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1. Introduction

The crucial role of the complex dynamic relationship between predators and prey in maintaining
ecological balance has been widely recognized, making this relationship an important research topic in
the field of biological mathematics. Since the pioneering contributions of Lotka and Volterra, scholars
have introduced various functional response functions to describe this dynamic interaction, including
Holling type [11,21], ratio-dependent type [31], Beddington-DeAngelis type [7,9], Sigmoid type [12],
and so on.

Leslie and Gower [13,22] considered that there is a positive proportional relationship between the
environmental carrying capacity of the predator and its preferred prey. Subsequently, they proposed
a Leslie-Gower functional response function. However, in real ecosystems, predators typically do not
rely on a single food source. When the population of their preferred prey is insufficient to support
the survival of the predator population, predators will switch to other food sources, yet their growth
remains constrained. Aziz-Alaoui et al. [5] argued that the denominator of the Leslie-Gower term
should be augmented by a constant to better reflect the interaction between predators and prey. Thus,
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a modified Leslie-Gower predator-prey model is formulated as follows:

SV
m+u

dt

2 = ou(l-4) - Glu, vy,
{jv O'Lt( ;, u,v)y (11)

&y (-

where u (x, 1) is the prey population density and v (x, ¢) is the predator population density. The prey

grows logistically as ou (1 - f) with o,k > 0. G(u,v) is known as the functional response function.
r > 0 means the intrinsic growth rate of the predator. The term —= with s,m > 0 is called the
modified Leslie-Gower functional response term. When G(u, v) = u, Saha et al. [6] utilized geometric
singular perturbation theory and blow-up techniques to investigate the dynamics behavior of (1.1),
including Hopf bifurcations, canard orbits, bistability, multiple relaxation oscillations, and so on.
Khofifah and Savitri [20] analyzed the local stability of four equilibrium points for (1.1). If
G(u,v) = ﬁ, the existence and global attractivity of positive periodic solutions for (1.1) were proved
by Zhu and Wang [32]. Aziz-Alaoui and Okiye [4] demonstrated the boundedness and global stability
of the solution for (1.1). For other functional response functions, scholars have extensively studied the
properties of the solution for (1.1), including boundedness, stability, Hopf bifurcation, and pattern
formation [16,17,23,24].

The predation rate of a population is not only closely related to the environmental carrying
capacity, but also associated with the survival pattern of other populations in the ecosystem. For
instance, some social predators including gray wolves, common chimpanzees, and several corvid
species achieve significantly higher hunting success when individuals align their moves, especially
under low-resource or severe-weather conditions that would outcompete solitary foragers [8, 14, 25].
These cooperative strategies contribute to increase short-term energy intake, and strengthen group
stability and cross-generation information flow, thereby enhancing population persistence across
variable environments. To simplify the description of cooperative hunting behavior in a population,
Alves and Hilker [1] introduced the term G(u, v) = (1 + av) u with a > 0 as the cooperation coefficient,
and they investigated the equilibrium stability in the phase plane and bifurcation diagrams. After
some time, Gonzdlez-Olivares and Rojas-Palma [12] studied the cooperative Leslie-Gower model:

(1.2)

{% _ au(l _ %)(u —c)— (1 +av)uv,

proved the existence and stability of its nonnegative equilibria, and identified the Allee term ou(1 —
u/k)(u — c) with Allee parameter ¢ > 0.

As predators and prey undergo random motion in space, predators tend to accumulate in prey-rich
patches. This behavior was first suggested by Keller and Segel and later cast into a partial differential
equation (PDE) framework by Kareiva and Odell [19] through the following model:

u, = diAu+ou(l - %) - G(u,v)v,
(1.3)
v, = doAv — XV - WVu) — BG(u, v)v — sv,

where d; > 0 (i = 1,2) are the diffusion coefficients of the prey and predator, respectively. The term
—xV - (wWu) with y > O represents prey-taxis, i.e., the advective flux of predators toward prey-rich
patches. The parameter S > 0 gives the conversion efficiency from prey to predator biomass, and s > 0
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is the background death rate of predators. The system has been studied extensively, with results on
boundedness, stability, pattern formation, and global bifurcations [15, 18, 29].

Based on (1.2) and (1.3), we extend model (1.2) by incorporating random dispersal of both prey
and predators, prey-taxis, and the classic logistic term. Among other things, we propose the following
modified Leslie-Gower prey-taxis model with cooperative hunting:

u,:dlAu+0'u(1—%)—(1+av)uv, xeQ,t>0,
v,:dzAv—)(V-(vVu)+v(r—s—V), xeQ, >0,

m+u
(1.4)
%:%:0, x€oQ,t>0,
u(x, 0) = up(x), v(x, 0) = vo(x), x €Q,
with bounded smooth domain Q c R*(n > 2). We assume the initial data satisfies
(10, vo) € W' (@) x C°(Q) with ug, vy > 0in Q. (1.5)

The primary findings are outlined as follows.

