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Abstract:  With the rapid proliferation of big data and high-dimensional datasets, distributed
estimation methods have become indispensable for large-scale statistical inference. However,
traditional centralized distributed computing frameworks often suffer from communication bottlenecks
and privacy risks. To address these challenges, we propose a novel distributed stochastic optimization
algorithm, termed gradient-based Markov subsampling Gradient Tracking with Variance Reduction
(GMS-GT-VR). This algorithm seamlessly integrates gradient tracking and variance reduction
techniques with a data-driven gradient-based Markov subsampling (GMS) strategy to solve large-scale
distributed optimization problems over multi-agent networks efficiently. By leveraging a lightweight
coordination mechanism for adaptive sampling, GMS-GT-VR effectively reduces both communication
overhead and computational complexity, while achieving accelerated convergence. We rigorously
establish its theoretical convergence rate of O(1/k) and conduct a detailed complexity analysis. To
validate the theoretical findings, we perform extensive experiments on large-scale datasets. The results
consistently demonstrate that GMS-GT-VR outperforms existing variance-reduction methods in terms
of communication efficiency and convergence speed, achieving a significant reduction in the number
of iterations required.
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1. Introduction

In recent years, with the widespread application of big data and high-dimensional datasets,
distributed estimation methods have emerged as essential tools for addressing large-scale statistical
inference problems. These methods offer effective solutions for challenges such as high dimensionality,
non-smooth loss functions, and data heterogeneity, which are prevalent in modern data-intensive
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environments. As distributed computing technologies—originating from computer science—continue
to evolve, they have been increasingly adopted in statistics, particularly through the divide-and-
conquer (DC) framework. This approach partitions data across multiple machines, conducts local
estimations independently, and aggregates the results centrally, thereby enhancing computational
efficiency and scalability.Notable contributions in this area include the work of Jordan, Lee, and
Yang, who explored communication-efficient distributed statistical inference, focusing on reducing
communication overhead while preserving statistical accuracy in large-scale settings [1]. Lee et
al. proposed a distributed stochastic variance-reduced gradient method that leverages additional
data sampling with replacement to improve computational performance [2]. Lee, Liu, Sun,
and Taylor further developed a communication-efficient sparse regression framework tailored for
large-scale distributed learning problems [3]. Song and Sun introduced a divide-and-conquer
algorithm for network optimization, which achieves exponential convergence and significantly reduces
computational costs [4]. Finally, Gao, Liu, and Zhang provided a comprehensive review of recent
advances in distributed statistical inference, covering both parametric and non-parametric models, and
examining the trade-offs between communication cost and estimation accuracy [5].

However, while the DC strategy mitigates the computational and storage burdens associated with
large-scale data processing to some extent, it remains challenged in handling high-dimensional data and
non-smooth loss functions. Traditional DC methods impose stringent conditions on convergence rates
and machine configurations, which may result in slower convergence and computational bottlenecks
when tackling complex problems. For example, in high-dimensional quantile regression (QR), Zhao et
al. found that the convergence rate of the estimator is constrained by the number of machines [6]. This
highlights the pressing need for improved distributed estimation methods that can enhance algorithmic
convergence and computational efficiency, particularly under non-ideal conditions.

To overcome limitations such as slow convergence and high communication cost in distributed
optimization, various enhanced strategies have been developed. Among them, approximate Newton-
type methods have attracted considerable attention for their use of second-order information. For
instance, Yun, Wang, and Zhang approximate Newton steps by computing local Hessian matrices and
leveraging second-order information to accelerate convergence [7]. However, such methods require
the loss function to be twice differentiable and are therefore not suitable for problems involving
non-smooth objectives, such as quantile regression. To overcome this issue, Li, Kyrillidis, Liu, and
Caramanis proposed a stochastic gradient-based approximate Newton method that can effectively
handle non-smooth loss functions, making it particularly suitable for QR problems [8]. More
recently, Chen, Liu, and Zhang introduced a multi-round distributed estimation framework based
on first-order stochastic optimization. They proposed the first-order Newton-type estimator (FONE),
which efficiently approximates the inverse Hessian and demonstrates significant advantages in high-
dimensional settings [9]. These developments underscore the potential of multi-round distributed
algorithms in overcoming the limitations of conventional DC approaches.

To accelerate computation in distributed environments, researchers have proposed various stochastic
first-order optimization methods. Among these, distributed stochastic gradient descent (DSGD) has
been widely adopted for large-scale data processing tasks. DSGD addresses the scalability challenges
of massive datasets by combining local stochastic gradient updates with periodic averaging of model
parameters across neighboring agents. Nevertheless, in real-world applications, the performance of
DSGD can be hindered by local gradient variance and data heterogeneity. Specifically, when data
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distributions across agents are imbalanced or significantly different, the convergence rate and stability
of the algorithm may deteriorate.To address these limitations, several variance reduction techniques
have been proposed to further improve the efficiency and robustness of distributed optimization
algorithms. For instance, Defazio, Bach, and Lacoste-Julien proposed the Stochastic Average Gradient
Amélioré (SAGA) algorithm, an incremental gradient method that accelerates convergence in large-
scale optimization by reducing the variance of gradient estimates [10]. Nguyen et al. introduced the
Stochastic Recursive Gradient Algorithm (SARAH) method, which incorporates recursive gradient
updates to achieve improved convergence rates while maintaining low computational complexity
[11]. Lei and Shanbhag developed the asynchronous variance reduction (Asyn-VR) algorithm, which
leverages asynchronous updates and parallelism to enhance the scalability of distributed learning
tasks [12]. Johnson and Zhang proposed the stochastic variance reduced gradient (SVRG) method
[13], a stochastic first-order optimization algorithm that computes local gradients and intermittently
communicates with neighboring agents to mitigate variance. SVRG achieves faster convergence than
standard SGD without relying on second-order derivatives, making it computationally more efficient.
However, a major drawback of SVRG lies in its communication overhead—each iteration typically
requires two rounds of communication, leading to increased communication costs in distributed
environments.

