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Abstract: We investigate the conservation laws of the conformable fractional modified Korteweg—de
Vries (mKdV) equation, in which the temporal derivative of order « and the spatial derivatives of orders
Bo, b1, B2, B3 are all taken in the conformable sense. Our main result provides a complete classification
of all conservation laws of this equation whose characteristics have order at most 3. We show that the
four most fundamental conservation laws of the classical mKdV equation, i.e., the mass, momentum,
energy, and Galilean conservation laws, admit conformable counterparts, and we determine the precise
conditions on the spatial orders Sy, 51, 32,83 under which each counterpart holds. We also establish
that, under these conditions, the conformable conservation laws provide a complete classification in
the same sense as the classical case. The conserved densities and fluxes are written out explicitly, and
their physical interpretations as conformable mass, momentum, energy, and centre of momentum are
discussed.
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1. Introduction
The modified Korteweg-de Vries (mKdV) equation
e+ = =0 (1.1)

is one of the most important nonlinear dispersive equations in mathematical physics. Besides its
significance in the study of nonlinear wave propagation, the mKdV equation possesses rich geometric
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and analytical structures. In particular, the equation admits infinitely many independent conservation
laws up to equivalence [1-3]. The four independent conservation laws with the lowest order, which are
usually interpreted as the mass, momentum, energy, and Galilean conservation laws, respectively, have
very clear physical meanings, so they are the most widely used in practice and can be considered as
the four most important conservation laws. From a computational perspective, these four conservation
laws provide a complete classification of the mKdV equation’s conservation laws whose orders of
characteristics are no higher than 3 (the order of characteristic used here will be defined in §2.2),
meaning that any conservation law of the mKdV equation whose order of characteristic is no higher
than 3 is equivalent to a linear combination of these four conservation laws.

Since its introduction in 2014, conformable fractional calculus has attracted considerable attention.
Introduced by Khalil et al. in [4] and further developed by Abdeljawad in [5], the conformable
derivative provides a fractional differentiation framework that preserves many fundamental properties
of the classical derivative, including linearity, product rules, quotient rules, and a simple local
representation for differentiable functions. Consequently, conformable derivatives have been applied to
a wide variety of ordinary and partial differential equations, where they offer a comparatively tractable
framework for investigating fractional-order phenomena while retaining many tools from classical
differential equations.

Motivated by these developments, we ask whether the fundamental geometric structures of the
classical mKdV equation persist under conformable fractionalisation, and more specifically,

(Q1) Do the four most important conservation laws of the mKdV equation remain valid after
conformable fractionalisation?

(Q2) Are the conditions for them to remain valid the same?

(Q3) Do the conservation laws remaining valid still provide a complete classification of all
conservation laws whose orders of characteristics are no higher than 3?

(Q4) After conformable fractionalisation, do the conservation laws have similar physical
interpretations?

To address these questions, we study the conformable fractional-order mKdV equation

0“u ,0Pu 950 P u
PP Fu _ 12
o P T Y (1.2)

where £ and % stand for the conformable partial derivatives of order @ and §; of u with respect to

ot
t and x, respectively, and %%% stands for the right-to-left composition of conformable derivative
operators. We consider a € (0, 1] as the temporal order of the conformable derivative and S, 81,52, 83 €

(0, 1] as spatial orders of conformable derivatives. Through the rest of this paper, we denote

B=p1+pB2+p0s. (1.3)

The definitions of the conformable derivative and conservation law will be introduced in §2.
Our main theorem and its remarks provide an answer for the questions (Q1), (Q2), and (Q3)
mentioned above, and we will discuss the question (Q4) in §2.3.
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Theorem 1.1. We write

P] :xﬁo_lu,

Q1 =t""H2u® + X[ (By — B3) (Bo — B2 = B3) u + Xt — (B + 1 — B3 — 1) xu ]},
1

P2 :E.X’Bo_luz,
1

0> :Eta_l{3u4 - xz_zﬁlui +2x"72P[(1 = By)u, + xuxx]},
1 1

P =§xﬂ°_lu4 - Exl_’g‘ ui,

1

03 =§x‘2(ﬁ0+ﬂl>{t“_l[2u3xﬂ°+ﬁ1 + (1 = B)xuy + Puy] + 2x2ﬁ°+ﬁ‘+1uxut},
1 1 1

P, =§ﬁoxﬁ°_1t“u4 — gaxzﬁo_luz — Eﬁoxl_ﬁ"taui,

04 =éx_4ﬂ°t“_l{3ﬁ0t“[2x2ﬂ°u3 + (1 = Bo)xu, + xzum]2
+ 2P [ xu (6Botu; + axu,) — 3ax®u* — 2axu((1 — 2B¢)u, + xuxx)]}.

Then the linear combinations of the (P;, Q;)’s (i = 1,2,3,4) and their equivalent forms are all possible
conservation laws of Eq (1.2) with a characteristic of the form R(x,t,u, Uy, Uy, Ux) OF R(X, t, u, u,, u,).
More specifically, we have

(1) the pair (P, Q) is a conservation law of (1.2) if and only if
Bo=PBi+Ba+pPs or Bo=po+Bs or Po=ps; (Cl)

(2) the pair (P,, Q,) is a conservation law of (1.2) if and only if
Bo=pBs and pi=po; (C2)

(3) the pair (P, Q3) is a conservation law of (1.2) if and only if
Bo = B2 = fs; (C3)

(4) the pair (P4, Q4) is a conservation law of (1.2) if and only if
Bo = p1 = B2 = B33 (C4)

(5) if none of the conditions (C1)—(C4) hold, then Eq (1.2) does not have any non-trivial conservation
law with a characteristic of the form R(X,t, U, Uy, Uy, Uyyy) OF R(X, 8, U, Uy, Uy).

Remark 1.2 (An equivalent restatement of Theorem 1.1). Suppose that (P, Q) is a conservation law
of (1.2) whose characteristic is of the form R(x, t, u, u, Uy, Usrr) OF R(X, 1, U, Uy, U;).

