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Abstract: In [T. Boros, P. Rozsa, Linear Algebra Appl., 421 (2007), 407—416.], the authors showed
that for the Sylvester—Kac matrix of odd order, 2n + 1 (n > 0), n of the squared singular values were
integers. We present a variation of this matrix for which analogous results are obtained in both the
odd- and even-order cases, and we derive explicit formulae for computing the corresponding squared
singular values. In the even-order case, we also obtain an explicit form for the determinant. Owing to
its simple matrix with a subset of easily calculated singular values makes this matrix a useful test case
for numerical software for computing singular values. In addition, report several interesting empirical
results regarding the singular values of this variant which we obtained using Maple high precision
floating-point arithmetic.

Keywords: Sylvester—Kac matrix; singular values; generating function; fuchsian differential
equation; indicial equation; eigenvectors
Mathematics Subject Classification: 05A15, 15A18, 15B36

1. Introduction

Tridiagonal matrices have been used in many different fields, from engineering and economics to
mathematics itself. They arise naturally in system analysis and identification, signal processing, special
functions, partial differential equations, and linear algebra (for more details, see [1-4]). Many authors
consider certain special cases of tridiagonal matrices which allow associated quantities (for example,
spectra, eigenvectors, various factorizations, determinants, inverses, etc.) to be obtained as simple
closed forms or with specific qualities (for example, integer values). Such results can, in turn, provide
valuable insight into how these approaches may be extended to more complex problems.
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The Sylvester matrix of order n + 1 is the tridiagonal matrix, A,, with {a;};.; =0 and a;;11 =
An-ivon-iv1 =L, fori=1,2,...,n,1e.,

The Sylvester matrix A,, also known as the Clement or Sylvester—Kac matrix, was first defined
by the British mathematician James Joseph Sylvester in his short communication [5], where he
conjectured that the determinant of its characteristic matrix A, (x) was

det A, (x) = l_l(x +n—2k). (1.1)

k=0

This was later proved by both Mazza (see [6, pp. 442]) and, later, by Kac [7], who used generating
functions for his proof and also obtained the components of the eigenvectors via polynomial identities.
Results concerning the eigenspectrum have been derived, independently rediscovered, and extended
by various authors via different approaches [8—10].

Boros and Rézsa [11] showed that, if n = 2p , where p is a non-negative integer, and {¢y}
the singular values of A, then the (p + 1) values

#+! denote

¢r =+ 1) = Qk+1)°

are integers for 0 < k < p. There was no report of a similar result for odd n.

Recently, there has been a revival of interest in the Sylvester—Kac or Clement matrix. While some
authors defined certain generalizations of the Sylvester matrix, others considered various analogues of
the Sylvester matrix. From these, they then derived various interesting properties such as spectrum,
eigenvectors, etc. (for details, we refer to [12—14] and the references therein).

In [15], Chu defined the tridiagonal matrix of order m + 1 by

Qu(x,¥) = [1(x,7))

. . b
0<i,j<m

where x and y are two free variables, and

x+2yj, i—j=0,
m—j, i-j=1,
Js j_i:L
0, i—jl> 1.

Qoi,j(x’ y) =

He then showed that the eigenvalues of ,,(x, y) were explicitly given by
n+o6
k=—n"

Pounes(x,y) = (A 1= x+ 2n +8)y + (2k = 6) 1 +)?)

where we write m = ¢ + 2n with 6 = 0, 1 depending upon the parity of m.
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Recently, Fonseca and Kili¢ [14] introduced a new variant of the Sylvester—Kac matrix, G,(x), of
order n + 1 and defined as

X n
n+3 X n—1
4
G, (x) = e , . (1.2)
2n+ 1 X 1
2n+2 x

They determined its spectrum, A(G,(x)), as
AGop (X)) = {x£2(2k = D)., and AGa, (X)) = {x £ 4k}, .

