Us Es ls
= (f f f f AZﬁsAlysAlstlTs) (f f AZXSAITS)
Fs JFs JFg JF; Fs JFy
1 l s ‘(“S TS 'xS
:(US_FS)[’T(‘SS_FS)Q(‘[ f f f
Fs JFy JFg JFy
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h=3 ) 1y
) T T (e )l

)Z’j:l 1/¢,

AthAle ...A]ThAlTl

1
s Agl?sA]ys) AzXhAz)C] ...A]ThA]Tl (319)

A28 (5, 0)

1
Ty
" A A, ys) Aox AT,

A28 (v, )

A2 (v, )

Vs AzﬁsAlyS) ' Ay x ATy,

1

/lszl (Ys, ﬂs) 7 AZﬁsAlys) s ’

AR (v, )

A28 (5, 0)

1
ﬁm@MM%AﬁﬁwAﬂAﬂJ,

and then



4457

1
7 Azzmlys) ApxA T

ﬁfus fss (f‘rs fxs |/1A‘2A1(ys’19s)
VN S W RN R
h

> [ [@wo=Fo% (e, - Fo® (3.20)

s=1

h U &g Ty X
<UL
o1 \Jre JFy IRy JF,

Substituting (3.20) into (3.19) and applying (2.5), we see that

[l
Fi F Fi Fn

(Zh) (e =F) (= F) /L,

h U Es T Xy
1 1
(Us - FA)E (Ss - FS)K (f f f f
l;l Fy Fy Fs Fs

=[Tw,=Fy)% (e, -Fy)=

SV IRININS

Applying (2.2) on the term fFU ( FT [

f(Ts):fs[fs
Fy Fg

LU
= g(n)(fv[fv
Fy Fy
_fygo-(rv)[fx

Fy Fy

where g(7y) = 7, — vy. Since g (v,) = 0, from (3.22) we have

f(f [f 7 A20s] Alys)AlTs

F; Fs Fs

= f [‘US -0 Ts)] [f |/162A1(TS,195)
Fs Fs
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1

s
ASAZAI (ys, ﬁs) s AzﬁsAlysA}stlTS) .

h=3t 1y
) T T (T )l

)2’;:1 1/€

2th2x1 ...AlThAlTl

h 1
I Ys
7 A9 A1y Agx, ATy

Y

A2 (v, )

1

e AZﬁsAlys] AlTS) Az.xs) ' . (321)

A28 (s, 9y

Xs

Fs

M s 9] Asd| Arye) Arr, with

AP (35, D)

Y Aﬂ?s] Ay, and g(ty) = 1,

we get

A28 (95, 9y)

7 AZﬁs] Alys) AITS

Us

A28 (s, 84

7 AZﬂs] Alys)

Fy

7 Azﬂx] AT, (3.22)

AP (1, )

/I?ZA] (ys’ 19s)

& Azﬂs] AT, (3.23)
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Integrating (3.23) over x; from F; to &, and then by applying (2.5), we obtain

P
fsfs[vs—cr(n)][fs
Fy Fy Fy
fxfs[vs—cf(fs)][fs
F, JF, Fq
fx[vs—ff(n)](fs[fs
Fy Fy Fy

Again by applying (2.2) on
‘f[f|ﬁmwmeAﬁJm%
Fy Fs

f(xs) :fj
Fs

L1
= g (xy) ( f s
Fs
- f .; g7 (xy)
Fs

where g (x;) = x5 — &,. Since g (&) = 0, from (3.25) we have
L1
:fﬁm—mm>

FS
Substituting (3.26) into (3.24) and applying (2.5), we obtain
LIS
f”@—amnuwa—am»

F, F,
f”f”m—am»@—am»

Fy Fy

‘fSSWrﬂﬁm@—Um»
Fe JF,

A28y )

7%ﬁ4mQAmMM

AP (T, )

%AﬁJMQM%

A2 (7, 9y)

%Aﬁ4M%Mn

A28 (x,, 9,)

& Azﬂs] Agxs) AT,.

with
7 A9 and g8 (x,) =1,

A28 (r, 9y)

we see that

A28 (1, 9y)

& Aﬂ?s] Asx,

Es

A28 (1, 9,)

”mm)

Fs

MA Vs
/ls 20 (Ts’ xs) AZ'XS’

S (N

& Azﬂs] Asx,

Vs
’ Azxs.