Overall, variance reduction techniques offer notable advantages for large-scale optimization. They
not only improve convergence rates and alleviate communication overhead but also enhance the
stability and robustness of distributed algorithms in the presence of data heterogeneity and imbalance,
thereby providing effective solutions for complex optimization challenges.

In distributed environments, researchers have recently developed variance reduction methods
tailored for finite-sum optimization problems. For example, Sun, Lu, and Hong proposed the
decentralized gradient estimation and tracking (D-GET) algorithm, which integrates a local SARAH-
type variance reduction scheme with gradient tracking to improve sample and communication
efficiency [14]. However, its gradient computation complexity is influenced by the underlying network
topology. To address this, Xin, Khan, and Kar introduced the GT-SARAH algorithm, which achieves
near-optimal total gradient computation complexity by increasing the number of communication
rounds [15]. They further proposed the GT-SAGA algorithm, combining SAGA with gradient
tracking to enhance convergence [16], although this approach demands more storage than SVRG.
Additionally, Jiang, Zeng, Sun, and Chen developed the gradient tracking with variance reduction (GT-
VR) algorithm based on binomial sampling, further advancing decentralized stochastic optimization
[17].

Since then, the field has continued to evolve with solutions for more complex scenarios. For
instance, Li and Lin [18] proposed an accelerated gradient tracking method for time-varying graphs,
significantly improving convergence rates. Furthermore, Chen et al. [19] applied variance reduction
to decentralized policy gradients in multi-agent reinforcement learning. However, despite these
advancements, most existing distributed optimization methods still rely on data-agnostic uniform
sampling, which may be inefficient in heterogeneous environments.

The stability and robustness of stochastic dynamical systems have been extensively investigated
in the control theory community, offering valuable insights for handling system uncertainties. For
instance, Liang et al. [22] explored dissipativity-based sampled-data control for fuzzy Markovian
jump systems to ensure stochastic stability, while Zhuang et al. [21] investigated non-fragile feedback
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control for neutral stochastic Markovian jump systems against time-varying delays. These works
highlight the potential of using Markovian structures to enhance system robustness. Building upon
these theoretical insights and existing distributed variance reduction methods that combine gradient
tracking with stochastic techniques, we further explore how sampling strategies can enhance both
communication efficiency and convergence performance. To this end, we propose the gradient-based
Markov subsampling gradient tracking variance reduction (GMS-GT-VR) algorithm. Inspired by the
GT-VR algorithm, the proposed method adopts a binomial sampling strategy to determine whether
agents update the global gradient locally. Specifically, GMS-GT-VR integrates the gradient-based
Markov subsampling (GMS) technique [23] with gradient tracking [24], enabling efficient variance
reduction under communication constraints and heterogeneous data distributions.
Contributions of this paper are summarized as follows:

1. Proposal of a distributed stochastic optimization Algorithm: We propose a novel data-driven
distributed stochastic optimization algorithm, namely the GMS-GT-VR algorithm, to address
the high communication cost in distributed estimation. Unlike existing data-agnostic methods,
the GMS strategy, allows the algorithm to adaptively assign some agents to compute full local
gradients based on their gradient norms while others compute single-sample gradients, thereby
reducing computational overhead while maintaining favorable convergence properties.

2. Theoretical and empirical performance analysis: Theoretical analysis and empirical experiments
show that GMS-GT-VR achieves a convergence rate of O(1/k), demonstrating superior
computational efficiency and scalability compared to existing methods. The algorithm not
only accelerates convergence but also performs well under heterogeneous data conditions by
effectively balancing the bias-variance trade-off introduced by adaptive sampling.

3. Communication complexity and scalability: We establish that the communication complexity
of GMS-GT-VR is O(Y, Nm2€e™"). Incurring only a negligible scalar-level coordination
overhead, the proposed method significantly reduces the total iterations, indicating improved
communication efficiency and strong adaptability to large-scale networks. This ensures that the
algorithm is well-suited for distributed environments with limited communication bandwidth.

The remainder of this paper is organized as follows. Section 2 introduces the mathematical
notations, key definitions, and provides a brief overview of the GT-VR algorithm, which motivates
the development of the proposed GMS-GT-VR algorithm. The section also illustrates its application
to the linear regression model. Section 3 presents the theoretical convergence analysis of the proposed
algorithm. Section 4 evaluates the performance of GMS-GT-VR through comprehensive simulation
studies. Section 5 demonstrates the algorithm’s effectiveness via a real data-application. Section 6
concludes the paper and discusses potential future directions. Additional technical proofs are provided
in the Appendix.

2. Methodology

This paper studies general statistical estimation problems in a distributed setting, formulated as
distributed finite-sum optimization problems over a connected multi-agent network:

i =

1 n 1 m;
min f(x) =~ > [0, fi) = — > fi). 2.1)
i=1 j=1
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where f; is the local objective function at agent i, m; denotes the number of local samples at agent i, n
is the total number of agents, and )., m; = M represents the total number of samples in the network.
The network is modeled by a graph G(V,E, W), where V = {1,...,n} denotes the set of agents,
E C V x V is the set of edges (communication links), and ‘W is the associated adjacency matrix.
In distributed optimization, each agent processes its local data and communicates with neighboring
agents over the network G to collaboratively solve problem (2.1).

In this section, after introducing the notation and preliminaries, we first present a distributed
stochastic algorithm—the GT-VR algorithm. This algorithm serves as the foundation for the proposed
GMS-GT-VR algorithm.

