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Abstract: Here we provide an entropic method to invert the Fourier transform of a bounded function
defined on an interval, when the data consists of its sine and cosine transforms, but not necessarily of
consecutive frequencies. The classical direct approach consists in just forming the linear combination
of the trigonometric functions of the given frequencies multiplied by their respective coefficients. The
problem is that this approach does not yield any information about the projection of the function on the
space spanned by the missing frequencies. Our approach consists of regarding the Fourier inversion as
an ill-posed linear inverse problem with box constraints, consisting of finding a function given a few of
its sine and cosine transforms. To solve this problem, we propose a non-linear approach, consisting of
minimizing an entropy function subject to the Fourier data as constraints. This approach provides us
with a solution that has a non-vanishing projection on the space spanned by the Fourier coefficients in
the original data set, from which a better approximation to the unknown function can be recovered. In
addition to obtaining an explicit representation of the solution, we prove that the solution converges to
the unknown function as the number of data points increases. Even though the reconstruction procedure
is non-linear in the data, there is some quasi-linearity in the procedure.

Keywords: Fourier inversion from real data; ill-posed linear problem with convex constraints;
entropy minimization
Mathematics Subject Classification: 45Q05, 65N21, 65R32, 65T50

1. Introduction and preliminaries

Fourier analysis is one of the most widely used methods in signal analysis, allowing the
decomposition of signals into their constituent frequency components. It is used in a wide range
of areas such as signal and image processing, communications, spectral analysis, and the numerical
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solution of partial differential equations [18, 20]. Some references covering a wide range of aspects
are [4, 5, 10, 21, 23].

The application of Fourier analysis is subject to several limitations. The Nyquist criterion must
be satisfied to prevent aliasing, while spectral leakage can appear when dealing with finite signals,
and dependencies between time and frequency resolution influence the analysis of transient signals
[1, 7, 14]. Furthermore, Gibbs artifacts and loss of reconstruction accuracy due to abrupt truncation
or missing frequency components can be observed [6, 14]. Issues related to computational complexity
are also well documented in the literature. For example, the Fast Fourier Transform (FFT) algorithm
decreased complexity from O(n2) to O(n log n), allowing efficient analysis of both periodic and non-
periodic signals [8, 20].

To address these limitations, other representations such as short-time Fourier analysis, filter
banks, and wavelets have been developed to achieve better time-frequency representations [7, 19].
Additionally, the recovery performance for incomplete or noisy data is improved based on the
regularization methods, such as maximum entropy spectral estimation and compressed sensing [1,18].

The classical Fourier inversion has been well studied in classical analysis, see [10, 21]. Given
a function X : [0, 1] → R, the conditions upon which the function can be approximated by the
trigonometric series:

a0 +
√

2
∞∑

n=1

(
an cos(2πns) + bn sin(2πns)

)
,

where

a0 =

∫ 1

0
X(s)ds. an =

√
2
∫ 1

0
cos(2πns)X(s)ds,

bn =
√

2
∫ 1

0
sin(2πns)X(s)ds, n ≥ 1

are quite well understood. Certainly, that is a solution to the problem. Geometrically speaking, the
problem is that this is just the projection of the unknown function on the subspace of L2[0, 1] generated
by {
√

2cos(ωks),
√

2sin(ωks) : k = 1, ...,K}, and no information about the projection of the unknown
function is available from that representation. In applications to image compression, say, it is supposed
that the information at the missing frequencies is not important.

Our aim is to propose an alternative techniques that enhance signal recovery from partial data. For
this, we restate the Fourier inversion problem as an inverse problem (or as a generalized moment
problem), subject to box constraints upon the solution X(s), for which the data (the generalized
moments) are the given Fourier coefficients, but not necessarily at consecutive frequencies.

The entropic approach that we develop below will provide us with a solution that has the given
Fourier coefficients, and has a non-zero projection on the space orthogonal to the one generated by the
vectors {

√
2cos(ωks),

√
2sin(ωks) : k = 1, ...,K}. This is an essential feature of our proposal.

