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Abstract: The 2022-2023 global monkeypox (Mpox) virus outbreak, which affected more than 100
nations, has highlighted the importance of effective public health measures and predictive modeling
techniques. In this work, we formulated a mathematical model (MD) of Mpox to assess the impact
of early therapeutic education on seasonal variation. To guarantee epidemiological viability, we
demonstrated the boundedness and positivity of the model. The next-generation matrix method was
employed to determine the basic reproduction number and evaluate the stability of the disease-free
equilibrium at the local and global levels. We assessed the existence of an arbitrary equilibrium. The
center manifold theorem was employed to assess the backward bifurcation, which shows that imperfect
vaccination causes the backward bifurcation. An evaluation of the existence of an endemic equilibrium
point was also conducted. The global stability of an endemic equilibrium point was established through
the application of a nonlinear Lyapunov function of the Goh-Voltterra type. Data fitting was done to
show the model’s fitness and estimate the data’s parameters. Sensitivity analysis was ascertained.
Seasonal variation was assessed. In a numerical simulation, we assessed five controls, which indicated
that early therapeutic education is the most effective way to control the re-emergence of Mpox disease
in the human (HUM) population.
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1. Introduction

The world was plagued by the deadly COVID-19 virus (SARS-CoV-2) for more than two years.
Mpox, another known zoonotic viral disease, gained attention before the end of this pandemic and
resulted in a notable number of cases in 2022 [1]. Many nations are currently dealing with several
epidemics, each brought on by a distinct kind of newly emerging or reemerging virus. Since the
World Health Organization (WHO) recently announced a recurrence of the MPOX outbreak, with
the disease reemerging and spreading across numerous nations worldwide, Mpox sickness is one of
these urgent circumstances that requires proper monitoring [2]. The zoonotic viral disease known
as Mpox is brought on by the Mpox virus, a member of the Orthopoxvirus genus in the Poxviridae
family. The virus was first discovered in Danish captive monkeys in 1958, and it was discovered in
people in the Democratic Republic of the Congo (DRC) in 1970 [3,4]. Mpox, which has historically
only been found in Central and West Africa, has recently attracted international attention because
of large outbreaks in non-endemic areas. Over the past several years, there has been a noticeable
change in the epidemiology of Mpox. In May 2022, the WHO documented a multi-country outbreak,
revealing patients in previously unknown nations. Because of this, Mpox was designated a public
health emergency of international concern (PHEIC) by the WHO in July 2022 [4,5]. More than 92,000
confirmed cases and 171 fatalities had been reported in 116 countries by December 2023, [6,7]. Mpox
can spread from person to person as well as from animal to HUM. Rodents and primates are possible
reservoirs for animal-to-HUM transmission, which can occur through direct contact with the blood,
body fluids, or lesions of infected animals [3,4]. The main ways that HUMs can spread the disease to
one another are by respiratory droplets from extended in-person contact, direct touch with infectious
skin lesions, or contact with contaminated clothing or bedding [8]. Interestingly, the 2022 outbreak
brought to light how intimate contact contributes to the transmission inside men who have sex with
men (MSM) communities [8].

Furthermore, the incubation period lasts seven to fourteen days [9]. The illness lasts for 2—4 weeks,
and the patient develops elevated bumps 1-3 days after the fever starts [10]. Consequently, the reported
case fatality ratio ranges from 1% to 10% [10]. Research from Africa indicates that those who had
received the smallpox vaccine had a lower risk of developing Mpox, even though there are presently
no vaccines to prevent Mpox [11]. The Centers for Disease Control and Prevention recommended
the smallpox vaccine for anyone involved in epidemic investigations and for those providing care
to afflicted individuals to protect against Mpox [11]. For up to 14 days after exposure, vaccination
is recommended for people who have been exposed [11]. Clinically, Mpox shares symptoms with
smallpox; however, it usually progresses more mildly. After an incubation period of five to twenty-one
days, there occurs a prodromal phase that is distinguished from smallpox by fever, headache, myalgia,
and lymphadenopathy [12]. Following this, a centrifugal rash appears, progressing through macular,
papular, vesicular, and pustular phases before crusting over and resolving in 2 to 4 weeks. Although
severe cases are rare, they can happen, particularly in pregnant women, children, and those with
weakened immune systems [12]. Regarding early therapeutic education and seasonal variation, [13]
formulated a mathematical model of Onchocerciasis transmission dynamics through incorporating
early therapeutic intervention and vector control, by introducing a mathematical model integrating
early treatment of exposed individuals as an intervention to arrest the disease at the microfilariae
stage and halt its progression to the macrofilariae stage. The model focuses on the impact of early
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treatment, vector control, and infectious treatment rates in mitigating transmission. [14] formulated
a mathematical model for Onchocerciasis transmission dynamics, which effectively captured early
treatment and vector management strategies.

Understanding the epidemiology of Mpox is challenging because it has not received much attention
in the past. Nevertheless, a variety of MDs have been created recently to examine the dynamics
of Mpox. For the Mpox outbreak, a new MD based on a deterministic method was created and
studied in [15]. According to their research, separating affected individuals from other groups
lowers the incidence of disease. The existence and uniqueness of solutions are established using the
Picard—Lindelof technique, guaranteeing the mathematical soundness of the model. In [1], an analysis
and presentation of a modified logistic growth model was provided. They primarily concentrated
on two non-pharmaceutical interventions: laws designed to lessen transmission from one person to
another and from animals to HUMs. To determine their short-term impact on epidemics and assess
their efficacy in reducing infected cases, they included these two tactics as control parameters in the
model. According to their research, ongoing use of preventative measures may be a useful strategy
to stop a brief outbreak of Mpox or related illnesses. In [2], they used a deterministic MD within a
constant proportional-Caputo derivative framework to conduct a thorough analysis of the Mpox virus.
Their research showed that the variables in their situation could be included in the processes that
regulate the spread of Mpox.

[16] established a mathematical assessment of Mpox disease with the impact of vaccination. Their
model formulation took into account the HUM population’s poor immunization. Their simulation
results provide a pictorial representation of the impact of disease occurrence. In [17], their study
examines many epidemiological facets of Mpox virus infection. Their objective was to assess how
vaccination and therapy affected the dynamics of viral transmission. To integrate faulty vaccination and
treatment as control measures within the HUM population, the model first uses integer-order nonlinear
differential equations. In [18], they formulated a brand-new MD that incorporates both direct and
indirect transmission pathways, as well as the impacts of vaccination, to represent the dynamics of
Mpox transmission between HUM and rodent populations. Their findings highlight how improving
recovery rates and expanding immunization coverage can greatly lower the burden of disease. In [19],
they examine a hybrid forecasting system that was developed for new cases and death counts for
MPYV infection using the world daily cumulative confirmed and death series. [20] introduced a novel
model that simulates the spread of the monkeypox virus [21]. Their new model takes into account
the effect of the interaction between the human and rodent population, along with some realistic
factors that have not been introduced before, such as imperfect vaccination and nonlinear incidence
rates. Moreover, they further subdivide the HUM population into low-risk and high-risk groups to
better reflect recent observations. Their new findings aimed at developing preventive control measures
to suppress the spread of the virus and to develop effective strategies for controlling and preventing
outbreaks, ultimately protecting public health and minimizing the impact of the disease.

Considering all the above-reviewed articles, one can easily see that some of the MDs used fractional-
order derivative, imperfect vaccination, direct and indirect transmission to study Mpox dynamics, but
none of the above considered early therapeutic education and seasonal variation. This work formulated
a deterministic model to study Mpox, which took early therapeutic education, imperfect vaccination,
education, post-exposure vaccination, and seasonal variation. We specifically targeted the impact of
early therapeutic education on the proposed model to study. Also, seasonal changes can indirectly
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affect human immunity (due to other circulating pathogens or nutritional factors) and human behaviors
(e.g., more indoor contact in some seasons), which might influence susceptibility and transmission
rates [22-24]. We were able to achieve the following points:

e A brand new MD of Mpox: assessing the impact of early therapeutic education on seasonal
variation.

Existence of solutions and their boundedness was ascertained.

Boundedness and positivity of solutions were ascertained.

Existence of an arbitrary equilibrium was ascertained.

Reproduction number was calculated using the spectral radius.

Local stability of the disease-free equilibrium was ascertained.

Backward bifurcation analysis was ascertained.

Global stability of the disease-free equilibrium was ascertained.

Existence endemic equilibrium point was ascertained.

Global stability of the endemic equilibrium point was ascertained.

Uncertainty and sensitivity analysis of the model parameters Latin hypercube sampling and partial
rank correction coefficient was ascertained.

Models were validated and parameter values were accurately determined via data fitting.

e Impact of early therapeutic education was ascertained.

e Seasonal variation analysis was ascertained.

The research is organized as follows: Section 1 captures the introductory parts; Section 2 captures
model building and assumptions; Section 3 captures the analytical analysis of the model; Section 4
captures the data fittings of the model; Section 5 captures the numerical simulation part of the model,
the discussions of the simulated figures, and seasonal dynamics simulation of the model; and Section
6 gives the conclusion and recommendations of the study.

2. Model description

A viral condition called Mpox can result in a painful rash, swollen lymph nodes, fever, headache,
back discomfort, muscular aches, and low energy [25]. Some patients become quite ill, but most
people recover completely. This disease has the potential to be transmitted between HUMs, from
rodent to rodent, and from rodents to HUMs. We consider the populations of the HUM and rodent.
The population of HUM are partitioned into five (5) compartments, while that of rodent into three (3).
The HUM compartments are: susceptible HUMs (§,), exposed HUMs (E},), vaccinated HUMs (V},),
infectious HUMs (1), and removed HUMs. The rodent populations are: susceptible rodents (S ),
exposed rodents (E,), and infectious rodents (/). The susceptible HUM (S,) is generated at rate
®;, which is the rate at which HUMs are recruited into the population, that is, the HUM total
population (M,,), which further increases due to the waning of imperfect vaccination at the rate (). The
compartment decreases due to the exposure of susceptible HUMs to infectious HUMs and infectious
rodents at the rate ¢, = %, where y is the education rate, o, is the contact effectiveness
rate of HUMs, « is the parametér of modification due to reduced contact of HUMs with rodents; the
compartment further decreases due to imperfect vaccination at the rate @. The exposed HUMs (E},)
are generated due to the exposure of susceptible HUMs to infectious HUMs and infectious rodents at
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the rate ¢;, = W, where y is the education rate, o, is the contact effectiveness rate of HUMs,
a 1s the parameter of modification due to reduced contact of HUMs with rodents. The compartment
decreases due to early therapeutic education (¢), that is, frequent check-ups need to be done in the
concerned population (this means that with frequent check-ups, one can detect the disease an early
stage and this will enable the health workers to treat it early to reduce the transmission in the in
society) at the rate p,, where p, is the rate of progression. Others progresses to become infectious
HUMs at the rate p,(1 — x) and they further reduces at u, which is the post-exposure vaccination rate
to the vaccinated compartment.