MA
AN (T, Xy)

A28 (5, 0y)

”mmpmgmnga

M)A
/lsz 1(TS7 xS)

7 AZ-XS) AITS

ArA Vs
/152 1(Ts’ xs) AZXSAITS

’y.
’ A]TSAsz.

MA
A2 (T, X)
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Substituting (3.27) into (3.21), we see that

Diemy s
Eh h Zs 1 1/75) Y H?:l |/ls(Ts’xs)|
f f f f ST 1 AthAz.X]...AlThAlT]
S (= F) (x = F) /6,) ™
h | R e U >
> | |y =Fon (e, - Fy)n 1 ( f f (s — 0 (1)) (& x| ArTA xs) :
which is (3.13). O

Remark 34. If T = Ny, 0 (x;) = x; + 1, and F; = 0, we get the reverse analog of inequality (1.7) as
follows:

wslusl el L) T e, )
Z‘ Z ZZ (ZA )
1
h gs—1 vs—1 Vs
> [ | ewon ﬂ DD W=t = De = x = DIAA AT, x|
s=1 s=1 \x;=073=0

where
Al/ls(Ts’ xs) = /1.7(7-‘? + 1, xs) - As(Ts, xs),

AQ/ls(Ts’ xs) = /ls(Tsa Xg + 1) - /ls(Tsa xs)-

Remark 3.5. If T=R, o(x,) = x,, and F;, = 0, y,, g > 1 such that 1]y, + 1/{; = 1 and A, €
C([0, &] x [0, ], RT U {0}) with ﬁﬂs(% xs) = 0, 4,0, x5) = A(74,0) = 0 for x; € [0,&]r and
7, € [0, vg]y, where s = 1,2, ..., h, then

=1 1/ys

h Zs 1 1/%) H?:] |/ls(Ts’ -xs)l
f f f f P’ dxhdxl ...dTthl
Yoy UEs

Y Toxs /)

h 3 U
= 1:[ (Usgs)% 1:[ (f(; ﬁ (Us - Ts) (83 - -xs) P

Remark 3.6. If T =" for § > 1, 0 (y) = By fory € T, v,, s > 1 such that 1)y, + 1/, = 1 and
Ay ¢ [Fy&de X [Fovusle > RY U{O} with 322 (14, x5) 2 0, 4,(F,, x,) = A7, Fy) = 0 for x, € [Fy, &y
and 7 € [Fy, sl , where s = 1,2, ..., h, then

Vs

Xy)

drsdxs) | .

=, 117
h 5=
wip wlB el enlp (h_Zs:I 1/%) !

Z Z H?:l (ﬁ - 1)2 TsXs |/ls(Tsa -xs)l
-
T1=F1 tn=Fn  x1=F1 xp=Fp (Z?:l (TS - FS) (XS - FS) /55)23:1 e

h
> | [ @ —Fo% e, - Fo®
s=1

AIMS Mathematics Volume 11, Issue 2, 4445-4464.
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h(&slB vslB “715

X n Z Z B - 1)2 T:Xs (Vg — BTy) (€5 — Bxy) A?ZA'(TS, x) ¥s

s=1 \xy=F; t3=F

Here the A\—derivative of the function A(t, x) is the A—derivative with respect to the first variable T,
and the A,—derivative of the function A(t, x) is the A—derivative with respect to the second variable x.

Theorem 3.3. Let F;,e, € T, hy > 1,0 < vy, < 1, and €; < 0 such that 1/y; + 1/€; = 1, and let
As € Coy([Fs, &1, RY) be a nonnegative and increasing function with A,(F;) = 0, for s = 1,2, ..., h.
Then,

-3t vy

hz“um [T A3 (x)
f f - Axy...Ax;
|
s 1( s

X _Fs)/gs) = e

1

h Ey Vs
4jm@—ménﬁﬁwramMmmWHﬁmﬁmﬂ : (3.28)

Proof. Applying (2.1) on the term A% (y,), hy > 1, we get

(00| = B )2, (3.29)

where ¢, € [y, 0(yy)] . Since A is an increasing function, i, > 1, and ¢, > y,, from (3.29) we have

[200] = A [0 220,

and then (where A,(F,) = 0), we observe that
mf‘uwm“%&mms
Fs

Xg A
S11MWﬂAmﬁWw—&ﬁF%WJ

Fs

Thus,
h X
(e ] P oan < | [ (3:30)
s=1

s=1
Applying (2.3) on

fF G 22(9)Ay,

with £, < 0, £(y,) = [A,(r)]" ™" A2(y,) and g(y;) = 1, we have that

ﬁﬁumﬁﬂWmms

z(ﬁl@%ﬁX%mwﬂﬁmWMQ”