To summarize the nature of previous work on the problem, let us rewrite the problem as consisting
of: determine a vector X in some convex subset K of a Banach or Hilbert space V satisfying:

AX = y X ∈ K , (1.1)

where A : V → RK is a given linear operator, and we suppose that the data vector y is in some
K-dimensional linear space, and to be consistent, it is required of y to be in the range of A.
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Problem (1.1) is a standard ill-posed problem with convex constraints. Historically, there are two
basic types of solutions. One type proposes the following approach: Find X∗ such that

X∗ = argin f {‖X‖2 : X ∈ K ; AX = y}. (1.2)

Instead of using the data as a constraint, the other class of approaches restate the problem as: Find X∗

such that
X∗ = argin f {‖AX − y‖2 : X ∈ K}. (1.3)

Actually, since operator A involves projections on an orthonormal family, (1.3) yields the classical
solution, namely, the minimizer is the linear combination of the data points multiplied by the
corresponding trigonometric functions. A list of references for these approaches is [11, 15, 22] and
for emphasis on regularization [2, 16]. Useful as these approaches are in general, in our current case,
in which A involves an orthogonal projection, the approaches in these references are not very useful.

Distant cousins that use maximum entropy techniques are [9, 13] for mathematical details, [17, 25]
for potential applications, and [24] for the use of entropy in statistics. And for a finite-dimensional,
discrete version of the technique developed below, applied to a problem in decoding see [12].

2. Problem statement

In order to render the Fourier inversion problem into the form (1.1), let us first introduce the class
of functions in which we seek the solution to our problem. Consider, to begin with, two continuous
functions l(s) < u(s) defined on [0, 1]. Put

K = {X : [0, 1]→ R|l(s) ≤ X(s) ≤ u(s)}, (2.1)

for the class of measurable functions whose transform we are interested in. Let us introduce the
following vector-valued transforms. Let C : K → RK1 and S : K → RK2 be defined by

CX(k) ≡ φ1(k) =
√

2
∫ 1

0
cos(ωk(1))s)X(s)ds,

ω1(1) < ω2(1) < · · · < ωK1(1).
(2.2)

SX(k) ≡ φ2(k) =
√

2
∫ 1

0
sin(ωk(2)s)X(s)ds,

ω1(2) < ω2(2) < · · · < ωK2(2).
(2.3)

The simplest, most common case, would beω1(1) = 0 andωk−1(1) = ωk(2) for k = 2, ...,K2 = K1−1.
For k1(1) = 0, the factor

√
2 does not appear.

Let us set K = K1 + K2. Let us now introduce the symbols

A =

(
C
S

)
, y =

(
φ1

φ2

)
. (2.4)

Here A = (C,S) is the K × 1 column vector of functions:

Ct =
√

2
(
cos(ω1(1)s), ..., cos(ωK1(1)s),
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St =
√

2
(
sin(ω1(2)s), ..., sin(ωK2(2)s)

)
,

or of you prefer a K ×∞ matrix. It acts row wise on functions X(s) the obvious way

AX =

∫ 1

0
A(s)X(s)ds =

∫ 1

0

(
C
S

)
X(s)ds, (2.5)

when it acts on a function X(s) (or on a ∞ × 1 vector), it produces a K × 1 vector whose components
are given by (2.2) and (2.3).

With these notations, our problem consists of

Find X ∈ K such that AX = y. (2.6)

Having established the necessary notations, instead of the customary methods mentioned in (1.2)
and (1.3), we will define a strong convex function Ψ on K and consider the following constrained
minimization problems: Find X∗ ∈ K such that

X∗ = argin f {Ψ(X)|AX − y}. (2.7)

Note that from a general perspective of view, the standard square-norm minimization in (1.3) is just
another version of the same technique. As mentioned above, (1.3) yields the classical solution, which
is orthogonal to the space generated by the remaining trigonometric functions functions that are not
included in the data set. In contrast, proposal in (2.6) yields a solution not orthogonal to the remaining
trigonometric functions. This property is exploited to improve the reconstruction of the function below.

At this point, we outline the remainder of this paper. In Section 3, we describe the objective function
that we minimize as an alternative to the traditional approach. That function is similar to the entropy
of the Fermi-Dirac type.

