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1. Introduction

Let Q ¢ RY (N > 2) be an open and bounded domain with boundary dQ. In this paper, we are
interested in the following control problem. Find

inf J(u) = fL(x, y(x), u(x)) dx, (1.1)
uel Q
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subject to the constraints that y solves the semilinear fractional elliptic diffusion equation

(-Ap)’y = F(x,y,u) in Q,
{ y =0 on 0Q, (1.2)
and the set of admissible controls is given by
U:={velL”Q):a<v(x)<Bforae. xeQ} (1.3)

with —co <@ < B < +o0. In(1.1), L : QXRXR — R is a given function satisfying suitable conditions.
In (1.2), y denotes the state, u is the control function, (—Ap)* denotes the spectral fractional Dirichlet
Laplace operator of order 0 < s < 1, that is, the fractional s powers of the realization in L*(Q) of the
Laplace operator —A with a zero Dirichlet boundary condition on dQ, and F : Q X RXR — Risa
given function satisfying suitable conditions. We notice that the boundary condition in (1.2) can be
dropped since it is already included in the definition of the operator (—Ap)*. The precise assumptions
on the functions L and F will be given in Section 2.2. We may also replace (1.2) with the system

(=A)y F(x,y,u) in Q,
y =0 in RV\Q,

(1.4)

and our results remain valid. In (1.4), (—A)* (0 < s < 1) denotes the integral fractional Laplace operator
that we will introduce in the next section.

The main purpose of this paper is to solve the optimal control problems (1.1)—(1.2) and (1.1)—(1.4).
The optimal control of nonlinear systems with control appearing nonlinearly in the state equation has
been considered before by many researchers (see, e.g., [13—15,22,33] and their references). In [34],
Raymond and Zidani addressed the optimal control of problems governed by semilinear parabolic
equations. The controls appeared in a nonlinear form in the state equation. After some regularity
results, they obtained the optimality conditions using the Hamiltonian Pontryagin principle. In [16],
Casas and Troltzsch considered the optimal control of a semilinear elliptic equation with Neumann
boundary condition in space dimension N = 2 or N = 3, where the control appears nonlinearly in
the state equation. Let us also mention that their control was not explicitly included in the objective
functional. Using a measurable selection technique, they proved the existence of optimal controls.
They also derived the first- and second-order conditions for optimality. The case of second-order
elliptic operators with a Dirichlet boundary condition was previously studied by Casas and Yong [13].
All the above-mentioned papers were dealing with integer-order operators, that is, classical second-
order elliptic operators with standard boundary conditions (Dirichlet and Neumann).

In the case of fractional-order operators, only a few papers considered it, to the best of our
knowledge. The authors in [37] considered a general linear evolution equation involving a fractional
diffusion operator. They derived existence results as well as first-order necessary and second-order
sufficient optimality conditions for a minimization problem on the order of the fractional operator.
In [30], Kien et al. considered a fractional differential equation of order 0 < a@ < 1 with control
constraints. The control appeared in a nonlinear form in the state equation and they established the
first- and second-order optimality conditions for local optimal solutions. A theory of no-gap second-
order conditions was also obtained in the case where 1/2 < @ < 1. Kamocki [29] considered an optimal
control problem containing a control system described by a nonlinear partial differential equation with
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the fractional Dirichlet-Laplacian associated with an integral cost. He proved by means of Filippov’s
theorem the existence of optimal solutions. The papers [5, 32] considered similar problems where the
control appears linearly in the state equation and the underlying operator can be the fractional power of
second-order uniformly elliptic operators with a Dirichlet boundary condition or the integral fractional
Laplace operator with a zero Dirichlet exterior condition. The linear case with a non zero Dirichlet
exterior condition was first investigated in [3].

In this paper, we consider the optimal control problems (1.1)—(1.2) and (1.1)—(1.4). The systems
are nonlinear with respect to both the state y and the control u. Such problems are not only motivated
by the beauty of mathematics. A rather incomplete list of problems, where fractional derivatives and
fractional diffusion operators appear, includes mechanics [6], where they have been used to model
viscoelastic behavior [20], turbulence [18], and the hereditary properties of materials [24], diffusion
processes [1], in particular, processes in disordered media where the disorder may change the laws of
Brownian motion and thus leads to anomalous diffusion [8], nonlocal electrostatics [28], finance [31],
image processing [23], biophysics [11], chaotic dynamical systems, and many others [10]. Optimal
control problems arise naturally in these applications (see also [2,4,5,9,21] and their references for
more details). Optimal control problems, where their main objective are to minimize a cost functional
subject to some state and/or control constraints and to characterize the associated optimality systems
and conditions, have been intensively studied in the past and are still a main field of research of several
researchers due to the numerous applications of optimization, optimal control, controllability, and
stabilization. In mainstream papers of optimal control problems, the control appears linearly in the
state equation and often in a quadratic Tikhonov regularization of the objective functional. In several
real-world applications, the state equation is semilinear, quasilinear, or fully nonlinear and the control
often appears nonlinearly that we consider here.

We prove some existence and regularity results for the state equations (1.2) and (1.4), and obtain
the existence of optimal solutions to the control problems (1.1)—(1.2) and (1.1)—(1.4). The latter
result is obtained by using a measurable selection theorem. Next, we derive the first-order optimality
conditions and obtain a pointwise Pontryagin principle. Finally, we derive the second-order conditions
for optimality. The main results and novelties of the present paper can be summarized as follows.

e Under suitable assumptions on the nonlinearily F', we have obtained some regularity results for
all 0 < s < 1 (Theorem 3.3) of weak solutions to problem (1.2) or (1.4) that are crucial in the
study of the existence of optimal solutions and the characterization of the optimality conditions
for the control problems.

e We notice that we are dealing with non-convex optimization problems and the control appears
nonlinearily in our state equations. Such control problems are, in general, very hard to solve.
To the best of our knowledge in the fractional case, the only papers dealing with such problems
are the recent papers [29, 30]. [30] considered fractional-in-time ordinary differential equation.
In [29], the author studied the problem (1.1)—(1.2). With different assumptions on the linearities
L and F and with different proofs, the author showed the existence of optimal solutions but the
first- or second-order optimality conditions were not investigated. In fact [29], assumed that there
exist A > 0 and a € L*(Q), a > 0, such that |[F(x,y,u)| < Aly| + a(x) for a.e x € Q and all
(v,u) e RxXR.

e In the present paper, compared to [30], we have been able to deal with space fractional PDEs.
More precisely, taking advantage of suitable kinds of convexity conditions on L and F' (see (2.23)
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and (2.24)) and a classical measurable selection theorem, we have been able to prove the existence
of optimal solutions to our control problems for all 0 < s < 1 (Theorem 4.1). But we notice that,
depending on 0 < s < 1/2 or 1/2 < s < 1, the spectral fractional Laplacian requires different
regularity assumptions (that are so far optimal) on the domain 2. Regarding the integral fractional
Laplace operator, for all 0 < s < 1, we have the same regularity assumption on Q2. We observe
that (2.23) or (2.24) does not mean that L or F is convex with respect to the third variable.

e In addition to the first-order necessary optimality conditions and a minimum principle of
Pontryagin type obtained in Theorem 5.8, we have been able to obtain second-order necessary
and sufficient conditions for local optimality in Theorems 6.1 and 6.8, respectively.

The rest of the paper is organized as follows. In Section 2, we introduce the function spaces and
state the assumptions needed in the sequel. Section 3 deals with the existence and regularity results
for the state equations (1.2) and (1.4), where the main results are obtained in Theorems 3.2 and 3.3. In
Section 4, we prove the existence of optimal solutions (Theorem 4.1). Section 5 is devoted to the first-
order necessary optimality conditions and the minimum principle of Pontryagin type that are given in
Theorem 5.8. In Section 6, we derive the second-order necessary and sufficient conditions for local
optimality.