The vaccinated HUM (V},) is generated due to post-exposure vaccination and imperfect vaccination,
that is u and @, respectively. The compartment is diminished at the rates ¥} and y, which are the waning
rate of imperfect vaccination and the rate at which the vaccinated compartment incurs permanent
immunity, respectively. The infectious HUM (7},) arises from the advancement of the exposed HUMs
at the rate p,(1 — x). The compartment reduces due to Mpox mortality and treatment, leading to
permanent immunity at rates d, and 7, respectively. The removed HUM (R)) is generated by early
therapeutic education (y) at the rate p,y, where p, is the progression rate, which also increases due
to the treatment rate, leading to permanent immunity at the rate 7. Additionally, it increases further
due to the rate at which the vaccinated compartment acquires permanent immunity (y). All the HUM
compartments are reduced due to the HUM natural mortality rate (vy,).

The susceptible rodent (S,) is generated at rate ®@,, which is the rate at which rodents are recruited
into the population, that is, the rodent total population (M,). The compartment decreases due to the
exposure of susceptible rodents to infectious rodents at the rate ¢, = QM"—{", where o, is the contact
effectiveness rate of rodents. The exposed rodents (E,) increase due to the exposure of susceptible

rodents to infectious rodents at the rate ¢, = é;wl , where o, is the contact effectiveness rate of rodents.

The compartment diminishes as a result of the progression rate (p,). The infectious rodent arises from
the progression (p,) of the exposed rodent. All the rodent compartments are reduced due to the rodent

natural mortality rate (v,).

2.1. Model assumption

The following are assumptions considered during the formulation of model (2.1):

e [t is assumed that the immunity of some of those who are vaccinated can wane, while others can
get permanent immunity.

e It is assumed that HUMs can get the disease from rodents, but rodents cannot get it from HUMs
(this is necessary because HUMs tend to hunt most of the rodents they come across). The fact
that humans eat rodents makes it almost impossible for humans to get in contact with a rodent
without killing it, but the reverse is not true. Although, this is a model limitation.

e It is assumed that there is a homogeneous mixture of population in the HUM population.

2.2. Principal challenges of the problem under consideration

First, because infected people frequently show no symptoms or only mild ones during the early
exposure period, Mpox demonstrates delayed detection and underreporting. This delay maintains
transmission chains by enabling undiscovered patients to advance into the infectious stage. Therefore,
traditional management methods that mainly concentrate on treating symptomatic individuals take
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action too late to successfully inhibit transmission. Second, there is uncertainty regarding long-
term disease control due to inadequate vaccination and declining immunity. Over time, vaccinated
people may still become vulnerable, which could result in recurring outbreaks and undermine the
use of vaccination as a stand-alone intervention. Third, controlling outbreaks is made more difficult
by seasonal variations in the strength of transmission. Static or time-invariant intervention measures
are insufficient since human behavior, movement, and contact patterns might fluctuate and increase
transmission during specific periods.

Fourth, there are other ways that Mpox might spread, including encounters between humans
and rodents. This zoonotic element makes the system more complex and reduces the efficacy of
interventions that focus on a single population or mode of transmission. Lastly, budget limitations
prevent widespread testing, large-scale treatment programs, and quick vaccination deployment in many
settings, especially in low- and middle-income areas. This calls for alternative, more affordable control
strategies.

2.3. Resolution using the suggested modeling and control framework

These difficulties are addressed by the suggested mathematical model, which specifically includes
early therapeutic education as a control mechanism operating at the exposed stage. By facilitating
early case identification, fast isolation, and timely healthcare interaction, this strategy helps to avoid
the infectious stage. The model shows a substantial decrease in the overall illness burden by stopping
transmission before peak infectiousness. Because waning immunity and imperfect vaccination are
clearly described, the framework can accurately depict recurrent transmission dynamics and evaluate
the drawbacks of vaccine-only approaches. This makes it possible for policymakers to comprehend
the circumstances in which more controls must be added to vaccination. Time-dependent transmission
rates are used to account for seasonal variance, guaranteeing that the model accounts for sporadic
increases in the risk of infection. This shows that early therapeutic education is still beneficial even
during high-transmission seasons and enables assessment of intervention robustness under changing
epidemiological settings.

The zoonotic nature of Mpox transmission is addressed by including both human and rodent
populations, giving a more complete picture of disease dynamics. Assessing human-focused treatments
without ignoring the impact of animal reservoirs is made possible by this integrated system. Lastly, the
model-based comparison of various control techniques offers quantitative proof that early therapeutic
education is not only cost-effective and operationally possible, but also epidemiologically effective,
especially in settings with limited resources. Thus, by fusing mathematical rigor with public health
relevance, the suggested system provides a workable solution to the mentioned challenges.

Figure 1 illustrates the schematic representation of Mpox based on the aforementioned assumptions,
while model (2.1) presents the pertinent model equations derived from Figure 1. The interpretations of
the variables and parameters are presented in Tables 1 and 2, respectively.
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Figure 1. Schematized diagram of Mpox.
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Table 1. State variables interpretation used in the formulation of model (2.1).

State variable Interpretation

S Susceptible HUMs
E), Exposed HUMs

Vy Vaccinated HUMs
I, Infectious HUMs
R, Removed HUMs
Sn Susceptible rodents
Vi Vaccinated rodents
I Infectious rodents
My, M, Total population of

HUMs, and rodents

Table 2. Parameters used in the formulation of model (2.1).

Parameter Range Reference Interpretation

O, O, 10000,50000 [26,27] HUMs, and rodents recruitment
rates

U, U, 0.0014,0.01042 [26,28] HUM, and rodents natural
mortality rate

X 0.000001 fitted Education rate

Oh> Or 0.5,0.83 [29,30] Contact effectiveness rates of HUMs,
and rodents

a 0.05 [29,30] Parameter of modification due to reduced
contact of HUMs with rodents

P> Dr 0.089,0.0712 [29,30] Progression rates of HUMs and rodents

() 0.579718 fitted Imperfect-vaccination rate

o 0.17 [29,30] Disease-induced death rate of infectious
HUMs

0 0.000001 fitted Vaccine waning rate of HUMs

u (0,1) variable post-exposure vaccination rate

0% 0.081 [29,30] Immunity rate

T 0.000001 fitted treatment rate

W 0.408492 fitted Early therapeutic education

3. Fundamental characteristics of the model

The computation of the basic reproduction number, positivity and boundedness of solutions, and all
of the classical analysis of model (2.1) are covered in this section.

3.1. Existence, boundedness and positivity of solutions, and their uniqueness

To ascertain whether a solution to the model (2.1) exists, a rigorous test will be conducted to confirm
its uniqueness. Its uniqueness must be proven if it is confirmed. It is determined using the Lipschitz
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criteria in this way:
(1 = oy + al,)
+v
M,

A1:CI)h+19Vh—( ht @) S,

(I = x)on(l), + CYIr)S
M,

A3 = TD'Sh +/,tSh—(l9+Uh+’)/)Vh,

Ay = pp(1 = Y)Ey — (Up + 05 + D,

Ay = n— (pn +up + ) Ey,

3.1
As =7l +yVi + pWE;, — vpRy,
orly
ANe=®,——§,-v.S,,
M,
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Ay = S,— (v, + pr)Er’

M,
As = p,E, —v,1,.

In the domain 0 < B < G where the partial derivative is within 6, < B < G, where ¢, and G are

constants bigger than zero, the boundedness of the solution of model (2.1) will be examined.

Theorem 3.1. In the region 0 < B < G in D, the model (2.1) has a unique solution, given that
dA;
dt;

in 0 < B < G is bounded and continuous.

i, j=1,2,...8 (3.2)

Proof. By partially differentiating A; in relation to each state variable in (2.1), we obtain

oM _ | (A =xenn + al)) + oy + o] < oo,
aSh Mh
6A1 0A1 6A1 aAl 6/\1

= = = = = O < 09,
O0E), ovy, OR), oS, OE, (3.3)
A | _ | d=x)on

= |- < 00,
(91;, Mh
oA | | (I —x)on

= |- < 0
aIr Mh

For Ay, Az, A4, As, Ag, A7,, and Ag, the same procedure may be carried out. As a result, model (2.1)
exists and has a unique solution in P since all the partial derivatives are smaller than infinity. O

3.2. Solutions’ boundedness and positivity

We demonstrate the boundedness and positivity of the system (2.1) in this subsection. For the
model (2.1) specified by A, let D be a good physiologically viable region.
Let
D =D, xD,, (3.4)

()
Dy ={(Sh Ens Vi, I, Ry) € R, : M), < U—h}, (3.5)
h
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and o
D, ={S,E.I)E Ri ‘M, < _V}, 3.6)

U,
Theorem  3.2. Assume  that the model’s initial  values are as  follows:
{(Sh(O), Eh(O), Vh(O), Ih(O), Rh(O), Sr(O), EF(O)’ IV(O)) > 0} € D After that, the set Of SOlutionS
{S1(0), Ex(t), Vi(2), I (1), Ry(2), S (1), E(2), ()} of model (2.1), is positive for all t > 0.

Proof. We must demonstrate that the variables in the solution
(S 1(0), Ex(t), Vi(0), I(1), Ry(1), S (1), E(1), [.(t)) of model (2.1) according to the initial conditions
on the basis of S,(0) > 0, E,(0) > 0,V,(0) > 0,1,(0) > 0,R,(0) > 0,5,(0) > 0,E.(0) > 0, and
1,(0) > 0, are non-negative.

Let t; = sup(t > OVA € [0,1],5,(A) > 0,E,(A), Vi(A) > 0,1,(A) > 0,R,(A) > 0,S.(A) >
0,E.(A) > 0,1,(A) > 0). The existence of #; is guaranteed by the aforementioned initial conditions
in addition to the continuity of all functions S, Ej, Vi, I, R;, S+, E,, and I,. All of the model (2.1)
solutions are positive if #{ = oco. At least one solution S (), E;(t), Vi (2), I,(?), Ry(2), S (1), E.(1), (1)
equals zero at value ¢, if t; < o0, i.e., #; is finite, by definition, (since #; is a supremum).