Next, we establish the properties of the Bregman divergence derived from the objective function.
These will allow us to prove that as the amount of data increases, the solutions tend to the true solution
of the problem. This is an analogue of the classical speed of convergence property.

In Section 4, we show how to represent the solution explicitly in terms of the Lagrange multipliers
that come up in the variational problem. The procedure is vaguely reminiscent of the method of
maximum entropy in the mean. See [9, 13] for details. However, it differs from these approaches
in several essential ways. The essential difference is that the algebraic problem does not have to be
transformed into a problem consisting of determining an auxiliary probability estimation problem,
which is solved by the usual method of maximum entropy. In our approach, the entropy is defined
directly on the space of solutions

In Section 5, we prove that as the size of the data increases, the solutions tend to the unknown
function. We use the results in Section 3 to prove that convergence in the Fermi-Dirac entropy implies
convergence in the L1[0, 1] norm as the amount of data increases. The numerical experiments are
carried out in Section 6, including a quasi-linearity in the Bregman divergence test. We close with a
few remarks in Section 7.

3. The properties of the objective function

Let us begin by collecting the basic properties of the entropy-like function Ψ(X). The class K
introduced above can be regarded as a convex set in Banach space B of all bounded functions on [a, b].
Define Ψ(X) : K → R as follows:
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Ψ(X) =

∫ 1

0

[( X(s) − l(s)
(u(s) − l(s)

)
ln

(X(s) − l(s)
u(s) − l(s)

)
+

(u(s) − X(s)
u(s) − l(s)

)
ln

(u(s) − X(s)
u(s) − l(s)

)]
ds. (3.1)

The following properties drop out from the similar properties for the one-variable function:

ψ(x) =
x − l
u − l

ln
x − l
u − l

+
u − x
u − l

ln
u − x
u − l

defined on the interval [l, u]. Note that we can interpret p = (x− l)/(u− l) as the probability of choosing
a point at random from [l, u], therefore ψ(x) = p ln p + (1− p) ln(1− p) can be thought of as the entropy
of a binary random variable.

Theorem 3.1. The function Ψ(X) is strongly convex, infinitely differentiable, with Frechet derivative

δΨ

δX
(s) =

1
u(s) − l(s)

ln
( X(s) − l(s)
b(s) − X(s)

)
. (3.2)

Furthermore, let τ(s) : [a, b]→ R be (for the time being) a measurable function. Then the equation

δΨ

δX
(s) = τ(s)

is invertible, with inverse

X(s) =

(
δΨ

δX

)−1(
τ(s)

)
=

l(s)el(s)τ(s) + u(s)eu(s)τ(s)

el(s)τ(s) + eu(s)τ(s) . (3.3)

For the optimization part, it will prove convenient to know that the Lagrange -Fenchel conjugate
(dual) of Ψ, can be explicitly calculated. Let τ(s) : [a, b] → R be an integrable function. Then, the
Lagrange-Fenchel dual M(τ) of Ψ is defined by

M(τ) =

∫ 1

0
ln

(
el(s)τ(s) + eu(s)τ(s)

)
ds. (3.4)

We have

Theorem 3.2. The function M(τ) is strongly convex in τ, infinitely differentiable, and

δM
δτ

(s) =
l(s)el(s)τ(s) + u(s)eu(s)τ(s)

el(s)τ(s) + eu(s)τ(s) =

(
δΨ

δX

)−1(
τ(s)

)
. (3.5)

That is δΨ
δX and δM

δτ
are compositional inverses of each other.

For this and for details about Bregman divergences mentioned next, the reader may consult Borwein
and Lewis [3].

Definition 3.1. Let X,Y ∈ K , and let Ψ(X) be defined as in (3.1). The Ψ-Bregman divergence DΨ(X,Y)
between X and Y is defined by

DΨ(X,Y) = Ψ(X) − Ψ(Y) −
∫ 1

0

(
X(s) − Y(s)

)δΨ
δY

(s)ds. (3.6)
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Again, a computation based on the one-variable case yields:

DΨ(X,Y) =

∫ 1

0

(X(s) − l(s)
u(s) − l(s)

ln
X(s) − l(s)
Y(s) − l(s)

+
u(s) − X(s)
u(s) − l(s)

ln
u(s) − X(s)
u(s) − Y(s)

)
ds. (3.7)

Below, we make use of

Theorem 3.3. Let X,Y ∈ K , and DΨ(X,Y) as in (3.6). Then

DΨ(X,Y) ≥ 0. and DΨ(X,Y) = 0 ⇔ X = Y. (3.8)
DΨ(X,Y) ≥ C‖X − Y‖21. (3.9)

Here ‖X − Y‖1 is the L1-norm of X − Y, and c is a positive constant which is specified below.