2. Preliminary results and assumptions

For the sake of completeness, we give some well-known results that are used throughout the paper
and we state the assumptions on the nonlinearities L and F. Throughout the paper, Q C R is an
arbitrary bounded open set. We shall specify if any regularity on € is needed.

2.1. Preliminaries

Let D(Q) be the space of test functions on €, that is, the space of all infinitely continuously
differentiable functions with compact support in Q. We let

| ——H'@)
Hy () = DQ)

where

H'(Q) = {u e LX(Q): f IVul? dx < oo}

Q

is the first-order Sobolev space endowed with the norm

1
||M||H1(Q):(f|u|2dX+fquIzdx)z.
Q Q

Let —Ap, be the realization on L*(Q2) of the Laplace operator —A with the zero Dirichlet boundary
condition. That is, —Ap, is the positive and self-adjoint operator on L*(Q) associated with the closed,
bilinear, coercive, and symmetric form

Ap(u,v) = fVu-Vvdx, u,v e Hé(Q),
Q
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in the sense that

{D(AD) = {u e H(Q) : Iw € LA(Q), Ap(u,v) = (W, V)2, Vv € HYQ)}, 1)

—ADM = Ww.
For instance, if Q has a smooth boundary, say of class C?, then D(Ap) = H*(Q) N H(I) (), where
HXQ) = {ue H'(Q): 0,u e H\(Q), j=1.2,...N}.

It is well-known that —Ap has a compact resolvent and its eigenvalues form a non-decreasing sequence
0 < A4 <A £+ <A < -+ of real numbers satisfying lim 4, = co. We denote by (¢,) the

orthonormal basis of eigenfunctions associated with the eigenvalues (4,,).
For 0 < s < 1, we define the fractional-order Sobolev space

_ 2
H(Q) := {u e L*(Q): f ux) = uG) dxdy < oo}
aJda |x—yNt2

and we endow it with the norm given by

lu(x) — u(y)|? 1z
||u||Hs(g):( f P dx + f f %dxdy) .
Q QJao y

s ———H(Q)
Hy(Q) = D),

Yo e Lo - (%) -
H2(Q) = {ueH Q) fg T g O < }

where dist(x, 0Q), x € Q, denotes the distance from x to Q.
We have that Hj(Q) is a Hilbert space and if 1/2 < s < 1, then the norm on H{(£2) is equivalent to

We set

and

the norm "
(w(x) = w())*
Wlliscay = ( f —N(zy dxdy| . (2.2)
ada |x—y"
Since Q is assumed to be bounded, we have the following continuous embedding:

L¥5(Q) if N> 2s,
Hy(Q) — { LP(Q), pe[l,0) if N =2s, (2.3)

C™ 3 (Q) if N <2s.

We also introduce the Hilbert space
Hi(Q) = {ue H'RY): u=0inR"\ Q)

that we endow with the norm given by

il gy = [ | [ P .
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Notice that the embedding (2.3) also holds with Hj(€2) replaced with ﬁg(Q). The precise relationship
between the two spaces Hj(2) and Hj(£2) has been given in [19].
For any s > 0, we also introduce the fractional-order Sobolev space

HY(Q) := {u = > tnpn € Q) : il = ) Al < oo},

i=1 i=1

where we recall that (4,,) are the eigenvalues of —Ap with associated normalized eigenfunctions (¢,)
and

u, = (u, SDn)LZ(Q) = f”‘Pn dx.
Q

It is well-known that

1
Hy(©Q) if s# 2,

H'@Q =9 | 1 (2.4)
Hy(@) if s = 3.

It follows from (2.4) that the embedding (2.3) holds with H{(€2) replaced by H*(€2). For more details
on fractional-order Sobolev spaces, we refer to [21,25,39] and their references.

Definition 2.1. The spectral fractional Dirichlet Laplacian of order s > 0 is defined by
D((-Ap)’) = H'(Q), (-Ap)'u= Z Ayunpn  With u, = f ugpy dx.
n=1 Q

We notice that, in this case, we have that

lullssy = 1(=Ap) 2 ull 2 ) (2.5)

Note that D(Q) — H'(Q) — L*(Q) — H™(Q), so, the operator (—Ap)* is unbounded, densely
defined, and with bounded inverse (—Ap)~* in L?(Q). But it can also be viewed as a bounded operator
from H*(Q) into its dual H™*(Q) := (H*(Q))*.

Next, we consider the linear elliptic problem

(=Ap)’¢ + b(x)¢p = f, (2.6)
where we assume that b € L*(€2) and is nonnegative.

Definition 2.2. A function ¢ € H*(Q) is called a weak solution of (2.6) if the equality

fg (=A)p(=A)*¢ dx + fg b(x)p¢ dx = (f, du-s @) 2.7)

holds for every ¢ € H*(Q).

We have the following result of existence and regularity of weak solutions. We refer to [4, 5, 36]
and their references for the complete proof.
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Theorem 2.3. For every f € H*(Q), Eq (2.6) has a unique weak solution ¢ € H*(Q) and there is a
constant C = C(N, s,€)) > 0 such that

llell2) < llellas) < Cllflla-s@)- (2.8)
In addition, the following assertions hold.

(a) If N < 2s, then ¢ € CO’S‘%(Q) and there is a constant C > O such that
el ot g < Cllflls)- (2.9)

(b) If N = 2s, then ¢ € LP(Q) for every p € [1,00) and there is a constant C > 0 such that

lellzr @) < Cllf @) (2.10)
(c) If f € LP(Q) for some p > N/2s, then ¢ € L*(Q) and there is a constant C > 0 such that

lellro) < Cllfllzr@- (2.11)
(d) If f € L>(Q), N >2s,and 1 <r< ﬁ then ¢ € L'(Q) and there is a constant C > 0 such that

el < Clifllzig)- (2.12)

Proof. The existence and uniqueness of solutions together with the estimate (2.8) is a simple
application of the classical Lax-Miligram lemma. parts (a) and (b) follow from (2.8) and the continuous
embedding (2.3). The proof of part (c¢) can be found in [4,5] and the references therein. For Part (d)
we refer to [36, Proposition 1.4]. O

Next, we consider the integral fractional Laplacian formally given by

(=A)*u(x) = Cy,P.V. f ) = uly) dy, xeRY,

RN |X _ y|N+23

where Cy; is a normalization constant and P.V. stands for the Cauchy principal value.
Let & : Hj(Q) x Hj(€2) — R be the bilinear, closed, and coercive form given by

Cxs f (u(x) = u)(V(x) = v(y))
RN JRN

2 |x — y|N+2s

Then, the operator (—A)g, associated with & in the sense that

Eu,v) = dxdy, u,ve Hi(Q).

D((-A)}) = {u € HY(Q) : 3f € LA(Q) 1 Ew,v) = (f, V)2 ¥ v € HY(Q),
(~A)u = f

is the realization in L*(Q) of (—A)® with the zero Dirichlet exterior condition # = 0 in RY \ Q. We refer
to [5,19,35] and their references for more details about this operator. With this definition, system (1.4)
can be rewritten as

(=A)oy = F(x,y,u) in Q.

Next, we consider the following linear elliptic problem:

(=A)op + b = f, (2.13)

where we assume that b € L*(€2) and is nonnegative.
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Definition 2.4. A function ¢ € ﬁg(Q) is called a weak solution of (2.13) if the equality
Ch,s f (p(x) — eM)(P(x) — ()
RN JRN

2 |X _y|N+25

dxdy + f b(x)p¢ dx = {f, $) gm0 (2.14)
Q

holds, for every ¢ € ﬁg(Q).