2.1. Notation and preliminaries

For simplicity, let R denote the set of real numbers, R* the set of positive real numbers, Z* the set
of positive integers, and R” the set of n-dimensional real column vectors. All vectors in this chapter are
column vectors unless otherwise specified. The notation 1, represents an n X 1 vector with all elements
equal to 1, and 0, represents a d X 1 vector with all elements equal to 0. The symbol /; denotes the d X d
identity matrix. The operator ® represents the Kronecker product, and max{. . .} denotes the maximum
element in the set {...}. For a real vector v, ||v|| represents the Euclidean norm. For a differentiable
function f(x), its gradient is denoted by V f(x). In this chapter, the subscript i denotes the i-th agent;
for example, x; represents the local variable of agent i.

We assume a complete probability space (€2, 7, P) where all random variables are well-defined. The
expectation with respect to the measure P is denoted by E[-]. For a random variable X and an event
A € ¥ with nonzero probability, the conditional expectation is E[X|A], and the indicator function of
A is I4. The notation o(-) represents the o-algebra generated by the random variables and sets in its
argument. For a square matrix A, we denote its spectral radius by p(A).

Our theoretical analysis relies on concepts from Markov chain theory. Let {X;};»; be a Markov
chain on a general state space X with an invariant probability distribution 7. We denote the Markov
transition kernel by P(x, dy) on the space (X, B(X)), and its adjoint by P*. The Hilbert space of square-
integrable functions with respect to 7 is denoted by L,(x). For any function 4 : X — R, we define
the integral n(h) := f h(x)m(dx). The reversibilization operator is given by R := (P + P*)/2. The
t-step transition kernel associated with P is P'(x, dy) for ¢ € N, which defines the transition probability
Pr(X,,, € S1X; = x) = P'(x,§) for any starting time s € N, state x € X, and measurable set S. Based
on the above notation, we introduce the definitions of Markov chain ergodicity and spectral gap.

Definition 1 (Geometric ergodicity). A Markov chain is said to be geometrically ergodic if there exists
a function M : X — R* and a constant y € [0, 1) such that for all x € X and t € Z*,

IP'(x, ) = 7O)llry < M(x)y',

where || - ||7v denotes the total variation norm.

Definition 2 (Absolute spectral gap). The Markov operator P is said to have an absolute spectral gap
of 1 — A1if A < 1, where A is defined as

&
i

sup  [|Phl|.
heLs ()
Allz=1,7(h)=0
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Let a(A) := % Clearly, a(A) is strictly increasing with respect to A € [0, 1), and a(0) = 1.
Definition 3 (Right spectral gap). Let the quantity A, be defined as

A= sup (Rh,h),.
heLs(r)
Ill==1,7()=0
If A, < 1, the Markov operator P is said to have a right spectral gap of 1 — A,. The spectral gap
measures the convergence rate of the Markov chain to its invariant distribution n [25]. A larger
spectral gap implies faster convergence. Since the reversibilization operator R is self-adjoint, it is
known that A, < A.

2.2. The GT-VR algorithm

Many distributed optimization algorithms for solving Problem (2.1) are built upon the principle
of combining local computation with neighborly communication. A foundational architecture for
such methods involves each agent updating its local parameters by taking a gradient descent step and
simultaneously averaging its model with those of its neighbors. This archetypal update rule for agent i
can be expressed as:

n
X = wixh - VA, 2.2)
j=1
where x* is the parameter vector of agent i at iteration k, 7 is the learning rate, Vf;(x¥) is the local
gradient, and w;; are elements of the mixing matrix ‘W that governs the consensus process. While
intuitive, this basic scheme can suffer from biases, especially when data is heterogeneous.The GT-
VR algorithm, which we present next, enhances this foundational structure by introducing specific
mechanisms for gradient tracking and variance reduction to overcome these limitations.
However, the design of effective distributed algorithms based on this structure must overcome two
primary challenges:

1. Variance from stochastic gradients: In practice, computing the full local gradient V f;(x) can be
expensive. Using stochastic gradients, estimated from random samples of local data, introduces
variance that can slow down convergence.

2. Gradient inconsistency due to data heterogeneity: The discrepancy between local and global
objectives means that at the global optimum x*, the local gradients may not be zero. That is, for
any agent i € {1,...,n}, it is often the case that Vf;(x*) # 0,. This gradient mismatch poses a
significant challenge to reaching consensus on the true solution.

The GT-VR algorithm is specifically designed to tackle these two challenges simultaneously by
introducing robust local gradient estimators and employing a gradient tracking technique to correct
for the gradient inconsistency.

The GT-VR algorithm addresses the challenge of gradient variance by employing a stochastic
variance reduction technique similar to SVRG. This is achieved through a carefully constructed local
gradient estimator, v¥, for each agent i. At each iteration k, this estimator is designed to provide an
unbiased estimate of the local gradient while having reduced variance. The update for this estimator is
given by
vitl = Vf m(xf"h —- v fgeo (™) + V£(h, (2.3)

! i
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k+1

where Vf; «1(-) is a stochastic gradient computed on a freshly sampled data batch s¢*', and 7¥ is a

“snapshot” of the model parameters stored by agent i.

A key distinction from the original SVRG method lies in how this snapshot 7¥ is updated. Instead
of updating periodically after a fixed number of inner iterations, GT-VR employs a probabilistic
approach. At each iteration, each agent i independently decides whether to update its snapshot (i.e., set
¢! = x) and recompute its full local gradient V fi(t¥*") according to a Bernoulli trial. This stochastic
approach avoids the synchronization required by periodic updates and is more adaptable. By leveraging
stochastic gradients instead of full gradients at every step, the GT-VR algorithm is significantly more
computationally efficient and scalable for large-scale datasets compared to deterministic distributed

methods.

