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Abstract: This paper investigates the algebraic structure of picture fuzzy level operators. The concept
of level subsets for picture fuzzy sets was introduced by Kankaew et al. [1] in the context of UP (BCC)-
algebras, where they defined the upper and lower level subsets U, (¢), U, (1), and L, (). Building upon
this foundational work, we define picture fuzzy level operators L, s, and investigate their algebraic
properties. Let L = {L,g, : a8,y € [0,1], 0 < a + B +y < 1} denote the admissible set of
all picture fuzzy level operators, and let L = {Logy : @B,y € [0,1]} denote the extended operator
space obtained by dropping the constraint « + § + vy < 1. We define a partial order < on L by
componentwise order with y reversed. We prove that (£, <) is a poset, with £ as a sub-poset. We
introduce the meet M and join LI operations and show that (Z, M, ) forms a distributive lattice, and
moreover a complete lattice. The admissible set £ is characterized as closed under meet but not
under join. We define composition o of level operators and prove that (£, o) forms a commutative
idempotent monoid with identity Ly, ;, with the interesting property that composition coincides with
the join operation. We investigate inverse operators, proving that only the identity operator has a
true inverse, and introduce dual operators satisfying natural duality properties. We establish metric
structures, including Chebyshev, Manhattan, and Euclidean distances on L. Finally, we provide a
geometric interpretation via the operator simplex—a tetrahedral representation in R? that visualizes the
admissible set of level operators. This work provides a systematic algebraic and geometric framework
for understanding picture fuzzy level operators.
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1. Introduction

1.1. Background and motivation

Threshold operators have a long history in fuzzy set theory, dating back to Zadeh’s foundational
work on fuzzy sets [2] and their early applications in fuzzy group theory by Rosenfeld [3]. They take a
fuzzy set and filter it, keep only what exceeds some cutoff, and everything else goes to zero. The result
is a bridge from the graded world of fuzzy sets to the stark binary world of classical sets.

Zadeh [2] started it all with fuzzy sets. Rosenfeld [3] pushed the idea into algebra with fuzzy groups.
Then Atanassov [4] added non-membership degrees, creating intuitionistic fuzzy sets (IFSs). Now two
thresholds were needed: one for membership and one for non-membership [5, 6]. Others followed,
extending these operators and exploring their algebraic consequences [7, 8].

Cuong’s picture fuzzy sets (PFSs) [9] went further. Each element now carries three numbers:
positive membership (), neutral membership (77), and negative membership (v). The constraint?
u+n+v < 1. What remains is the refusal degree 7—a measure of how much an element neither
belongs nor refuses. This tripartite structure fits decision problems where people hold mixed views
simultaneously [10, 11].

Meanwhile, generalized fuzzy theories have multiplied.  Neutrosophic sets [12-14] split
membership into truth, indeterminacy, and falsity. Recent extensions, such as complex neutrosophic
sets [15] have further enriched this framework. Plithogenic sets [16] unify aggregation. Hyperfuzzy
sets [17] allow multiple membership values. Spherical fuzzy sets [18] and g-rung orthopair fuzzy
sets [19] push generalization even further. We place our work within this landscape, studying level
operators inside the picture fuzzy setting.

Beyond the classical and intuitionistic frameworks, several extensions of picture fuzzy sets have
also been proposed. Bipolar picture fuzzy sets [20] capture both positive and negative aspects of
membership in a unified framework, allowing a more nuanced representation of uncertainty in decision
problems where both favorable and unfavorable evidence must be modeled simultaneously. Picture
fuzzy soft sets [21] combine picture fuzzy sets with soft set theory, providing a parameterized tool for
handling uncertainty. These extensions demonstrate the versatility of the picture fuzzy framework and
motivate our study of its algebraic structure.

Level subsets for fuzzy sets—written U, (1) = {x € X : u(x) > r}—have been standard for decades.
IFSs need two such subsets: one for membership and one for non-membership [5]. Kankaew et al. [1]
extended the idea to picture fuzzy sets with three level subsets:

U =xeX: ux)>t}), U ={xeX:nx)>1t}), L@ ={xeX:v(x)<t}.

They showed that picture fuzzy BCC-subalgebras, filters, and ideals correspond to classical structures
through these level subsets. The line of work continues. Nakkhasen et al. [22] studied m-polar picture
fuzzy bi-ideals in semigroups. Gunjan et al. [23] examined picture fuzzy subalgebras in Sheffer stroke
UP-algebras.