Theorem 1.1. Let Q Cc R"(n > 2) be a smooth bounded domain. For any (uy,vo) fulfilling (1.5),

(1.4) possesses a nonnegative classical solution (u,v) € [CO (Q x [0, oo)) NC> (Qx (0, o<>))]2 and
Vi

2B:K;

then there exists y* = € (0, +o0] such that for all y € (0, x*),

llze (-, ) llwrooi) + IV ¢, D) [lzo) < K,

in which constant K > 0 is independent of t. Moreover, 0 < u < K; := max{x, ||up||.~)}. In particular,
when n = 2, we have y* = +oo.

Remark 1.1. 7o facilitate the proof of the long time behavior of the coexistence equilibrium in (1.4),
we have

.16
v, Dllzo) < M1+ 577)7 := K,
where M = M(d,, d>, o, k, a, x, r, m, |Q, |luoll 2=, lIVollz=)) > O.

We next check that model (1.4) admits four possible homogeneous equilibria:
e Trivial equilibrium (0, 0).
e Prey-only equilibrium (, 0).
e Predator-only equilibrium (0,v*) = (0, =).
e Coexisting equilibrium (u,, v..), where

\/4a0'/<r2s2(m +K) + S2(kr + 05)* = 2akr*m — krs — o s>

r
(Uy,vy) = , E(m +u,)

2akr?
with 5 > (V0
By utilizing the method outlined in [10], we can demonstrate that (0, 0) and (x, 0) are unstable.
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Theorem 1.2. Assume that the conditions in Theorem 1.2 are satisfied. Then (1) If the model

parameters satisfy

rm2

S —
o(m+ Ky)

and
2 2Sd1d2
X <—,

Km

the solution (u,v) converges exponentially to (0, v*) in the manner described below:
* -1
lullzo@) + IV = Vllzw@) < Ce™, >0,

where the constant C > 0 and A > 0.
(2) If the model parameters satisfy

S > max

rm(1 + V1 +4aoc +K 1 2
( ) Km + K1) (ang +a*v: + = + r—)
o

20 2 4m?

and
2 4d1 dzu*
<

K?v,

the solution (u,v) converges exponentially to (u.,v.) in the manner described below:
-1
lu = u.ll=@) + IV = Villzo) < Ce™, >0,

where the constant C > 0 and A > 0.

The rest of the paper is structured as follows. In Section 2, we derive the local existence result for
model (1.4) and provide some preliminary lemmas. Section 3 focuses on proving Theorem 1.2, that
is, the global boundedness of classical solutions to (1.4) when n > 2. Finally, we investigate the large
time behavior of solutions, and demonstrate Theorem 1.2 in Section 4.

2. Preliminaries

This section introduces several lemmas to be employed in the subsequent proof of Theorem 1.1.
First, the local existence of solutions to model (1.4) is presented. Since this lemma can be directly
derived from Amann’s theorem [2, 3], the proof is omitted.

Lemma 2.1. Let Q C R"(n > 2) be a smooth bounded domain, and (uy, vo) satisfies (1.5). There exists

constant T, € (0, 0] guaranteeing that (1.4) possesses a nonnegative classical solution
2

(u,v) € | CO(Q X [0, Tha)) N C2H(Q X (0, Tpar) |

In addition, if Ty, < oo, then

tim sup {Jl (1) gy + 9 () e = o0,
t/leHX
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We first note that the boundedness of u follows from a comparison principle. The inequality of (2.1)
is a direct consequence of the results established in [18].

Lemma 2.2. Suppose that the conditions in Lemma 2.1 are fulfilled. There exists a constant K; :=
max {«, [|uoll=} > O such that

e G, D) M) < K, 1€ (0, Thax) - 2.1)

Now we establish a boundedness criterion.

Lemma 2.3. [30] Suppose that the assumptions in Theorem 1.2 hold and (u,v) is the solution of the
system (1.4). If there exists p > %” (n > 2) and a generic constant C > 0 such that

sup [V, Dl < G, (2.2)
1€(0,Tmax)
then it holds that
sup (-, D) < C. (2.3)
[E(OvaaX)

Remark 2.1. The model considered in [30] is not exactly the same as the one studied here; thus, it
would be helpful to clarify that Lemma 2.3 follows by an argument similar to that in Lemma 2.6 of [30].