Let us assume that S (¢;) = 0, and let’s look at model (2.1)’s first equation:

dsu(t)
dr

O, + 9V, — (¢h + v, + @) Sh(l). (3.7)

For every ¢ € [0, t;], we know that @), + %V, > 0. Consequently,

ds x(t)
dt

+ (¢p +up + @) Si(t) > 0. (3.8)

Hence,

i [S w(exp (f on(n)dt + (v, + w)t)]

= dS;t(t) exp ( f on(n)dt + (v, + w)t)
0 , (3.9)
+85,(1) (@n(0) + (Up + @)) exp ( f Pn(T)dt + (Uy + w)t)
0
exp (f on(n)dt + (v, + w)t) X (dS;t(t) + (¢p + (uy + @)) Sh(t)) > 0.
0
This means that )
% [Sh(t)exp (f (Pp(T)dT + (V) + w)t)] > 0. (3.10)
0
When the inequality above is integrated from zero O to 7, it yields
fl [Sh(t)exp (f on(r)dt + (v, + w)t) >0, (3.11)
0 0
or alternatively,
Su(t)exp (f on(n)dt + (v, + w)tl) - 85,00) >0, (3.12)
0
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becomes |
Sn(t)) = exp (—(vh +w)t — f ¢h(T)dT)Sh(O) > 0, (3.13)
0

which might counter the assertion that S,(#;) = 0. The remaining scenarios E,(t,), V;(t;) = 0, I,(¢)) =
0,Ry(t;) = 0,S,.(t;) = 0,E.(t;) = 0, and I,(t;) = O result in the same contradiction. Consequently,
Sut) > 0,E,(t) >0, V(1) > 0, 1,(t) > 0,R,(t) > 0,5 ,.(t) >0,E.(t) >0, and I.(r) > 0 for all r > 0. O

Theorem 3.3. Every non-negative solution to the model (2.1) is drawn to the positively invariant region
D.

Proof. Let
D=D,xD,,
()
Dy, =S En, Vi, s Ry) €RY, - M), < U—h}
h
and
3 O,
D, ={S$,E.,I) € R+ ‘M, < —}
U,

When 0 < M;,(0) < -2, and 0 < M,(0) < =, we must demonstrate that the entire HUM populatlon at
time ¢, M,,(t), and the entlre rodents populatlon M.(f) meets the boundedness property 0 < M,(0) < 2 Uh ,
and 0 < M,(0) < %, respectively. We note that under the ideal scenario, in which there are no
active disease misuse rcases, this bound represents the unique equilibrium of the dynamics of the entire
population. The conservation law [31] can be obtained by inserting the model’s equation (2.1). Since
our major goal was to demonstrate that any solution in D stays in 9, the rate of change within the
entire HUM population is indicated by

am,
—dth = (Dh — Uth -_ 6hlh S @h - Uth. (314)
Equation (3.14) may be solved using the Groomwall inequality to obtain
@, @,
My(t) < — + [M,(0) — —] eV ¥t >0. (3.15)
Up

This suggests that 0 < M,(¢) < %’ whenever 0 < Mh(O) (D” vVt > O or, to put it another way,

from (3.15),as t —» 0, M,,(t) —» M,(0) = M,(?) <% andr — oo Mh(t) Uh
For the rodent population, since our major goal Was to demonstrate that any solution in D stays in
D, the pace at which the entire rodent population is changing is provided by

dM,
0, —v,M, (3.16)
dt
Equation (3.16) may be solved using the Groomwall inequality to obtain
D, D,
M, () < — + M(O)——] Ve > 0. (3.17)
U, .

This suggests that 0 < M,(¢) < %’ whenever 0 < M,(0) < q’" vVt > 0 or, to put it another way

from (3.17), as t — 0, M(t)—)M(O):>M(t)< andt—>ooM(t)
Thus, for any positive initial conditions, D is posmvely invariant and a global attractor of all positive
solutions of the model (2.1). O
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3.3. Existence of arbitrary equilibrium

Let D" = (S}, E;,V,,.I,,R;, Sy, E;, I}) be an arbitrary equilibrium. We solved the equilibrium

point by setting the right-hand side of model (2.1) to zero, and solving simultaneously at the arbitrary
equilibrium using Maple software. We have

§* = 003Dy,
! ((¢Z+0'1)0'3—19w)0'2—19u¢;’
E: = $,03P),

(((;SZ + 0'1)0'3 - ﬁw)az - ﬁpuf)z’
O (W o2+ ﬂ‘PZ)
(((;SZ + 0'1)0'3 — ﬁw)O'Z - ﬁpuf)z’
pr(1 =) ¢ro3P),
i (97 + 1) o3 — O @) o = P gy) (3.18)
on (1 =) ¢,030y,
UL,04 (((gb;‘l + 0'1) o3 — ﬁw) o, —tu ¢;)
you (1 =) 03Py,
Uy (((¢; + 0'1)0'3 — ﬁw) o, — ¢;)
piypn (1 =) ¢,030;,
Uy (((gb;‘l + 0'1)0'3 — ﬂw)az - ﬁugbZ)
I Y
T@rru) T osgrtu) " vos(er )

Now, ¢, at an arbitrary equilibrium is given as

I =

* f—
Rh -

*

* err*' QVI:
= = . 1
¢ M:  S:+E+1I; (3-19)
Substituting the concerned variable in (3.18) into Eq (3.19), we have
¢i (q)r(vr + pr)¢:‘: + (Dr(er-S - Qrpr)) =0, (320)
and either
¢, =0, (3.21)
or
q)r(vr + pr)¢: + @,(U,O's - Qrpr) =0. (322)
Solving, Eq (3.22), gives
OrPr
U, 05 voe 1
¢ = —( b ) (3.23)
U+ p,
Now, ¢, at an arbitrary equilibrium is given as
. (= xon; +aly) (1 = y)on(l; + aly)
g, = — 2 = ALel] (3.24)

* - % * - % % 2
M, S;+E, +V, +1, +R,
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and by substituting the concerned variable in (3.18) into Eq (3.24), we have
¢Z (Al(]ﬁ;: + Az) = 0, (325)
where

Ay =Up0,02030405D, + v v,03040 5D + VU, 03040 5DPpu, + vpu o 405D
+ U o4 sOpu, + uppi(l — Y)v,030 501, + vppi(l — Y)v,030 50,0,
+7pi(1 = Y)v.o30 5P, + TPl — Y)v,030 5O, + ypiu(1 — Y)v,030 5P,
+ypiu(l = Y)v,030 5O, + prypi(l = Y)v.o305Pud; + prypi(l — Y)v,030 5P,

(3.26)
- (1 = y)orpn(1 = )30 s5v,v, Py — (1 = x)ono 20304 p, v P,
Ay =005 (0103 — B @) — prvposon (1 =) (1 - x)
_ Pruno3on (1 —=y¢) (1 - x)
=040, (0103 —Fw) |1 — ,
o405 (0103 — Y @)
and either
¢, =0, (3.27)
or
A1¢Z + A, =0. (328)
3.4. Disease-free equilibrium
In (3.29), the disease free equilibrium (DFE) of model (2.1) is shown.
D =(SLE, V), I),R),S'E. I°
_ ( Op(vy +7y) a®, (v, +y) 0 Yo O,(v), +y) @, 0 0)
(Wn + YW+ @) =@ (U + Y)Wy + @) = 9@ v (U + Y)Wy + @) = @) v, ;3 2'9)

3.5. Local stability and basic reproduction number

Model (2.1) was subjected to the next-generation operator method [32—-34] to establish local stability
of D° using the notation as in [33, 35]: the matrices F' and V for the new infection terms and the
remaining transfer terms to obtain the reproduction number, which is given by

on(1-x)S Y

0 ona (1-)SY
M;

0
Mh

0 0 0

(3.30)

v

0
0

o o o
O 0 0 0

AIMS Mathematics Volume 11, Issue 2, 4147-4199.



4160

Substituting the values of S, M?, S? and M? into matrix (3.30), leads to the following matrix:

0 on(l-x)o3uy 0 one (1-x)osu; ]
o3 w oo3—9w

0o 0 0 0
F= , (3.31)
0o 0 0 g

o 0 o 0

and .
o 0 0 0
-pn(1=¥) o 0 0
v=| ! . (3.32)
0 0 os 0
0 0 —Pr Ur |

Then V! is given by
oy} 0 0 0

_nE1) ol 0 0

vl = 7204 (3.33)
0 0 o5' 0 | '
0 0 2 !
a5V |

Furthermore, FV~! can be given as

r_on(-osupn(=1+y)  on(I-p)ozvn  gna(I-x)osupp,  ona(1-x)osvn 7

(o103—9@)or04 (yo3-9w@)oy  (o103-9@)os5vU, (o103-9 @)v,
. 0 0 0 0
FV—' = o, o . (3.34)
0 0 s o
0 0 0 0

Then, the eigenvalues are given below:

0
0

OrPr
o5U,

(3.35)

prvnazon(1=y—x+x ¥)
4o (o103-9 @)

Taking the maximum of the eigenvalues of (3.34) gives

p(FV) =R, ={

= (R

Pno3on (1 =y = x + x¥) 0,p: }

o405 (003 —Fw@) oSy, (3.36)

where
0'1:Uh+1D',0'2:ph+Uh+/J,0'3:ﬂ+vh+’)/,0'4:l}h+6h+7',0'5:pr+Ur,
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R :thh0'3Qh(1 Y -x+txv) _ Prvno3on (1 = ¢) (1 = x)

o405 (0103 — O @)

R(r)‘ :Qrpr.
o5V,

b

0402 (07103 — @) (3.37)

Epidemiological interpretation of effective reproduction number (R.): The effective reproduction
number, or K., is the number of new infections brought on by infected people in a society composed
of susceptible individuals. In other words, it is the quantity of infections that an infected individual
produces when there are interpersonal controls present. Therefore, we assert the following outcome

using Theorem 2 in [25, 33].

3.6. Local stability of disease-free equilibrium

In this subsection, the local stability of disease-free equilibrium will be discussed using the Jacobian

matrix method.

Theorem 3.4. If the effective reproduction number is less than or equal to one (1) (R. < 1), then the
DFE (disease-free equilibrium) of Model (2.1) is LAS (locally asymptotically stable).

Proof. J(D") is the Jacobian matrix of model (2.1) evaluated at disease-free equilibrium.