But level subsets tell a static story, and level operators tell a dynamic one, and he operator L, g,
thresholds all three membership degrees at once. And the collection

L={Lygy:ap,ve[0,1, 0<a+B+y <1}
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carries structure—order-theoretic, algebraic, geometric. Moreover, to obtain a genuine lattice structure,
we also consider the extended operator space

Z = {La,,B,y : a’aﬁ,y € [O, 1]}5

obtained by dropping the constraint. We take up the structure of both spaces here.

1.2. Motivation and significance

Why study the algebraic structure of level operators? Four reasons stand out.

Information fusion matters. In multi-criteria decision-making, criteria demand different thresholds.
The lattice structure of level operators gives a principled way to combine them.

Optimization matters too. The metrics we develop on £ open the door to optimization over
thresholding strategies.

Theoretical grounding is essential if these operators are to be used reliably.

And finally, the lattice and monoid structures reveal how picture fuzzy level operators inherit
properties from both fuzzy logic and classical algebra—a bridge between worlds.

1.3. Related work and comparison

Level operators appear in several fuzzy settings. Classical fuzzy level operators L, are well
understood and applied to fuzzy groups [3]. Intuitionistic fuzzy level operators L,z were studied by
Atanassov and others [5,7]. We now compare these frameworks systematically, as summarized in
Table 1.

Table 1. Comparison of level operators across different fuzzy frameworks.

Type Parameters Condition  Operator
Fuzzy sets a€[0,1] - L,
Intuitionistic fuzzy sets  a,y € [0, 1] a+y<1 Ly,

Picture fuzzy sets a,B,y€[0,1] a+B+y<1 Logy

To further clarify the position of the present work, Table 2 compares representative fuzzy, picture
fuzzy, bipolar picture fuzzy, and neutrosophic models in terms of their membership structure and scope.

Table 2. Comparison of representative fuzzy models with the present framework.

Model Membership degrees Constraint Reference
Fuzzy sets u - [2]
Intuitionistic fuzzy sets u,v u+vs<l [4]
Picture fuzzy sets u,n,v u+n+v<1 [9]
Bipolar picture fuzzy sets AN - [20]
Neutrosophic sets T,1,F - [12]

Three differences separate our work from earlier contributions. Atanassov’s operators act on IFSs
with two degrees; ours act on picture fuzzy sets with three. Kankaew et al. studied level subsets but
left the algebraic structure of the operators themselves untouched; we treat the operators as objects in
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their own right. Further, we discover structures—Ilattice, monoid, metric space—that earlier work did
not reach, including the striking coincidence o = LI between composition and join.

The lattice structure of fuzzy sets and IFSs has been studied extensively [24, 25]; However, the
algebraic properties of level operators themselves have attracted little attention.Hasan [26] recently
characterized picture fuzzy lattices, ideals, and their homomorphisms. Their work focuses on ideals as
substructures, complementing our focus on the algebraic behavior of level operators.

1.4. Main results

Our results are as follows. First, £ forms a poset under a componentwise order with y reversed, with
£ as a sub-poset (Section 3). Second, £ forms a distributive and complete lattice under meet and join,
and the admissible set L is characterized as closed under meet but not under join (Section 4). Third, L
forms a commutative idempotent monoid under composition, and composition coincides with join—
o = LI (Section 5). Fourth, only the identity has a true inverse; dual operators satisfy natural duality
properties (Section 6). Fifth, three metrics (i.e., Chebyshev, Manhattan, and Euclidean) are defined on
£, and lattice operations are continuous with respect to them (Section 7). Finally, the operator simplex
offers a geometric interpretation (Section 8).

The identity o = LI stands out. It says that applying two filters in sequence gives exactly the same
result as applying a single filter that combines the strictest conditions from both. This behavior is
specific to picture fuzzy level operators. It does not appear in the classical or intuitionistic cases.

1.5. Contributions

We make the following contributions:

(1) A partial order < on £ under which (Z, <) is a poset, with the admissible set £ as a sub-poset
(Theorem 3.3).

(2) Meet M and join U operations under which (Z, M, ) becomes a distributive, complete lattice,
with the admissible set L characterized as meet-closed but not join-closed (Theorem 4.3,
Corollary 4.5).

(3) A composition o turning (Z, o) into a commutative idempotent monoid (Theorem 5.3), with the
identity o = LI (Corollary 5.5).