(1) IfBo =B1+ B2+ B3 0rBo =P+ B30r(Bo =p3and By # B and B # B>), then (P, Q) is equivalent
to a conservation law (P’, Q") with

(P,0)=ci(P,01), ceR.
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(2) If By = B3 and B; = B, and By # B, then (P, Q) is equivalent to a conservation law (P, Q") with
(P, Q) = c1(Py, Q1) + c2(P2, @2), c1,¢2 €R.
(3) If By = B>, = B3 and By # B, then (P, Q) is equivalent to a conservation law (P, Q") with
(P', Q) = c1(Py, Q1) + c3(P3,03), ci,¢3 € R.
(4) If By = B1 = B> = B3, then (P, Q) is equivalent to a conservation law (P’, Q") with
(P, Q) = c1(Py, Q1) + c2(P2, Q2) + ¢3(P3, Q3) + c4(Py, Q4),  €1,02,¢3,¢4 € R,

(5) Otherwise, i.e., if By # B1+B.+B3 and By # 5>+ B3 and By # B3, then (P, Q) is trivial, i.e., equivalent
to (0, 0).

Remark 1.3. (1) The logical relationships among conditions (C1)—(C4) are illustrated in Figure 1.

Cy
Bo=P1+P2+P3 or Bo=P2+p3 or fo=P3

C3
Bo=P2=B3

Cy=CrNC3
Bo=B1=P2=H3

C
Bo=p3 and B1=02

Figure 1. Relation of the conditions (C1)—(C4).

(2) By taking @ = By = B1 = B> = B3 = 1, we see that the conservation laws (Py, Q1),
(P2, ), (P3,03), and (P4, Q4) can be regarded as conformable counterparts of the classical
mass, momentum, energy, and Galilean conservation laws for the integer-order mKdV equation.

2. Preliminaries and further discussions

2.1. Conformable derivative
The conformable derivative is a fractional derivative introduced by Khalil et al. in [4] in 2014:

Definition 2.1. [4] Let f : (0, +c0) — R be a function, @ € (0, 1], and ¢ € (0, +00). If the following
limit exists, then it is called the conformable fractional derivative of order @ of f at ¢ and denoted by

da*f(0) de .
5 or g f():

df@) _ . S+ - )

= lim .
dr -0 E

In this case, f is said to be conformably differentiable of order « at .
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Note that d f @ coincides with the classical definition of first derivative df (')

does not hold that

= f’(¢). In general, it

A" f(r) _ d*df@)
dt dr dr

For this reason, we do not write
OP1iPethay,
0x
for the third term in the left-hand side of (1.2). On the other hand, the conformable fractional derivative
satisfies the constant rule, sum rule, product rule, and quotient rule as the classical derivative:

Lemma 2.2. [4] Let « € (0,1], t € (0,40), a,b,c € R, and f and g be functions conformably
differentiable of order a at t. Then we have

(1) Lc=0;

dt
(2) %ZC = ¢,
(3) Gaf +bg)(1) = aG f(1) + bi§g(®);
@ G0 = gOGfD) + f(0)g8®);

(5) F(f19)®) = (gG f(1) — f(O)g81)/8(1).

Lemma 2.3. [6,7] Let a € (0,1], t € (0,+00), and f be a function defined on a neighbourhood of t.
Then the conformable diﬁ”erentiabilily of f at t is equivalent to the classical differentiability of f at t.
In this case, we have & f(t) = t1=9f'(t), where f'(t) denotes classical derivative of f.

Since its introduction, conformable fractional calculus has generated extensive research activity
across multiple directions. On the theoretical side, its algebraic structure—including chain rules,
integration by parts, and Laplace transforms—was systematically developed by [5], while the
properties of the conformable derivative were further examined and extended in [8, 9]. In addition,
several recent studies have revisited analytical properties, structural extensions, and solution techniques
within the conformable framework, including new results on conformable differential systems and
associated functional equations [10-12].

The conformable derivative has been extensively applied in the study of partial differential
equations, owing precisely to its preservation of classical calculus rules. Typical examples include
conformable heat equations [13, 14], Burgers-type equations [15, 16], Klein-Gordon equations [17],
advection-diffusion equations [18, 19], and Navier-Stokes equations [20]. More recently, conformable
formulations of nonlinear evolutionary equations have continued to attract attention, with new
investigations addressing both analytical and wave-structure properties in generalized settings [21].

In the context of nonlinear dispersive equations related to KdV and mKdV, conformable fractional
KdV-type models have been studied from several perspectives: Travelling wave and soliton solutions
have been obtained via a variety of analytic methods [22-24], and ion-acoustic wave propagation
in plasmas has been modelled using the conformable mKdV framework [25]. Recent developments
also include refined analytical treatments of wave dynamics and solution structures for conformable
dispersive systems [26]. Recent research on the long-time asymptotic behavior of mKdV-type
equations can be seen in [27-29], while research on the construction and characterization of soliton
and other explicit solutions can be seen in [30,31].
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Symmetry-based approaches have also been applied to construct conservation laws and group-
invariant solutions of conformable partial differential equations more broadly [32-34]; conservation
laws of conformable heat equations and Burgers equations were studied in [35, 36].

Beyond purely analytical investigations, there is a growing body of work demonstrating that
conformable derivative models can provide good agreement with measured data in physically
motivated settings. In the modelling of non-Darcian flow and anomalous diffusion in low-permeability
porous media, Zhou et al. [37, 38] have showed that conformable derivative diffusion models fit
experimental data on chloride ion transport in reinforced concrete significantly better than standard
integer-order models. Related conformable advection-dispersion models for contaminant migration
were validated against laboratory transport data in porous media [18,39]. In heat transfer, Rosales-
Garcia et al. [40] found that Newton’s law of cooling expressed via the conformable derivative yields
a stretched-exponential temperature profile that matches experimental cooling data significantly more
accurately than the classical exponential model, a conclusion supported by subsequent work using
generalised conformable kernels [41]. In materials science, conformable derivative Maxwell and Zener
viscoelastic models have been found to reproduce experimentally observed relaxation moduli and creep
compliance with improved fidelity [42]. In the geophysical modelling of pollutant diffusion in soil, Kim
et al. [43] showed that the conformable fractional time derivative naturally captures the anomalous sub-
diffusive behaviour observed in inhomogeneous porous materials and proposed a method to calibrate
the fractional order against field measurements. These investigations indicate that the conformable
framework provides a tractable setting for incorporating fractional-order effects in physical models,
even when its interpretation as a genuine fractional calculus remains a matter of ongoing discussion.