Lemma 24. Let T > 0and ¢ : [0,T) — [0, 00) be absolutely continuous. There exist constants ky > 0
and k, > 0 satisfying
¢, (t) + k1¢ (t) < kz, re (O, Tmax)-

Then
6(t) < max {¢<0>, %} .
1

Lemma 2.5. [28] Let T,yux > 0 and v € (0,T,.,). Suppose that the nonnegative function y(t) €

Llloc ([0’ Tmax)) Satisﬁes

I+T
f (,[/(S)ds < k], re [0’ Tmax_T)’
t

and ¢ : [0, Tpu) — [0, 00) is absolutely continuous. Then there exists two constants k; > 0 and k, > 0
ensuring that

¢ (1) +katp (1) Y (D),

¢ (t) < max {qb 0) + £y, ﬁ + 2k1} s 1 €0, Ty -
sz

3. Proof of Theorem 1.1 forn=2and n > 3

This section is dedicated to proving Theorem 1.2. As the large time behavior of solutions in the next
section requires us to clarify how the upper bounds of ||v(-, ?)||.~q) depend on the model parameters,
we shall preserve the dependencies of corresponding estimates on the model parameters for subsequent
utilization. We first prove the boundedness of |[V||.1q).
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Lemma 3.1. Provided that the conditions in Lemma 2.1 are fulfilled, let (u,v) be the solution of (1.4).
There exists constant K, = M,(1 + s72) > 0 such that

VG, Dl < Koo 1€ (0, Thay) (3.1)

41
f f V2 < KZa re (0, Tmax - T) s (32)
t Q

where the constant M, = M,(o, k, r,m, |Ql, [|uoll.~@), [[VollL~@) > 0 and 0 < 7 < min {1, %Tmax}.

and

Proof. Using the second equation of (1.4) and Young’s inequality, we derive

d V2
el — 1 _
dtLv+Lv (r+)fv Sfm+u

f (r+ 1) (m+K1)|Q|
2(m + Kl) 2s
It follows from Lemma 2.4 that

+ 1)?(m + K)|Q
f v < max {||Vo||L°°(Q), (r+1) (’;“ )l '} <1 +57,
Q S

where C; > 0 is independent of s. Then integrating the aforementioned equation over (¢, ¢ + 7) yields

4T 2 2
f fvzs (r+1D(m+K;) lQlT+2(m+K1)fvSC2(l+s_2).
t Q N Q

52

For all t € (0,T,,.x — 7) and C, > 0 independent of s, let M; = max{C;, C,}, which gives (3.1) by
Lemma 2.4. O

Lemma 3.2. Provided that the conditions in Lemma 2.1 are fulfilled, let (u,v) be the solution of (1.4).
There exists constant Kz = M>(1 + s 2)2 > 0 ensuring that

Vullz) + IVl < K3, 1€ (0, Thax) » (3.3)

and there exists a constant Ky = M3(1 + s7)> > 0 such that

1+T I+T
f f |Aul? + f f vV <Ky t€(0,Tpu—7), (3.4)
t Q t Q

M, = My(d,, 0, k, a, ), r,m, |Ql, [l ), [VollL~ @) > 0

where the constants

and
Mz = Ms(d,, o, k, a, x, r,m, |, luoll = lIVollL=@)) > 0.
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Proof. Multiplying the u-equation in (1.4) by and integrating over € yields

1d [ |VuP f|Au|2 f
P +d Vu
2dt Jo u : IVal
V 2
f Vul f VAU - 2a f Wi Vy (3.5)

Vul? Vul?
S— | ul | ul vau—2avau-Vv.
2 o) M2 Q
Then
d Vul? Aul? D*ul* d O|lVul* 1 Vul* Vul?
—lflzlAu:dlflul —dlfl u|+_1f [Vul” 1 —ds + dlflbél —dlflbztlAu.
2 QO u Q u Q u 2 80 (91/ u o u o u
Utilizing
D2 2 V 4 V 2
fu|D21nu|2:f| d —f| i +f| “C
Q Q U Q u’ Q u?

di (" Vuf IVul 1 Auf?
l f Vil = 4 [ VL0 g, f 2, f ulD? In ul. (3.6)
2 Q u? 2 80 ov u o u O

Plugging (3.6) into (3.5) gives

|Vul® f 2 f 2
+d D*1 \Y
Zdtf . Qu| nuf + =— o Q| ul

21 2
< —1 oIvul”1 —ds Vi vau —-2a f vwWu - Vv.
2 80 aV u 2 0 u Q 0

it follows that

(3.7)