(4) A proof that only Lyo; has a true inverse (Theorem 6.2), plus dual operators with natural
properties (Proposition 6.6).

(5) Metric structures on Z—Chebyshev, Manhattan, and Euclidean (Theorem 7.2).

(6) A geometric interpretation via the operator simplex, a tetrahedron in R? (Section 8).

1.6. Organization

Section 2 recalls the definitions of picture fuzzy level operators and level subsets from Kankaew
etal. [1]. Section 3 introduces the partial order. Section 4 develops the lattice structure on the extended
space £ and characterizes the admissible set £. Section 5 studies composition. Section 6 handles
inverse and dual operators. Section 7 introduces metrics. Section 8 gives the geometric interpretation.
Section 9 discusses applications. Section 10 concludes the paper.
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2. Preliminaries

This section collects the foundational definitions and operations on picture fuzzy sets, level subsets,
and level operators that are used throughout the paper. We begin with the basic notions of fuzzy,
intuitionistic fuzzy, and picture fuzzy sets; then introduce level subsets; and finally define the picture
fuzzy level operators that are the main object of study. Each definition is accompanied by a brief
explanation of its role in the framework.

2.1. Picture fuzzy sets and basic operations

In this subsection, we recall the definitions of fuzzy, intuitionistic fuzzy, and picture fuzzy sets,
together with their basic set-theoretic operations. These definitions form the foundation for the level
subsets and level operators introduced later.

We begin with the classical notion of a fuzzy set [2].

Definition 2.1. [2] A fuzzy set A on a non-empty universe X is defined by a membership function
g s X — [0,1].

Intuitionistic fuzzy sets extend this by adding a non-membership degree, as the following definition
recalls [4].

Definition 2.2. [4] An intuitionistic fuzzy set (IFS) A on a non-empty universe X is a pair (us, v4) of
functions pa, va : X — [0, 1] satisfying pa(x) + va(x) < 1 forall x € X.

Building on these, Cuong introduced picture fuzzy sets with a third (neutral) membership degree [9].

Definition 2.3. [9] A picture fuzzy set (PES) P on a non-empty universe X is a triple (up, np, vp) of
functions up, np, vp : X — [0, 1] satisfying up(x) + np(x) + vp(x) < 1 for all x € X.

The following definitions establish the basic set-theoretic operations on picture fuzzy sets:
complement, union, intersection, and the subset relation. These are needed for the lattice structure
discussed in Section 4.

Definition 2.4. [9] [Complement of a PFS] For a picture fuzzy set P = (up, np, vp), the complement
P¢ is defined by:
ppe(x) = vp(x), npe(x) = np(x), vpe(x) = pp(x).

Definition 2.5. [9] [Union of PFSs] For two picture fuzzy sets P = (up,np, vp) and Q = (g, 19, Vo),
their union P U Q is defined componentwise as:

Hpuo(x) = max{up(x), uo(x)},

nruo(x) = min{np(x), no(x)}

vpup(x) = min{vp(x), vo(x)}.
Definition 2.6. [9] [Intersection of PFSs] For two picture fuzzy sets P = (up,np,vp) and
0 = (U, g, Vo), their intersection P N Q is defined componentwise as:

Hpno(x) = min{up(x), uo(x)}

Npno(x) = min{np(x), no(x)},

Vpno(X) = max{vp(x), vo(x)}.
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The subset relation for picture fuzzy sets requires careful handling of the negative membership
degree, as the following definition shows.

Definition 2.7. [9] [Subset and equality of PFSs] For two picture fuzzy sets P and Q, we say P C Q
if and only if:

Hp(x) < po(x), np(x) < no(x), vp(x) = vo(x)
for all x € X. Moreover, P = Q ifand only if P C Q and Q C P.

Remark 2.8 (On the asymmetry of union and subset). The definitions of union and subset for picture
fuzzy sets require careful interpretation. In the union P U Q, the neutral membership is combined
via min, while in the subset relation P C Q, the condition is np < 1o. At first glance, these two
conventions might appear inconsistent: the union of two sets can have a smaller neutral membership
than either operand, yet the subset relation treats smaller neutral membership as “more restrictive.”