Algorithm 1 GT-VR updates at agent i

1: Initialize parameters: x}; 7} = x}5 ; {wi,}'_ 5 v} = v} = Vf(x})

2: fork=1,2,3,... do

3:  Update local parameter: xX*! = 37wy (oxk — myk)
4 Use Bernoulli distribution to determine &: if &*! = 1, set 77! = x¥*1; otherwise, 75! = x*
5 Select a sample sff“ from {1,...,m;}

6:  Update local gradient estimator: V! = v fisn (k) — Vf g (T + V(e
7. Update local gradient tracker: y¥*! = 377 w;, ()% + vE*! — 1)

8

: end for

2.3. The GMS-GT-VR algorithm

While effective, the variance reduction strategy in the standard GT-VR algorithm relies on a data-
agnostic, fixed probability p for its Bernoulli trials. This uniform sampling approach means that
at every iteration, each agent has the same likelihood of performing a full gradient computation,
regardless of the importance or novelty of its local data. In practical scenarios with heterogeneous
data distributions, this “one-size-fits-all” strategy can be inefficient, as it may fail to prioritize agents
holding more critical information, potentially leading to slower convergence.

To address this limitation, we propose an enhanced distributed stochastic optimization algorithm,
the gradient-based Markov subsampling GT-VR (GMS-GT-VR). Inspired by the GMS technique, our
method replaces the fixed-probability sampling with a data-driven, adaptive protocol. The core idea
is to make the decision of computing the full local gradient Vf;(-) dependent on the magnitude of an
agent’s current gradient, under the principle that a larger gradient norm often signifies more informative
data.

To implement this adaptive sampling in a stable manner, we employ a Metropolis-Hastings (MH)
type process. This introduces a Markov chain structure to the decision-making process, where the state
of each agent can be, for instance, in the set {compute_stochastic, compute_full}. The transition
probability between these states is determined by an acceptance rule that directly incorporates the local
gradient norm. Specifically, agents with larger gradient norms will have a higher acceptance probability
to transition into the compute_full state. By using the computed gradients to guide the design of
these acceptance probabilities, our GMS-GT-VR algorithm can dynamically allocate computational
resources to where they are most needed, thereby accelerating convergence in heterogeneous settings.

AIMS Mathematics Volume 11, Issue 2, 4123-4146.



4130

Algorithm 2 GMS strategy via coordinator

1:

e

~

10:
11:
: Represent the final sample set of size g as Dg = (&5, V fs)
13:

Input: Dataset & = [1,...,1], D = (&,V f,-(Tf.‘”))” PDs = @, burn-in period ty, number of agents calculating local

=1’

global gradients ¢ < n

: The coordinator collects scalar gradient norms ||V f;(‘rf”)” from each agent (forming the information set D)
: Randomly select a sample z; from Dy, and set Ds = z;
s for2 <t<(q+1t)do

Randomly select a candidate z* = (", Vf™)

Calculate the acceptance probability:

V %
= min {1, ||||V]]C”||||} 2.4)
Update the set Ds = Dg U z* with probability p !

if z* is accepted then

()

Set Ll
end if

end for

:Z*

Output: &

The process can be summarized as follows: At a given current agent z;, a randomly selected

candidate sample z* is accepted with a probability defined in (2.4). If accepted, the iteration completes,
and z* becomes z,,;. Otherwise, a new candidate sample is randomly selected, and the process repeats.
Finally, after the user-defined burn-in period is set to O, the last g elements generated by the acceptance
process are retained.

Compared with the GT-VR algorithm, the GMS-GT-VR algorithm prioritizes the selection of more

informative agents through a lightweight coordination step. Specifically, a logical coordinator collects
scalar gradient norms ||V £;(x)|| to execute the GMS strategy. This incurs negligible communication
overhead (O(1)) compared to vector transmission, while all other procedural steps remain consistent
with those of the GT-VR algorithm. The proposed method is broadly applicable to empirical risk
minimization problems, especially in regression analysis within machine learning.

Algorithm 3 GMS-GT-VR updates at agent i

1:
2:
3:

AN AN

8:

Initialize parameters: x}, 7} = x!, n, {w;:)"_,, y! = v} = Vf(x})
fork=1,2,3,... do
Update local gradient estimate: x*! = 377w, (xf — mpy¥)
: : : : Tl _ kel _ ket cem Pkl ok
Obtain sampling results &5 using the GMS algorithm. If &' = 1, set 777" = xi*', otherwise 7,7 = x;
Select a sample sf” from {1,...,m;}

Update the local gradient estimator:

Vi = Vg ) = Vg 0D + VA
Update the local gradient tracker:

n
k+1 k k+1 k
Yi = Z Wir(yr tv. - vr)

r=1

end for
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2.4. Application to distributed multiple linear regression

We now illustrate how our proposed method can be applied to solve a fundamental statistical
problem: multiple linear regression in a distributed environment. In this setting, the goal is to
collaboratively learn a set of regression coefficients based on data distributed across multiple agents.

Assume that each agent i possesses a local dataset (X;,y;), where X; € R">* is the input feature
matrix and y; € R™ is the corresponding output vector. Here, d is the feature dimension and m; is
the number of local samples at agent i. The j-th data point at agent i is denoted by (azj, yi.j)» where
a - € R ig the feature vector and y; ; € R is the scalar output.

The objective is to find a parameter vector x € R? that minimizes the sum of squared errors. The
loss for a single sample j at agent i is:

fii®) = (yl —alx) 2.5)

Consequently, the local objective function for agent i is the average loss over its local data:

fix) = Zf,J(x) Z (ves —alx)". (2.6)

The global optimization problem is to minimize the average of all local objectives, which corresponds
to the overall empirical risk:

1 n
fx) =~ Z} fi(x). @2.7)

This formulation is a specific instance of the general problem defined in (2.1). To solve minycga f(X)
using our proposed method, we require the local gradients. The full local gradient for agent i is given
by:

m;

1 1
VA = — > (aalx - ) = —XT(Xix - y). (2.8)

i 4
By applying the GMS and GMS-GT-VR algorithms, each agent i processes its local data (X, y;) and
communicates with its neighbors to collaboratively find the optimal regression coefficients x*.

3. Theoretical results

In this section, we provide a convergence analysis for the proposed GMS-GT-VR algorithm under
a set of standard assumptions.