From (1.4), multiplying the v-equation in (1.4) by )2( and integrating over Q yields

d 2ad 2 2 3
e v2+ﬂf|vv|2=ﬂfv2—ﬂ Y +2avau-Vv. (3.8)
xdt Jo X Ja X Ja X Jom+u 0

Adding (3.7) and (3.8) yields

d Vil 3 2
f' i f +d1fu|D21nu|2+ﬁf|vu|2+—‘” fv3
dt o Uu /\/ 2k Jo xm+Ky) Jo

< d; 8|Vu|2 |Vu|2 f 2ar »

(3.9)

vAu + — V.
Q

— 2 Jsa 8vu

Using fQMID2 Inuf?> > C, ( fg % + fg 'Vu—ﬁﬁ) with the constant C; > 0 independent of s, which
substituted into (3.9), yields

Vul? Dul? Vul* 2
| Ml f L diC f| ul +f| ul N as fv3
dt u q W xm+Ky) Jo

. (9|Vu|2 gfqul2 fA L2ar o
2 a0 OV u 2 X Jo

AIMS Mathematics Volume 11, Issue 2, 4395-4414.
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According to the trace inequality [27], Cauchy-Schwarz inequality, and ‘W”' < [|[Vul*> with [ > 0, it
holds that

d o|Vul* 1 Vul? d,C D*u*  |Vul* Vul?
d |u|dld1f|u|dssllf|u| v flul G
2 80 o u 0 U 2 Q u Q
where C; is a positive constant independent of s. It can be inferred from Holder’s inequality that
2 e 3 4
2
o+1+26 fqul <cf [V fu2gd1C1 Vul” | ¢, (3.12)
2 Qo u Q I/t3 Q 4 [9) l/l3

with C; = % and C4 = If;lcc‘]z independent of s. Utilizing Young’s inequality and |Au| < V2|D?ul,

we have ) -
d1C1f|Au| 2 f 2 dlclle ul 2K1f
Au < 3.13
Lv ! 8 Q Uu +d1C1 dlcl ( )

Plugging (3.11)—(3.13) into (3.10), it follows that
d (1 [Vul? af 5 1 |Vu|2 af 5
—|= +— | v]+]|= +— | v
dt 2 O u X Jo 2
+a’1C1 flAu|2+ |Vu|4 f 2ar 2K, f2+c
1% s
8 \Jo u 0 )((m+K1) Tac ) Ja *

which gives (3.3) and (3.4) by applying Lemma 2.5 and (3.2). |

Lemma 3.3. Provided that the conditions in Lemma 2.1 are fulfilled and assuming that n=2, Let (u, V)
be the solution of (1.4). There exists constant Ks = M4(1 + s‘z)% guaranteeing that

Vi) < Ks 1€ (0, Tha) (3.14)

With M4 = M4(d17 d27 g,Kk,a,x,r,m, |Q|7 ||u0||L°°(Q)’ ||v0||L°°(Q)) > 0

Proof. According to (1.4), we end up with

1d 4
3dtfv +fQ :—ZdZLv|Vv|2+2)(fQ vVu - Vv+(r+1)f sfm‘il-u

1 (3.15)
s—dgj;levl + (f )2(f|Vu|) +(r+1)f
Utilizing the Gagliardo-Nirenberg inequality, it holds that
V3 1Es ) < Ct (192 llz@llv Nz + V21 0) (3.16)
and
IVulls ) < Co (AUl IVullzy + VUl ) < Ca (KallAullzq) + K3). (3.17)
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in which the positive constants Cy, C, are independent of s. Thanks to (3.16) and (3.17), one gets

2 3 3 2
X x°C,C 3 3 3

—(f vﬁ) (f |Vu|4) <= (V2| [l + V272 ) (K3 llAull 20y + K3)
dy \Jo Q d>

2C,CLK 3 3 X*C1CK;
< %nw?||Lz(g)||v3||Lz<g>||Au||Lz<Q) + Mg
) 2 ) 2 (3.18)
x C1CK: 3 3 2C\CK5 3
+ 2 g I e + S22 VA R g 1Al 2
d> d>
< d2 f VlVV|2 + C3||Au”L2(Q)”v”L3(Q) + C4||v||L%(Q)$
Q
where 422 12 422 g4 2 2
I CiC5K o9"C:C;K CiGK;  2d
3::—X 1323andC4::X 1323+X L2 2
4d; 8d; d> 9
dependent on s. Substituting (3.18) into (3.15), it is not difficult to get
||v||L3(Q) < C3”Au”L2(Q)”V”L3(Q) + (C4 +r+ 1) ”V”L3(Q)’
which gives (3.14) by (3.4) and Gronwall’s inequality. O

Then, we prove that |[v|[;4(q) 1s bounded.