Proof. Consider the convex function
ψ(x) : [l, u]→ R :

ψ(x) =
x − l
u − l

ln
x − l
u − l

+
u − x
u − l

ln
u − x
u − l

.

The following identity holds for any twice continuously differentiable function, and any x, y ∈ [l, u]:

φ(x) − φ(y) − (x − y)φ′(y) =

∫ x

y
(x − t)φ′′(t)dt.

Note that the left-hand side gives rise to DΨ when x, y are replaced by x(s),Y(s), and integrated over
[a, b]. Since φ′′(t) ≥ 0 due to the convexity of φ, assertion (3.8) is clear. Observe that

φ′′(t) = 1/(t − l)(u − t) ≥ 4/(u − l)2.

Inserting in the identity two lines above, we obtain∫ x

y
(x − t)φ′′(t)dt ≥

∫ x

y

x − t
(u − l)2 dt =

2
(u − l)2 (x − y)2.

Now, replace, respectively, x, y, φ′(t) by X(s),Y(s), δΨ
δY (s) and u, l by u(s), l(s) and integrate over s ∈

[a, b] to obtain

DΨ(X,Y) ≥ 2
∫ 1

0

(
X(s) − Y(s)

)2(
u(s) − l(s)

)2 ds ≥
2
B2

∫ 1

0

(
X(s) − Y(s)

)2ds. (3.10)

Here we introduced
(u(s) − l(s)) ≤ B ≡ sup(u(s) − b(s)).

Now invoke Cauchy-Schwartz inequality to obtain∫ 1

0

(
X(s) − Y(s)

)2ds ≥
( ∫ 1

0
|X(s) − Y(s)|ds

)2
= ‖X − Y |21. (3.11)

This is (3.9) after identifying c = 2/B2. �
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4. The entropic solution of the inverse problem

We have already put in place all the ingredients to invert the Fourier transform from partial data,
that is, to solve (2.6), that is

Find X ∈ K such that AX = y.
Instead of the square norm minimization approaches like (1.2) and (1.3), we propose the following
variational approach:

Find X∗ = argin f {Ψ(X)|X ∈ K ; AX = y}. (4.1)

To take care of the constraints, we introduce the auxiliary Lagrangian function:

L(X, λ) : K × RK → R

defined as follows:
L(X, λ) = Ψ(X) − 〈λ,

(
AX − y

)
〉. (4.2)

This function is strongly convex, differentiable in X, and linear (thus convex and concave) in λ. Thus,
we consider the following optimization problem: Find (X∗, λ∗) at which

sup
λ

inf
X
{L(X, λ)|(X, λ) : K × RK → R} (4.3)

is achieved. We begin by establishing the first-order conditions for (X∗, λ∗) to be a minimizer. Since
X is a composite variable, we actually have a composite system of equations to solve. With an eye on
(3.2), we have

δL

δX
(s) =

δΨ

δX
(s) =

1
u(s) − l(s)

ln
( X∗(s) − l(s)
u(s) − X∗(s)

)
= Atλ∗(s). (4.4)

∂L

∂λ j
=

(
AX∗) j − y j = 0. (4.5)

Once the Lagrange multiplier λ∗ the first two equations in the system yield (recall (3.3):

X∗(s) =
l(s)el(s)Atλ∗(s) + u(s)eu(s)Atλ∗(s)

el(s)Atλ∗(s) + eu(s)Atλ∗(s)
. (4.6)

Here, we stress that Atλ∗(s) is a linear combination of functions evaluated at s ∈ [a, b]. To determine
λ∗ let us go back to (4.3). Notice that

sup
λ

inf
X
{L(X, λ)|(X, λ) :K×RK→R}}=sup

λ
{〈λ, y〉−sup

X
{〈Atλ, X〉−Ψ(X)}}

= sup
λ
{〈λ, y〉−M(Atλ)}−inf

λ
{M(Atλ)−〈λ, y〉}.