Remark 2.5. All the results obtained in Theorem 2.3 with H*(Q2) and H™(€2) replaced with ﬁg(Q)
and (Hj(Q))*, respectively, also hold true for problem (2.13). The proof is contained in the references
given in the proof of Theorem 2.3.

We also have the following result of existence and regularity of weak solutions. We refer to [35] for
the proof.

Theorem 2.6. Assume thai Q is of class C"' and f € L™(Q). Then the Dirichlet problem (2.13) has a
unique weak solution ¢ € Hj(Q2) N C%(RN) and there is a constant C > 0 such that

lellcos@y < Cllfllz=- (2.15)

2.2. General assumptions on the nonlinearities

We make the following assumptions on the function F' involved in the state equations (1.2) and (1.4).
However, they will not be used at the same time.

Assumption 2.7. The measurable function F : Q X R X R — R is a continuous function of class C?
with respect to the last two components and satisfies the following conditions.

e F(-,0,0) € L?(Q) for some p > N/2s and
oF 5
E(x, t,€) <0 forae. x € Q andforall (¢,¢) € R™. (2.16)

e VM > 0, ACpy > 0 such that

i+j
W(X, t,u)

2,

1<i+j<2

<Crm (2.17)

for a.e. x € Q and for all (¢,¢) € R?, with || < M and & € [e, 8].
e Ve >0and M > 0, dp > O such that, if ||, || < M, |t — | < p, &1,& € [, B] with |€] — & < p,

then
2

i+j=2

6i+jF i+j

arael ") " Grgg

(x,1,&)| <& fora.a. xe Q. (2.18)

We conclude this section by giving the assumptions on the nonlinearity L involved in the functional
J givenin (1.1).

Assumption 2.8. The measurable function L : Q X R X R — R is assumed to be a Carathéodory
function of class C? with respect to the last two components and satisfies the following conditions.

oL oL .
¢ 500 G000 L@,
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e There exist a function ¢, € L'(2) and nonnegative constants c, ¢y, 8o, 81 such that
Po(x) — coltt® — c1|éP' < L(x,t,¢) fora.e. x € Qand all (z,¢) € R (2.19)

o VM > 0, ACy 5 > 0 such that

IL(x,1,) < Crum (2.20)
and o
i+j

> |5 5516 < Cr (2.21)

1<i+j<2

for a.e. x € Q and for all (¢,¢) € R?, with || < M and & € [e, 8].
e Ve >0and M > 0, dp > O such that, if |#{|, || < M, |t — ;| < p, &1,& € [, B] with |€; — & < p,

then
2

i+j=2

i+jL i+j

0
W(X, ,&) — 6ti—0§f(x’ t1,€1)

< g fora.a. xe Q. (2.22)

Finally, we give an assumption that both F" and L must satisfy.

Assumption 2.9. For all (x,7) € Q X R, the mappings F(x,t,-) and L(x,t,-) satisfy the following
convexity condition. For any &,v € [, 8] and A € [0, 1], there exists w € [a, 8] such that

F(x,t,w) = AF(x,t,¢) + (1 — DF(x,t,v) (2.23)

and
L(x,t,w) < AL(x,t,&) + (1 — D)L(x,t,v). (2.24)

Remark 2.10. We observe the following.

e The first two conditions in Assumptions 2.7 ((2.16) and (2.17)) are essentially used to obtain the
existence and enough regularity of solutions to the state equation (1.2).

e The other conditions in Assumptions 2.7 and all the conditions in Assumptions 2.8 are used to
prove the existence of optimal solutions of the control problem and to obtain the first- and second-
order optimality conditions.

Remark 2.11. We notice that the kind of convexity conditions (2.23) and (2.24) are important
for the existence of optimal solutions of our control problem for the case where F is nonlinear
with respect to the control u. These conditions were used to establish optimality conditions for
mathematical programming problems (see, e.g., [27, Theorem 3]). Another variant was also used
in [17, Theorem 9.3.1] to prove the existence of optimal solutions to optimal control problems governed
by ordinary differential equations.

Example 2.12. We have the following.

(1) All the conditions in Assumption 2.8 are obviously satisfied by the classical tracking cost functional
1 1
L(x,y,u) = E(y(x) - yd(x))2 + Euz(x) provided that y, € L*(Q).
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(2) All the conditions in Assumption 2.7 are obviously satisfied by the function

F(x,y,u) = e”Pu?(x) + Y or F(x,y,u) = e u?(x) + u(x).

(3) Let b : Q — (0,00) be a function in L*(£2), p an odd integer, and 0 < a < B. Then, all the
conditions in Assumption 2.7 are satisfied by the function

F(x,y,u) = =b(x)y"(x) + 1 (x),

(4) Next, we give some examples of functions L and F satisfying (2.23) and (2.24).

o If L(x, ¢, u) is convex with respect to u, and F(x,t,u) = A(x, t) + B(x, t)u, then for any u,v € U
and 4 € [0, 1], we may choose w = Au + (1 — ).

o If L(x,t,u) = (x,1) + u?, F(x,t,u) = A(x,t) + u>, and 0 < a < 3, then for any u,v € U and
A € [0, 1], we may choose w = \//luz + (1 = A2

o If L(x,t,u) = ¢(x,t) + u®, F(x,t,u) = A(x,t) + u?, and 0 < o < 3, then for any u,v € U and

1/3
A € [0, 1], we may choose w = (/Uﬁ +(1- /1)v3) )

In addition, for smooth A, B, and ¢, all the conditions in Assumptions 2.7 and 2.8 are satisfied.
3. Existence and regularity of solutions to the state equation
From now on, we simplify the notations by setting
V= H(Q) and V* := H*(Q), (3.1)

and we let (-, -}y« v denote the duality mapping between V* and V.
Definition 3.1. Let u € L*(Q).

(a) We say that y € V is a weak solution of (1.2), if the equality
F (. 9) = f (=Ap)3y(-Ap)i¢dx = f F(x,y, ¢ dx (32)
Q Q

holds, for every ¢ € V.
(b) We say thaty € ﬁg(Q) is a weak solution of (1.4), if the equality

Crs f 000 = YONG = 60Y) f oy dx (33)
RN JRN Q

2 |x _y|N+2S

holds, for every ¢ € ﬁg(Q).
We have the following existence and regularity result.

Theorem 3.2. Let s € (0,1), p > N/2s, and suppose that (2.16) and (2.17) hold. Then the following
assertions hold.
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(a) For every u € L*(Q), Eq (1.2) has a unique weak solution y € V N L*(Q) and there is a constant
C :=C(N,s,Q, p) > 0 such that

Iyl + lyllze@ < CIFC, 0,00 + llullis@)) - (3.4)
Moreover, there is a constant C := C(N, s,Q, p, a,B) > 0 such that

Iyl + Ve < CUIFC, 0,0l + 1), YueU. (3.5

(b) For every u € L*(Q), Eq (1.4) has a unique weak solution y € ﬁg(Q) N L*(Q). In addition, the
estimates (3.4) and (3.5) hold with V replaced with Hj(Q).

Proof. Let u € L™(Q). We claim that F(-, 0, u) € L?(Q). Using the mean value theorem, we write
oF
F(x,0,u(x)) = F(x,0,0) + a—(x, 0, e(x)u(x))u(x),
u

where € : Q — [0, 1] is a measurable function. Therefore, using (2.17) with M = 1, we deduce that

oF
|F(x,0,u(x))| < |F(x,0,0)+ E(x, 0, e(x)u(x))| lu(x)|
< |F(x,0,0) + Crallulli=)-
Hence,
IF(, 0, Wl < CN, 5,2, p) (IIF (-, 0,015 + lull=@) » (3.6)

and so the claim is proved.
(a) Using similar arguments as in [5, Section 3] or [32, Theorem 3.1], we can deduce that (1.2) has
a unique weak solution y € V N L*(Q). In addition, the following estimate holds:

IVl + ¥ll=@ < CIFC, 0, Wl (3.7

Combining (3.6)—(3.7) we get (3.4). If u € U, we can also deduce (3.5).
(b) The proof of this part follows similarly as in part (a) by making the necessary modifications and
using the results obtained in [5]. We omit the details for the sake of brevity. O

Next, we have the following regularity result for weak solutions to (1.2) and (1.4).