In the rest of this article, we denote the matrix G, (0) by G, and we derive explicit formulae for subsets
of the singular values of G, for both n even and n odd.
Our main results are contained in the following two theorems:

Theorem 1.1. (Even Parity Case) For even n = 2m, the singular values {¢p}}", of G, are given by
¢35, = 8 (m(2m + 3) — k(2k + 3)). (1.3)

Theorem 1.2. (Odd Parity Case) For odd n = 2m + 1, the singular values, {¢pu.1}]", of G, are given
by
gb%kﬂ =8((m+1)2m+3)—(k+ 1)2k+1)). (1.4)

Now, we can compare the formulae of singular values of the usual Sylvester—Kac matrix Ay, and
its variant G,,. We can see that while the Sylvester-Kac matrix A,, has the following (n+1) singular

values
¢r = (n+1)* — 2k + 1)?

for k = 0, ...,n, we have seen that the variant matrix G,, has the following singular values
gbi =8(n2n + 3) — k(2k + 3))

fork=0,...,n.

Tables 1 and 2 show the values of {¢x};_, for G, for n = 0,2,4,6,8, and G, forn = 1,3,5,7
respectively as computed by the Maple procedure, LinearAlgebra::SingularValues. The subsets of the
integer values predicted by Theorems 1.1 and 1.2 are boxed, and all these values are divisible by 8.
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Table 1. The squared singular values of G, for the first few even values of n.

no o1 ¢ ¢ ¢ 5 % ¢ ¢

0 0

2 40 26 0

4 112 99.55 72 40.45 0

6 216 204.62 176 145.32 104 56.07 0

8 352 341.39 312 282.30 240 192.30 136 72.01 0
Table 2. The squared singular values of G, for the first few odd values of n.

n ¢ ¢ ¢ 2 ¢ ¢ %% ¢

1 16 1

3 72 58.85 32 0.15

5 160 148.13 120 88.856 48 0.017

7 280 269.03 240 209.81 168 120.16 64 0.0016

In Figure 1 we show, on the left, the singular values whose squares are integers and, on the right,
we display all the squared singular values of Gs,. The left-hand graph is the quadratic polynomial

*(x) = 8(1326 — 3x — 2x%)

returned from the Maple procedure CurveFitting::PolynomialFit as an exact fit (i.e., it is an
interpolating polynomial) to the points {(k, $»)};>, Where {¢,*};° , are the integer subset of the squared
singular values computed by the Maple procedure LinearAlgebra::SingularValues.
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Figure 1. The left-hand plot shows just the integer values of ¢l.2 for Gso. The right-hand plot
displays all the values and illustrates the apparent interlacing of the integer and non-integer

squared singular values.

We note that the non-integer ¢* values appear to interlace the integer values. To study this

observation further, we utilized Maple to compute the squared singular values of G, n =
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using integer input and exact arithmetic. This allowed us to isolate the integer subset of values, and
we then used high-precision floating-point arithmetic (500 decimal digits) to compute the non-integer
values. For all orders, the results exhibited the following interlacing properties:

1) For odd values of n:
ipi > fpiNipi < fpir1, i=1,...,(n=1)/2,
and
IDinr1)2 > fPwe1)2-
2) For even values of n:
ipi < fpi Nipi > fpi, i=1,...,n/2,

where ip and fp are vectors containing the integer and floating point values, respectively, sorted in
ascending order. However, we have been unable to prove this property.

In addition, we have noticed that, for increasing values of n, the smallest non-integer values of {gb,%}
(computed with Maple’s high precision arithmetic using 100 decimal digits) became closer to integer
values. For example, for Gs; the two smallest non-integer ¢* values are 8 x 107> and 824 + 4 x 10726
and for G, the smallest value is 112 + 0.1 x 1073*.

Our variant matrix, G,(0), has several features that make it useful as a test matrix, for example,
testing the accuracy of numerical procedures for computing singular values using floating-point
arithmetic. First, the integer elements of G,(0) can be stored exactly as floating-point numbers
for a wide range of values, n; this means that the initial data defining the matrix are free from
any representational errors. Second, with a little care, the singular values, {¢}]",, as defined in
Theorems 1.1 and 1.2 can be computed with minimal effects of rounding errors, thus providing very
accurate comparison values.