-0 0 v
0 -0 0
@ u -0
Joho| O mAmw) 0
0 Py Y
0 0 0
0 0 0
0 0 0
where
T

T

S O O A

0
0
0
0

_ on(1 = x) o3y,
o3 —0w

0 0 -ma]

0 0 ma

0 0 0

0 0 0

0 0 o | (3.38)
v, 0 o

0 -os5 o

N e

(3.39)

We found an upper triangular matrix of matrix (3.38) using Maple 13 software, which is given below:

ys|

m(-—woa+uoy)

[ —0; O v
0 -0, 0
0 0 _”3‘;]1*””
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

AIMS Mathematics

102

—0402—pp(=1+¢)m;

g2

0

0
0
0

0
0
0

0

0

—05 Or

0 —-ma

ma

T (—w o+ o)
0102

_ - lma

7 , (3.40)
-

o O o o O

Or

0 —U;05+DrOr
Js
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where
_m((yoa+7 (=1 + W) (=030 +@V) pp+yos(—wor +uoy))a

3.41
(=030 +@wv) (pp (=1 +Y) 7ty + 040) 4D

r

Now, the eigenvalues are as given below:

/ll = -V,

(3.42)

_ ~Ur05tDs0Or
A7 = —
A = _ 0402 —ppmti+ppmiy
8 — o)

b

We observed from the matrix (3.42) above that all the eigenvalues are negative except 47 and Ag. Now,
substituting the value of m; into Ag, we have

— 40 + prti(A-Y)on(1-x)o3vy
/lg _ 402 (o103-vw@) ) (343)
(%)

Re-simplifying Eq (3.43), we have

prmi(1=)on(1—x)o3up
Ao = 0402 (1 - = ;402((71;;'3—013)3 I )
8 o
N prci (1 = )ou(1 = x)osv, (3.44)
4 40 (003 — VW)
=—04 (1 - RIZ) .
It is obvious from Eq (3.44) that Ag < O if and only if R’j < 1. Now, for A7,
1 :_UrO-S + DrOr
7 —0_5
v (1= k) (3.45)
= p
=—Us (1 - (r)) >

it is obvious from Eq (3.45) that, 4; < 0 if and only if R} < 1. Therefore, we conclude that the disease-
free equilibrium point is locally asymptotically stable if R < 1, since by definition R, = (Ré’, R{)). O

3.7. Backward bifurcation analysis

This section will examine the coexistence of endemic equilibrium and disease-free equilibrium
when R”" = 1. Therefore, we claim the following result:
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Theorem 3.5. If bifurcation parameters a and b are positive, the model (2.1) exhibits backward
bifurcation at R" = 1.

Proof. Considering when R!" = 1 by solving ¢, = ¢, we obtain

9" = o405 (0103 — 9w)
" paunos(1—)(1 - x)

(3.46)

Rewriting Eq (2.1) while taking into account S, = yi, E;, = y2, Vi = y3, 1 = ya, Ry = 5, S = v, E» =
vy, and I, = yg, results in

(I = x)on(ys + ays)y

hy =y, = O, + 9y; — - kiy1,
: : ! : yit+tyzt+t---+Ys e
. (= x)on(ys + ays)yi
hy =y, = — kay2,
yityzt---+Yys
hy = y3 = @y + Uy, — ksys,
hy = ya = pp(1 —)y2 — kaya, (3.47)
hs = Y5 = Ty4 + yy3 + puy2 — Upys,
he = Ye = @, - 2286 = UYes
Yo +y7t+ys8
. ©0rY8Y6
h = :——k N
T Yo +y7t+ Y8 37

hg = y3 = p,y7 — vys.

With g, = 0}, the Jacobian of the modified model at the DFE is provided by

-0 0 ) - 0 0 0 —na
0 -0 0 T 0 0 0 a
w u -o3 0 0 0 0 0
0O pp(1—=y) 0 —-04 O 0 0 0
Jﬁ*c = , (3.48)
0 Pl 0% T -vu, O 0 0
0 0 0 0 0O -v. 0 —po
0 0 0 0 0 0 -os5 o
0 0 0 0 0 0 pr U,
where
1-
o= e -Yosu (3.49)

oo —0w
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The following are J,-’s right eigenvectors:

We = W7 = Wg ::O,
(@ +pPwr
w3 = —",
g3
w; =wy >0, (3.50)
_ oI =)y
Wy = ——.
04
w. = (Ts03p1 +you(@ + ) + o3p(1 — ) wo
> 0304 ’
The following are J,-’s left eigenvectors:
wV) VIXA%)
vi=—v2a=v3>0,vy =~ )
71 Dovs 194 (3.51)
V5:V6:0,V7: . ,Vg:V3>O.
(O

The associated non-zero partial derivatives of the right-hand sides of the transformed system (3.47)
must be calculated using center manifold theory as in [36,37]. These must be evaluated at the disease-
free equilibrium with o, = ;, and the corresponding bifurcation coefficients, a and b, are provided
by

Kig=1 )’ia))j
8
0y
b= — 52
k; neg (3.52)

Computation of a.
The corresponding non-zero partial derivatives for the modified system (3.47) are provided as

Bzhl _ 62]’[1 _ 82h1 _ 62h1 _ 02h1 _ ﬁzhl _ 62111 _ 62h1 _(1 —)()Qha’

Ovadys  Oysdy,  Oyadys  Oysdys  Oysdys  Oysdys  Oysdys  Oysdys SO

FPhy Ph Bh hy 8Pk 8Ph (1= x)o

0y20ys  Oyadys  Oysdys  Oysdys  Oysdys  Oysdys SO

&h _ & hy _ 2(1 = x)on

0y40ys  Ovadys SO

Phy  Phy  Phy  FPhy  Fhy  Phy  Phy  Phy (- o
Oy2dys  OysOyr  Oysdys  Oysdys  Oysdys  Oysdys  Oysdys  Oysdys SO
Py  Phy  Fhy  Fhy PRy 8hy  (1-x)o

Oy20ys  Oyadys  Oyadys  Oydys  Oysdys  Oysdys SO

Phe  Phe  20n,  Fhy  Ph

dysdys Oysdys @,  dysdys  0yOys’

Phe  Fhy v, Ph  &h

dy.0ys  Oysdy; @, _5)’73)’8 - _5YS5)’7'
(3.53)
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Following several algebraic operations, the aforementioned formulas indicate that
8

8
d*h, 0%h,
a=v E WWj——+ W E Wiw;
jay j i,]zl Jaylay]

ij=1 ’ay]
= Viworw. 62h1 + Vowaw 62h] '|‘V(,l)2 62h1 + Viwsw. 62h]
M ayaay, T P ayady, T ayadys - B30y
+ Viwsws h + Viwswy Fh + VW45 h, +v 6 e (3.54)
0y40y3 0ys0y4 0y40ys 5y48y4
+ Vowsr &hy Voo Wy &hy + Vywsws 6hy + Vowsy Fhy
0y40y4 0y20y4 0y40y3 0y30y,
+ VowysWs &hy + Vowsy &hy .
0y40ys Ays0y4

Furthermore, substituting all the concern left and right eigen-vectors, and non-zero partial derivatives

into Eq (3.54), we have
_ daviwp -9~ xden | 2wvieap(1 =~ ¥)*(1 — xen

0'10'450 0'10'4S0
2wv2ph(1 =) = x)on (0'30'4¢ +y(@ + oy + o3pp(1 = Y)vy) w,
1048 030
Tk 2 P (3.55)
_ Aoy pn(1 =) =)o 2vywapi (1 =) (1 = x)on
3 2v3pi(1 = )1 = Y)on y (o304 + y(@ + oy + o3pp(l — Y)va) w,
0'10'452 0304 ’

Therefore, simplifying Eq (3.55), we obtained
2wv2w2ph(1 —y)(1 = x)on (2 Pl = Y)va (0'30'4lﬂ +y(@ + o + ozpyp(l - lﬁ)Vz)O'l)

0'10'450 04 0304
2viwapi(1 = Y)(1 = Y)owa (2 N pr(1 =), N (0304 + y(@ + oy + o3py(l - l//)Vz))
0'452 04 0304 '
(3.56)

Using the parameter b to calculate a bifurcation parameter, o, = g;, we have

0%h, 02,
> == -x), s =0 -x). 3.57

dy400;, X 0y4100;, X 57

It is evident from the aforementioned expressions that

8
0*h,
b - 1 + 1
Vlzwa 00, 22‘”3 .00,

2 2

= w2t o hy (3.58)

+ Vvw
dysdo, " Oys00;
@i =9 =) e =) —x)

0104 O34
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It is evident that for every biologically possible parameter value, b > 0 and a < 0, if @w = 0 (that
is, when there is no imperfect vaccination). Thus, if and only if @ > 0, we can say that backward
bifurcation has occurred, but as we observed above, a < 0 if @w = 0. Therefore, the model does not
possess backward bifurcation if @ = 0. O

Epidemiological implication: The implication of this result is that, with the presence of imperfect-
vaccination in a population, Mpox can be transmitted behind the scenes, which will make the disease
outbreak cyclic. But, if imperfect vaccination does not exist, it tends to help in reducing the
transmission of disease in society.

3.8. Global stability of disease-free equilibrium

A dynamical system’s global stability dictates whether or not it will continue to be stable even
after more significant perturbations are made. Therefore, it is crucial to determine if the interventions
included in the model can effectively control the Mpox infection for a significant number of infected
people. Thus, we asserted the following theorem regarding the stability of model (2.1).

Theorem 3.6. The disease-free equilibrium D° of the model (2.1) is globally-asymptotically stable in
region D if R. < 1 and unstable if R. > 1.

Proof. The two axioms [G] and [G,] for R, < 1 must be satisfied to demonstrate the global asymptotic
stability of the disease-free equilibrium [38]. To facilitate analysis, model (2.1) is divided into two
subsystems: Z; = (S9, V), R?, §%) and Z, = (EY, I, E?, I?). While the components of Z, € R} represent
the infected classes, those of Z; € R} correspond to the uninfected subpopulation. It is possible to
rewrite the model (2.1) as two connected differential equations, one guiding the dynamics of Z; and

the other for Z,, using this partition.

az

= F(Z\,2y),
o (3.59)
=2 = G(Z1, %) : G(Z,,0) = 0.
dt
G: global stability of Z;.
Now, the disease-free equilibrium can be expressed using the partitioned system as follows:
D’ = (Z,,0),
where all of the infected compartments have been reset to zero.
@, + 9V} - (v, + @S}
dz, _ _ ng —(yp + ’)/)V}(l)
i F(Z,,0) = YV~ uR? (3.60)
o, —v,S 9

A linear ODE’s solution in (3.60) produces
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O, + ﬂv}? O, + ﬁv}?

(vp+@) (v + @)

e—(vh+w)t + 52(0)6’_(Uh+w)t — Sg(t),

@S @S
h o _ h__ o=t 4 V}?(O)e_(vh”)t — V}?(l‘),
(wnty) (n+y) (3.61)
%% %%
P - X0 oy RO0)e = RO(),
Up Up
o,

Or ey S%0)e ™" = S°(1).
U, U,
It is evident from model (2.1) that as t — oo, the sum S)(r) + V() + R)(¢) approaches the total
HUM population Mg(t), and it is also evident from model (2.1) that as ¢t — oo, the sum S9()
approaches the total rodent population M?(1), regardless of the individual values of S%(z), V(7), and
R)(1). Consequently, the uninfected subsystem converges to Z; = (M) /M?,0), which is globally
asymptotically stable.