Assumption 1. [. (L-smoothness) The gradient of each component function f;; is L-Lipschitz
continuous for some constant L > 0. That is, for all X,y € R?,

V£, (x) = VWl < Lix = yll.

2. (Network connectivity) The underlying multi-agent network G is connected, and the mixing
matrix ‘W is doubly stochastic. Furthermore, for alli € V, w; > 0, and for any edge (i, j) € &,
Wij > 0.
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3. (Stochastic properties) The randomness in the algorithm satisfies the following conditions:

(a) Unbiased local sampling: The local mini-batch indices sf are sampled uniformly and
independently. Consequently, the stochastic gradient is an unbiased estimator, satisfying
E[Vf, «(0)IF] = Vfi(x), with bounded variance.

(b) Geometric ergodicity of agent sampling:The sequence of active agent sets generated by the
GMS strategy forms a geometrically ergodic Markov chain. Specifically, the chain converges

to its stationary distribution at a geometric rate, satisfying the drift condition outlined in
Definition 1.

Assumption 1 is standard in the analysis of distributed optimization algorithms. Assumption 1
implies that the local objective functions {f;}?_, and the global objective f are also L-smooth. This
condition is satisfied by many problems in machine learning; for instance, loss functions like logistic
regression are smooth, and even in deep learning, the objective functions are often continuously
differentiable and locally smooth, despite being nonconvex. Assumption 2 is a common requirement
for ensuring consensus can be reached in a distributed network.

The first two conditions in Assumption 1 are common in the analysis of distributed algorithms. The
L-smoothness condition is met by many loss functions in machine learning. The second condition on
the mixing matrix is applicable to undirected graphs and weight-balanced directed graphs. Moreover,

Assumption 1.2 ensures that the network’s consensus rate, governed by p, satisfies

0 A sup ”(WX __Xstack” <1 (31)
[Ix||=1,x¢¢1,, IIX — Xtackl|
Assumption 1.3 is a standard condition for ensuring unbiasedness in the analysis of stochastic
algorithms.

To facilitate the convergence analysis, we introduce several auxiliary variables. Let us define the
stacked vectors by concatenating the local vectors from all n agents: x* := [(x’l‘)T, e, (Xﬁ)T]T €
R™  and similarly for y*, vk, and 7*.  The stacked local gradient vector is Vf(x') :=
[(VAEDT, ..., (VAH(&E)T]T € R™. We also define the average of the local variables across the
network as X* := 1 3" x¥, and similarly for §* and ¥*. The corresponding stacked average vectors
arex' , =1,®%" e R and ¥, :=1,® ¥ € R™. By defining the block matrix W := W ® I,

the dynamics of the stacked auxiliary variables can be expressed compactly. The update rules from
Algorithm 3 satisfy the following equations:

X = W' - nyh), (3.2)
yk+1 — (W(yk + Vk+1 _ Vk), (33)

v =v and ! =%yt (3.4)

The relationships in (3.4) are derived by averaging the respective update rules over all agents and
leveraging the doubly stochastic property of the matrix W. With these definitions and dynamics
established, we can now present the key lemmas for our convergence analysis.

Lemma 1. Under Assumption 1, for any stacked vector x = [(x;)7,...,(x,)"]" € R", the following
inequality holds:
(W & 1)X — Xguackll < PIX = Xstacklls

where p < 1 is the network consensus rate defined in Equation 3.1.
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Lemma 2. Let A € R™? be a matrix with nonnegative entries and x € R be a vector with positive
entries. If there exists a constant ©® > 0 such that the inequality Ax < OXx holds element-wise, then the
spectral radius of A satisfies p(A) < ©.

Lemma 3 (Robbins-Siegmund). Let (Q, 7, P) be a probability space equipped with a filtration (F,)cz+.
Let {U,}, {&}, and {{;} be three sequences of nonnegative random variables adapted to F,, fort € Z*. If
they satisfy

BlUWFI<U+& -4, Vex1,

then, on the event {),° | & < 400}, it holds that U, converges almost surely to a finite random variable
and Y2, {; < +oo almost surely.

Theorem 1. Under the conditions in Assumption 1, let the step-size n be chosen such that 0 < n < 1,
where 1) is defined as:

77 = min

1 - 3p? 1 \/1—(%‘+§qﬁ)f)2

SL(1602L2 + (32027 + 2)q(1 — ;)22 ) 6L’ 2T ’

with the constant T given by

1 1
T £ 1617 + (g + ?6 (1 + —)(1 + qﬁ)) L + (32 + 32qA)L*p*
P

] 2p + 1
(20 16g0 - 14 p+ 22D 2,
9 9

where g5 > 0 is a constant, p denotes the spectral radius of the mixing matrix (as defined in Eq. 3.1),
and ® = min; ; denotes the minimum stationary probability of the Markov chain generated by the
GMS strategy.

2
Suppose the parameters also satisfy p* < L and 1 — S — qn < 1. If the optimal value
3 (1+1/p)(5+1+p)

f* 2 infyga f(X) > —o0, then for the sequence of iterates {x*} generated by the GMS-GT-VR algorithm,
the following results hold:

1 < 1

§;E[||Vf(x )”Z]:O(z :
1 : K =5 21 1
£ B[ - %] =0 ).

s=1

k
% D E|ly - VI, IP] = 0(% .

s=1

Remark 1 (Interpretation of convergence and practical implementation). Theorem I establishes that
the consensus error and the gradient norm both decay at an O(1/k) rate, implying that the algorithm
finds an e-accurate stationary point. Specifically, for a given precision € > 0, the algorithm converges
when the following condition is met:

k
D BIVIEIP] < e (3.5)

s=1

1 —
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This result carries three key practical implications. First, regarding quantitative advantage, the GMS
strategy reduces the constant factor in the complexity bound by adapting the stationary distribution to
gradient norms (n; o ||V fi||). This mechanism effectively minimizes variance via importance sampling
in heterogeneous settings (reducing iterations by 30%—50%), while naturally degenerating to uniform
sampling (standard GT-VR) in homogeneous cases. Second, regarding step-size, the theoretical upper
bound 1 depends on conservative global constants (e.g., L,p); in practice, a constant step-size tuned
via grid search is typically sufficient. Finally, due to convexity (Assumption 1), the initialization x°
affects only the duration of the transient phase, not the final accuracy.