The resolution lies in the interpretation of the neutral membership n as a degree of indeterminacy,
rather than a degree of membership. Under the union, an element’s indeterminacy in P U Q is the least
indeterminacy it has in either set, reflecting the principle that evidence from either source can reduce
uncertainty. Under the subset relation, P C Q requires that P is at least as restrictive as J, meaning
P has no more indeterminacy than Q. These conventions follow Cuong’s original formulation [9] and
are standard in the picture fuzzy literature.

Remark 2.9. The asymmetry for v deserves a word. A smaller v value means stronger membership—
less negativity. So P C Q says that P is more restrictive than Q: It demands at least as much positive
and neutral membership, and at most as much negative membership.

We illustrate these operations with a simple example.

Example 2.10. Let P and Q be two picture fuzzy sets on X = {x, x,} defined by

P .

Hp  Tlp Vp Ho Tg Vg

x (08 0.1 01| 0.6 02 0.1

x 05 03 02|07 0.1 0.0

Then:

lu v lu v
PNnQ= x/06 0.1 01 and PUQ= x; |08 0.1 0.1
x |05 0.1 02 x 0.7 0.1 0.0

Observe that PN Q € P C P U Q, matching intuition.

The following remark records the lattice structure of picture fuzzy sets, which will be useful for
comparison with the lattice structure of level operators introduced in Section 4.

Remark 2.11 (Lattice structure of PFSs). The set of all picture fuzzy sets on X, together with U and N,
forms a distributive lattice [25], with partial order given by C. The top element is

PT = (/’L$n’y) = (1’ 1’0)7

a “perfect” element with full positive and neutral membership and no negative membership. The
bottom element is

PJ_ = (ll,n,V) = (070, 1)7
an “empty” element. Note the asymmetry: v = 1 at the bottom, since v measures negative membership.
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2.2. Level subsets

Level subsets provide a way to decompose fuzzy sets into crisp sets at different thresholds. In this
subsection, we recall the definitions of level subsets for fuzzy, intuitionistic fuzzy, and picture fuzzy
sets, culminating in the three level subsets introduced by Kankaew et al. [1]. These definitions motivate
the level operators studied in the remainder of the paper.

We begin with the classical fuzzy level subset.

Definition 2.12. [2] [Fuzzy level subset] For a fuzzy set A and ¢ € [0, 1], the level subset is:
U, (D) ={x€X:pua(x)>1).
For intuitionistic fuzzy sets, two level subsets are needed, one for each membership degree.

Definition 2.13. [5] [Intuitionistic fuzzy level subset] For an IFS A and ¢ € [0, 1], the level subsets
are:
U@ ={xeX uax)>1t}, L()={xeX:valx) <t}

The following definition extends this to picture fuzzy sets, where three level subsets are needed.

Definition 2.14. [1] [Picture fuzzy level subsets] For a PFS P and ¢ € [0, 1], define

U (D) = {x € X : pp(x) 2 1), (1)
U, (1) ={xeX:np(x) >t} )
L) = (x & X : vp(x) < 1), 3)

Remark 2.15. These three definitions go back to Kankaew et al. [1], who introduced them for UP
(BCC)-algebras as natural generalizations of the fuzzy and intuitionistic level subsets. We adopt them
for studying picture fuzzy level operators.

2.3. Picture fuzzy level operators

Having introduced level subsets, we now turn to level operators, which are the main object of study
in this paper. In this subsection, we recall the fuzzy and intuitionistic fuzzy level operators and then
define the picture fuzzy level operator L,s,. We also establish that this operator is well-defined and
discuss its basic properties.

The simplest case is the fuzzy level operator.

Definition 2.16 (Fuzzy level operator). For a fuzzy set A and « € [0, 1], the fuzzy level operator L, is
defined by:
pa(x) if pa(x) 2 @,
He,a)(X) =

0 otherwise.

For intuitionistic fuzzy sets, two thresholds are needed.
Definition 2.17. [5] [Intuitionistic fuzzy level operator] For an IFS A and a,8 € [0, 1] witha+8 < 1,
the intuitionistic fuzzy level operator L, g is defined by

va(x) ifva(x) < B,
1 otherwise.

Ha(x) i pa(x) > @,

M, p4)(X) = { VEp(A)(X) = {

0 otherwise,
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We now introduce the central definition of this paper: the picture fuzzy level operator, which
simultaneously thresholds all three membership degrees. A key feature of the definition is that the
negative membership acts as a global filter: Whenever vp(x) exceeds the threshold vy, the element is
fully rejected, and both u;(x) and 7,(x) are set to zero. This asymmetric treatment is necessary to
preserve the picture fuzzy constraint 4 + 17 + v < 1, as discussed in Remark 2.20 below.