2.2. Conservation law

Let X and U denote R? and R' with coordinate system (x,f) and (u), respectively. For an open
subset M C X x U, we write M™ for the jet space of M with order n. A pair (P, Q) of functions on
M®™ i.e., on the variables x, t, u, Uy, u;, Uy, . . . , is called a conservation law of Eq (1.2) if the restriction
of the divergence expression

D,P +D,0Q

vanishes on any smooth solution of (1.2), where D, and D, denote the total derivatives on ¢ and x,
respectively. In this case, P and —Q are called the conserved density and flux of the conservation law,
respectively. We take two subintervals [#y, #;] and [x, x;] of (0, +c0). For any conservation law (P, Q)

of (1.2), we have
X1 X1 | 1]
f Ply dx - f Pliy dx = f (= Q) di — f (~ Q)i i
X0 X0 to to

In particular, if Q|,-,, = 0 for i = 0 and 1, then the value fx zl P dx is a constant independent of 7.

Note that if both (P, Q) and (P’, Q') are conservation laws of (1.2), then so is (AP + uP’, 1Q + uQ’)
for any constants A and u. We say that a conservation law (P, Q) is trivial if P and Q both vanish on any
smooth solution of (1.2), or if D,P + D,Q vanishes identically (not merely on solutions), or if (P, Q)
is a linear combination of the above two cases. Two conservation laws (P, Q) and (P’, Q') are called
equivalent if (P — P’, Q — Q') is trivial. Generally, we are only interested in studying conservation laws
up to equivalence.
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Suppose (P, Q) is a conservation law of (1.2). Then there exists an equivalent conservation law
(P, Q') such that
D,P' +D,Q" = RA,

where A is the equation defined in the jet space determined by the origin equation (1.2) (also see (3.2)
below) and R is a smooth function defined on the jet space. We call R the characteristic of the
conservation law (P, Q).

For the conformable mKdV equation, as well as the classical mKdV equation which can be regarded
as the special case of conformable mKdV equation when @ = 5y = 5; = 5, = 1, every conservation
law has a unique equivalent characteristic of the following form:

OR
R(-xst9u9u)muxx’-'-’un)9 _;t()’ U, =Ux...x
6un e
for some integer n > —1. (When n = -1, the formula above reads R = R(x,?); when n = 0, the

formula above reads R = R(x, t,u) with dR/0u # 0.) In this case, we say (P, Q) has a characteristic of
order n. For instance, if a conservation law (P, Q) has a characteristic of the form R(x, t, u, u,, u;) with
OR/0u, # 0, then it has a characteristic of order 3, namely, it is equivalent to a conservation law (P, Q)
whose characteristic has the form R'(x, t, u, u, U, Uyy,) With OR’ /Ou,,, # O.

As we mentioned above, in most applications of the classical mKdV equation, people only use the
conservation laws whose characteristic orders are at most 3. In fact, the mass conservation law of
mKdV equation has a characteristic of order —1, the momentum conservation law has that of order 0,
the energy conservation law has that of order 2, and there does not exists a conservation law having a
characteristic of order 1 or 3.

Conservation laws provide fundamental information about the intrinsic structure of differential
equations and play a central role in mathematical physics, geometric analysis, and numerical
computation. In the classical setting, systematic approaches to conservation laws have been developed
through the works of Anco, Bluman, and others [44,45]. For classical nonlinear evolution equations
such as the KdV equation, the modified mKdV equation, and the generalised KdV equation,
conservation laws are closely connected with integrability, stability theory, and long-time dynamics.
Consequently, the determination and classification of conservation laws have long been a central topic
in the analysis of nonlinear partial differential equations.

For conformable differential equations, however, the corresponding theory is still developing. For
instance, the conservation laws of conformable heat equations and conformable Burgers equations are
studied in [35, 36].

2.3. Further discussions on the main theorem

Let D be a nonempty open subset of R, and let R* = (0, +c0). We consider a conformable time-
fractional differential evolution equation in the general form

Nu(x,t) = f(x), (x,t)e DXR? 2.1

where f(x) is a smooth function defined on D. By referring to [46], we introduce a new variable
l.(l/

T=—. (2.2)
(01
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The inverse map of (2.2) is given by
t=(ar)e, (2.3)

so (x, 7) is another coordinate system of D X R*. Since dr/ df = 1*~!, we have

ou ou
l-a
= (x, 1) = —(x, 7).
o D= 5D
In particular, we see from Lemma 2.3 that under the coordinate system (x, 7), Eq (2.1) can be rewritten

as an equivalent form with temporal order 1:

%(x, 7) = f(x), (x,7)€DXR". (2.4)
Suppose that (P, Q) is an arbitrary conservation law of (2.4) with characteristic R. Then by letting P =
P, Q =10, and R = 1*"'R after substituting (2.2), we obtain a conservation law (P, Q) of (2.1) with
characteristic R. This is a bijective correspondence between the conservation-law space of (2.1) and
that of (2.4), with the inverse obtained from (2.3). For the conformable mKdV equation (1.2) discussed
in this paper, this correspondence also prevents the order of a conservation law. In particular, it follows
before any detailed coefficient calculation that the following properties of (1.2) cannot depend on «:

the existence or nonexistence of local conservation laws;

the dimension of the conservation-law space;

the spatial differential order of their characteristics; and

the conditions on the spatial orders Sy, 81, 52, 83 under which they exist.