Lemma 3.4. Provided the conditions in Lemma 2.1 are fulfilled, let (u, v) be the solution of (1.4). There
exists constant K¢ = Ms(1 + s‘z)g guaranteeing that

VIl + IVulls) < Ko, 1€ (0, Thax) (3.19)

WZth M5 = MS(dla d2’ g, K, a7X7 r,m, |Q|5 ||u0||L°°(Q), ||v0||L°°(Q)) > 0'

Proof. Utilizing (1.4), we conclude

5
v
4dtfv +fv < 3d2fv|Vv| +3)(vau Vv+(r+1)fv—sfm+u
<2df|V|+9X2f |V|+(+1)f fS
- vV viiVu r V= V.
B ? Q 4d, m+K1

Applying (1.4) and Vu - VAu = 1A|Vul® — |D*ul? yields

d,
10 f |Vul* +? f IVIVul** + d, f \Vul?|D*ul? (3.21)

_d L0V
! [Vl ds + K, f v(|vu|2|Au|+|V|Vu|2||vu|)
Q

(3.20)

< Vu
25Q||8

+ak, f V2 (|Vu|2|Au|+|V|Vu|2||w|)+a f |Vul*
Q Q
d O|Vul?
<= f IVMIZMds+0' f Vul* + (V2 +2) K, f v[Vul?|D?ul
2 Jso v Q Q
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+(«/§ +2)aK1 f VA Vul2| Dyl

Q
_d VU d
<4 [ wpdTey +—1fIVu|2|D2u|2+C1fIVu|4+rfv4+C2fv4|Vu|2,
2 Q0 v 2 Ja Q Q Q

(\/§ + 2)4Kf (\/i + 2)25121(12
~—————+0and C, =
4d11" dl

where

C]Z

independent of s. Utilizing the trace inequality and % < [|Vul?, with [ > 0, it holds that

d 6|Vu| ld d
S | IVuP=ds < ZHIVuPIG g, < o f VIVl + C f Vul’, (3.22)
0Q Q Q

in which the positive constant Cs is independent of s. Thanks to the Gagliardo-Nirenberg inequality,
we have

A+C+ C3)f IVul' = (1 + Cy + C) IVl
< CallVIVul 2@ Vil + Call VPl (3.23)

< & f IVIVull? + C,
8 Jo

with Cy := w nd Cs > 0 independent of s. Combining (3.20)—(3.23), one gets
4 4 4 4 2 2 d, 212
(fv +f|Vu|)+fv +f|Vu| +2d2fv|Vv| +—f|V|Vu||
4dl Q Q Q Q 4 Ja
2 1 (3.24)
3 3 s
<C Vo fVué) ——fv5+C,
6(\f9 )(Ql | 2(m+ K1) Jo ’
where )
9X (\5 + 2) a’K?
Co := +
° | 4d, di
is independent of s, while C; = Cs + W is dependent on s. Then
CollV 121 g IVt gy < ColV12: g (cg||V|Vu|2||L2(Q)|||Vu| 5+ CllVaP i)
< CGCS 3”v ||L3(Q)||Vlvu| ||L2(Q) + C6C8K2||V ||L3(Q) (325)
< —||V|Vu| oy + Coll s gy + Cio
33
. 8C2C2K3 &K . e
with Cy := and Cyo := —* dependent on s and C;; > 0O independent of s. Utilizing the
3{412
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Gagliardo-Nirenberg inequality, we deduce

3
Collv? IILs(Q) < GoCry (IIVV IILZ(Q)Ilvzllz%(m + ||v2||2%(9)
4
< CoCp1 Ks|[VV? ||Lz(Q) + CoC11KS (3.26)
< d f VIV + Ca,
Q
12
in which Cy; := M +CyC; K¢ is dependent on s. Inserting (3.25) and (3.26) into (3.24), one can
43 5

find a constant C;3 = C7 + Cjo + Cy, dependent on s such that

4dt(fv +f|Vu|) fgv4+fQ|Vu|4SC13,

which gives (3.19) with Lemma 2.4. O

Focusing on dimensions n > 3, we next give a proof of Theorem 1.2 via weighted L”-estimates on
v with p > 1. For this purpose, we fix p > 1 and introduce a collection of positive constants that are
determined by K; in (2.1) and the chosen exponent p.

dip* —dp 1 24, \|'?
= y = — + — ,
g pd? + pd2 + 2dd Pri= g 1P \P+ g, 327
,83 . 2d1d2 P — 1) . /s )

pd% + pd% + 2d1d2, 2,82K1 )
We then construct the following function, which we will use later.