Theorem 3.3. Let s € (0,1) and u € L*(Q). Let Assumption 2.7 hold. Then, the following assertions
hold:

(a) Let Q be of class C'. If% < s < 1and% < p< %, orif)0 < s < %andﬁ<oo, then the weak

solution y of (1.2) belongs to C*7(Q), where o = 2s —

‘%iIZ

(b) Let s > % and p > 2;\11. If Qs of class C' for 0 < o := 25 — % — 1 < 1, then the weak solution y

of (1.2) belongs to C*7(Q).

(c) In both cases (a) and (b), there is a constant C := C(N, s, Q) > 0 such that
Wllcor@ < C (il + 1EC, yC)s u()llre)) - (3.8)
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(d) Let Q be of class C'. If p = oo, then the weak solution y of (1.4) belongs to C*(Q) and the
estimate (3.8) holds with o = s and V replaced with Hj(Q2).

Proof. We can write system (1.2) as
(-Ap)’y = F(x,y,u) in Q. (3.9

Lety € VN L*(Q) be the weak solution of (1.2), equivalently, of (3.9). According to [4,26], it suffices
to show that F(-,y(-),u(-)) € L?(Q). Indeed, using (2.17) and (3.4), we have, from the mean value
theorem that there is a measurable function € : Q — [0, 1] such that

oF
|F(x, y(x), u(x))| < |F(x,0,u(x))| + |a—y(x, €(x)y(x), u(x))| ly(x)l

oF
< IF(x, 0, u(x))| + ‘a—y(x, €()y(x), u(x) 1Yl

< |F(x’ O’ M(X))l + CF,MM’ (310)

where M = C(N, s,Q, p) (IIF(-, 0,05 + llullz~)) > 0. Hence, using (3.6) and (3.10), we can
deduce that
NEC,y(), uC)llr) < 2CruM. (3.11)

Therefore, F(-, y(+), u(+)) € L?(Q). Applying the results of [4,12,26], we can deduce that parts (a) and
(b) hold. It follows from [12] that

IVllcor@y < C (Ilylle(m + Iyl + IFC, y(), u(-))llm(m)- (3.12)
Thanks to (2.3), we have the continuous embedding V < L*(Q). Hence,

V2@ < CWV, 5, Q)llyllv. (3.13)

Combining (3.12)—(3.13) leads us to (3.8).
The proof of part (d) follows similarly by using Theorem 2.6. O

Remark 3.4. We observe the following facts that will be useful.

(a) Let s > 1, p > 5%~ and Q be of class C' for 0 < o := 25 — % — 1 < 1. In the case where

0 < s < 1/2, assume that p < oo, o = 2s — N/p, and Q is of class C'. Then from (3.4), (3.5),
and (3.8), we can deduce the following estimates for the solution y of equation (1.2):

Vil + [Yllcor@) < C (IFC,0,0)llp@) + =) Yu € L*(Q) (3.14)
where C := C(N, s,Q, p) > 0, and
IVl + Yllcor@y < CUIFC, 0,00 + 1) Yue U (3.15)

where C := C(N, 5,Q, p,a,B) > 0.

(b) Let 0 < s < 1, p = o0, and assume that Q is of class C!!. Then the solution y of (1.4) satisfies the
estimates (3.14) and (3.15) with o = s and V replaced with H(€2).
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4. Existence of optimal solutions

In this section, we are concerned with the existence of optimal solutions to the control
problems (1.1)—(1.2) and (1.1)—(1.4). All the statements and proofs will be given for problem (1.1)-
(1.2) but all our results remain true for the problem (1.1)—(1.4) by assuming that Q is of class C"!,
0<s<1,p = oc,and o = s. The theorem on measurable selections of a measurable set-valued
mapping (see, e.g., [7]) will play a crucial role.

Theorem 4.1. Let s > % p> ZAL_] and Q be of class C' for0 < o = 25— % —1 < 1. In the case where
0 < s < 1/2, assume that p < oo, o = 25— N/p and Q is of class C'. Let Assumptions 2.7 and 2.8 hold.
Then, there exists at least one solution (i1, ¥) € U X (VNC(Q)) of the minimization problem (1.1)—(1.2).
Proof. We first note that, from (2.19) and (2.20), j := in{Lfl J(v) satisfies —co < j < +o0. Let (Vi )is1 C U
be a minimizing sequence such that
]}im Jv) = J.

Since U is bounded in L*(€2), we have that the sequence (v;)s; is bounded. Since y; := y(vy) is the
state associated with the control v, it follows from (3.2) that the equality

f(_AD)Syk(_AD)E(l’dx =fF(X,yk,w<)¢dx 4.1
Q Q

holds, for every ¢ € V. Moreover, it follows from (3.15) that there is a constant M; > 0 independent
of k such that

ellv + llyellcor@y < M. (4.2)

From (4.2) and thanks to the compact embedding C**(Q) — C(Q), there exists y € V N C**(Q) such
that (up to a subsequence if necessary), as k — oo,

yr — ¥ weakly in V 4.3)
and
yx — y strongly in C Q). “4.4)
We also have that
I3l + ¥llc@) < M. 4.5)

From (2.20) and using (4.2), we have that there exists Cy , > 0 such that
ILCx, yie(x), vi(x)| < Cpy, := M, forae. x € Qandforall k > 1. 4.6)

Using (3.11), we can deduce the existence of a constant M5 > 0 such that
IEC, ye()s vz < M forall k > 1. 4.7)

Hence, up to a subsequence, as k — oo, L; := L(:, yi(-), v(:)) converges weak-* to E € L*(Q) and
Fy := F(-,y(-), vi(-)) converges weakly to F € LP(Q). We note that (LP(Q)* = L77(Q) and since
p> %, we can deduce that L%(Q) — Lﬁ%l(Q). Therefore, using (2.3), we obtain that

]}im f Fi(x)p(x)dx = f F(x)¢(x)dx forall ¢ € V. 4.8)
-~ Ja

Q
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Moreover, we also have that

l}im f Li(x)y(x)dx = f L(x)y(x)dx forall y € L*(Q). 4.9)
Next, we define the set-valued map Q : Q x [-M;, M;] — R? by
Q(x,y) :={(z, )My > z > L(x,y,u), t = F(x,y,u) forsome u € [a,f]}, (4.10)

where M, is given in (4.6). Then, Q(x,y) is nonempty, compact, and convex in R?. This follows
from (4.6), the compactness of [a,[], the continuity of F, (2.23), and (2.24). In addition, the set-
valued map Q is a Carathéodory multifunction (see [30, Lemma 3.1]). On the other hand, we also
introduce the set-valued map Q : Q — R? defined by

O(x) := {(z,DIM> > z > L(x, 5(x),u), t = F(x,5(x),u) for some u € [e,p]}, 4.11)
where M, is given in (4.6). Then, one can show as in [30, Lemma 3.2] that for a.e. x € Q, (L(x), F(x)) €
O(x). Therefore, for a.e. x € Q, there exists u € [a, B] such that

M, > L(x) > L(x,5(x),u), F(x) = F(x,y(x),u). (4.12)
Let P(R) be the set of all subsets of R. Define the multi-functions

H : Q- PR), Hi(x)= (=00, L(x)] X {(F(x)},
and
H, - Q — P([a, B]),
with
Hy(x) = {u € [0, B] : (Lx, 5(x), ), F(x,5(x), ) € Hi(x)}.