G»:G(Z1,2,) = AZ, — G(Z1,2,) 2 0

_(Ph +uy, + ,U) Qh(ll;lf)sh 0 agh([t/[_j)Sh
A= pr(l=¥)  —(up+7+6) 0 gg, (3.62)
0 o _(pr +u+ Ur) ™,
0 0 Dr Uy
The non-negativity of the off-diagonal elements of the matrix A makes it a Metzler matrix.
Q—h(l_Xﬁ:’mI’)Sh — (pn+un + WE,
pi(l =YE, — (up + 7+ 61,
G(Z\,2,) = ol (3.63)
M, Sr - (pr + Ur)Er
prEr - UrIr
Then,
0
~ 0
G(Z,2,) =AZ, - G4, 1) = 0
0
Therefore, G(Z,,Z,) = 0. O

Important epidemiological consequences result from Theorem (3.6), which states that regardless of
the initial number of infected persons, Mpox may be eradicated by keeping the control reproduction
number below unity (R. < 1). This suggests that even during major outbreaks, current measures,
including treatment and early therapeutic education, can effectively prevent the spread of the disease.
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3.9. Existence of endemic equilibrium point

In this subsection, the existence of an endemic equilibrium point will be assessed. First, we solved
model (2.1) at the endemic equilibrium point using Maple 13 software. Now, let D** be an endemic

equilibrium point, which is given as
D** - (S;;*, EZ*’ VZ*, IZ*,RZ*’ S;t*’ E** I**)'

rotr

Now, the endemic equilibrium points are given below:

S = 0203, ,
(((ﬁ;‘l* + 0'1)0'3 - ﬂw) oy —Pud;”
Er = ¢, o3y, ’
' (( P 0'1)0'3 - ﬁw)az —dug”
o O (@ o, + ;)
" _(( P 0'1)0'3 - ﬁw)az - ﬁ,uqﬁ;"l*’
I = pi(1 = y) ¢, 03Dy, ,
o (((ﬁ* + 01) o3 — ﬂw) o, - qb;‘l*)
R - (1= 1) 9} T5®,
VL0 ((((/)Z* + 0'1) o3 — ﬂw) o, - ¢Z*)
you (1 =) ¢, 03Py,
Uy, ((((ﬁ,’;* + 0'1) o3 — 19w) oy — ¢Z*)
prpr (1 =) ¢, 03Dy,
Uy (((qﬁ;‘l* + 0'1> o3 — ﬁw) oy, —u gb;‘l*)
oo O e O8O

At the endemic equilibrium point, Eq (3.23) becomes

orp
vos (55 - 1)

o = = v, (Ry ~ 1),

(O

and at the endemic equilibrium point, Eq (3.27) becomes

A1¢Z* + A2 = 0,

(¢j* + Ur), ' 0-5(¢:* + Ur)’ ' Ur0_5(¢:* + Ur).

(3.64)

(3.65)

(3.66)

(3.67)
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where

Ay =0p0,02030 405D, + VU, 030405DPRP." + UyU,030405PpU, + VU o405 DD
+ U o4 sOpu, + uppi(l — Y)v,030 504" + vppi(l — Y)v,030 50,0,
+1pu(l = P)v,030504," + Tpi(1 — Y)v,0305Qv, + ypi(l — P)v,0305Du¢,"
+ypr(1 = Y)v,0305Qv, + prypr(l — Y)v,0305Pd," + puypr(l — Y)v,030 5@,

(3.68)
— (1 = x)orpu(1 = )30 svv,Pup," — (1 = x)onao20304p UL,
Ay =¢, 0405 (0103 — V@) — @, prvyoson (1 =) (1 = )
1 1 - 1-
= §7 a0 (1 — D) I_PhU10'3Qh( ) (1= x) .
o405 (0103 — V@)
Therefore, (3.68), becomes
Ay =0p0,02030 405D, + VU, 03040 5DPpd," + vyv,030405Ppv, + Vv o405 DD
+ VU 0405 O, + vppi(1 = Y)v,030 5940, + vppi(1 — Y)v,030 59,0,
+1pu(1 = Y)v,030 590" + Tpp(l — Y)v,030 5O, + ypu(1 — Y)v,.030 5D, (3.69)

+ypu(1 = Y)v,030 5P, + prypir(1 — Y)v,030 59" + prypu(1 — Y)v,030 5D,
— (1 = )onpr(1 = Y)o30s5v,v,Ppp," — (1 — x)onao 20304, U Pye,",
Ay =@ 040, (0103 — V@) (1 - Ri’) .

Now, substituting the value of (3.66) into (3.68), we have

Ay =0p0,0203040 5Dy, + VU,0304050,U, (R — 1) + vv,030405Dpv, + vpv o050, (R — 1)
+ VU040 sOpu, + v pr(1 — Y030 5Qv, (R — 1) + vppr(1 = Y)v,0305Q,v,
+1pp(1 = Yv,030 5P, (R — 1) + 7pi(1 = Y)v,0305Qv, + ypu(l = Yv,o30 5@, (R — 1)
+ypu(1 = P)v,030 5D, + prpi(l — YIv,o30 5@, (R — 1) + prippi(l = Y)v,o30 5Dy,
= (1 = )onpn(l = Y)o3osvv, Qpu, (R — 1) = (1 = Y)onao20304p,up@uu, (R — 1),

Ay =v, (R — 1) 0402 (0103 — F @) (1 - Rﬁ') .

(3.70)
Equation (3.67) can be solved to get
A,
Y= 3.71
¢ A, (3.71)
Hence, A, becomes
Ay = v, (R) = 1) 0uors (o105 - 9 @) (RE— 1)), (3.72)

Hence, the result follows.
Theorem 3.7. Model (2.1) possesses a unique endemic equilibrium if Ry > 1 and R! > 1 or if R. > 1.
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3.10. Global stability of endemic equilibrium point: a special case

Setting # = u =y = ¢ = 0 in model (2.1), we have

% = @), — ¢Sy — (U + @)Shs

% = $S 1 — (pu + un + WE,

% = @S — Wy + Vi,

% = pEy — (U + 64 + DI,

@ (3.73)
= Tl — Ry,

d;t’ =0, -¢,S,-v.S,

dj’ = ¢S, - (pr +V)E,,

% = p.E, —v,l,.

Theorem 3.8. Suppose the vaccine waning rate (1), post-exposure vaccination rate (i), immunity rate
(y), and early therapeutic education () are all neglected, and the endemic equilibrium is globally
asymptotically stable if R > 1 and RX > 1. Otherwise, if R® > 1, it is unstable.

Proof. Let V be a Lyapunov function of the Goh-Volterra form, constructed as

. S E Y
V= (S,, -S; —S;;*ln—*’;)+ (Eh —E —E;‘l*ln—i)+(vh — V- V,j*ln—*i)
Sh Eh Vh

L Prtunta £)+(Ph+vh+,u)(vh+5h+7')

| R
(Ih ~I*~I"In (Rh ~ R’ —RIn R—h) (3.74)

Ph 17 T h
r Er r + U, Ir
oS, =5 ms ) (B - B — i Eo) ¢ P (e e I

Differentiating V with respect to time yields

. S E™\ . Ve +uy+ .
v:(l——”)Sh+(1—E—h)E,,+(1—V—”)Vh+M(1—L)Ih

A\ h h Ph I
+ Uy + +0p + R\ . ST« E;
e LGB0 SRV - S PR P S PR 1 (3.75)
PnT Rh S” Er
Pty + L
prev “(1— )Ir
pPr r
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Substituting model (3.73) into Eq (3.75) leads to:

ok

. S**
V= (1 - —h) (Dy — pSh — (U + @)S)) + (1 - E_hh) (DS h — (pn + vy + WEy)

Sh
V** + + I**
+ (1 - —h) (@S —  + Vi) + LR (1 - L) (PhEy = Wy + 8, + Dl
Vi Ph I,
(pn +up + W)Uy + 6, + 1) R} S (3.76)
T
p T TP T O (1 -2 )(rlh—vhRm(l - )@,—qﬁ,sr—vrs,)
PiT Rh Sr
E™ U+ I
+(1-— (¢rSV - (pr + Ur)Er) + P Z K I-— (prEr - Urlr) .
E, Pr I,
The equilibrium conditions are
o, = ¢hSZ* + UhS;*,
O, =¢.S"+v,S,",
(pn+un + WE, = ¢uS),
wS ksk =vu V**’
S (3.77)
(vn +0n + DI, = prE},
UhRZ* = TIZ*,
(pr + Ur)E:* = ¢rSi*,
vl" = p,E".
Substituting (3.77) into (3.76) and we obtain
. Si Sy Vi vy
Vsu+@)S, 12-—-—|+uV," |2—-— - —
Fpp S5 - L - 2k 3.78
ol ( Sy, SIFE, E’lL, R* IR, (5.78)
S S S S.EF I
+u S22 - - L )+¢ S (3 - L - —L - =.
o ( Sy s,) o ( Sy SJE, 1,)
Applying the arithmetic—geometric mean inequality to each term confirm the following:
(2—S—L——h)so,(2— Vi ——h)so,(S——h—%—%—R—i— b )so
Sh Sh Vh Vh Sh Sh Eh Eh Ih Rhl Ih Rh (379)

S’. S** S’. SrE** I**
2 — T l< - T r _r |<
( S S,)‘O’(3 S S*E, 1, ) <0,

which will lead to V < 0, provided that 9 = =y = ¢ = 0 and R" > 1,R] > 1, that is, R. > 1.
Since all relevant compartments—S, E;, Vi, I, R, S, E,, [,—are at endemic equilibrium, it
follows from model (3.73) that:

,ll,rg(sh(t)’ Eh(t), Vh(t)a Ih(t)’ Rh(t)’ Sr(t)’ Er(t), Ir(t)) - (SZ*’ EZ*7 V];k*a I;;*’ R}T? S:*’ E;k*, I:*)
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Therefore, by invoking LaSalle’s invariance principle [39-41], the endemic equilibrium is globally
asymptotically stable (GAS) [31].

Theorem 3.8 thus demonstrates that the endemic equilibrium persists and remains stable under the
condition R. > 1, when vaccine waning rate (), post-exposure vaccination rate (), immunity rate (y),
and early therapeutic education (¢) are negligible. O

4. Data fittings

The source (publicly accessible Mpox surveillance data), time duration, population taken into
consideration, and preprocessing procedures (such as smoothing, normalization, and treatment of
missing values) of the epidemiological data utilized for model calibration are all fully described.
We explicitly describe the method used for parameter estimate. Using a nonlinear least-squares
optimization framework, the model’s cumulative (or incidence) infected instances were fitted to
observed data in order to estimate the model’s parameters. Standard numerical solvers were used
to optimize the fitting process, which minimizes the sum of squared discrepancies between model
predictions and observed data. We now present suitable goodness-of-fit metrics to test model
performance, such as the root-mean-square error (RMSE) and coefficient of determination (R?), which
show how well the model captures observed Mpox dynamics. By calculating confidence intervals using
a bootstrap/Latin hypercube sampling-based method, we have integrated uncertainty quantification for
the calculated parameters. The resulting uncertainty bounds, which shed light on the robustness of
model predictions and parameter identifiability, are presented and debated.