Observe that
〈Atλ, X〉 − Ψ(X) = 〈Atλ, X〉 − Ψ(X).

Taking the sup, we obtain the quantity M(Atλ), after the obvious identifications.
In order to complete the solution process, we need to minimize Σ(λ, y) = Me(Atλ) − 〈λ, y〉 over

λ ∈ RK .Depending on the minimization software used, it may prove convenient to have the components
of the gradient of that convex function. of the gradient. Below we denote by A,0(s) the i-th entry of the
matrix A0:

∂Σ

∂λi
=

∫ 1

0
Ai(s)

l(s)el(s)Atλ(s) + u(s)eu(s)Atλ(s)

el(s)Atλ(s) + eu(s)At
0λ(s)

ds − yi. (4.7)
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5. Dependence of the solution on the size of the data set

To make the analysis simpler, we suppose that we have an increasing collection of sets of labels
JK = {n1 < n2 < ... < nK} such that {0} ∪

⋃
K≥1JK = N. In this case, according to (2.2) and (2.3), the

size N of the data sets consists of K-sine transforms at the frequencies ωk = 2πnk/(b − a), while the
K + 1-cosine transforms also include the transform at ω0 = 0.

Regarding the notations introduced in (2.4), we denote, respectively, by AN
0 , AN and yN , the matrices

denoting the transform at the frequencies specified in JK (with N = 2K + 1), and respectively, the
augmented matrix and the data point. With this notational convention, it is clear that for M > N, the
matrix AN

0 is a sub-matrix of AM
0 , and similarly for the other objects.

Also, for N < M let XN and XM be the respective solutions to (4.3) satisfying AN XN = yN ,

respectively, by AMXM = yM. By our notational assumptions, we also have AN XM = yN . That is
the solution to the problem with a larger number of constraints satisfies the same constraints as the
solution with a subset of the same constraints. According to (3.6) and (4.4), when M > N, we have

DΨ(XM, XN) = Ψ(XN) − Ψ(XN) −
∫ 1

0
〈
(
XM(s) − XN(s)

)
,
δΨ

δX
(s)〉ds. (5.1)

Making use of (4.4) and the consistency condition, we obtain∫ 1

0
〈
(
XM(s) − XN(s)

)
AtλN〉ds =

∫ 1

0
〈AN(

XM(s) − XN(s)
)
, λN〉ds = 0. (5.2)

That is

DΨ(XM, XN) = Ψ(XN) − Ψ(XN) ≥ 0. (5.3)

By Xt being a true signal that it is a function Xt : [a, b] → K , such that for every N it satisfies
AN Xt = yN . Thus, if Xt is a true signal, then for every N ≥ 1, the same reasoning as above yields:

DΨ(Xt, XN) = Ψ(Xt) − Ψ(XN) ≥ 0. (5.4)

These remarks add up to the proof of the following statement.

Theorem 5.1. For any N let AN and Xt be as introduced above. Let yN = AN Xt be the observed data,
and XN be the solution to problem (4.3); therefore, AN XN = yN holds true. Suppose that for N < M
the consistency assumptions stated above hold. Then (5.3) and (5.4) are satisfied, and in particular
XN → Xt in L1.

Proof. Since the function ψ(x) = x ln x + (1 − x) ln(1 − x) is bounded, above by 0 and below by −1/2,
then for any X the function Ψ(X) is bounded. Since Ψ(XN) increases, it must have a limit. Then the
sequence is Cauchy and invoking (3.9), the sequence is Cauchy. If X∞ denotes its limit in L1[a, b]), by
continuity we have AN X∞ = yN for any N. That is X∞ is a solution to the Fourier inversion problem.
From the uniqueness of the Fourier inversion problem, we obtain that Xt = X∞ almost surely in [a, b].