In the proofs of both theorems, we use the following relationship between the eigenvalues of the
matrix XTX and the singular values of the matrix X, where X is a real (n X p) matrix with n > p that
states [16, p. 205]:

The eigenvalues and eigenvectors of the matrix X' X are the squares of the singular values
and the right singular vectors of X respectively. In addition, when n > p the matrix XX has
n-p additional zero eigenvalues.

In Section 2, we prove the even parity case (Theorem 1.1) closely following the method used in [11].
We consider the odd parity case (Theorem 1.2) in Section 3. Here, we show that the subsets of the
squared singular values in which we are interested are simply related to the eigenvalues of a particular
matrix whose spectrum may be determined by a recurrence technique.

To simplify the proofs of Theorems 1.1 and 1.2, in the following sections, we have changed the
indexing of the integer squared singular values from {¢x};", to {¢:};",. The earlier definition was
useful for illustrating the interlacing of the values given in Tables 1 and 2.

2. The even parity case

For the case G,, with the integer m, we follow the approach used in [11, Sections 3-5]. This
consists of three steps:

AIMS Mathematics Volume 11, Issue 2, 4068—4081.



4073

1) Use a permutation matrix to transform G,,, into an anti-diagonal block matrix. Thence, we may
transform the problem of determining the integer-squared singular values of G,,, denoted by
{¢7}" |, into the problem of determining the eigenvalues of an order m + 1 matrix, which are
known to be {¢7}”, and zero.

2) Derive a homogeneous differential equation of second order, known as the Fuchsian equation,
using a generating function method. A solution of this equation in the form of a nonzero
polynomial may then be obtained by judicious choice of the available free parameter.

3) Generate a solution to the Fuchsian equation, in the form of a Frobenius series, to allow us to

derive the required eigenvalues, {¢l.2};’i -

Step 1:

We use the permutation matrix of order n + 1 = 2m + 1 defined by
My =lerezes...ep1ee4...¢,,

where ¢, is the j” column of 1,4, the unit matrix of order n + 1.

We then have
0
M7, G,y = [%% ] , @.1)

where the elements of Q of order (m + 1) X m and S of order m X (m + 1) are given by

n—21-1) i=j, 1<i<m,
qij = n+2i j=i—-1, 2<i<m+]1, 2.2)
0, Otherwise.
n+1+2i i= l<i<m,
sij=yn+1=-2i j=i+1, 1<i<m, 2.3)
0, Otherwise.
For example, if n = 6, then for the matrix G¢, we have the permutation matrix Il; =

[e1, €3, €5, €7, €2, €4, €6], and so I Gel1; as shown

, IEGyTT; =

=
|
S OO OO o~
S O O O = O O
S o= O O OO
— O O O O o O
S O OO O~ O
S oo~ O OO
SO — O O O OO
S WL OO oo
hn W o oo oo
—_ O O O O O O
S OO OO DD
S oo o~ h~O
S OO OO
Il

—

\ o

=N W)

—

SO = O OO 0o

We are interested in the singular values of Q. If these are denoted by {¢?}",, then the eigenvalues

of R = QTQ, where R is a square matrix of order m + 1, are {¢f};’; , and zero. Since the matrix R has a

zero eigenvalue, R = Q' Q and considering the relation (2.1), we may assert that

det G,, = detR = 0.
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From (2.2), we obtain a tridiagonal matrix R defined by
(m—i+ 1’ +m+i)y, if2<i=j<m+1,
Rj=4x{ m—i+)(m+i+1), if j=i+1, (2.4)

m—-i+2)(m+1i), ifi=j+1,

with R;, = 4m? and this has the form

m? m(m + 2)
m(m + 2) (m—1)>+ (m+2)> (m—1)(m+ 3)
R=4
4m 4m* + 1 2m+ 1
2m + 1 Qm + 1) |
Step 2:
Let ¢*> = 442 be an eigenvalue of R with associated eigenvector y = [y, V1, .., Ym]’, i.€., Ry = 44%y.
Transposing gives
VIR = 4257, (2.5)

and substituting (2.4) into (2.5) produces a homogeneous linear system in the unknowns {y;}"" ) and a
free parameter, A°.