Validating models and accurately determining parameter values are crucial challenges in the field of
MD with empirical data. This is because parameter values are frequently not directly obtained from the
data that has been gathered. Consequently, estimating the parameters for the specified model becomes
crucial. Certain parameters can be easily approximated by considering the early dynamics of an
epidemic in conjunction with the disease-related demographic characteristics. Furthermore, parameters
values can be obtained from the body of existing research, which can be used as estimation benchmarks,
but depending only on values drawn from literature can occasionally result in unanticipated results.
These real-world examples can cover a range of time periods, from days to years, and the results
could be impacted by errors introduced during data processing. The least-squares approach is the most
widely used method for parameter estimation, even though there are many other approaches available
in the literature.

Although many epidemiological models have been identified and validated, parameter estimation
is still a major challenge. The parameters of the suggested model are estimated using empirical
data and kept within acceptable boundaries to guarantee that it appropriately depicts the Mpox virus.
Importantly, instead of using values from existing Mpox models in the literature, parameter estimation
makes it easier to obtain values unique to the established model. The least-squares curve fitting method
was used to estimate the relevant parameters using patient data. For a least-squares fit to the model
parameters, data from the Nigeria’s CDC dashboard covering 12 months (May 29, 2022-May 21,
2023), as cited in [39], were used. By reducing the sum of squared errors (SSE) between the model’s
solution for infectious HUMs and the real Mpox data, the ideal parameter values were found. The
biological parameters of the model and their ideal values are listed in Table 1. Figure 2 exhibits the
actual values as solid blue circles and the best-fitting model curve as a solid orange line, displaying
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a strong agreement between the fitted curve and the empirical data, thus verifying the model, while
Figure 3 shows the residuals. Additionally, there are no outliers in the statistical case summary shown
in Figure 4, and the most significant statistical case summaries are summarized in Table 3, all of which
are consistent. Nigeria’s monkey-pox virus weekly data (week 1-52) from May 29, 2022, to May 21,
2023 is given in Table 4.

The following shows how the least-squares method minimizes the residuals between the discrete
points derived from the simulation of the proposed equations A(¢;, x;) and the observed infection data
%=0,1,..,m

Xj— Xj

. (4.1)

N
1
Residual = —
! NJZ:(; 3

This goal was accomplished by estimating the precise parameters of the ordinary differential equation
(ODE) system for the given dataset using curve fitting and the built-in scipy algorithms for ODE
systems in Python 3.12.1. The following initial conditions were applied while estimating the
parameters:

S»(0) =112,617,070, E;(0) = 1300, V,(0) = 51, 180, 820, 1,,(0) = 810, R,(0) = 60, 000, 000,

4.2
S (0) = 170, 000, 000, E,(0) = 600, 000, 1,(0) = 90, 000. *+2)

Table 3. Summary statistics for real and predicted data.

Statistics Min Q1 Q2 (Median) Q3 Mean Max Standard Deviation
Real 25 860 585 690 480 850 270
Predicted 875 650 670 660 464 860 260

Table 4. Nigeria’s monkey-pox virus weekly data (week 1-52) from May 29, 2022, to May
21, 2023 [39].

Period Number of confirmed cases Cumulative confirmed cases
May 29-June 30 25 25
July 1-July 31 70 95
August 1-August 31 59 154
September 1-September 30 146 300
October 1-October 30 138 438
November 1- November 30 147 585
December 1- December 31 54 639
January 1- January 31 70 709
February 1- February 28 30 739
March 1- March 31 30 769
April 1-April 30 20 789
May 1-May 21 21 810
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Figure 2. Comparison between observed Mpox case data and model-generated simulation

results.
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Figure 3. Residual plot illustrating the performance of the least-squares fitting applied to the
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Figure 4. Statistical illustration of the real data and the model’s predicted values via a box
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4.1. Sensitivity analysis

We carried out uncertainty and sensitivity analysis of the model parameters employing Latin
hypercube sampling (LHS) and partial rank correlation coefficient (PRCC). For the purpose of
producing the LHS matrices, we assumed that the entire model parameters are uniformly distributed. A
total of 1, 000 simulations of the model per LHS parameters were performed, by means of the baseline
values in Table 1. Figures 5 and 6 illustrate the PRCC values for: (i) HUM-related parameters, and
(i1) rodents-related parameters using the monkey pox control reproduction number R, as the response
function. The PRCC results are tabulated in Table 5 below.

PRCC for Human

PRCC

B N

Figure 5. Figure showing the PRCC values of R".

PRCC for Rodent

PRCC

Figure 6. Figure showing the PRCC values of R’.
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Table 5. PRCC values for the parameters of model (2.1) using R, as response function with
all parameter values used shown in Table 1.

Parameter PRCC Value of R,

P 0.0457
Iy, 0.2161
Uy 0.3478
vy -0.1557
On 0.3682
W -0.6434
X -0.0457
u -0.1182
On -0.2829
T -0.1419
w -0.4071
o 0.6388
Dr 0.0688
U, —-0.7246

Figure 7 is a contour diagram of the HUM control reproduction number R" with respect to variations
in y and . Figure 8 is a contour diagram of the HUM control reproduction number R" with respect
to variations in ¥ and J;,. Figure 9 is a contour diagram of the HUM control reproduction number
R with respect to variations in y and yu. Figure 10 is a contour diagram of the HUM control
reproduction number R" with respect to variations in 7 and . Figure 11 reveals that higher values
of the host mortality (6;,) and natural death rate (u) are associated with a lower R., emphasizing the
dampening effect of host turnover on transmission dynamics. Figure 12 shows that R, increases with
both p, and ¥, implying that higher host infection or transmission probabilities enhance epidemic
intensity. Figure 13 highlights that both ¢ and @ exert a strong negative influence on R, confirming
that control and intervention parameters are effective in reducing the basic reproduction number.
Conversely, Figure 14 demonstrates that R. declines gradually with increasing v,, indicating that
improved vector mortality or control reduces disease persistence. Figure 15 illustrates a strong positive
association between R, and the parameters p, and p,, indicating that increases in either the contact
rate or transmission probability in the reservoir population lead to higher transmission potential. In
Figure 16, R. similarly rises with p, but exhibits a weaker sensitivity to v,, suggesting that variations
in the recovery or removal rate of the reservoir have a comparatively minor influence. Collectively,
these results indicate that transmission-related parameters (v;, 05, 0,) act as key amplifiers of infection
spread, whereas mortality, recovery, and control parameters (v,, d,, 4, ¥, @) play a stabilizing role by
diminishing R..
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Figure 9. Contour diagram of the HUM control reproduction number R" with respect to
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Figure 10. Contour diagram of the HUM control reproduction number R” with respect to
variations in 7 and .

Figure 11. 3D plot showing the effect of ¢;, and u on R..

Figure 12. 3D plot showing the effect of p;, and 9, on R..
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Figure 13. 3D plot showing the effect of ¢ and @ on R..

Figure 14. 3D plot showing the effect of o, and v}, on R..

Figure 15. 3D plot showing the effect of o, and p, on R..
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Figure 16. 3D plot showing the effect of o, and v, on R..

5. Numerical simulations

This section presents a qualitative simulation of model (2.1) using MATLAB 2024a, with the values
in Table 1. In some cases, the values of certain parameters were increased to ensure the reproduction
number exceeded unity, and these are specified in the relevant figures.

5.1. Discussion of the simulated figures

Figure 17a illustrates the cumulative cases of Mpox. When the presence of education is included in
the HUM population, we noticed that when the education rate varies or increases, the cases reduce to
a minimum. Also, it was noted that if education about the disease is perfect, the disease goes extinct.
Figure 17b illustrates the cumulative cases of Mpox. When there is imperfect vaccination in the HUM
population, we noticed that when the imperfect vaccination rate varies or increases, the cases reduce,
but not to a minimum. Also, it was noted that if the imperfect vaccination against the disease is 5%,
the imperfect vaccination helped to some extent. Figure 17c illustrates the cumulative cases of Mpox.
When there is education in the HUM population, we noticed that when the education rate varies or
increases, the cases reduce to a minimum (that is, the disease is wiped out from the environment; note
that Rf = 1.7981 and R} = 9.091, when g, = 0.9, @w = 0.000058, and p; = 0.989). Also, it was noted
that if education about the disease is made perfect, the disease goes extinct. Figure 17d illustrates the
cumulative cases of Mpox. When there is imperfect vaccination in the HUM population, we noticed
that when the imperfect vaccination rate varies or increases, the cases reduce (that is, the disease
reduces from the environment; note that Rf = 1.7981 and R(’) = 9.091, when g, = 0.9, w = 0.000058,
and p;, = 0.989), but not to a minimum. Also, it was noted that if the imperfect vaccination against the
disease is 5%, it helped to reduce the disease to some extent.
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Figure 17. Figure demonstrating (a) the cumulative cases of Mpox varying education rate at
R" < 1 and R} < 1, (b) the cumulative cases of Mpox varying imperfect vaccination rate at
R < 1 and R;y < 1, (¢) the cumulative cases of Mpox varying education rate at R = 1.7981
and R, = 9.091, when g, = 0.9, @ = 0.000058, and p;, = 0.989, and (d) the cumulative cases
of Mpox varying imperfect vaccination rate at R = 1.7981 and R} = 9.091, when g, = 0.9,
@ = 0.000058, and p;, = 0.989.

Figure 18a illustrates the impact of imperfect vaccination on susceptible HUMs. When there is
imperfect vaccination in the HUM population, we noticed that when the imperfect vaccination rate
varies or increases, the susceptible HUMs increase immensely over time. Also, it was noted that
if the imperfect vaccination against the disease is increased to 5%, the susceptible individuals grow
over time; this result may be due to the failure of imperfect vaccination. Figure 18b illustrates the
cumulative cases of Mpox. When there is post-exposure vaccination in the HUM population, we
noticed that when the post-exposure vaccination rate varies or increases, the cases reduce, but not to
a minimum. Also, it was noted that if 100% of the exposed HUMs have a post-exposure vaccination
against the disease, it can help to some extent. Figure 19a illustrates the impact of education on exposed
HUMs. When there is education in the HUM population, we noticed when the education rate varies
or increases, it increases around the 14—18th weeks, and the cases reduce to a minimum (that is, the
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population of exposed HUMs reduces to zero, or it wipes out the population from the environment;
note that R’C’ < 1 and R < 1). Also, it was noted that if education about the disease is perfect, the
disease goes extinct. Figure 19b illustrates the impact of education on exposed HUMs. When there is
education in the HUM population, we noticed when the education rate varies or increases, the cases
increase immensely around the 10-20th weeks, and the cases reduce to a minimum after that (that is,
the population of exposed HUMs reduces to zero, or it wiped out the population from the environment;
note that R” = 1.7981 and R} = 9.091, when g, = 0.9, @ = 0.000058, and p;, = 0.989). Also, it was
noted that if education about the disease is perfect, the disease goes extinct.

7 7
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Figure 18. Figure demonstrating (a) the effect of imperfect vaccination on susceptible
HUMs, varying the imperfect vaccination rate, and (b) the cumulative cases of Mpox

varying post-exposure vaccination rate at R = 1.7981 and R}, = 9.091, when o, = 0.9,
@ = 0.000058, and p;, = 0.989.