This is in complete agreement with our main theorem.
Moreover, under the condition (C4), i.e., By = 81 = 5, = 53, we introduce a new variable

_w
B

Then (o, 7) forms a new coordinate system of R* X R*, and under this Eq (1.2) can be rewritten as the
classical mKdV equation

(2.5)

o

— +6u—+—-—=0, (0,7)eR"xXR". (2.6)

Hence, (C4) is the sufficient condition for that all of (P;, Q;) (i = 1,2,3,4) are conservation laws
of (1.2), and our main theorem shows that it is also the necessary condition.

In the rest of this subsection, we briefly discuss the physical interpretation of the conformable
conserved quantities and try to answer the question (Q4) at the beginning of this paper. Since the
physical applicability of Eq (1.2) remains unclear, the following discussion should be understood only
as a heuristic interpretation of the conservation laws.

Let x; > xp > Oand t; > t, > 0. For a smooth function u(x, ¢) defined on a neighbourhood
W of [xo, x;] X [to, ] € R?, we regard u(x, ) as a scalar quantity transported in a hypothetical one-
dimensional medium. By fixing the smooth function u(x, ¢), the P;’s and Q;’s defined in Theorem 1.1
become functions on x and ¢ depending on the parameters «, Sy, 81, 52, and 3.
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Definition 2.4. Let x; > xy > O and #; > t, > 0. For a fixed smooth function u(x, r) defined on a
neighbourhood W of [xg, x1] X [fo, 1], we write the integrals of Py(x, 1), P>(x, 1), P3(x,t), and P4(x,t)
with respect to x on the interval [xy, x;] by M(t), P(t), E(t), and G(¢), respectively. That is,

M@ = ) P y(x, 1) dx,

X0

X1 1
P(t) = 5xﬂo—lu(x, 1)*dx,

X0

1 1
E@) = 5xffo-lu(x, H* — Exl—ﬁl u,(x, 1) dx,

X0

S| 1 1
G@) = f Eﬁoxgo_lt“u(x, N gaxzﬁ"_]u(x, ? - Eﬁoxl_ﬂot“ux(x, )?dx.

X0

We also write

f): By AP, (x, 1) dx f): % Lo lu(x, 1)* dx
C(r) =20 _ du 2 ,
fxol Py(x, ) dx f : %xﬁo‘lu(x, 1)?*dx

X0

We call M(t), P(t), E(t), and C(t) the By-order conformable mass, y-order conformable momentum,
(Bo, B1)-order conformable energy, and Sy-order conformable centre of momentum of u(x, ) on [xo, x;]
at the time ¢, respectively.

Corollary 2.5. Let u(x,t) be an arbitrary smooth solution of (1.2) defined on a neighbourhood W of
[x0, x1] X [£0, ;] € R~

(1) (Conformable mass conservation law) If
Bo=p1+p2+Bs or Bo=P2+pB3 or Po=ps, (C1)

then for the By-order conformable mass M(t) of u(x, t), we have

! !
M) — M(%) = f Q1(x1, 5)ds — f Q1(xo, s)ds
o to
for any t € [ty, t,). In particular, under the condition (C1), if

u(-xo’ t) = M(X1, t), ux(xo’ t) = ux(xla t)’ Mxx(xo’ t) = uxx(xl» t)

or
Bo+B1—B3 =1, ulxo,t) = u(x, 1), ue(x0,1) = (X1, 1)

for any t € [ty, t1], then the By-order conformable mass M(t) is a constant, independent of t.

(2) (Conformable momentum conservation law) If
Bo=pBs and i =P, (C2)

AIMS Mathematics Volume 11, Issue 10, 32920-32944.
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then for the By-order conformable momentum P(t) of u(x,t), we have

P(f)—P(fo)=fQ2(X1,S)dS—fQz(xo,s)ds

fo To

for any t € [ty, t1]. In particular, under the condition (C2), if

M(X(), t) = M(XI, t), ux(x()’ t) = ux(xl’ t)a uxx(x()a t) = uxx(xl, t)

for any t € [ty, 1], then the By-order conformable momentum P(t) is a constant, independent of
t.

(3) (Conformable energy conservation law) If
Bo = B2 = Bs, (C3)
then for the (By, 81)-order conformable energy E(t) of u(x, t), we have

! !
E(t) - E(t) = f O3(xy, s)ds — f 03(xp, s)ds
to fo
for any t € [ty, ;). In particular, under the condition (C4), if

u(xo’ Z‘) = u(xb t), MX(X(), t) = ux(-xla t)a Mt(.X(), t) = ut(xla t)’ Mxx(xo’ t) = uxx(xl, t)

or
B =1, ulxo,t) = u(xy, 1), u(xo,1) = u(x1,1) = 0, uy(x0,7) = Upx(x1,1)

for any t € [ty,t,], then the (By,31)-order conformable energy E(t) is a constant, independent
of t.
(4) (Conformable Galilean conservation law) If

Bo =B1 =52 =B, (C4)

then we have ) )
G(@) - G(to) = f Qu(xy, s)ds — f Qu(xo, s)ds
to fo
for any t € [ty, t1]. In particular, under the condition (C4), if
l/l(.X(), t) = M(X], l), ”x(xo’ t) = ux(-xla t)’ Mt(x()’ t) = ut(xla t)’ uxx(x()’ t) = I/txx(X], l)

for any t € [ty, t1], then the a-order conformable derivative i—iC (1) of the By-order conformable
centre of momentum C(t) is a constant, independent of t.

Proof. Only the latter part of conclusion (4) cannot be seen directly from the definition of conservation
law. Under the conditions of the latter part of conclusion (4), G = G(¢) is a constant, and we see from
conclusions (2) and (3) that the conformable momentum P = P(¢) and conformable energy E = E(¢)
of u(x, t) are also both constants. Hence, we deduce that

G ] 1 !
= =[ fxo S0 (e, 0 gaxzﬁ"_lu(x, 0° = SBox Pt u(x, 1) dx|/P
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1 o E 1
:[t“ﬁOE - 50480 f Eﬁ(j]xzﬁo_lu(x, 1)? dx] /P = ﬂ,eo; - gaﬁocu).