We now use the generating function approach to derive the claimed result. To do this, we derive
a second-order differential equation whose polynomial solutions provide us with the singular values
of the matrix R. Generating functions (see [17], for details) are then employed to find a A% for which
this system admits a non-trivial solution. To this end, we multiply successive individual equations by
L,u,u?,...,u" and sum to give

m

S =k (m+k+ 2y + 3 (= kP yl + 3 (m+ k + 1)yt
k=0 k=0 k=1

+Y (m+1-km+1+k)yuct =23 yad,
k=1 k=0
which, after some rearranging and re-indexing, gives

W25 (m = k) m+ K+ 2) vl + u 3 [(262 +2) + (22 4+ 2m + 1)] yad
k=0 k=0
0 ) (2.6)
+Y m+1-k)(m+1+k)ya =yo(m+ 1)2(u+ 1)+ ud? Y yuit.
k=0 k=0

We define y (1) as the polynomial of degree m, } ;" yiu, whose first and second derivatives, y’ (1)
and y” (u) are given by /- ky,u*™" and 3}, k(k—1)yu* =2, respectively, then the first three summations
of (2.6) may then be written as

m

Z (m—k)(m+k+2)yu = (m2 + Zm)y () — u*y” (u) = 3uy’ (u),
=0

AIMS Mathematics Volume 11, Issue 2, 4068—4081.
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i (282 + 2k) + (2m® + 2m + 1) |yl = 207y (u) + duy’ ()

=0
+ (2m2 +2m + l)y(u),

Z(m+ 1-k)m+1+k)yal =m+ 1)y —u®y” () —uy (u),
k=0

and substituting (2.7) into (2.6), we obtain the second-order (Fuchsian) differential equation
— 1w (w—=1y" ) —u@Bu—1)u—1)y W)+
(—u/lz + mPu? + 2mPu + m® + 2mu® + 2mu + 2m + u + l)y(u)

=yo(m+ 17w+ 1)+ ul’y ).
Choosing y, = 0 ensures that the differential equation is homogeneous, and we obtain

Y ) +a@y ) +pwyw) =0,

where
CGu-1)
a(u) = T
m(m+2)u2+(—/12+2m+2m2+ 1>u+(m+ 1)?
Bu) =-

w2 (u—1)>

(2.7)

(2.8)

(2.9)

(2.10)

We now need to fix the free parameter, A2, so that the polynomial solution of (2.9) is non-zero.

Step 3:

Following [11, Section 5], we generate the indicial equation
s(s—1)+aps+Bo =0,

where s is real and chosen so that when the Frobenius series of the form

Y= =1 &wu-1y

i=0

is substituted into (2.9), the smallest power of (# — 1) is zero.
The coefficients a( and S in (2.11) are obtained from (2.10) as

g = lin}(u— Da(u) =2,
Po = lim (u - 1?Bw) = 2> =2 — 4m* — 6m.
Substituting (2.13) into (2.11), we obtain the quadratic equation

s2+s+(/12—4m2—6m—2):0,

2.11)

(2.12)

(2.13)

AIMS Mathematics Volume 11, Issue 2, 4068—4081.
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whose roots are

17 Vdm +3)> - 42
> .

The series (2.12) will only be a polynomial if (2.11) has a non-negative integer solution. Thus, we
must choose A% so that