Figure 19c illustrates the impact of education on infectious HUMs. When there is education in the
HUM population, we noticed when the education rate varies or increases around the 24-28th weeks,
the cases reduce to a minimum (that is, the population of infectious HUMs reduces to zero, or it wiped
out the infectious population from the environment; note that R" < 1 and R, < 1). Also, it was noted
that if education about the disease is perfect, the infectious HUM population goes extinct. Figure
19d illustrates the impact of education on infectious diseases. When there is education in the HUM
population, we noticed when education rate varies or increases, the cases increase immensely around
the 20-25th weeks, and the cases reduce to a minimum after that (that is, the population of infectious
HUMs reduces to zero, or it wiped out the population from the environment; note that R = 1.7981
and R} = 9.091, when ¢, = 0.9, @ = 0.000058, and p;, = 0.989). Also, it was noted that if education
about the disease is perfect, the infectious HUMs will go extinct. Figure 20a illustrates the impact of
education on susceptible HUMs. When there is education in the HUM population, we noticed that
when the education rate varies or increases, the susceptible HUMs increase over time. Also, it was
noticed that if education against the disease is increased to almost perfect, the susceptible individuals
grow over time. Figure 20b illustrates the impact of education on vaccinated HUMs. When there is
education in the HUM population, we noticed that when the education rate varies or increases, the
susceptible HUMs increase (that is, the population of vaccinated HUMs reduces to zero; note that
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R = 1.7981 and R}, = 9.091, when g, = 0.9, @ = 0.000058, and p, = 0.989).
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Figure 19. Figure demonstrating (a) the effect of education on exposed HUMs, varying
education rate at 72? < 1l and R, < 1, (b) the effect of education on exposed HUMs while
Ri‘ = 1.7981 and R = 9.091, when g, = 0.9, @ = 0.000058, and p, = 0.989, (c) the effect
of education on infectious HUMs, varying education rate at R? < 1 and R} < 1, and (d) the
effect of education on infectious HUMs while ﬂ? = 1.7981 and R}, = 9.091, when ¢, = 0.9,
@ = 0.000058, and p; = 0.989.
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Figure 20. Figure demonstrating (a) the effect of education on susceptible HUMs, varying
the education rate at Rﬁ’ = 1.7981 and R = 9.091, when g, = 0.9, w = 0.000058, and
pr = 0.989, and (b) the effect of education on vaccinated HUMs, varying the education rate
at R!' = 1.7981 and R} = 9.091, when g, = 0.9, @ = 0.000058, and p;, = 0.989.

Figure 21a illustrates the impact of post-exposure vaccination on exposed HUMs. When there is
post-exposure vaccination in the HUM population, we noticed that when the post-exposure vaccination
rate varies or increases, that is it decreases around the 5-20th weeks, and the cases increase after that
to some extent (that is, the population of exposed HUMs increases; note that R < 1 and Ry < D).
Figure 21b illustrates the impact of post-exposure vaccination on exposed HUMs. When there is
post-exposure vaccination control in the HUM population, we noticed that when the post-exposure
vaccination rate varies or increases, the cases increase immensely around the 10-20th weeks, and the
cases reduce to a minimum after that (that is, the population of exposed HUMs reduces to zero, or it
wiped out the population from the environment; note that R? = 1.7981 and R}, = 9.091, when g, = 0.9,
@ = 0.000058, and p, = 0.989). Figure 21c illustrates the impact of post-exposure vaccination on
infectious HUMs. When there is post-exposure vaccination in the HUM population, we noticed that
when the post-exposure vaccination rate varies or increases, it decreases around the 5-20th weeks and
the infectious HUMs increases after that, to some extent (that is, the population of exposed HUMs
increases; note that R < 1 and R} < 1). Figure 21d illustrates the impact of post-exposure vaccination
on infectious HUMs. When there is post-exposure vaccination in the HUM population, we noticed
that when the post-exposure vaccination rate varies or increases, the cases increase immensely around
the 20-25th weeks, and the cases reduce to a minimum after that (that is, the population of infectious
HUMs reduces to minimum; note that Rf = 1.7981 and R, = 9.091, when g, = 0.9, @ = 0.000058,
and p, = 0.989).
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Figure 21. Figure demonstrating (a) the effect of post-exposure vaccination on exposed
HUMs, varying post-exposure vaccination rate at R! < 1 and R} < 1, (b) the effect of post-
exposure vaccination on exposed HUMs while R" = 1.7981 and Ry = 9.091, when o, = 0.9,
@ = 0.000058, and p, = 0.989, (¢) the effect of post-exposure vaccination on infectious
HUMs, varying post-exposure vaccination rate at R? < 1 and R < 1, and (d) the effect of
post-exposure vaccination on infectious HUMs while R! = 1.7981 and R = 9.091, when
or = 0.9, w = 0.000058, and p; = 0.989.

Figure 22a illustrates the impact of post-exposure vaccination on susceptible HUMs. When there
is post-exposure vaccination in the HUM population, we noticed that when the post-vaccinate rate
varies or increases, the susceptible HUMs increase over time. Also, it was noted that if the post-
exposure vaccination against the disease is increased to almost perfect, the susceptible individuals
grow over time. Figure 22b illustrates the impact of post-exposure vaccination on vaccinated HUMs.
When there is post-exposure vaccination in the HUM population, we noticed that when the post-
exposure vaccination rate varies or increases, the susceptible HUMs increases (that is, the population
of vaccinated HUMs increases a little; note that 7{’; = 1.7981 and R = 9.091, when g, = 0.9,
@ = 0.000058, and p;, = 0.989).
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Figure 22. Figure demonstrating (a) the effect of post-exposure vaccination on susceptible
HUMs, varying the post-exposure vaccination rate at R" = 1.7981 and R, = 9.091, when
on = 0.9, @ = 0.000058, and p, = 0.989, and (b) the effect of post-exposure vaccination
on vaccinated HUMs, varying the post-exposure vaccination rate at R" = 1.7981 and Rl =
9.091, when g, = 0.9, @ = 0.000058, and p;, = 0.989.

Figure 23a illustrates the impact of early therapeutic education on exposed HUMs. When there
is early therapeutic education in the HUM population, we noticed that when the early therapeutic
education rate varies or increases, there is no effect (that is, the behaviour of the population of exposed
HUMs remains unchanged; note that R" < 1 and R, < 1). Figure 23b illustrates the impact of early
therapeutic education on exposed HUMs. When there is early therapeutic education control in the
HUM population, we noticed that when the early therapeutic education rate varies or increases, the
cases increases immensely around the 10-20th weeks and the cases reduce to a minimum after that
(that is, the population of exposed HUMs reduces to zero or it wiped out the population from the
environment; note that Rf = 1.7981 and R}, = 9.091, when ¢, = 0.9, @ = 0.000058, and p;, = 0.989).
Figure 23c illustrates the impact of early therapeutic education on infectious HUMs. When there
is early therapeutic education in the HUM population, we noticed that when the early therapeutic
education rate varies or increases, it decreases around the 5-20th weeks, and the infectious HUMs
increases after that, to some extent (that is, the population of exposed HUMs increases; note that
R! < 1 and Ry < 1). Figure 23d illustrates the impact of early therapeutic education on infectious
HUMs. When there is early therapeutic education in the HUM population, we noticed that when the
early therapeutic education rate varies or increases, the cases increase immensely around the 20-25th
weeks and the cases reduce to a minimum after that (that is, the population of infectious HUMs reduces
to minimum; note that Ré’ = 1.7981 and R, = 9.091, when g, = 0.9, @ = 0.000058, and p;, = 0.989).

Figure 24a illustrates the impact of early therapeutic education on susceptible HUMs. When there
is early therapeutic education in the HUM population, we observed that when the early therapeutic
education rate varies or increases, the number of susceptible HUMs increases over time. Also, it
was noted that if the early therapeutic education against the disease is increased to almost perfect,
the susceptible individuals grow over time; note that Ri’ = 1.7981 and Rj = 9.091, when g, = 0.9,
@ = 0.000058, and p;, = 0.989. Figure 24b illustrates the impact of early therapeutic education on
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vaccinated HUMs. When there is early therapeutic education in the HUM population, we noticed that
when the early therapeutic education rate varies or increases, the susceptible HUMs increases (that is,
the population of vaccinated HUMs increases a little; note that Ri‘ = 1.7981 and R} = 9.091, when

or = 0.9, @ = 0.000058, and p, = 0.989).
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Figure 23. Figure demonstrating (a) the effect of early therapeutic education on exposed
HUMS, varying early therapeutic education rate at R" < 1 and R} < 1, (b) the effect of
early therapeutic education on exposed HUMs while R? = 1.7981 and R} = 9.091, when
on = 0.9, @ = 0.000058, and p, = 0.989, (¢) the effect of early therapeutic education on
infectious HUMs while Rﬁ’ = 1.7981 and R} = 9.091, when g, = 0.9, @ = 0.000058, and
pr = 0.989, and (d) the effect of early therapeutic education on infectious HUMs, varying
early therapeutic education rate at R? < 1 and R}, < 1.
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Figure 24. Figure demonstrating (a) the effect of early therapeutic education on susceptible
HUMs, varying the early therapeutic education rate at R? = 1.7981 and R = 9.091, when
on = 0.9, @ = 0.000058, and p;, = 0.989, and (b) the effect of early therapeutic education
on vaccinated HUMs, varying the early therapeutic education rate at R" = 1.7981 and Rl =
9.091, when g, = 0.9, @ = 0.000058, and p;, = 0.989.

Figure 25a illustrates the impact of treatment on exposed HUMs. When there is treatment in the
HUM population, we noticed that when the treatment rate varies or increases, there is an immense
decrease in the population of exposed HUMs; note that R” = 1.7981 and R} = 9.091, when g, = 0.9,
@ = 0.000058, and p, = 0.989). Figure 25b illustrates the impact of treatment on infectious HUMs.
When there is treatment control in the HUM population, we noticed that when the treatment rate varies
or increases, the cases decrease immensely (that is, the population of infectious HUMs reduces to zero,
or it wiped out the population of infectious HUMs from the environment; note that R" = 1.7981 and
Ry = 9.091, when g, = 0.9, @w = 0.000058, and p, = 0.989). Figure 25c illustrates the impact of
treatment on susceptible HUMs. When there is treatment in the HUM population, we noticed that
when the treatment rate varies or increases, the susceptible HUMs increases over time. Also, it was
noted that if the treatment against the disease is increased to almost perfect, the susceptible individuals
grow over time; note that Rif = 1.7981 and R} = 9.091, when g, = 0.9, @ = 0.000058, and p;, = 0.989.
Figure 25d illustrates the impact of treatment on vaccinated HUMs. When there is treatment in the
HUM population, we noticed that when the treatment rate varies or increases, the susceptible HUMs
increases, (that is, the population of vaccinated HUMs increases a little; note that Ré’ = 1.7981 and
R, = 9.091 when g, = 0.9, @ = 0.000058, and p;, = 0.989).