Since L and F are continuous with respect to the last component, we have that for a.e x € Q, H(x)
has a closed image. On the other hand, since L and F are measurable functions, we can deduce that
H, is a measurable set-valued map. Using the measurable selection theorem [7, Theorem 8.1.3], we

can deduce that there exists a measurable function i, such that i#(x) € H,(x) for a.e. x € Q. Hence,
u(x) € [a,B] fora.e. x € Q and

L(x) = L(x, 5(x), a(x)), F(x) = F(x,5(x), #(x)). (4.13)
Taking the limit as k — oo in (4.1), while using (4.3), (4.8), and (4.13), we obtain that
f (=Ap)2F(~Ap)i¢pdx = f F(x,5,m)¢pdx, VeeV. (4.14)
Q Q

On the other hand, using (4.9) and (4.13), we can deduce that
j= /}im Jv) = lilkn inf f L(x, yp(x), vi(x)) dx
—00 —00 Q
= f L(x)dx > f L(x, y(x), u(x))dx = J(r).
Q Q

Therefore, (i, y) is an optimal solution to the control problem (1.1)—(1.2). This completes the proof. O

We conclude this section with the following observation.

Remark 4.2. In Theorem 4.1, we only proved the existence of optimal solutions. Since the functional J
is non-convex, in general, we cannot expect a unique solution to the minimization problem (1.1)—(1.2).
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5. First-order necessary optimality conditions

Recall that by assumption, 0 < s < 1 and p > N/2s. In the remainder of the paper, if s > %

we assume that p > % and Q is of class C'? for 0 < o = 25 — % — 1 < 1. In the case wherze
0 < s < 1/2, we assume that p < oo, o = 25 — N/p, and Q is of class C!. In the case of the integral
fractional Laplace operator, we assume that p = oo, o = s, and Q is of class C!*'. Then all our results
also hold for the integral fractional Laplace operator, that is, if one replaces (1.2) with (1.4). But as in
the previous sections, most of the statements and all the proofs will be given for the spectral fractional
Laplacian.

Letus set Y := V N C*(Q) and define the control-to-state mapping
G:LQ)—-Y, u»Gu) =y (5.1

which associates to each u € L*(Q) the unique weak solution y of (1.2).

The aim of this section is to derive the first-order necessary optimality conditions for the control
problems (1.1)—(1.2) and (1.1)—(1.4), and to characterize the optimal control. But before going further,
we need some regularity results for the control-to-state operator G given in (5.1). Let us introduce the
vector space

X:={ye¥:(-Ap)y € /(Q)}. (5.2)

Then, X endowed with the graph norm
Ivlbe == Iylly + I(=Ap)*Ylr@), yeEX, (5.3)
is a Banach space. Next, let us define the mapping
G XXL(Q) - LP(Q), 0, u) = Gy, u) == (=Ap)’y — F(x,y, u). (5.4)

Then, G is well defined. Indeed, from (3.11), we have that F(-, y(-),u(-)) € LP(Q) for all (y,u) €
X x L*(€). In addition, the state equation (1.2) can be viewed as G(y, u) = 0. We have the following
result.

Lemma 5.1. The mapping G defined in (5.4) is of class C>.

Proof. The first term of G is linear and, from the definition of the norm (5.3), it is continuous from X
to L7(Q). Therefore, it is of class C>. Assumption 2.7 gives that the second term is of class C? from X
to L?(Q). This completes the proof. m|

Lemma 5.2. The mapping G given in (5.1) is of class C*. In addition, under Assumption 2.7, the
first and second directional derivatives of G are given by G'(u)v = z and p = G”(u)(v,w), where
u,v,w € L*(Q) and z,p € V are the unique weak solutions of

oF oF
(-Ap)’z = —x,y,wz+—x,y,u)y in Q, (5.5)
ay ou
and

, oF OPF , ,
(=Ap)'p = —(x,y,u)p + —z(x, v, )G (u)vG' (u)w
ay ay
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2 2

O°F
+ (x,y, ) (WG (w)v + vG' (u)w) + —(x, y, u)vw in Q, (5.6)
Oyou ou?

respectively. Moreover, for every u € L*(Q), the linear mapping v — G’'(u)v can be extended to
a linear continuous mapping from L*(Q) — V. More precisely, letting M = IVllc@), there are two
constants Cpy > 0 and C = C(N, s,Q) > 0 such that

lzlly = IG" @vllv < CruC(N, 5, DIVl ) (5.7
Proof. Let u € L*(Q). It follows from Lemma 5.1 that G defined in (5.4) is of class C2. Moreover,
0,G(y, wp = (=Ap)'p — OyF(x, y, up.
For any v € LP(Q), one can show, as in Theorem 3.2, that the problem
(=Ap)'¢ —0yF(x,y,u)p =v in Q

has a unique weak solution ¢ in X, which depends continuously on v. Hence, 0,G(y, u) defines an
isomorphism from X to L?(Q). Using the implicit function theorem, we can deduce that G(y, u) = (0, 0)
has a unique solution y = G(«). Moreover, the operator G : u > y is itself of class C2. Therefore, (5.5)
and (5.6) follow easily. Note that if v € L*(Q), then (5.5) still has a unique weak solution z € V. Let us
show the estimate (5.7). If we multiply (5.5) with z and we integrate over 2, we obtain that

oF oF
”Z”IZH[‘(Q) = L a_y(-xa Y, l’t)Z2 dx + L E(xs Y, M)VZ dx.
Using (2.16), (2.17), and the continuous embedding V < L*(Q2), we can deduce that
2l < CrmC N, 5, Q)llzllv IVl

where M = ||yll¢@q)- This completes the proof. O

Next, let us introduce the adjoint state g € V as the unique weak solution of the adjoint equation
oF oL .
(-Ap)'q = —(x,y,u)qg + —(x,y,u) in Q. (5.8)
dy dy

Proposition 5.3 (Existence of solutions to the adjoint equation). Let s > 1, p > %, and Q be of
classCl’(’forO <0 := ZS—%—I < 1. In the case where 0 < s < 1/2, assume that p < oo, o = 25s—N/p,
and Q is of class C'. Let Assumptions 2.7 and 2.8 hold and u € L*(Q). Then there exists a unique
weak solution g € V N C*(Q) to (5.8). Moreover; there exist two constants C = C(N, s,Q) > 0 and

Cry > 0, with M = C (|IF(-,0,0)||sqy + 1), such that
ligllv + ligllcor@y < CN, s, )Cpm. (5.9)

Proof. From (2.21), we can deduce that there exists Cp > 0, where M := C (||F(:,0,0)|l5@) + 1)
such that

L
<Cru-
P <Crm

0
'_(x’y’ M)
y
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oL By
Therefore, 6—(-, y,u) € LP(Q). Using the same arguments as in Theorems 3.2 and 3.3, we can deduce
u

the existence of a unique weak solution ¢ € V N C**(Q) to (5.8). Now, if we multiply (5.8) with g and
we integrate over Q, we get, using (2.16) and the continuous embedding V «— L*(Q), that

llglly < C(N, s, Q)Cpp.

Using (3.8), we get (5.9). This completes the proof. m|

Remark 5.4. As in Lemma 5.2, one can prove using Assumptions 2.7 and 2.8 that the mapping u — ¢
is of class C!, where ¢ is the weak solution to the adjoint state equation (5.8).