S12 =

(4m + 3)* — 4% = 2,

where v is an odd integer, and this allows us to define m + 1 distinct values of {/lf};’:;l, where we have
(4m +3)* — 447 = (4k +3)*, fork=0,1,2,...,m. (2.14)
Thus, the eigenvalues of R are given by
Gy =47, = (4m +3)? — (4k +3)> = 4 (4m’ + 6m — 4K - 6k),

and hence,

dr = 2+/Q2m + 3) 2m) — 2k + 3) (2k),

which proves Theorem 1.1.
3. The odd parity case

For odd parity, we consider G, where n = 2m + 1 and, as in the even parity case, we identify a
permutation matrix of order n + 1,

My =lerezes...e exeq...€041],

which transforms G,,,,; into the form (2.1). The resultant Q and S are square matrices of order m + 1
given by

n—2(i-1) i=] I<i<m+1,
qij = n+2i j=i—-1, 2<i<m+1, 3.1
0, Otherwise.
n+2i+1 i=j, I1<i<m+1,
sij=3 n=2i+1 j=i+1, 1<i<m, 3.2)
0, Otherwise.
For example, if n = 5, then for the matrix Gs, we have the permutation matrix Ilg =
[e1, €3, €5, €2, €4, €6], and so I} GsIIs as shown
[1 0 0 0 0 O] [0 O O 5 0 O
000100 0O 0 0 9 3 0
01 00O0O T 10 0 0 011 1 | |0 Q
H6‘000010’“6G5H6‘840000“[50]
001000 0 10 2 0 0 O
[0 0 0O 0 O 1| | 0 0 12 0 0 O
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We now consider the order m + 1 matrix §, defined by (3.2), and denote its singular values by
{yi}f'fll; these are a subset of the singular values of G,,,,;. To determine this subset, we form the order
m + 1 square matrix

H=S'S, (3.3)

which we know will have eigenvalues {y7}7+!.

Using (3.2) in (3.3), we find that H, order m + 1, is a symmetric tridiagonal matrix whose elements
are

hii=<(m+17+P),  1<i<m+l,

— 00l

]’ll",'+1 = h,‘+1’l’ = E(m +1+ z)(m +2 - l), 1<i<m. (34)

()

ii

—x+i,1<i<pd?, =

To prove Theorem 1.2, we first define the real matrix, A,(x) as a Ll

(r _1

a4 1;= 3

(p+i(p—-({—-1)),2<i< pand zero otherwise. Here, we note that

H = éAm+1((m + 1)), (3.5

and, thus, the eigenspectrum of H is a special case of that of A,(x) with p =m + 1 and x = (m + 1)>.

Theorem 3.1. The eigenvalues of A,(x) are given by
(LN, = lx+ p(p + 1) — k@k = DIY_.
Proof. For later use, the " eigenvalue of A,(x) is given by
X)) =x+r(r+1)—rCr—-1)=x—-r(r-2).

We also note the result that, for the lower triangular block matrix,
D= D]] 0 ,
B | Dy

where D;; € R™™ and D,, € R"™*#=m the eigenvalues of D are the combined eigenvalues of D,
and D,, (for more details, see (pp. 145, [18]) and (pp. 67, [19])).
Define the vector i1 of order p as

a=[ap.) ap.2) ... wp.p) |,

where

a@%>:«4w*5(2p)
p\p—k

along with the order p square matrix

T

p

0 | I, '

AIMS Mathematics Volume 11, Issue 2, 4068—4081.
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It is easily verified that

1 a(p,2)  alp,p)
T, =| a(p, 1) | ap,)  a(p1) |,
0 I,
and we may derive
[ Ay | Orxpny
Vi
T,A,T,' =| 0 :
PPt p : Wij
0

where vi = (p +2)(p — 1)/(2ii(p, 1)) and W = [W;;] is an order p — 1 matrix given by

' 3)(p-2
Xx+1+(p—1) Qi%g—l+wm Wis
(p+3)(p-2) e p+4d(p-3)
2 2
W - (p+4)(p-3) e
2
2p—1
2p—1
p
with | i i+ 1)
i(p,j+ .
Wy, =—= )(p-1) ———=; 2<j<p-1
Lj 2@+)@ ) 2 D) J<p