Next, we define the complexity of the algorithm required to find such a solution.

Definition 4 (Algorithm complexity). To find an e-accurate stationary point as defined in (3.5), we
measure the algorithm’s efficiency using the following metrics:

e Iteration complexity: the minimum number of iterations k required.

e Gradient complexity: the total number of stochastic gradient evaluations (V f; ;) performed across
all agents.

o Communication complexity: the total number of communication rounds required, where in each
round, every agent exchanges a d-dimensional vector with its neighbors.

Based on the convergence results established in Theorem 1, we can now state the iteration, gradient,
and communication complexities of the GMS-GT-VR algorithm in the following corollary. The
detailed proofs for both Theorem 1 and Corollary 1 can be found in the Appendix.

Corollary 1. Under the conditions of Assumption 1, suppose the parameters are set such that p*> < 1/3,
2 2
1- m < qnt < 1, and the step-size n satisfies 0 < n < i, where i} = min {1‘7, %}. To find an

€-accurate stationary point as defined in (3.5), the following complexities hold:

1. Iteration complexity: The number of iterations required is O(2e™").

2. Gradient complexity: The total number of stochastic gradient computations across all agents is
O(gaMn~2e™").

3. Communication complexity: The total number of d-dimensional vector transmissions across all
communication links is O ((Z:’:l INi]) 77_26_1), where |N;| is the number of neighbors of agent i.

Remark 2 (Communication efficiency interpretation). Regarding communication efficiency, the
proposed coordination step introduces only a scalar-level overhead (O(1)), which is negligible
compared to the vector-based transmission (O(d)) in high-dimensional settings (d > 1). This ensures
that the per-iteration communication cost remains asymptotically equivalent to the baseline GT-
VR. Therefore, the significant reduction in total iterations demonstrated in our experiments directly
translates to a proportional improvement in overall communication efficiency.

4. Simulation studies
To validate the performance of our proposed GMS-GT-VR algorithm, we conduct a series of

simulation experiments focusing on a distributed multiple linear regression task.
Experimental setup. We generate the data at each agent i according to the linear model:

Yij = azlﬂ* + €ijs where €~ N(O, 1) (41)
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The true regression coefficient vector is setto 8* = [1,1,2,3,4,5]" € R®. The feature vectors a; € R®
are drawn from a mixture of two different normal distributions to simulate varying degrees of data
heterogeneity across agents, corresponding to three distinct cases:

e Case 1: Features are drawn from a mixture of N (0, 1) and N(5,9).
e Case 2: Features are drawn from a mixture of N'(0, 1) and N(3,9).
e Case 3: Features are drawn from a mixture of N(0, 1) and N(0, 9).

Furthermore, to simulate data quantity imbalance, we set the local sample size m; to either 30 or 40,
distributed among the agents in a 2:1 or 3:1 ratio, respectively. This setup creates challenging non-
IID scenarios to robustly evaluate the algorithm’s performance. For all experiments, we compare our
proposed GMS-GT-VR against the standard GT-VR algorithm. The network size n is varied across
{10, 20, 30,40, 50}, and the number of agents selected to compute full gradients in GMS-GT-VR is
fixed at ¢ = 5. Both algorithms use the same constant step-size and are initialized with the same

parameters to ensure a fair comparison. The objective is to solve the least squares problem defined in
(2.7).

Results and discussion. The convergence trajectories of the global objective function f(B) for different
experimental settings are presented in Figures 1 through 4.
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Figure 1. Objective function convergence for Case 1 data (2:1 mixture ratio) across different
network sizes n.
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Figure 2. Objective function convergence for Case 2 data (2:1 mixture ratio) across different

network sizes n.
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Figure 3. Objective function convergence for Case 3 data (2:1 mixture ratio) across different
network sizes n.
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Figure 4. Objective function convergence for Case 1 data (3:1 mixture ratio) across different
network sizes n.

Across all tested cases and network sizes, a clear and consistent trend emerges: The proposed
GMS-GT-VR algorithm consistently converges faster than the baseline GT-VR method. This empirical
result validates our theoretical findings regarding the superior iteration complexity of our method.
The performance gap between the two algorithms becomes increasingly pronounced as the number
of agents n grows. This highlights the efficiency of the GMS adaptive sampling mechanism, which
becomes more critical and effective in larger networks by intelligently selecting the most informative
agents for full gradient computations.

An interesting special case occurs when the network size is small (» = 10) and the number of
selected agents is relatively large (¢ = 5). As shown in the ‘(a)‘ subplots of each figure, the GMS
sampling strategy naturally approximates a uniform random sampling, resulting in nearly identical
convergence curves for both algorithms. This not only confirms the correctness of our implementation
but also underscores that the true advantage of GMS is realized as the system scales up. In summary, the
simulation studies demonstrate that GMS-GT-VR significantly enhances the efficiency of distributed
learning, particularly in large-scale, heterogeneous environments.