X0
By differentiating with respect to ¢, we obtain

de .d 3E
—C(t)=1t""=C(t) = —
dtC() dtC() 7

which completes the proof. O

Assume that condition (C1) holds. Let u(x, ) be an arbitrary smooth solution of (1.2) defined on
a neighbourhood W of [xo, x;] X [to,#;] € R%. We regard u(x,?) as a scalar quantity transported in
a hypothetical one-dimensional medium. The conservation law (P}, Q;) can then be interpreted as a
balance law for the total amount of this quantity.

When a = By = 51 = B> = B3 = 1, Eq (1.2) reduces to the classical integer-order mKdV equation,
and Part (1) of Corollary 2.5 becomes the usual conservation law of mass. In this case, the total mass
on the interval [x(, x1] changes only through the flux across the two endpoints. The corresponding flux
consists of two contributions: a nonlinear transport contribution 2u* arising from the nonlinear term of
the equation and a dispersive contribution u,, arising from the third-order dispersive operator.

For general conformable orders @ and the S;’s satisfying (C1), we see that

Pl :XBO_IM,
0, =I‘H{2M3 + XP[(Bo = B3)(Bo — B2 = B3)u — (Bo + B1 — B3 — Dxu, + xzuxx]}'
When B, + 285 -2y € (0, 1] and By + 81 — B3 € (0, 1], we can rewrite Q; using conformable derivatives:

S +2B3=2p0 HPo+B1—Ps
0x Ox u]} ’

Q1 =t""{2u + (Bo — B3)(Bo — B2 — B)x"Pu +

Hence, the same conservation principle remains valid, but the density and flux are modified by the
conformable structure. First, the density P; = ¥*~'u contains the spatial weight ¥*~!, indicating that
the contribution of u to the total conserved quantity depends on spatial position. Second, the flux is
multiplied by the temporal factor 7!, so that the transport rate depends explicitly on time. Third, when
the S3;’s satisfy certain conditions, the classical dispersive contribution u,, is replaced by a conformable
higher-order dispersive operator, reflecting the influence of the conformable spatial structure on the
propagation of the quantity represented by u. Moreover, when 8, = 81 + 3, + 33, the flux contains the
additional term

(Bo — B3)(Bo — B — B3)xFu,

which has no counterpart in the classical integer-order case. This term may be viewed as an additional
transport mechanism generated purely by the conformable structure. Consequently, the conformable
fractionalisation modifies not only the density of the conserved quantity but also the way in which it is
transported through space.

The conservation laws (P,, Q»), (P3, Q3), and (P4, Q4) admit similar interpretations, corresponding
respectively to conformable analogues of momentum, energy, and Galilean conservation laws.
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3. Proof of main result

The proof follows the general framework of [47,48]. Since a conservation law of (1.2) is defined
to be a divergence expression which vanishes for all smooth solutions of (1.2), we can focus on the
smooth solutions of (1.2) when we study its conservation law. By Lemma 2.2, a smooth function u(x, t)
is a solution of (1.2) if and only if it satisfies

9 9

170 (1= B(1 =By — B)x' P+ 621 P

ot 0x 31
Fu G-

3B

PrEiay

_;0%u
+(3-2B1 - B)¥* ﬁ@ +Xx

Hence, a divergence expression D,P+D, Q is a conservation law of (1.2) if and only if it is that of (3.1).
We write u; and u;, for the variables in the jet space corresponding to the partial derivative %

and gﬁ;gj, respectively. Sometimes we also write uy for u and u,, for the variable in the jet space
corresponding to the partial derivative %. The corresponding algebraic equation of (3.1) in the jet

space M™ (n > 3) is given by

A =1+ [(1 =B =B = B)x' 7 + 6x 0’ Ju,

3.2
+(3-26 _ﬂZ)xz_ﬁuxx + x3_ﬁuxxx =0, G:2)
where 8 = 1 + 3, + 33 is defined in (1.3). That is,
w, == 1[4 = B = B1 = B)x' ™ + 6x' Poulu,
(3.3)
+ (3 - Zﬁl _ﬂZ)xz_ﬁuxx + x3_ﬁuxxx}-
It is easy to see that the Fréchet derivative D, of A is given by
Dy =xPD?+ (3 -2, - B)x* P D2 + '™ D,
(3.4)

+ [6x!Pu + (1= B1)(1 = B1 = Bo)x' | D, + 12uu,x' .
Then, we calculate that the adjoint operator D}, of D, is given by

D =-x""D) - (6-8-26,-36:)x* D2 - ' D, - 6x' P’ D,
—[7-6B2—9B5+B1 (B2 +2B3 = 3) + (B2 + B3) (B2 + 363)] x' P D, (3.5)
— (1= ) = 6(1 = Bo)xPu? = (1 = B3)(1 = B, = B3)(1 = B)x 7.

Moreover, since u,, = D’u, for any integer n > 0, we see from (3.3) that the restriction of —1'"u,, on
the smooth solution of (3.1) can be written as follows:

n n dn—ix3—,8 dn—ix2—,8
Z ( )[ —u;y3 + (3 — 26 —,32)714142

it dxt
i=0

(3.6)
d
+(1 =Bl =B = pB2)
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Lemma 3.1. For an integer n, we write

1
d(n) =3 (n(3 =) =1 + B2+ 3p3 = 3).

If a conservation law of Eq (1.2) has a characteristic of the form R(x,t,u,uy,...,u,) for some smooth
function R and non-negative integer n, then we have

R =x""F()u, + %nd(n)xd(”)_lF(t) + xR @) e
+ H(x,t,u,uy,...,u,_»)
for some smooth functions F, H, and K, where d = d(n). When n = 0, the formula of R above reads
R = x*OF(tu + H(x,1);

when n = 1, it reads
1
R = x"F(tu; + (Ed(l)xd(”‘lF(t) + xd(‘)+ﬁ/3’1K(t)) u+ H(x,1).

Proof. We write d for d(n) in the proof. Let R be the characteristic of a conservation law of Eq (1.2).
Then R has an equivalent characteristic of the form R(x, ¢, u, uy, ..., u,) for some non-negative integer
n, and the restriction of D} R on any solution of (1.2) or (3.1) is zero. Since

OR ~~ OR OR < OR
= _ui,l‘? D)CR =

DR=—+ = —+ — U,
! ot l_ ou; 0x pr auiuﬂ

we calculate that

OR o &R @R OR
DZR =5 Uy 2 P — ] n 2 . | Un
du, " ( o, " “) +( o, au,,_l)“ !