We now derive a similarity transformation matrix U = [U;;] of the form

+j+1
(p ; ) i=j, 1<i<p-1,
U - pP-72 j=i+l, 1<i<p-2,
i —j+1
(p ; ) j=i+2, 1<i<p-3,
0, Otherwise,
and we may verify that U~! = [Ul.‘jl] is an upper triangular matrix defined as

: . -1
Uj = -y (PP
J 24+ j-i\ j—-i Nj-i+2
forl<i<p-1,i<j<p-1

The symmetric tridiagonal matrix C = [Cj;] = U ~'WU has non-zero elements

Ci=x+2p+i®, i=12,...,p—1,

1
Ci+1,i:Ci,i—1 = E(P"‘l—l)(P—l)a [ = 1’2""’p_2’

AIMS Mathematics

Wi ,p-1

x+p* |

(3.6)
(3.7)

Volume 11, Issue 2, 4068—4081.



4079

and we obtain the relationship
U''WU = A, (x+2p),

i.e.,
[ /lpp(x) 01><p—1
%k
0
Ay(x) ~ : A,ni(x+2p) |,
0

where 4,, = x — p(p — 2) and * is a non-zero value.
Using the result given at the start of the proof, the eigenvalues of A,(x) are A,,(x) and the
eigenvalues of A,_;(x + 2p). Applying the same argument to A,_;(x + 2p) reveals the eigenvalue
Ap-1p-1(x+2p) =x+2p—(p-D(p-3)
= /lp,p—l(x)-
The remainder of the spectrum of A,(x) may be obtained in a similar way to the resulting lower right-

hand block, giving the desired result. O

From (3.5), we may now derive the eigenvalues of H, and hence, the values of the required subset
of the squares of the singular values, {/11.2}:’:;1, of G, whenn =2m + 1

A(H) = 8/1(Am+1 (m+1)2)

8{(m+ D2+ m+1)(m+2)—kQk— 1)}
8{@2m+3)(m+1)—kQk - 1))},

m+1
k=1

as required for Theorem 1.2.
As a consequence, for n > 1, we may compute the determinant of A, (x) as

detA, (x) = A, (x)detA,_; (x + 2n),

with detA; (x) = x.
Recalling that 4, , (x) is the ordered eigenvalue of the matrix A, (x), we may write

detA,(x) = A, (0)A,-1 (x+2n)
= Ay () [Arcnes (X +2m) Ay p (X + 20+ 2 (n = 1))]
= Apn (X)) A1 (x+20)Ap 2 (x+4n-2).

By the relation (2.1), and hence, in general, A4 (x) = x — k (k — 2), and we derive
n—1 k
detA, (x) = [] sk (x + 2kn — 2( ))
k=0 2
[T Ak (= (k = ) (k + 1 + 1))
k=1

= [MG+n(+1)—k@k—1)).
k=1

AIMS Mathematics Volume 11, Issue 2, 4068—4081.
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4. Conclusions

For a variation of the Sylvester—Kac matrix, we have shown that, for all odd and even orders, 2n + 1
and 2n (n > 0), respectively, n of the squared singular values are integers and we have derived explicit
formulae for both cases. The matrix elements are all integers and can therefore, over a wide range
of matrix orders, be stored exactly as floating-point real values. This property, combined with the
explicit formulae for a subset of its singular values, renders this matrix particularly suitable as a test
matrix for numerical singular value algorithms. We also observed a number of interesting empirical
results regarding the singular values of this variant that we were unable to establish rigorously. We
believe that both the observed interlacing behavior and the apparent asymptotic convergence of the
small non-integer squared singular values as the order of the matrix increases merit further theoretical
investigation.

To our knowledge, this study is the second to investigate the explicit identification of singular values
of Sylvester-type matrices. We hope that this study will serve as a catalyst for motivating further
research into the identification of singular values for other similar matrices in the literature.
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