Lemma 3.5. Fix p > 1 and let the parameters B, 52, 83 and the threshold y. be as specified in (3.27).
Throughout, we restrict y to the interval (0, y.). Then for all z € [0, K], the function

¢(2) := ¥ [cos(xBaz)] P (3.28)
satisfies
1< 0(2) < oK) < +oo, (3.29)
0<xB < 9;((5)) < Y[B1 + Bofs tan(xBaK )] =t Ky < o0, (3.30)
d (0P = V(@) = (@1 + d)p' @I

pso (2) —x¢'(2) = (3.31)

2dy(p — Dy(2)
Proof. Obviously, (3.27) and y € (0, y.) imply

0 < xB2z < xBaK; < g for all z € [0, K;].

As a consequence, it follows from (3.27) and (3.28) that ¢(z) is increasing on [0, K], and (3.29) holds.
By straightforward computation, one has

¢'(2)
¢(2)

= x[B1 + Bps tan(yPBrz)] forall z € [0, K],
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and then (3.30) is obvious. We next prove (3.31). By tedious calculations, we arrive at

d
2d5(p — D(z) (;&a"(z) —w’(z)) —x(p = Do) - (d + d)¢' @)

1 2
= (%) {ﬁfxz(p(df +d3) + 2d1d) — 2d1 oS3 (p — Dy
) (3.32)
+(p — Dpx[(p — Dy — 2diB1x] cos™(xB2)
+ BoBax sin(xBo2) 2By (p(d} + d3) + 2d1dy) = dy p(p = 1)x) cos(xB2)
+ (Bs(p(d; + d3) + 2dydb) — 2d1d>(p — 1))Boy Sin()(ﬁzz)]}-
Substituting the result of (3.27) into (3.32) yields (3.31). The proof is complete. O

With the auxiliary function established above, we can now employ it as a weight to establish a
uniform estimate for [[v(-, #)[|1rq).

Lemma 3.6. Let p > 1 and assume the hypotheses of Theorem 1.2. For the solution (u,v) of
system (1.4), take B, 52,03, x from (3.27), fix any x € (0, x,), and let k, , be defined by (3.30). Then
there exists a time-independent constant C(p) > 0 such that

IV(, Dllr) < C(p)  forall t € (0, Tiax).
Proof. Define ¢(z) through (3.28), and then (2.1) together with (3.29) ensures that for every z € [0, K;],
1 < p(u(x, 1) < @(Ky) forall (x,1) € QX (0, Tiax)- (3.33)

Integrating by parts yields

1d 3 1 sV
;Zt Qv"’cp(u) = fgv” o(u) [dzAv —xV-(Vu) + v(r - u)]
+ %Lv”go'(u) [dlAu + (O'M (1 - %) -1+ av)uv)]
= —dy)(p - DfV‘D_ZQO(M)IVVI2 - f (ﬂsﬁ"(u) —X‘P'(u)) V| Vul? (3.34)
Q o\pP

+ f (x(p — D) — (dy + da)g’ ()] v'~'Vv - Vu
Q

-1 AW v’ (1) sy
+ Lv" o(u) ((cru(l K) (1 +av)uv) Do) +v(r — u))

for all 1 € (0, Tipax). Therefore,

= f [e(p = D) = (d) + o)/ @)] v~ Vv - Vu
Q

. 1 _u) v’ (1) sy
L= fgv” (1) ((O'M(l K) (1 +av)uv) o) +v(r m+u))'
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Using Young’s inequality, we obtain

dr(p—1) ) 2 v (p — Do(w) — (d + )¢’ )] )
I < — 5 fgv" o(u)|Vv| +fQ 2 (p = Do) v |Vul~. (3.35)

For the term 15, it follows from (3.30) that

L= fg;vp_lcp(u) v(r - ms: u) + ;0:(2))\/(0%(1 - %) -1+ av)uv)]
< fva(u)
Q

I, < 2 max {r,

ok
r+ XD

u| forall te€ (0, Tmax),

which means

ok, p ,
K vPp(u) forall t € (0, Tiay). (3.36)
p Q

The combination of (3.31) and (3.34)—(3.36) yields

1d 1 di(p-1
—— | Vo(u) + —fv”go(u)+ 1(p—)‘[v”2|Vv|2(,0(u) < C14fv”<p(u), (3.37)
pdt Jo P Jo 2 Q Q

where Cy4 = 2max{r, (ﬂ;f"’ Kl} is independent of s. The last term on the right-hand side of the

preceding inequality can be estimated by invoking (3.33) together with the Gagliardo-Nirenberg
inequality. This yields a positive constant C;s such that

Ciq f VPp(u) < Ciy ¢(K1)||V%||iz(g)
@ (3.38)
P 4 — P
< Cua p(K)Cis(IVVE I g, VI Pl 2 )