Figure 26a illustrates the impact of imperfect vaccination on exposed HUMs. When vaccination
is imperfect in the HUM population, we observed that as the vaccination rate varies or increases, the
population of exposed HUMs decreases significantly. Note that R" = 1.7981 and Ry = 9.091, when
on = 0.9, @ = 0.000058, and p, = 0.989. Figure 26b illustrates the impact of imperfect vaccination
on infectious HUMs. When there is imperfect vaccination control in the HUM population, we noticed
that when the imperfect vaccination rate varies or increases, the cases decrease immensely (that is, the
population of infectious HUMs reduces to zero, or it wiped out the population of infectious HUMs
from the environment; note that Rﬁ’ = 1.7981 and R = 9.091, when ¢, = 0.9, w = 0.000058, and
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pr = 0.989). Figure 26c¢ illustrates the impact of imperfect vaccination on vaccinated HUMs. When
there is imperfect vaccination in the HUM population, we noticed that when the imperfect vaccination
rate varies or increases, the susceptible HUMs increases, (that is, the population of vaccinated HUMs
increases a little; note that R’g = 1.7981 and R, = 9.091, when g, = 0.9, @ = 0.000058, and p;, =
0.989).
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Figure 25. Figure demonstrating (a) the effect of treatment on exposed HUMs, varying
treatment rate while Rﬁ’ = 1.7981 and R}, = 9.091, when g, = 0.9, @ = 0.000058, and
pr = 0.989, (b) the effect of treatment on exposed HUMs, varying treatment rate while
R" = 1.7981 and Ry = 9.091, when g;, = 0.9, @ = 0.000058, and p;, = 0.989, (c) the effect
of treatment on infectious HUMs, varying treatment rate while R" = 1.7981 and R, =9.091,
when o, = 0.9, @ = 0.000058, and p, = 0.989, and (d) the effect of treatment on infectious
HUMs, varying treatment rate while Ri‘ = 1.7981 and R; = 9.091, when ¢, = 0.9, w =
0.000058, and p;, = 0.989.
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Figure 26. Figure demonstrating (a) the effect of imperfect vaccination on exposed HUMs,
varying imperfect vaccination rate while R” = 1.7981 and R, = 9.091, when g, = 0.9,
@ = 0.000058, and p, = 0.989, (b) the effect of imperfect vaccination on exposed HUMs,
varying imperfect vaccination rate while R? = 1.7981 and R, = 9.091, when ¢, = 0.9, @ =
0.000058, and p;, = 0.989, and (¢) The effect of imperfect vaccination on infectious HUMs,
varying imperfect vaccination rate while R” = 1.7981 and R, = 9.091, when g, = 0.9,
@ = 0.000058, and p;, = 0.989.

Figure 27a illustrates the impact of imperfect vaccination on susceptible HUMs. When vaccination
is imperfect in the HUM population, we observed that as the vaccination rate varies or increases, the
number of susceptible HUMs decreases over time. Also, it was noted that if imperfect vaccination
against the disease is increased to almost perfect, the susceptible individuals’ population drops over
time. Note that Rif = 1.7981 and R = 9.091, when ¢, = 0.9, w = 0.000058, and p, = 0.989.
Figure 27b illustrates the impact of imperfect vaccination on vaccinated HUMs. When there is
imperfect vaccination in the HUM population, we noticed that when the imperfect vaccination rate
varies or increases, the susceptible HUMs increase, (that is, the population of vaccinated HUMs
increases a little; note that Rﬁ‘ = 1.7981 and R = 9.091, when g, = 0.9, @ = 0.000058, and
pn = 0.989).
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5.2. Seasonal dynamics simulation of the model equation

Our models’ understanding of transmission dynamics is enhanced by including seasonal variation.
This strategy provides decision-makers with possible outbreak dates, enabling more efficient resource
use and focused efforts to reduce the burden of disease. However, the majority of MDs for Mpox
frequently ignore these aspects. Full application of this strategy in our model is constrained by the
unavailability of primary data; thus, we rely on scarce secondary data. Climate-dependent variations in
rodent abundance, especially rainfall, which affects breeding sites, affect seasonal patterns of diseases
caused by rodents such as Mpox. To better represent transmission patterns, we update our model
equation (2.1) by incorporating seasonality into vector dynamics. Using time-dependent functions,
we concentrate on altering the rodent recruitment rate (®,) and constant transmission rate (o,). The
following is the definition of the time-dependent transmission rate, o,(¢):

o:(t) = 0,(0) (1 + pcos(% + 9)) (5.1)

Taking into account seasonal breeding by making the rodents recruitment rate (®,) dependent on
rainfall, as follows:
®,(1) = ©,(0)(1 + « X rainfall(?)). (5.2)

Where

p is the amplitude of seasonal fluctuation,

T is a period (usually 365 for annual cycle),

6 is a phase shift (to align with seasonal peaks),
0,(0) is the transmission rate of rodent to rodent,
®,(0) is a rodent recruitment rate,

k is a rainfall-to-breeding efficiency coefficient,
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¢ Rainfall model: use satellite data (CHIRPS) with logistic, growth:

. Rax
Rainfall(y) = m, (5.3)

® R, 1s a maximum monthly rainfall,
® !,cak 18 a timing of peak rainfall,
e ks arate of growth.

Justification biologically: In infectious disease modeling, the cosine-based periodic function is
frequently used to depict seasonally fluctuating transmission pathways. Variations in human social
behavior, mobility patterns, and contact intensity are the main drivers of seasonal impacts on Mpox.
These variations can be influenced by cultural events, school calendars, occupational activities, and
weather. Additionally, because of changes in immunological function, co-circulating infections, and
nutritional conditions, seasonal variation may indirectly affect host susceptibility. The strength of
seasonal modulation is measured by the parameter €. Greater values of € indicate more seasonal
impacts, while € = 0 reduces the model to a non-seasonal framework. This formulation permits
analytical and numerical comparison between seasonal and non-seasonal circumstances, guarantees
mathematical smoothness, and maintains the positivity of solutions. The model can capture repeated
waves of Mpox transmission and evaluate the effectiveness of early therapeutic education and control
methods under realistic, time-varying epidemiological conditions by incorporating seasonal forcing.

Figures 28-31 reveal a strong association between rainfall intensity and the population dynamics
of susceptible, exposed, and infected rodents. The synthetic rainfall pattern (Figure 28) exhibits clear
periodic fluctuations that serve as a major environmental driver influencing rodent population behavior.
As shown in the susceptible rodent plot (Figure 29), increases in rainfall create favorable ecological
conditions, leading to a rise in the susceptible population due to improved food availability and habitat
conditions. This rise is followed by an increase in the number of exposed rodents (Figure 30), as higher
rodent density and environmental moisture increase the likelihood of contact with infectious agents.
Subsequently, the infected rodent population (Figure 31) also exhibits cyclical peaks that closely
follow rainfall patterns, reflecting the influence of rainfall on disease transmission and persistence
within the rodent population. The synchronized oscillations across all plots demonstrate that rainfall-
induced seasonality plays a critical role in shaping the epidemiological dynamics of rodent-borne
infections, linking environmental variability directly to fluctuations in rodent susceptibility, exposure,
and infection levels.
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Figure 28. Synthetic rainfall pattern illustrating periodic climatic variation that affects rodent

populations.
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Figure 29. Variation in susceptible rodents reflecting the impact of rainfall on population

growth and infection risk.
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Figure 30. Temporal dynamics of exposed rodents showing periodic increases influenced by

rainfall intensity.
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Figure 31. Cyclical pattern of infected rodents indicating rainfall-driven fluctuations in
disease transmission.

6. Conclusions and recommendations

In this work, we formulated an MD of Mpox to assess the impact of early therapeutic education
on seasonal variation. In the formulation, we considered early therapeutic education, imperfect
vaccination, and post-exposure vaccination. We investigated the existence of backward bifurcation
and found that an imperfect vaccination rate can trigger it in the Mpox dynamics. Data fitting has
been performed using Nigerian data from May 2022 to May 2023. We proved that our model is
fit to study Mpox virus, since our model is well-fitted. In the sensitivity analysis subsection, we
have seen that early therapeutic education is the most sensitive parameter for controlling Mpox in
the HUM population, since it affects the HUM control reproduction number the most, followed by
imperfect vaccination. Furthermore, we have noticed that the contact effectiveness rates of HUMs are
the most sensitive parameter in increasing the spread of Mpox in the environment, followed by the
HUM natural death rate. In the numerical analysis simulation section, we noticed that education helps
reduce the number of Mpox cases in the HUM population. The imperfect vaccination also helps, to
some extent, in bringing down case numbers. Additionally, we noticed that post-exposure vaccination
can reduce Mpox cases. We also assessed the impact of treatment on Mpox dynamics. We found that
treatment also helps significantly reduce the number of cases. Finally, we assessed the impact of the
early therapeutic education rate on Mpox dynamics. We found that the early therapeutic education
approach is the best way to tackle the re-emergence of Mpox in the HUM population.

Finally, we recommend improving the current imperfect vaccination to effectively prevent future re-
emergence of the disease in the HUM population. We also suggest using an early therapeutic education
approach to control the re-emergence of Mpox disease in the HUM population.

6.1. Comparative efficacy of control techniques and policy-relevant insights

Compared with other interventions at similar intensity levels, our findings show that early
therapeutic education produces the greatest reduction in the infectious human population over time.
In particular, raising the early therapeutic education rate () outperforms increases in vaccination
coverage or treatment rate alone in reducing the peak and cumulative number of infected individuals.
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Quantitatively, compared to comparable relative increases in the vaccine rate (@) or treatment rate (7),
a small increase in ¥ results in a greater proportionate decrease in infection prevalence.

From an epidemiological perspective, early therapeutic education prevents the spread of the disease
by acting at the exposed stage. Its superior performance compared to therapies that intervene later in
the illness cycle, such as treating infectious individuals, can be explained by this preventive mechanism.
Additionally, by reducing the number of secondary infections produced during peak transmission
periods, especially under seasonal forcing, early therapeutic education indirectly lowers the effective
reproduction number. From a policy standpoint, these results imply that early therapeutic education
is an affordable and quickly implementable intervention, particularly in places with limited resources
where vaccination availability and healthcare infrastructure may be limited. Even in the presence of
seasonal variations, Mpox transmission can be significantly reduced through educational programs
that encourage early symptom recognition, prompt healthcare-seeking, and adherence to preventive
treatments. Overall, the model shows that the largest epidemiological effect is obtained by integrating
early therapeutic education with immunization and treatment measures. However, early therapeutic
education turns out to be the most effective single control tool for lowering Mpox transmission and
minimizing epidemic recurrence when interventions are prioritized separately.
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