+Rl(x9t’ u’ ul5 .. -’un)

for some smooth function R;. Moreover, we calculate that

OR N PR 0’R OR
D3R =—ups + 3 ——— Ui Upsa |+ |3 + | u,
B, (ZO: ouou, " *2) ( 9xdu, 6un_1)u 2

+ RZ(-X$ ta U, ULy o ooy Up, un+l)

for some smooth function R;.

First, we observe the terms containing u,,3 in the restriction of D} R on the smooth solutions of (3.1).
According to the calculations above, such terms appear only in —x*# D3R and —#'~ D,R. In fact, we
have

OR
X PDR = - >

n

Upz + ...,
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where the terms not containing u,,; are omitted. On the other hand, we see from (3.6) that the
restriction of —t'~? D,R on the smooth solutions of (3.1) can be written as

OR N
—Uu,
P +3

n

P

Hence, the terms containing u,3 in the restriction of D} R on the smooth solutions of (3.1) cancel each
other out.

Now the restriction of D} R on the smooth solutions of (3.1) becomes a polynomial on u,.; and u,.,>
with coefficients on x,t,u,...,u,. We similarly calculate that the sum of its terms containing u,, is
given by

0’R N O°R
_ 2438 .
{ 3% (0x8un " par ou,;0u,, u,+1)

OR
+[G=Pn—G+p1— B -365)] xz_ﬁ_}un+2~

ou,,
We write C,,, for the coefficient of u,,, in the expression above, which is a polynomial on u,,; of
degree 1 with coefficients on x, t,u, uy, ..., u,. The coefficient of u,,; in C,;, is
2
—3x°7P _8 R
o2

SO we obtain
R=A(x,t,u,...,u,_u, + B(x,t,u,...,u,_1) 3.7

for some smooth functions A and B. When n = 0, the formula above reads
R = A(x,Hu + B(x,1). (3.8)

Suppose that » > 1. Then C,., becomes a polynomial on u, of degree 1 with coefficients on

X, tu,uy,...,u,;, whose coeflicient of u, is

81/1,1_1 .

Then A is independent on u,_;. Suppose that n > 2. Then C,,, becomes a polynomial on u,_; of

degree 1 with coeflicients on x, t,u, uy, ..., u,_», whose coeflicient of u,_ is
_3x3_ﬁ a—A .
al’tn—2
Then A is independent on u,_,. By induction, we conclude that A is independent on u, uy, ..., u,_1, i.€.,
we obtain
A =A(x,1). (3.9)

Now C,,,» becomes

A
—x2 P {3X(Z_X -[B-Pn-CB+p1 B - 3,33)]A} ’
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SO we obtain
A = xF(@), (3.10)

where {
d=3[G=Pn—G+p~p2~3p)]

and F is some smooth function.

When n = 0, we have proved the lemma, so we assume that n > 1 in what follows. Then
the restriction of Dy R on the smooth solutions of (3.1) becomes a polynomial on u, and u,,; with
coefficients on x,t,u,...,u,_;. Moreover, since R is the sum of xX*F(t)u, and B(x,t,u,u,...,u, 1),
DR is the sum of DZ(xdF u,) and D} B. Under the assumption n > 1, we can apply the calculation on

DR above to D} B by replacing R by B and n by n — 1. Thus, it remains to calculate DZ(xdF u,). Since

DR =x"F'u, + xFu,,,

D.R =dx*"'Fu, + x*Fu,.,,

DR =(d* — d)x**Fu, + 2dx""'Fu,.; + x"Fu,.,,

D’R =(d* — d)(d — 2)x"*Fu, + 3(d* — d)x"*Fuy,,,
+3dx " Fu,., + X Fuy.s,

where d = d(n), we deduce from (3.6) that the restriction of DZ(xd Fu,) on the smooth solutions of (3.1)
can be written as

1
—i,Bnd(n)xd(”)“_ﬂFunH + Ry(x, t,u uy, ..., uy,)

for some smooth function R4. Hence, the restriction of D3R on the smooth solution of (3.1) can be
regarded as a polynomial of u,,; of degree 1 with coefficients of functions on x,t,u,...,u,, and the
coefficient C,,;; of u, is

1 dB
— —Bndx"""PF + 3d + B - 3)x* P —
2 814,1_1

n-l1 2 2
_3f%H 9B )+ 9B

A o Uivl
pars 8u,-8u,l_] ﬁxaun_l

)

where d = d(n). We see that C,,; 1s a polynomial of u, of degree 1 with coefficients of functions
x,tu,...,u,1,and the coefficient of u, is

0*B
oz |’

n—1

Thus, we obtain
B=G(x, t,u,uy, ..., up ), + HOe, tu,uy, ..., tyn) 3.11)
for some smooth functions G and H. When n = 1, the formula above reads

B = G(x,tu + H(x,1). (3.12)

Suppose that n > 2. Using a similar induction as we did for A, we conclude that G is independent of
U, Upy ey Uy, 1.€.,

G =G(x,1). (3.13)
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Now no matter whether n = 1 or n > 2, the coefficient C,,; of u,,; in the restriction of DR on the
solution of (3.1) becomes

1 oG
X = Spndx'F - 3x°—= + (3d + - 3)xG.
2 0x
Hence, we obtain .
G = Endxd-lF + x4 PRIK (1) (3.14)
for some smooth function K, which completes the proof. O

Lemma 3.2. Suppose that a conservation law of Eq (1.2) has a characteristic which is a smooth
function R = R(x, t,u). We also write

R1 :Xﬁo_lla_l,
R2 :xg‘)_lt“_lu.
(1) When By # B1 + B2 + B3 and By # B2 + B3 and By # B3, we have R = 0.

(2) When By = B1 + B2 + B3 or By = B2 + B3 or (Bo = B3 and B, # B2), we have R = c|R, for some
Ci € R.