AIMS Mathematics Volume 11, Issue 2, 4445-4464.
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1

= (x, - F)" ( fF ([0l 200)” Ays)”,

and then

h o h h X L
[ fF ool 2e0Ays > | [ -For | | ( fF (ool 2200)” Ays) .
s=1 § s=1 s=1 s

Substituting (3.31) into (3.30), we get
h X 1

h h s s
[Trsc) 2 [Tre-For [ ] ( fF ([o" " 0y)” Ays) .
s=1 s=1 s

s=1
Applying (2.10) with o, = x; — F, we have that

ﬁ (x, — F) > (Zill (xs — Fy) /gs)ZiLl 1/¢

h=%! ys
=1 (h=3h 1y =7
Substituting (3.33) into (3.32), we see that

: s 1 (xs = Fy) /&)Z?:l e i Xs - . %
ni (xS)‘ (h— 3" 17y )h SR Hhs ( fF ([Go1™ Af(ys))‘Ays)
” s=1 s

Multiplying (3.34) on the term

h =iy oy 1/t
(h -2, 1/ys] / [Z (x = FJ) /fs) ,
s=1 s=1
and integrating over x, from F; to &, s = 1,2, ..., h, we observe that
Yot Vs n
Ef h ZA 1 1/’)/s) l H{Z:] /llsx(-xs)
f f P’ Axh...Ax]
g1 Us
S (e —F) /)

\%

f f ﬂh ( f ([ 01" 14A<ys>)‘Ays)” Axy...Ax,
h X5 qu

l_[ f ( f [ 8 00)” Ays) Ax,.

=1 Fs Fs

Applying (2.3) on the term
€1
f | ( f (001 2200)" Ays) Ax,,
Fs Fy

1
s

g(xs)=( fF S (Lo 220)" Ays) :

with ¢, <0, f(x,) = 1, and

we have that

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

AIMS Mathematics Volume 11, Issue 2, 4445-4464.
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[ ( [ (oot o) Ays)” Ax,
F, \JF,
S ( | ( [ (oor woo) Ays)Axs)”,

1

L o Vs
l—[ f ( f (Lo 220)" Ays) Ax,
h h s X g y%
z l—[ Fo% ﬂ ( f; ( fF ([ﬂts(ys)]h"1 Af(ys))”‘ Ays) Axs) _ (3.36)
s=1 s s

Substituting (3.36) into (3.35), we see that

and then

h
o (=20, 1y) T Ay

f f p Axy...Ax;

Yoy 1/Es

L (xs = F) /)

h h Es X y%

Applying (2.2) on
f 5 ( f ([ 8 0)” Ays) Ax,
Fy \JF,

with f(x,) = [ ([0 220,))" Ay, and g4(x,) = 1, we get

f ) ( f (Aol 20)” Ays) Ax,

Fy Fy

= g(xo( fF ([ )" Ays) = f ) (AT 220) Axy, (3.38)
N Fs

where g(x;) = x; — &;. Since g(g;) = 0, from (3.38) we have

fsx (fxx ([ﬂs(ys)]hs—l ASA(YS))” Ays) Axs — fg“ (gs — O'(Xs)) ([/ls(xs)]hs—l /1?()(5))% Axs, (339)
Fs Fy F.

Substituting (3.39) into (3.37), we observe that

Fy

51/7;

o (=30, 1/7,)" A ()
f f . Axy...Ax;

1<xs Fo o)

h . y%

which is the desired inequality (3.28), and this ends the proof. O

AIMS Mathematics Volume 11, Issue 2, 4445-4464.
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Remark 3.7. If T =R, o (y) = yforanyy € T, andF; = 0 for s = 1,2, ..., h, we have the reverse analog
on delta calculus of (1.6) for the nonnegative increasing function A with 1,0) =0, s = 1,2, ..., h.

4. Conclusions

In this paper, we established some new reverse Hilbert-type inequalities on delta time scale calculus.
To prove these inequalities, we needed to apply the dynamic reverse Holder inequality. In addition,
we presented some inequalities involving the first and second partial derivative on time scales and the
special cases in continuous, discrete, and quantum calculus.
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