�
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6. Numerical experiments

In this section, we carry out two types of exercise. First, a reconstruction of a function from
consecutive Fourier coefficients. We compare the simple, classical Fourier reconstruction given by

Xc(s) =

N∑
k=0

φ1(k)
√

2cos(ωks) +

N∑
k=1

φ2(k)
√

2sin(ωks) s ∈ [0, 1]. (6.1)

Next, we apply the entropic procedure to obtain X∗N(s), and we plot it along with Xt(s) and Xc(s).
After that, we consider the case in which the Fourier coefficients are not consecutive. The

underlying idea is to see whether the entropic reconstruction, being non-linear, can provide
supplementary information about the missing coefficients.

As test cases, we use three periodic functions on [0, 1]. First, a 3rd-degree polynomial with
continuous periodic derivative, a continuous function, not differentiable at 0 and 1, and a discontinuous
bump function to test the Gibbs phenomenon at the discontinuity. We refer to them as the “true” (but
unknown) function in each case and denote it by Xt(s). Their Fourier coefficients can be computed
exactly, and we assume that they are the data in each of the cases.

The true polynomial function is

Xtrue(s) = s − 3s2 + 2x3. (6.2)

Its Fourier coefficients are

φn(1) = 0 n ≥ 1. (6.3)

φn(2) =
3
√

2
2(π)3n3 , n ≥ 1. (6.4)

As an example of a periodic, continuous function with discontinuous derivatives, we consider

Xtrue(s) = cosh(t − 1/2) − (e1/2 − e−1/2),

φn(1) =
√

2(e1/2 − e−1/2)
1

1 + (2πn)2 .
(6.5)

The corresponding Fourier coefficients for n ≥ 1 are

φn(1) =
√

2(e1/2 − e−1/2)
1

1 + (2πn)2 . (6.6)

φn(2) = 0. (6.7)

To finish, we consider a periodic discontinuous bump function.

Xtrue(s) =


−1

2 , 0 ≤ s < 1
4 ,

1
2 ,

1
4 < s < 3

4 ,

−1
2 ,

3
4 < s ≤ 1.

(6.8)

The corresponding Fourier coefficients are

φn(1) =

√
2

4πn
(
cos(πn) − 1

)
sin(

nπ
4

), n ≥ 1. (6.9)

φn(2) = 0, n ≥ 1. (6.10)

In all examples, the zero-frequency coefficient φ0(1) = 0. That is why it is not listed in any of the cases.
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6.1. Simple test example

Here we carry on a comparison between the classical reconstruction and the entropic procedure.
For that, we consider the first 20 consecutive Fourier coefficients of the true function. With these,
we compute both the classical reconstruction Xc using (6.1) and the entropic X∗20 using the results in
Section 3. The results are plotted in Figure 1(a)–(c).

(a) Smooth case (b) Continuous case (c) Discontinuous case

Figure 1. Comparison of approaches in three cases.

The ordering of the plots is the same as the labeling of the cases. We see that in all three
examples, the reconstruction looks quite similar. To go beyond the visual appearance, in Table 1, we
collect the L1[0, 1] distances between the true and the classical and between the true and the entropic
reconstructions from the first 20 Fourier coefficients. As we have an analytical representation for
the three solutions, the distances are computed using a numerical integrator. In these examples, the
entropic solution is slightly closer to the true solution than the classical.

Table 1. Comparison of L2-distances.

Case 1 Case 2 Case 3
Classical 0.0093733 0.009373342 0.1184565
Entropic 0.0092356 0.00923568 0.1183498

6.2. Linearity test

One important feature of the Fourier transform is its linearity. Even though the entropic procedure is
non-linear, using the properties (3.8) and (3.9), we can prove that approximate linearity holds. We shall
prove that the sum of two entropic solutions is close in Bregman divergence to the signal reconstructed
from the sum of the two data sets.

To make the statements above explicit, let ξ and η denote two sets of Fourier coefficients and let
ζ = ξ + η denote their sum. There is no loss of generality in assuming that they are of the same length.
Let Xc Yc, and Zc denote the classical solutions that they determine. Then Zc = Xc + Yc. If we denote
by X∗1, Y∗10, and Z∗10 the corresponding entropic solutions, then there is a priori no reason to expect that
Z∗10 = X10∗ + Y8

10.