(3) When By = B3 and 81 = B2, we have R = c1Ry + c,R; for some ¢y, c; € R.

Proof. We continue the calculation in the proof of Lemma 3.1 under the assumption n = 0. Under the
assumption, we have

R =x‘F(Hyu + H(x, 1),

where F' and H are some smooth functions and
1
d=4d0) = 5(—ﬁ1 + B2+ 363 -3).

In particular, the restriction of D} R on the solution of (3.1) can be regarded as a polynomial of u with
coeflicients of functions on x and .
The coeflicient of u? in the restriction of D} R on the solution of (3.1) is given by

OH
xPo (6(B0 - 1DH - 6x—) ,
ox

SO we obtain
H = X*71L(r) (3.15)

for some smooth function L. The coefficients of > and u in the restriction of D3R on the solution
of (3.1) are given by

2(3By +B1 — B — 3ﬁ3)x—ﬁo+%(—ﬁ1+ﬁz—3)+ﬁaF’

R dF
(21— DF =150 + 28 - BBy + BBy +2,82)Fr"),

respectively, which force our discussion to fall into two cases.
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Case 1: B, # B, or By # 35. In this case, we see from the coeflicients of w3 and u in the restriction of
DR on the solution of (3.1) that

F=0. (3.16)

Then the restriction of DR on the solution of (3.1) is a linear combination of ¥*~! and x*~'*# with
coeflicients

o dL
t ((af - 1)L - ta) ,

= (Bo = B3)(Bo — B2 = B3)(Bo — B)L,
respectively. Note that Sy — 1 # By — 1 — 3.

Case 1.1: By # Bz and B # 3, + B3 and By # B. In this case, we see from the coefficient of x¥*~!# in
the restriction of D} R on the solution of (3.1) that L = 0. Therefore, we deduce that R = 0.

Case 1.2: By = B3 or By = B, + B3 or By = 5. In this case, we see from the coefficient of ¥*~! in the
restriction of D} R on the solution of (3.1) that L = c1t*~! for some constant ¢;. Therefore, we deduce
that R = ClRl.

Case 2: 8, = 5, and Sy = 3. In this case, we see from the coefficient u in the restriction of DR on
the solution of (3.1) that

F = ¢t} (3.17)

for some constant c;. Then the restriction of D} R on the solution of (3.1) becomes

¥yl ((a - 1)L - tccll—I;),

so we obtain L = ¢! for some constant ¢;. Therefore, we deduce that R = ¢;R; + ¢,R,. Then we
finish the proof of Lemma 3.2. O

Lemma 3.3. There does not exist a conservation law of Eq (1.2) whose characteristic is a smooth
function R = R(x,t,u,u,) such that OR/0u, % O.

Proof. Suppose that R = R(x,t,u,u,) is the characteristic of a conservation law of Eq (1.2). We
continue the calculation in the proof of Lemma 3.1 under the assumption n = 1. Under the assumption,
we have

1
R = X*F(tu, + ded‘lF(t) + xR \u + H(x, 1),

where F, H, and K are some smooth functions and
2
d=d(l) = —5(31 - Ba).
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In particular, the restriction of D} R on the solution of (3.1) can be regarded as a polynomial of u, and u
with coeflicients of functions on x and z. The coefficient of u3u in the restriction of D} R on the solution
of (3.1)1is

12x ot 5 -5

so we obtain F = 0, which contradicts the condition that x¢F = R /du, % 0. m|

Lemma 3.4. Suppose that a conservation law of Eq (1.2) has a characteristic which is a smooth
function R = R(x,t,u, uy, u,,) such that OR/0u,, # 0. Then we must have

Bo = B2 = Bs.
Moreover, we write

R1 :xﬁo—lta/—l
Ry =217y,
Ry =xPo~1o-! (2x80+ﬁ1 W+ (1 = By)xuy + xzuxx) ,

1
R, =xPo-1o! (2,80x2ﬂ0t“u3 — gaxw"u + Bo(1 — Bo)xt“u, +,Box2t“uxx) .
(1) When By # 1, we have R = c|R; + ¢3R5 for some ¢, € R and c; € R\{0}.

(2) When By = B1, we have R = ¢ R, + caR, + c3R3 + c4Ry4 for some ¢y, ¢, € R and (c3, c4) € R*\{(0, 0)}.

Proof. We continue the calculation in the proof of Lemma 3.1 under the assumption n = 2. Under the
assumption, we have

1
R = x*F(t)u, + (de‘HF(t) + xd+ﬁ/3—11((z)) e + H(x, t,u),
where F, H, and K are smooth functions with F(r) £ 0 and

1
d =33 =31 =f2+Bs).

In particular, the restriction of D} R on the solution of (3.1) can be regarded as a polynomial of u,, and
u, with coeflicients of functions on x, ¢, and u, and the coefficient of u,u,, is

2
32 P1=B2-h3 12x%(ﬁ2+2ﬁ3)—ﬁouF _ xa H
ou? )’
SO we obtain s 4
H = 2xP+ 3+ 5 U3 F 4 ul(x, ) + M(x, 1) (3.18)

for some smooth functions L and M. Then the restriction of DiR on the solution of (3.1) can be
regarded as a polynomial of u,,, u,, and u with coeflicients of functions on x and ¢, and the coefficient
of uu? is

4 33-3B0-381-B2+B3) ((3130 — By —2B3)F + 3x%ﬂK)’
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SO we obtain

K=0 and 3ﬁ0 —ﬁz - 2ﬂ3 = 0, (319)
since F' # 0. Then the coeflicient of u,, in the restriction of D} R on the solution of (3.1) becomes
1 Bo_y B dF
Z U7 2Pipetl) 5 2hotBits —1F - —
> X { X (@-1) i