Proposition 5.5 (Twice Fréchet differentiability of J). Let u € L*(Q) and y be the weak solution
of (1.2). Let Assumptions 2.7 and 2.8 hold. Under the hypothesis of Lemma 5.2, the functional J :
L*(Q) — R defined in (1.1) is twice continuously Fréchet differentiable and for every v,w € L™ (Q),
we have that

J' (v = f(a—L(x,y, u) + a—F(x,y, u)q)vdx, (5.10)
o \ou ou

and

&L
J"w)[v,w] = f Byou —(x, y, ) (WG’ (w)v + vG' (u)w) dx

O’L 0L
f ACL w)G' (u)vG’ (u)ywdx + f ﬁ(x, v, u)yw dx

f (x v, WG’ (u)v + vG’' (u)w)q dx
00

2F
— (%, M)VW) qdx,
ou

(5.11)

0
f ( (x v, )G ()G (Ww + —
Q
where q is the unique weak solution of the adjoint equation (5.8).

Proof. First, we have that J is twice continuously Fréchet differentiable, since by Lemma 5.2, G has
this property.
Second, let u, v,w € L*(Q). After some straightforward calculations, we get

J' (uy = f a—L(x, y, u)vdx + f 6—L(x,y, uw)G'(u)v dx. (5.12)
o Ou o 0y

Now, if we multiply (5.5) with g, the weak solution to the adjoint state (5.8), and we integrate by parts
over Q, we can deduce that

fa—L(x,y, w)G'(u)vdx = f a—F(x,y, u)qv dx. (5.13)
o 0y o Ou

Combining (5.12)—(5.13) leads us to (5.10). On the other hand, after some calculations, we obtain that

2L 2L
J'W)[v,w] = a—Z(x, v, w)G' (u)vG' (u)w dx + f a—z(x, v, u)yw dx
o Oy o Ou
oL : :
+ f —(x,, WWG' (W) + vG' (w)w) dx
Q ay(')u
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+ f 8—L(x,y,u)G”(u)[v,w] dx. (5.14)
o Oy

Multiplying (5.6) with g, the weak solution of (5.8), and after an integration by parts over Q, we get
oL O*F
jﬁ——wJamG”WMwwddx=Jﬂ——%&yJDGTWWGTwwqu
qQ Oy o 0y*

O*F
+ L ﬁ(x, v, u)ywq dx
0*F
+ f —(x, y, WG’ (u)vg dx
Q 6)7(91/[

O’F )
+ —(x,y,u)vG’ (u)wq dx. (5.15)
Q (9y5u

Combining (5.14) and (5.15), we get (5.11). The proof is finished. O

We introduce the following notion of local solutions.

Definition 5.6. Let 1 < p < co. We say that u € U is an LP-local solution of (1.1) if there exists € > 0
such that
J(u) < J(v) for every v € U N BY(u), (5.16)

where BY(u) := {u € LP(Q) : ||v — ullrq) < &}. We say that u is a strict local minimum of (1.1) if the
inequality (5.16) is strict whenever v # u.

Let us introduce the Hamiltonian H of (1.1)—(1.2) given by
H:QOXRXRXR —->R, H(x,t,n,&) = L(x,t,&) + nF(x,t,&). (5.17)

Note that from Assumptions 2.7 and 2.8, H is of class C* with respect to the last component.
Before going further, we establish the following important result.

Proposition 5.7. Let s > 1 p > %, and Q be of class C'7 for 0 < o = 2s — % — 1 < 1. In the case
where 0 < s < 1/2, assume that p < oo, o = 25 — N/p, and Q is of class C'. Consider a sequence
(k1 bounded in L™(Q) converging strongly to u in LP(Q), as k — oo. If we denote by y; := y(u;)
and y, := y(u) the states associated with u; and u, respectively, then

Jim (1 = yally + % = Yullesay) = 0. (5.18)
Proof. Let (uy);>1 be a bounded sequence in L*(€2) such that, as k — oo,
uy — u strongly in L7(Q). (5.19)
Using (3.4), we can deduce that there is a constant M > 0 such that for all £ > 1,

Iyl + lyellzeo) < M. (5.20)

Moreover, y; — y, satisfies
f (=Ap) (% = ¥u)(=Ap) ¢ dx = f (F (%, Yo ) = F (5, yus ) dx, Vg € V.
Q Q
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Taking ¢ = yr — y, as a test function in the latter equation and thanks to the monotonicity of F and
Assumption 2.7, we get

lye =yl = f (F (X, i ur) = F (X, Yo )k = yu) dx
= f; (F(x, yeo ) = F (6, yur w)) (i = yu) dx
+ fg (F (X, yu, i) = F(X, yu, )i = yu) dx
< L (F X, Yus i) = F (X, yu, ) (Vi = yu) dx
<

Crm | lux — ullyx — yuldx
Q
< Crumllu — ullpr@llyr = yullr @)

where p’ = le Since p > % we have that p’ < N—I2\L+l < ﬁ Therefore, if N > 2s, we get
from (2.3) that V — L%(Q) — LP(Q). Also if N < 2s, it follows from (2.3) that V < L” (Q). The

same simple calculation works in the case where 0 < s < 1/2. Therefore,

vk = vl < CamC(p, Dllug — ullir@llyx = yallv,
and so
Iy = yullv < CemC(p, Qllux — u”LP(Q)- (5.21)

Taking the limit, as k — oo, in (5.21) while using (5.19) yields the strong convergence of the sequence
vk to y, in V. Now, (3.14) along with the boundedness of the sequence (u;)i>; in L*(€) imply
that the sequence (y)is; is bounded in C*°(Q). Therefore, using the compactness of the embedding
C*(Q) — C(Q) and the latter convergence, we can deduce that y, — y, strongly in C(Q), as k — co.
Hence, as k — oo, we have that

Yk = yu strongly in LP(Q). (5.22)

On the other hand, recalling again that y, — y, satisfies
(=Ap) Ok = yu) = F(x, yi, ) — F(x, yu, ), (5.23)
we can deduce from (3.8) that

e = yulleor@y < CUIFC, ye(), ue()) = FC,yuC), u)llr)

5.24
+ Cly = yullv- 629
Now, using (2.17) and (5.20), we obtain that
WEC, ye()s ur(4)) = FCoyu(), u())llr (5.25)

< Crm (e = Yullr + Nlue — ullr)) -

Combining (5.21), (5.24), (5.25), (5.19), and letting k — oo in (5.21) and (5.24), and using (5.22), we
get (5.18). The proof is finished. O

The following result is crucial for the rest of the paper.
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Theorem 5.8 (First-order necessary optimality conditions). Let Assumptions 2.7 and 2.8 hold. Let
u € U be an LP-local minimum (1 < p < o) for (1.1)—(1.2). Then,

J'(u)v—-—u)>0 forevery veU, (5.26)

and equivalently,

oOH
f a—(x, v,q,u)(v —u)dx >0 forevery veU, (5.27)
Q ou

where q is the unique weak solution of (5.8) and H is the Hamiltonian given in (5.17). Moreover, if
1 < p < oo, then

f H (x,y(x), q(x), u(x)) dx = min f H (x, y(x), q(x), v(x)) dx (5.28)
Q ve Q
and the pointwise Pontryagin principle

H(x,y(x),q(x),u(x)) = tg[lig] H(x,y(x),q(x),t) fora.e. x € (5.29)

holds, where y is the state associated with u.