5. Real-world data analysis

To further validate the effectiveness of the proposed algorithm, we conduct an analysis on a real-
world dataset.We use the Concrete Compressive Strength dataset from the UCI Machine Learning
Repository. This dataset comprises 1030 samples and 9 attributes: 8 feature variables describing the
composition of the concrete mixture and 1 target variable representing its compressive strength (in
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MPa). The features are as follows:

Cement

Blast furnace slag
Fly ash

Water
Superplasticizer
Coarse aggregate
Fine aggregate
Age (in days)

This dataset is well-suited for our regression analysis task, aimed at modeling the relationship
between a concrete sample’s ingredients and its strength.For our experiment, we utilize 1000 data
points from the dataset, which are distributed evenly across a network of n = 25 agents, such that each
agent holds m; = 40 local samples. In each iteration of the GMS-GT-VR algorithm, g = 5 agents are
selected via the GMS procedure to update their snapshots and compute their local full gradients. The
convergence performance of our proposed method on this dataset is illustrated in Figure 5. The results
from this real-data analysis show a strong agreement with our findings from the simulated experiments.
Notably, the GMS-GT-VR algorithm again exhibits a significantly faster convergence speed compared
to the conventional GT-VR algorithm. This confirms the practical effectiveness and superiority of our
proposed adaptive sampling method when applied to real-world data.

x10*

14

GT-VR
—*— GMS-GT-VR

12 |

10 f

Slx)

0 200 400 600 800 1000 1200 1400 1600
iterations

Figure 5. Convergence comparison on the Concrete Compressive Strength dataset.

6. Conclusions
In this paper, we introduced GMS-GT-VR, a novel and efficient distributed stochastic optimization
algorithm designed to tackle the dual challenges of communication overhead and data heterogeneity.

By synergistically integrating a data-driven gradient-based Markov subsampling (GMS) strategy with
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robust gradient tracking and variance reduction mechanisms, our method significantly improves upon
existing algorithms.

Our theoretical analysis and extensive simulation studies consistently demonstrate that GMS-
GT-VR achieves superior performance in both convergence speed and communication efficiency.
The adaptive nature of the GMS sampler allows the network to intelligently allocate computational
resources, leading to marked improvements in convergence, especially in large-scale and non-IID
settings. These benefits translate to lower overall computational complexity and enhanced scalability,
making our algorithm a powerful tool for modern large-scale machine learning tasks. As a validated
and effective method, GMS-GT-VR not only provides an efficient solution for distributed optimization
but also serves as a valuable reference for future research in this domain. Its promising applications
span critical areas such as big data analytics, federated learning, cloud computing, and other privacy-
preserving Al paradigms.
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Appendix

The analysis of the GMS-GT-VR algorithm shares some similarities with that of the standard GT-
VR. We begin by presenting a key proposition that establishes several useful bounds on the local
stochastic gradient estimator v¥ and its relationship with the true local and global gradients. These
properties are instrumental in bounding the consensus error and proving our main convergence result,
Theorem 1.

Proposition 1 (cf. Jiang et al.). Under Assumption 1, the following inequalities hold for all k > 1:
E [IV' = VEGHIP| < 2L°B [|Ix* - &, 1P| + 2B I - x“1P]. (A.1)

E [||vk -V f(ik)||2] < % D E[6L7Ixk - %P + 4Ll - =P, (A.2)

i=1
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E[IVI?] < 2E [IVAEHIP] + % Z E [3lIxf - 41 + 2llf - 24P (A3)

i=1

Using Proposition 1, the following proposition provides upper bounds for the consensus error

E[||x* — xstackll ], the snapshot error E[|jt% — X 2], and the gradient tracking error E[||ly* — v

stack| | stack | | ]

Proposition 2. Under the conditions of Assumption 1, the following inequalities hold for all k > 1:

E[Ix! = 25 LIP] < 20°B [IX* = &, 1P| + 207 B |lly* = ¥4,007] - (A.4)
E [y = vinll?] < (207 +480°L20* + 32q70° L’p*) B [lly* — ¥,

+ 16p*L (1 +6n2L* + (2 +2gr0* + 12L%g(1 — 7) (n2 + ;—;))) E [lIx - x5,

+ 16p°L? (4772L2 +q(l —7)

1+n8+ (n + /3) 8L2]) E [|I* - &£,
+16p°L’n (n +2q(1 - 7) (n + ﬁ)) [IVAEHIP|,
(A.5)
E (Il - x5 LR < (2p2(qfr) +q(1 - 7) (n2 + g) 12L2)E [ (A6)
+ 20" (g lIY* = ¥l
+q(l - ) ((rf ¥ g)sﬁ +(1+ nﬁ)) (17 = &l
+ (rf + g) 2ng(1 - DE|IVFEHIP].

where 3 € R" is a constant, 1 is the step-size, and p is the network consensus rate.

Proof of Proposition 2.

1. Proof of the consensus error bound (A.4):
Using the definitions of the stacked average vector )'(i‘tack and the update rules (3.2) and (3.4), we
can write:

X gL = (W L)' - ny Y-, 8 I)E - 77"
(W ® Id) [ stack n(y ystack)] .

Taking the squared norm on both sides and using the property of p from Lemma 1 yields:

k+1 _ k+1

| |X stack

I? < P = X — 1Y = Tl
< 2071 — =5 P+ 20° Py — FE P (A7)

Taking the full expectation on both sides of (A.7) gives the desired result.
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2. Proof of the snapshot error bound (A.6):
According to Assumption 1 (Geometric Ergodicity), the agent sampling process constitutes a
geometrically ergodic Markov chain with a unique stationary distribution ©r = [xy,...,7,]".
Unlike uniform sampling, the GMS strategy selects g agents based on this stationary distribution.
The probability of agent i being chosen is E[I[{ffﬂzl,l? k11 = gm;. Then, we analyze the term
E[IIRF*! — 75+1|)2|F%+1] as follows:

[”Xk+1 1;+1”2|7_~k+1]
Sk k+1
— E I:” +1 I{ k+1_1} + I[{kail}T H |7: + ]

= (IR +E[Hﬂfk+1 T 4 Ty H |9fk+1]

—2E [< I{fkn_l + ]I{Ek“il > |7:k+1]
= [RIP + grlIxE P + (1 = gmlleIP - 2 (R4, gmxt™! + (1 - gy

= grlI& = xi P+ (1 = g8 = 1P (A.8)

Using the definition 7 = min; 7r;, we have the inequality (1 — gr;) < (1 — grr). Taking expectation
over all agents and the history yields the bound for E[||x%'!, —7**!||*], which can then be bounded
further using other lemmas to get the final result.