14

with § = = %1 € (0,1). Since 0 < 26 < 2, by Young’s inequality, (3.1), and (3.33), we obtain
2

from (3.38) that

Cua [ vl < Cuagt&)C1s(s + 17 (19 g, + 1)
Q

dr(p—1) HIE
< Crup(K1)Cys5(Ks + 1) v
< Ciup(K)Ci5(Ky + 1) [pong(Kl)C15(K2+ 1)”” Wiz (3.39)
— _I%H |
+( 2 dy(p-1) ) +1
p*Cro(K1)Ci5(K; + 1)P

dr(p—1
< %[V”_ZIV\/I%(M) + Cis.
Q

Substituting (3.39) into (3.37), one has

1d

1 -1
—— | Vip(u) + — f vPo(u) + M f v”_lev|2<p(u) < Cis,
pdt Jg P Ja 4 Q
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in which Ci¢ > 0 is independent of s. Upon solving the foregoing inequality and invoking (3.33), the
Sobolev embedding W'9(Q) — LF(Q) (with ¢ > n), and the assumption v, € W4(Q), we obtain
positive constants C; and C,g independent of s such that

VG DI < f vp(u) < max {(KD)Ioll} > PC16} < Cra (Il + 1) < Cis

for all t € (0, Thhax). This completes the proof. O

Proof of Theorem 1.1. The combination of Lemmas 2.2, 2.3, 3.4, and 3.6, yields a positive constant K
such that

e G, D llwreo + IV G D o) < K, 1€ (0, Thax) 5

which together with the extension criterion in Lemma 2.1 proves Theorem 1.1. O
4. Large time behavior

Before studying the large time behavior of the solution for (1.4), we need a standard parabolic
regularity lemma.

Lemma 4.1. [26] There exist constants 6 € (0, 1) and C > 0 satisfying

< >
||u||C2+H’H%(Q><[t,t+l]) + ||v||C2+9’l+g(QX[l‘,t+l]) - t = 1

In particular, one can find C > 0 such that

IVullz=@) + IVllzo < C, > 1.

4.1. The predator-only steady state: (0,v")

The objective of this subsection is to prove that the solution of (1.4) converges to (0,v*) under
certain conditions. To achieve this, we construct the Lyapunov functional

. % sV sv*
7’?(ﬂ:=f(v—v'—v”‘ln—)+ 2\fu+ zfuz.
Q v* m- Jo Kkm= Jq

Lemma 4.2. Let (u,v) be a nonnegative solution for (1.4). Provided that the parameter satisfies s <
and )* < Qs‘ildz , it holds that

0'(m+K1)
. -5
lell oy + IV = V¥ lle) < Kge™", >0,

in which the constant Kg > 0 and 6; > 0.

Proof. From (1.4), we have

d *
(v—v -V lnl):f(l—V—)(dzAv—)(V-(vVu)+v(r— id ))
dt 0 v m+u
’ Vu-V 1 ) 2
—a’zvfl i f vy sf (v_v*)2+sv2fuv_sv f - .
Vv om+u m Q m om+u
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Utilizing the first equation in (1.4), we have

sv'd sov* sov* , sV asv* )
s | u=— U—— w—— [ uv——; uy
m? dt Jo m*  Jo km? Jo m* Jqo m* Jqo

and

Combining (4.1)—(4.3) yields

d Vv fVu-Vv sdv* f ) f(v—v*)Z
—F1(t) < —dyv* + v - Vul~ -
dt?—]()_ zvfg AV o v 2km? Ql up = o m+u
sv*f v o sov* f 5
- - —|u- u
m Jo\m+u 2km?

sdv* D v o sov* 5
- |V * - - -—u- u.
2km? 4d2 m+u m Jo\m+u m 2km? Jqo

and y* < 2“1‘2‘12, it holds that

iﬁ(t)s—cl(fbwfu2+f(v—v*)2),
dt Q Q Q

in which constant ¢; > 0. Integrating (4.5) over [1, +0), we have

fwfu+fwfu2+foof(v—v*)zﬁcz,
1 Jao 1 Ja 1 Ja

which together with Lemma 4.1 yields

fu+fu2+f(v—v*)2—>0 as t — oo,
Q Q Q

We utilize the Gagliardo-Nirenberg inequality and Lemma 4.1 to obtain

Then, thanks to s < G(m " K)

llutll L) < callul V”Vﬁio(mllul 29(29)

and 2
N+2
LX(Qy’