At this point, the divergence induced by the entropy Ψ provides a partial rescue. We know from
(3.9) that
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DΨ(X∗10 + Y10∗ ,Z∗10) ≥ C‖X∗10 + Y∗10 − Z∗10‖
2
1.

On the other hand, an argument similar to that used in (5.3) and (5.4) shows that

DΨ(X∗10 + Y∗10,Z
∗
10) = Ψ(X∗10 + Y∗10) − Ψ(Z∗10) ≥ 0.

Using these facts, we obtain a notion of epsilon-quasilinearity that goes as follows:

Theorem 6.1. Let ξ and η be the Fourier coefficients of unknown signals, and let ζ = ξ + η. Denote
respectively by X∗10, Y∗10 and Z∗10 the entropic solutions that these coefficients determine. If for some
ε > 0 we have ε ≥ DΨ(X∗10 + Y∗10,Z

∗
10). Then ‖X∗10 + Y∗10 − Z∗10‖1 ≤ (ε/C)1/2.

To exemplify that result, we generated three data vectors as follows. First, we generate four
sets of 10 random numbers uniformly in [−1, 1], and call them uk : k = 1, ..., 10. Then form
uk/k : k=1, ..., 10 to mimic the beginning of a sequence that converges to `2 if continued indefinitely.
Put these together as two vectors of 20 components ξ = (ξ(1), ξ(2)) and η = (η(2), η(2)) and form the
two classical Fourier reconstructions:

Xc(s) =

10∑
k=1

(√
2ξk(1) cos(2πk) +

√
2ξk(2) sin(2πk)

)
,

Yc(s) =

10∑
k=1

(√
2ηk(1) cos(2πk) +

√
2ηk(2) sin(2πk)

)
.

Combine these two into Zc(s) = Xc(s) + Yc(s), which is the Fourier reconstruction from the aggregate
data ζ = ξ + η.

Next, we run the entropic procedure to recover the corresponding entropic reconstructions X10(s),
Y10(s), and Z10(s). To see how much each of the latter resemble its classical counterpart, we plot each
pair of them in Figure 2.

Keep in mind that Xc, Yc and Zc are the true signals, determined by the 10 sine and cosine
trigonometric polynomials. Certainly, there is a resemblance. To quantify the approximation error,
we compute the L1 distance between the curves in the three plots using the exact analytic formula for
each in a numerical integrator. The results are shown in Table 2.

(a) Xc and X10 (b) Yc and Y10 (c) Zc and Z10

Figure 2. Evidence of quasi-linearity of the entropic procedure.
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Table 2. L1 distance between the signal and the entropic reconstructions.

d(Xc, X∗10) 0.814349
d(Yc,Y∗10) 0.9598621
d(Zc,Z∗10) 1.279874

Not only is the result consistent with the triangle inequality, but to test it, we graph X∗10 + Y∗10 and
Z∗10 in the same plot. It is displayed in Figure 3. The result is in agreement with the theoretical
considerations in Section 6.2. We can confidently assert that there is some quasi-linearity in the
entropic procedure.

Figure 3. Plot of X∗10 + Y∗10 and Z∗10.

In this example, the trigonometric polynomial is the actual signal, so even though the reconstruction
is not very accurate, there is some form of quasi-linearity. Notice that the L1 distance between X∗10 +Y∗10
and Z∗10 is 0.2239598.

6.3. The ghost in the reconstructed signal

Here we explore the issue that we mentioned above, caused by the non-linearity of the procedure.
Namely, the entropic solution is not perpendicular to the space spanned by the data. It is perhaps
analogous to the phenomenon called “ghosts in tomography”. We mentioned above that the entropic
procedure may yield information not present in the data. The example considered in the previous
section is tailor made to illustrate the issue. Consider the data vector ξ = (ξ(1), ξ(2)) used in the
previous section. And consider the classical solution Xc(s) and the entropic solution X∗10(s) that has ξ
as data. Now, determine the first 40 coefficients of the entropic solution.