3. Proof of the tracker error bound (A.S):
From the update rule (3.3), we have that y**' — §**! = (W ® I,))(y* — §* ., + v**! — v¥). Note that
y*+! = ¥¥*1. The term ||v**! — v¥||? can be bounded by other quantities. The derivation sketch is as

follows:

E [y = Vbl < BIOW @ Iy = ¥ + V5 = vOIP]
< PB[lly* - W + v = VI
< 20°Blly* = Ve ] +20°E [IV! = VAP

The final result is obtained by further bounding the term E[||v**! — v¥||*] using Assumption 1 and

the results of Proposition 1. O

The recursive inequalities in Proposition 2 form a linear system that can be used to bound the sum
of the error terms. The following proposition formalizes this result.

Proposition 3. Under the conditions of Assumption I, and suppose that p* < 1/3, 1 — Wéj%—l%—p)
qr < 1, and the step-size n satisfies 0 < n < ij. Then the following bound holds:
k
max B[R] < Ry + Y B[I9 )R] . (A9)
setl,.k) 1 —3p? —

where €° is a vector stacking the three error terms, Ry is the initial error, and C.,, is a positive constant
independent of k.
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Proof. Let us define the state vector u; € R? as

E[Ilyz - Vgtacklli]
\ _
ue = (EBlIx" — X0, 1711

k_ gk 2
EfllT" — Xl
From Proposition 2, we can establish the one-step Lyapunov inequality:

C,
wer < Cu + |G [E[IVAEOIP]. (A.10)
cy

where the matrix C € R3? and the coefficients are defined based on the bounds in Proposition 2.
Unrolling the recurrence in (A.10) gives:

k-1 C4
Ui < Chuy + Z c |, [E[IVFEIP]. (A.11)
5s=0 Cé’l/

The proposition holds if we can show that the spectral radius of the matrix C, denoted by o(C), is
strictly less than 1. We will prove that under the given conditions, o(C) < 3p* < 1. We use Lemma 2.
Let us define a positive vector € = [(1/277%), 1, &]", where €; > 0 is a constant chosen as

3p*(gn) + 39(1 = 7)(1 + 1/p)
3p2 —q(1 = R)((3)(1 + 1/p) + 1 + p)’

A

€3

The conditions on the parameters ensure that €5 > 0. We now verify that Ce < 3p”€ holds element-
wise. This requires checking three inequalities derived from the definitions in Proposition 2. For the
chosen step-size n < 77, we can show that:

2
Che +Cpe +Cia < 3p7e,
2
Coie1 + Cyne + C3es < 3p7e,
Cs161 + Cyn6 + Ca363 < 3p2€3.

By Lemma 2, these conditions imply that o(C) < 3p°.

Since the condition p? < 1/3 is assumed, we have o(C) < 3p? < 1. We can now bound the sum in
(A.11). Summing over k and using properties of geometric series, we arrive at the result stated in the
proposition. O

Proposition 4. Under Assumption 1, if the step-size satisfies n < 1/(6L), then we have the following
descent property:

BLAR ] < ELFR)] - 2E[IVAEI]

2L _ 4L i
+ B[ = = lP ] + g B[l - Kl (A.12)
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Proof. Using the update rule **! = x* — nv* and the L-smoothness of f, we have:
L
FE < f&) - (VAR ) + 7||v’“||2
= f&) — VA &P + 7 ||v P = n(VFE), ¥ - VEH)
_ _ _ _ 2

< f&) - JIVFEOIP + TIIV"IIZ + ¢ - v

Taking conditional expectation and plugging in the bounds from Proposition 1:
BLAKDIF < f&) = 2IVAEIP + LB VP17 ] + JB 19" - V&I

< f&) - (’7 2772L) IV AP

2 273

+(3’7L +4'7_L)
n

k_ 2 kg 2
”X _Xstack” + ”T _Xstack” . (A13)

(277L2 8P L3 )

_ + _
n n

Taking full expectation and using the condition L < 1/6, we obtain the result in (A.12). O

Proof of Theorem 1. Summing the inequality in Proposition 4 from s = 1 to k and rearranging, we
get:

W

k 2L k
”Z:; IVF&)IP] < BLFE)] - [f(ik“>1+7;E[||xf—izmkllzl

k
+ % ; [”T - Xstack” ] (A.14)

Using the bound from Proposition 3 on the summed error terms and the fact that f(X**!) > f*, we can
show that:

k
n Cconst 10L —s\112 -1 % 1OLcconstRO
= — — E||IVf&EH)|7| < - —_—. Al
(3 s 9n); [IV/EIF| < F&D = f + 555 (A.15)
Let C be the positive constant in the parentheses on the left-hand side. Dividing by kC gives:
1 ¢ 10LConsiR 1
N EIVIEIP < = [f&) -+ 20 = 0[] A.16
kZl [IV/GIF] < 5 | /&) =1+ 53255 [ = 0% (A.16)

The convergence rates for the consensus and tracker errors follow by substituting this result back
into Proposition 3. The convergence of f(X*) and lim;_.. ||[Vf(X*)]| = O can be established using
Lemma 3. O

Proof of Corollary 1. From the result in (A.16), to find an e-accurate stationary point as defined in
(3.5), we need to find the smallest k such that

1

c | F&") = £ + const| < e. (A.17)
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Solving for k gives k > %[..

. ], which implies an iteration complexity of O(1/€). The gradient and

communication complexities follow by multiplying the iteration complexity by the per-iteration costs.
Specifically, the gradient complexity is the iteration complexity multiplied by the average number of
gradient computations per step, >, (gmm; + 2). O
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