2
N+2

Wloo(Q)”V - V*l

v = vz < csllv = v
in which the constant ¢; > 0 and ¢4 > 0. From L"Hoptial’s rule, for any s, > 0, it holds that

s—s0—SolnZ 1 -2 1 1
I = lim —— = lim — = —,
sgg (s — 50)? sl—g}) 2(s — sp) sl—g}) 2s 289

which gives a constant £ > 0 such that

1 1
— (s = 50)* <s—so—solni<—(s—s0) for all |s — so| < €.
4so S0 S0

sv' o d sdv* sov* sov* sv*
> f uw=— > f IVul> + > u — > u — > | A+ av)u’v.
4km dt Q 2km Q 2km Q 2Kk4m Q 2km Q

4.2)

4.3)

4.4)

(4.5)

(4.6)

4.7)

4.8)

4.9)

(4.10)
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Applying (4.8) and (4.9), there exists 7, > 0 ensuring that
llli=) + v = Vil < & 210,

Therefore, by (4.10), we get

1 . 1
f(v—v*)zsf(v—v*—v*lni)s—f(v—v*)z, t> 1.
4y* O [e) v* V* o)

Thanks to (4.11), we are guaranteed that

ﬂ(t)sl(fu+fu2+f(v—v*)2), t> 1,
Cs \Jo Q Q

in which constant ¢s5 > 0. Plugging (4.12) into (4.4), it follows that

iﬁ(r)S—(fu+fu2+f(v—v*)2)S—cs?](t)
dt Q Q Q

for all ¢ > ;. Therefore, we obtain

Fi() < cee®, 121y,

with ¢ > 0 and 6; > 0.

4.2. The coexistence steady state: (u..,v.)

4.11)

(4.12)

The objective of this subsection is to prove that the solution of (1.4) converges to (u.,v.) under

certain conditions. To achieve this, we construct the Lyapunov functional

Tz(t)::f(u—u*—u*ln£)+f(v—v*—v*lni).
Q U Q Vi

Lemma 4.3. Let (u,v) be a global bounded solution for (1.4). If the parameters satisfy

rm(1+\/1+4a0') km+K) (5 , s, 1 P2
§ > max , aKy+avi+=-+—
20 o 2 4m?
and
2 < 4d1d21/t*
Klzv* ’
it holds that

»
o — @ + IV = villio@) < Koe™, >0,

in which constant Ko > 0 and 6, > 0.

(4.13)

(4.14)
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Proof. Using 0'(1 - ”7) — (1 +av,) v, =0, one gets

AN ‘)
— u-—u, —u,In—

= f(l — %)(dlAu + MO'(I - %) -(1+ av)uv)

o
4.15)
\v/ 2
= —dlu*f4 +f(u—u*)(0'(l - Z)— (1 +av)v)
Q U Q K
\vj 2
= —d,u, | bztl —zf(u—u*)z—f(u—u*)(v—v*)—af(u—u*)(vz—vf).
Q u K Ja Q Q
Similarly, utilizing r — .= = 0, we end up with
d v Vs N %
— v—v,—v.In—|= (1——)(d2Av—)(V-(vVu)+v(r— ))
dt Jo Vs o v m+u (4.16)

Vyl? Vu-V 1 1
:—dzv*f¥+)(v*f “ v—sf (v—v*)2+rf
o VvV le) % Qm+l/l Qm+u

Combining (4.15) and (4.16), we are guaranteed that

d Vul? Vvf? Vu-V
—F(0) < _dll/t*f Vul” _ dzv*f v +)(v*f v g f (u —u,)*
dt O l/l2 le) V2 Q \% K O

1 ) r
_ng;m+u(v_v*) —fQ(1+a(V+v*)—m)(u—u*)(v—v*)
c=-X0XT —yYPYT,

(l/t - M*)(V - V*)-

where X = (%, %), Y = (u - u,,v—v,), and we have the matrices defined by

_Xvsu
_Xvsi

5 dzv*
and
o L+a(v+v.) -
P = [l+a(v+5*)—m:u i )
2 m+u
If (4.13) and (4.14) hold, we check
2,2,2 2,22
10l = didov, = X2 5 didyu,y, - X1 S
and . 5
os r
Pl = - —(1 +a(v+v,)— )
1P km+u) 4 av +v.) m+u
os 1 5, 5, P
> _ o —_ = — —_—
km+ Ky 2 VTN T e

> 0,
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which means that the matrices Q and P are positive definite. Consequently, for any u, v, there exists
positive constants ¢; (i = 1,2) such that

d [Vul> |V
E%(Z‘) < —C1L( ) + 2 )—CQL((M—M*)Z-F(V—V*)Z).

Then, similar to Lemma 4.2, we prove the solution (u, v) has exponential convergence to (u.,v.) as
t — oo in L*(Q). O

Proof of Theorem 1.2. To sum up, combining Lemmas 4.2 and 4.3, we prove Theorem 1.2. O
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