Proof. The proofs of (5.26) and (5.27) are classical and follow from the convexity of U. The proofs
of (5.28) and (5.29) are a simple adaptation of the arguments of [16, Theorem 4.1]. We omit the details
for the sake of brevity. O

Lemma 5.9. Let u € L*(Q). Let Assumptions 2.7 and 2.8 hold. Let s > %, p > zjv—_l, and Q be of class
CYfor0 <o =2s— % — 1 < 1. In the case where O < s < 1/2, assume that p < oo, o =25 — N/p,
and Q is of class C'. Then the linear mapping v — J' (u)v can be extended to a linear continuous
mapping J'(u) : L>(Q) — R given by (5.10). Moreover; the bilinear mapping (v,w) — J”(u)[v, w] can
be extended to a bilinear continuous mapping J” (u) : L>(Q) x L*(Q) — R given by (5.11). In addition,
there is a constant C = C(N, s,Q, a,8) > 0 such that for all v,w € L*(Q),

IJ" vl < Clvllrg) (5.30)

and
IJ” @)[v, wl < ClVll2@)lwllz@)- (5.31)

Proof. Letu € L*(Q) and v € L*(QQ). From (5.10), we have that

J'(w)v = f (a—L(x, v, u) + a—F(x, v, u)q) vdx,
o \ou ou

where ¢ is the weak solution of (5.8). Using (3.5), (2.17), (2.21), and (5.9), we have that there is a

constant C > 0 independent of v such that (5.30) holds. Thus, the mapping v +— J’(u)v is linear and

continuous on L*(Q). Next, let v,w € L*(Q). Using Cauchy-Schwarz inequality, (2.17), (2.21), (5.7),

and (5.9), we get from (5.11) that there is a constant C > 0 such that (5.31) holds. Hence, the mapping

(v,w) — J”(u)[v,w] is a bilinear continuous mapping on L*(Q) x L*(Q). O
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6. Second-order optimality conditions

The main concern of this section is to derive the second-order necessary and sufficient conditions
of optimalty for the control problems (1.1)—(1.2) and (1.1)—(1.4).

6.1. Second-order necessary optimality conditions

Since the cost functional J associated with the optimization problem (1.1)—(1.2) or (1.1)—(1.4) is
non-convex, we have that the first-order optimality conditions given in Theorem 5.8 are necessary but
not sufficient for optimality.

We first introduce the cone of critical directions associated with a control u € U defined by

C, = {v e LXQ) : J'(u)v = 0 and v fulfills (6.2)}, (6.1)

that is, for a.e x € Q,
vix) >0 if ulx)=aq,
v(ix) <0 if u(x)=p, (6.2)
0 if d(x) #0,
where aL OF
d(x) := —(x,y,u) + —(x,y,u)q.
ou ou
In the rest of the paper, we will adopt the notation J”(u)v* := J”(u)[v,v]. The following result

presents the second-order necessary conditions for optimality. The proof is classical and can be found
in [38, p. 246].

Theorem 6.1 (Second-order necessary optimality conditions). Let u € U be an L’-local solution
of (1.1) with 1 < p < co. Then, J”(u)v? > 0 for all v € C,.
6.2. Second-order sufficient optimality conditions for L*-local solutions

In this section, as in the local case [16], we impose the following suitable structural assumption on
‘Z—L’f(x, v, q,u), where u € U is a control satisfying (5.27), and y, g are the associated state and adjoint
state, respectively.

Assumption 6.2. There exist three constants K > 0, &y > 0, and y € (0, +o0] such that Ve < &,

<}

Theorem 6.3. Let Assumptions 2.7, 2.8, and 6.2 hold. Let u € U be a control satisfying (5.27). Then,
there is a constant k > 0 such that

< K¢ (6.3)

oL oF
{x €eQ: ‘a—(x, y(x), u(x)) + g(x)—(x, y(x), u(x))
u ou

1+1

J' W) —u) >y - uIIL](YQ) YvelU, (6.4)

where .
‘= 5 (6.5)
2[4 max(|al, [BDK]~
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In addition, if y = +oo, then there exists n > 0 such that

J) > J(u) + gllv — Ul YveEUN B (u),

(6.6)

where B;’(u) is the open ball in L*(2) with center u and radius 1. So, u is strictly locally optimal in

the sense of L™ (Q).

Proof. The proof is an adaptation of [16, Theorem 5.2]. We proceed in two steps.

Step 1. We prove first that there is a constant x > 0 such that (6.4) holds. Indeed, from (5.27), we have

that for a.e x € Q,
oL oF
(a—(x, Y(x), u(x)) + q(x)——(x, y(x), u(x)) (v(x) —u(x)) = 0,
u ou

for every v € U. Now, let £ > 0 and define the set

oL oF
Q. =xe: ‘—(x, y(x), u(x)) + g(x)—(x, y(x), u(x))
ou ou
It follows from (6.3) that
Q\ Q.| < K&

Hence,
J @)(v —u)

oL oF
= f (6_(x’y(x)’ u(x)) + g(x)—(x, y(x), u(x)) (v(x) — u(x)) dx
Q u ou

f@L
>
Q

oF
—(x, y(x), u(x)) + q(X)E(x, y(x), u(x))
> gllv —ullpq, = ellv = ullp) — llv — ullpya,)-

ou
Thanks to (6.7), we have that

v(x) — u(x)| dx

v —ull oo, = f [v(x) — u(x)| dx < 2max(lal, |B))Ke”.
Q\Q,

Combining (6.8)—(6.8), we can deduce that

J' () —u) > &llv — ullpi o) — 2e max(lal, |B)) K.

Taking
”V - MHZI(Q)
£:= T
[4 max(|al, |[BDK]~
it follows from (6.9) that
1+1
v —ull,,
J' (v —u) > L@

2[4 max(lal, B)K]F
Therefore, (6.4) holds with « given by (6.5).

> of.

(6.7)

(6.8)

(6.9)

AIMS Mathematics Volume 11, Issue 2, 4415-4444.



4437

Step 2. We prove (6.6). Letu € U N B? (u), where n will be fixed later. Using Proposition 5.10, we
have that J is of class C2. Therefore, the second-order Taylor expansion of J at u gives

JW)=Jw) + J () —u)+ %J"(u +0(v —u)(v —u)?,

where 6 € (0, 1). Using (5.31) and (6.4) with y = +0c0, we obtain that

2
JO) 2 Jw) + kv = ullp o) = Cllv = ullj2q),

where the constant C is independent of # and v. Observe that

2
v = ull}2q) < v = ulle=llv = ull 1) < 7llv = ullpio)-

Therefore,
JO) = Ju) + (k = nO)|lv — ullp (-

Taking 7 = 5 leads us to (6.6). This completes the proof. m|

6.3. Second-order sufficient optimality conditions for L*(Q)-local solutions

The main concern of the present section is to find sufficient conditions for L?(Q)-local optimality
of a feasible control # € U that satisfies the first-order necessary optimality conditions. To do this, we
need the following result.

Proposition 6.4. Let Assumptions 2.7 and 2.8 hold. Let s > %, p > 5=, and Q be of class C'” for

O0<o = 2S—%—1 < 1. In the case where 0 < s < 1/2, assume that p < oo, o = 2s — N/p, and

Q is of class C'. Then, there are positive constants C and C such that for all u,i € U, the following
estimates hold:

ly = Y2 < Cllu — il if N <4s (6.10)
1y = Vllz=@) < Cpllu = llLr() (6.11)
lg — gllze) < Cpllu — @llrq) (6.12)
G’ WVll;2) < ClIVIlLI @) YveL”(Q) and N < 4s, (6.13)

where y and y, q and g are the states and adjoint states associated to the controls u and u, respectively.