+ t“[ _ prEe (6xg—L +(=9B8y + 281 + B2 + 6) L)
X

— o (Bo — B2) (Bo + B2) xﬁz“m)]},

SO we obtain

-

3B0 + 2B + 2
Bo(Bo — Ba)(Bo + B F — 42 Hho+251+52) (l(il—lj +(1 - CY)F) ]}

L :lx%(ﬁo—Zﬁl —ﬁ2—2){2x;(3ﬁo+2,31 +,5'2)P(t) +
2

(3.20)

for some smooth function P. Then the coefficient of 1 in the restriction of DR on the solution of (3.1)
becomes

oM
xPo (6(ﬂ0 - M - 6x—) ,
ox

SO we obtain

M = X7 O(r) (3.21)

for some smooth function Q. Then the coeflicient of u? in the restriction of D3R on the solution of (3.1)
becomes a linear combination of x¢', x°2, and x** with coefficients

2(3B0 — 2B — Bt dF
— 3Bt 28+ B ((CZ— I)F—ld—t),
(Bo — B2)(Bo + B2)(Bo + 281 + B2)(9Bo + 281 + B2)F
4(3Bo + 2B + ) ’

(=30 + 281 + )P,
respectively, where
1 1
er=B—1, e= 5(—,30—2[31 -B-2), e= 6(3ﬁ0—2,31 —B2-6).
Note that e¢; # e; when i # j. We see from the coefficient of x** that

Bo—pB2=0, (3.22)
since F' # 0. Then we obtain 8y = 8, = 83 from (3.19) and (3.22). Then the coefficients of x°' and x*
become
_2(Bo =Bt

2B0 + B

respectively, which force our discussion to fall into two cases.

((a _DF - ’in) and  — 2080 — B)P.
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Case 1: By — 81 # 0. In this case, we see from the coefficient of 1> that
F=c3*" and P=0 (3.23)

for some non-zero constant c3. Then the restriction of D} R on the solution of (3.1) becomes
dQ
% (- 1D - 1—=]|,
( )0 ”
so we obtain Q = ¢,;#*"! for some constant ¢,. Therefore, we deduce that R = ¢;R; + c3R5.

Case 2: By — B1 = 0. In this case, we have By = 81 = B, = 3. The coeflicient of u in the restriction
of DR on the solution of (3.1) becomes a linear combination of x! and x* with coeflicients

. dpP
t ((a ~ 1P - IE),

t—2a

3Bo

respectively, where e, is defined above and e, = 23, — 1. Note that e; # e4. Hence, we obtain

d’F dF
& _ _ Vet
(t i +(a@-1) ((2a DF(t) — 3t i )) ,

P=cyt"", F=cst" ' +c*! (3.24)
for some constants ¢, c3, and c4. Then the restriction of D} R on the solution of (3.1) becomes
dQ
P (- 10 -1—],
( )0 o
so we obtain Q = c;#*~! for some constant c¢;. Therefore, we deduce that R = ¢;R| + c2R, + c3R3 + iRy

with ¢ = ¢4/By. Then we complete the proof. O

Lemma 3.5. There does not exist a conservation law of Eq (1.2) whose characteristic is a smooth
function R = R(x, t,u, uy, us, u3) such that OR/du; # 0.

Proof. We continue the calculation in the proof of Lemma 3.1 under the assumption n = 3. Under the
assumption, we have

3
R =x‘F(uy, + | xPP1K(@0) + ded_lF(t) Uy + H(x, t,u, uy),

where F, K, and H are smooth functions and

2
d=d(3) = 3 (B3-=281-52).
The restriction of D} R on the smooth solutions of (3.1) can be written as a polynomial on u,, and i,
with coefficients of functions on x, ¢, u, and u,, whose coeflicient of 1,1, 1S
0’H

P iy
ou?
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SO we obtain
H=L(x,t,u)u, + M(x,t,u) (3.25)

for some smooth functions L and M. Then the restriction of D3R on the smooth solutions of (3.1)
can be written as a polynomial on u,, u,,, and u,,, with coefficients of functions on x, ¢, and u, whose
coefficient of u?_is

36xP Ty 3x3_ﬂa—L,
ou
SO we obtain
L = 6x7PorsBrPOBspy o p(x, p) (3.26)

for some smooth function P. Then the coefficient of u,u,,, in the restriction of DR on the smooth

solutions of (3.1) becomes

_g._ 1 _2
12xPo=5 5 Fy,

so we obtain F = 0, which contradicts the condition that xXYF = 0R/0u,., % 0. O

Now by combining Lemmas 3.2-3.5, we see that the linear combination of Ry, R, defined in
Lemma 3.2 and R;, R, defined in Lemma 3.4 forms all possible characteristics of Eq (1.2) with
degree no higher than 3. Their corresponding conservation laws can be easily computed, and hence we
complete the proof of Theorem 1.1.

4. Conclusions

In this paper, we have studied the conservation laws of the conformable fractional mKdV
equation (1.2), in which the temporal and spatial derivatives are replaced by conformable derivatives
of orders a and py,f1, 2,53, respectively. Our main result, Theorem 1.1, provides a complete
classification of all conservation laws of Eq (1.2) whose characteristics have order at most 3.

The four most important conservation laws of the classical mKdV equation, i.e., the mass,
momentum, energy, and Galilean conservation laws, each admit a conformable counterpart, given
explicitly by the pairs (Py, Q1), (P2, Q2), (P3, Q3), and (P4, Q4) in Theorem 1.1. The necessary and
sufficient conditions for each of these conservation laws to hold are conditions (C1), (C2), (C3),
and (C4), respectively. Furthermore, we have shown that under the appropriate conditions, these
conformable conservation laws continue to provide a complete classification in the same sense as in
the classical integer-order case.

Several directions remain open for future investigation. First, the present work focuses on
conservation laws whose characteristics have order at most 3. It would be natural to ask under what
conditions on the fractional orders that the conformable mKdV equation possesses infinitely many
independent conservation laws, as in the classical case. Second, it would be of interest to extend the
analysis to other conformable fractional nonlinear dispersive equations to determine whether similar
structural persistence phenomena hold more broadly. Third, from a numerical standpoint, the explicitly
identified conformable conservation laws could serve as the basis for structure-preserving numerical
schemes for Eq (1.2), in the spirit of conservative finite difference or finite element methods for the
classical mKdV equation. We leave these questions for future work.
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