φn(1) =
√

2
∫ 1

0
X∗10(s)cos(2πns)ds, ; n = 1, 2, ..., 20.

φn(2) =
√

2
∫ 1

0
X∗10(s)sin(2πns)ds, ; n = 1, 2, ..., 20.
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The first half of these will coincide with those of the vector ξ, but the second half are coefficients of
the part of X∗10 orthogonal to the span of the first 10 sine and cosine functions. Now define

Xg(s) =

20∑
n=1

(√
2φk(1) cos(2πn) +

√
2φn(2) sin(2πn)

)
.

Observe that the first half of the sum coincides with Xc(s) because its coefficients coincide with
those of X∗10(s), and observe that the second half is the ghost created by the entropic method. The
energies in each part is

•
∑10

n=1
(
(φn(1))2 + (φn(2))2) = 1.149793717569.

•
∑20

n=11
(
(φn(1))2 + (φn(2))2) = 0.001461941170.

•
∑0

n=1
(
(φn(1))2 + (φn(2))2) = 1.151255658740.

That is the ghost is energetic, but not so much. To finish we display the graphs of Xc(s) and Xalt(s)
in one single plot. Their difference is the “ghost” reconstruction. The plot of the original Xc(s) along
with that of its ghost is displayed in Figure 4

Figure 4. Plot of Xc(s) (red) and Xg(s)(blue).

So, while the method can obtain part of the solution perpendicular to the original data, it can create
non-existing data. A part that is in the kernel of the mapping A introduced above, in (2.5).

7. Final remarks

To sum up. Above, we considered the problem of determining a continuous function on a bounded
interval based on the knowledge of a few, not necessarily consecutive values of its sine or cosine
transforms, which can be regarded as a generalized moment problem. As such it is an ill-posed
problem. The boundedness of the function imposes box constraints upon the solution. The entropic
procedure that we considered, naturally accounts for these constraints.

Besides solving the linear problem consisting of finding a function from the knowledge of a few
of its sine and cosine coefficients, the entropic solution is non-orthogonal to the space of spanned
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by the other trigonometric polynomials. This is compensates for the lack of linearity in the entropic
procedure.

From the point of view of inverse problem theory, the problem that we considered is part of a large
class of linear ill-posed inverse problems consisting of determining a continuous function X : [0, 1]→
R when the data consists of

φk =

∫ 1

0
K(tk, x)X(x)dx, k = 1, ....,M.

Here, to keep it simple, K(t, x) : [01] × [0, 1]→ R is a continuous kernel and {t1, ..., tM} is a collection
of distinct points in [0, 1]. The technique that we developed above, applies to this case, as well as to
the problem of reconstructing a function from its projection onto a basis in a given Hilbert space. For
example, the φ′s might be the projection of X on a family of non-necessarily orthogonal functions,
like, for example, a given collection of polynomials.

An important aspect of the entropic solution, is that the solutions obtained from partial data will
converge to the true solution as the number of data points increases. For example, as the set of points
{t1, ..., tM} increases to a dense set, and the kernel defines a one-to-one-mapping.
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Appendix. Notational details

The matrix A is a 2K × 1 (a column matrix) whose entries are functions.

A =
√

2



cos(ω1s)
cos(ω2s)

...,

cos(ωK s)
sin(ω1s)
sin(ω1s)

...,

sin(ωK s)


.

The quantity Atλ is

Atλ(s) =
√

2
K∑

k=1

λk cos(ωks) +
√

2
K∑

i=1

λK+1k sin(ωks).

Hey, notice that there are 2K constraints, so λ is a 2K-vector, and so the labels in the second sum start
at K + 1.

The explicit formula for Σ(λ, y)M(Atλ) − 〈λ, y〉 needs

M(Atλ) =

∫ 1

0
ln

(
el(s)Atλ(s) + eu(s)Atλ(s)

)
ds.

The ith component of the gradient of Σ(λ, y).

∂Σ

∂λi
=

∫ 1

0
Ai(s)

l(s)el(s)Atλ(s) + u(s)eu(s)Atλ(s)

el(s)Atλ(s) + eu(s)At
0λ(s)

− yi.

Here Ai(s) denotes the ith component (i = 1, 2, ...,K) of the vector displayed at the beginning.
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