Proof. It follows from (3.15) that there is a constant M > 0 such that
IWlle@ + llullis@ <M YueU. (6.14)
Subtracting the equations satisfied by y and y, and using the mean value theorem we get
(=Ap)'(y = 3) = (FCo,y,0) = F(x, 3,0) + (F(x,y,u) = Fx,y, 1))

oF
= Gy BT OO =D -5+ (FCey,u) = Flx,y, ). (6.15)
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Since N < 4s, we have that 2 < N/(N — 2s). Thus, using Theorem 2.3, and Assumption 2.7, we can
deduce that there is a constant C; > 0 such that
Iy = ¥z < CillF(x,y,u) = F(x,y, @)ll11q) < CCrumllu — il )

and we have shown (6.10).
Once again using Eq (6.15), the L*(Q)-estimates for the linear system given in Theorem 2.3 and
Assumption 2.7, we obtain that there is a constant C(p) > 0 such that

Iy = Yllz=@) < COIF(x,y, u) = F(x,y, Dllzr) < C(P)Crumllu — il @)
and this gives (6.11).
To prove (6.12), we subtract the equations satisfied by ¢ and g to get

oF oF oL oL
(_AD)S(q - q) = —(X, Y, l/t)q - _(-x7 .)_]’ ’7‘)51 + _(x’ Y, l/t) - _(x’ )_}’ ﬁ)
dy dy dy dy

oF oF oF
= —(yu(g -9+ |—0xy,u) - —(x,y,i)|q
Ay Ay Ay
oL oL
a_y(xa Yy, I/l) - a_y(x’ .)_;, ﬁ):| .
Using the L*(€)-estimates given in Theorem 2.3, Assumptions 2.7 and 2.8, and (6.11), we can deduce

that there is a constant C(p) > 0 such that

+

llg = gl < C(P) [CanMIly = Fllo) + llu = @l )]
+ C(P)Crumlly = Yl
< C(Pllu — |l
and we have shown (6.12). Finally, (6.13) is a direct consequence of Assumption 2.7, Theorem 2.3,
and (5.5). The proof is finished. O

In the rest of the paper, we tacitly assume the following.

Assumption 6.5. There exists v > 0 such that

2
%TI;I(X, y(x), g(x),u(x)) > v fora.e. x € Q,Vu(x) € [a,B], (6.16)

where y and ¢ are the state and adjoint state associated with u, respectively, and H is the Hamiltonian
given in (5.17).

Remark 6.6. The second Fréchet derivative of J can be rewritten in terms of the Hamiltonian function
H defined in (5.17) as follows:

O*H )
J' (= f a—yz(x,y,q,u)(G (u)v)* dx
Q

0’H )
+2 f (x,y, g, w)(vG' (u)v) dx (6.17)
92(9y6u

0°H
+ fQ W(x, v, q, u)v2 dx.
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Theorem 6.7. Let u € U satisfy the first-order optimality condition (5.26) and y, q be the associated
state and adjoint state, respectively. Also, let Assumptions 2.7 and 2.8 hold and N < 4s. We assume
that the structural assumption (6.3) holds with y > 1. Then, there exists € > 0 such that

RLATH Vv € U N B(u), (6.18)

K
J(V) 2 J(u) + EH u”L'(Q) 8 Lz(Q)

where Bg(u) is the closed ball in L*(Q) with center u and radius &, and « is given in (6.5).

Proof. LetveUN Bﬁ(u), where € will be chosen later. We set vy := u + 0(v — u), 6 € (0, 1). Using the
Taylor expansion and (6.4), we write

JOW) = Jw) + J ) —u) + lJ"(v,,)(v —u)?

e IJ"(V(,)(V —u)?. (6.19)

> J(u) + kv —ull,, L@

We have that,

T e)(v — u)* = L a2 oY qo: ve)(G' (ve)(v — w))* dx

2
H
+ 2f 9 (X, Yo, o, vo)(v — )G’ (vg)(v — u) dx
o Oyou

OH
+ f W(-x’ Yo, 4o, VQ)(V - u)z d-x, (620)
o ou

where y, and ¢, are the state and adjoint state associated with vy, respectively. We note that from (3.15)
and (5.9), we have that there exists M > 0 such that

Illc@ + llgollc < M. (6.21)

Using Young’s inequality, (2.17), (2.21), (6.13), and (6.21), we obtain that there is a constant C > 0
such that

aZH ’ 2
‘ fg 3y 0 )G O —w)dyl < Clly = ulf g (6.22)
and
0’H )
(X, Y0, q0, vo)(v — )G’ (ve)(v — u) dx
o 0you
(v — )G’ (vo)(v — w)| dx
Q
v
< Z” u”LZ(Q) + C”V u”LI(Q)
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For the last term of (6.20), we write
fg %I(x, Yo» Qo> Vo) (v — u)* dx
= fg [%(}c, Yo, Vo) — %(% s Ve)] (v —u)*dx
f [M(x v - T E ey, v9>] (v — 1 dx
[ 0= 0 om0 dx
f S (Y g Vo) (v = ) d.
Using (2.17), (2.18), (2.22), (6.21), and (6 12) with p = 2, we get

‘f[a = (%, Yo, V) — (X y,Vo)](V—M) dx

<églv-

2
u”LZ(Q)a

2

O*F
W(x, ¥, vg)] (v —u)*dx| < eM||v — ul?

Lz(Q)’

oOF
q [—2(3@ Yo, Vo) —

f (qo — q) (x Yo, Vo) (v — u)* dx

Choosing € > 0 sufficiently small such that ||[v — ull;2q) < € and (1 + M + Cpy) <
from (6.23), (6.25), and (6.16) that

< CFMHV u||L2(Q)

0’H
f W(X’ Yo, 4o, Vo) (v — M)2 dx
Q

% 0*H
2 _EHV u”LZ(Q) f _(-x’y’ q, Vg)(V - u)z dx
Q

%4
Z—jw 25, + VIV —ull?

LX(Q) LX(Q)

= EHV u”LZ(Q)

Combining (6.20), (6.22), (6.23), and (6.26), we can deduce that

1" 2 v 2 2
J (Vg)(V - I/l) 2 Z”v - u”LZ(Q) - 2C||V - u”Ll(Q)'
Hence, (6.19) leads us to
v

JO) = J(u) + «lv - wwm Cllv = ull7, o, + 3V — 20

Now, since y > 1, we have that
iy = ullyr = IV =l = v = ully sy [ = Cliv =il |.
So, if we choose € > 0 such that
L 1— 1 K
Clly =l gy < CIOIH I = ull 5, < ClOHe! 7 < 2,

we can deduce (6.18) from (6.28). The proof is finished.

(6.23)

(6.24)

(6.25)

3, we can deduce

(6.26)

(6.27)

(6.28)

O
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Now, we can state the last result of the paper. Its proof is classical and can be done by following the
proof of [16, Theorem 6.1] with minor modifications.

Theorem 6.8. Let u € U satisfy the first-order optimality condition (5.26) and y, q be the associated
state and adjoint state, respectively. Also, let Assumptions 2.7 and 2.8 hold. We assume that

J v >0 VYvecC,\{0}. (6.29)

Then, there exist € > 0 and 6 > 0 such that

J) = J(u) + gllv — ull? Vv € U N B2(u), (6.30)

L2(Q)
where Bg(u) is the closed ball in L*(Q) with center u and radius .
7. Conclusions

We studied optimal control problems for semilinear fractional elliptic equations involving either the
spectral fractional Dirichlet Laplacian or the integral fractional Laplacian with homogeneous exterior
condition. In contrast with the standard setting in which the control enters the state equation linearly,
we allowed a nonlinear dependence on the control, which leads to a nonconvex problem.

Under suitable assumptions on functions involved, we proved existence and regularity results for
the state equation. These estimates were then used, together with some structural conditions and
a measurable selection argument, to establish existence of optimal controls. We also derived first-
order necessary optimality conditions and a pointwise Pontryagin-type minimum principle. Finally,
we obtained second-order conditions for optimality under additional assumptions. Extensions to more
general constraints and time-dependent fractional models will be addressed in future work.
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