Definition 2.18 (Picture fuzzy level operator). Let o, 8,y € [0, 1] with @ + 8+ 7y < 1. The picture fuzzy
level operator L, g, transforms a picture fuzzy set P = (up,np, vp) into L, g,(P) = (g, N1, v1) defined
by
pp(x) if pup(x) > @ and vp(x) <,
ur(x) = .
0 otherwise,

np(x) 1f np(x) > B and vp(x) <,
nu(x) = )
0 otherwise,

vp(x) ifvp(x) <,
vi(x) = .
1 otherwise.

Before proceeding, we verify that this operator produces valid picture fuzzy sets.

Proposition 2.19. The picture fuzzy level operator L, g, is well-defined: For any picture fuzzy set P,
the resulting L, g, (P) is again a picture fuzzy set.

Proof. Let x € X. We show that u; (x), n.(x), v (x) € [0, 1] and that

M (x) +m(x) +ve(x) < 1.

Range. By construction, u;(x) is either up(x) € [0,1] or 0, so u,(x) € [0,1]. Similarly,
n(x) € [0, 1]. For v (x): If vp(x) < 7y, then v (x) = vp(x) € [0, 1]; otherwise v.(x) = 1 € [0, 1]. Hence,
all three components lie in [0, 1].

Sum constraint. We consider two cases.

Case 1: vp(x) < y. Then, v;(x) = vp(x), and Definition 2.18 gives u;(x) < up(x) and 1,(x) < np(x).
Therefore,

HL(x) + 1r(x) + ve(x) < pp(x) + np(x) + vp(x) < 1,

since P is a picture fuzzy set.
Case 2: vp(x) > . Then, by Definition 2.18, u;(x) = 0, n.(x) = 0, and v, (x) = 1. Hence,
() +n(x)+vi(x)=0+0+1=1<1.

In both cases, the sum is at most 1. Therefore, L, 3,(P) is a valid picture fuzzy set. O

Remark 2.20. The asymmetric treatment of v is essential for well-definedness. Suppose, by contrast,
that we set u;(x) = up(x) whenever up(x) > @ (independently of v), n.(x) = np(x) whenever np(x) >
B, and v, (x) = 1 whenever vp(x) > 7. Then, the resulting triple might violate the picture fuzzy
constraint. For instance, let P = (0.3,0.3,0.4) and (,5,y) = (0.2,0.2,0.3). Here up(x) = 0.3 > «
and 77p(x) = 0.3 > B would be preserved, while vp(x) = 0.4 > y would give v;(x) = 1. The resulting
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sum is 0.3 + 0.3+ 1 = 1.6 > 1, which is not a valid picture fuzzy set. Our definition avoids this
by forcing u;(x) = nr(x) = 0 whenever vp(x) > 7, so that the sum remains at most 1. This makes
the negative membership degree a global filter on the element: high negativity overrides positive and
neutral memberships.

The following remarks clarify the role of the consistency condition and the operational meaning of
the operator.
Remark 2.21. The constraint @ + § + y < 1 guarantees that the thresholds themselves form a valid
picture fuzzy element. This consistency condition is inherited naturally from the definition of picture
fuzzy sets.
Remark 2.22 (Operational interpretation). The operator L, g, acts on each x € X independently, in two
stages:

(1) Global rejection test: If vp(x) > vy, the element is fully rejected: u;(x) = 0, n.(x) =0, v, (x) = 1.
(2) Conditional thresholding: If vp(x) < v, then up(x) is preserved when pp(x) > a (otherwise 0),
np(x) is preserved when np(x) > S (otherwise 0), and vp(x) is preserved.

In effect, the operator “filters” the picture fuzzy set according to (a,f,vy), with the negative
membership acting as a global rejection criterion.

Finally, we note the special cases that recover the fuzzy and intuitionistic operators.
Remark 2.23 (Special cases). Two classical cases emerge from this definition:

e If 7p(x) = O for all x and 8 = 0, the operator reduces to L,,,.
e [f additionally vp(x) = O for all x and y = 0, it reduces to L,.

At the extremes:

e Ly: the identity operator (no filtering).

e L, 0: the strictest operator in the extended space L1t preserves up(x) only when pp(x) > 1 (i.e.,
up(x) = 1) and vp(x) < 0 (i.e., vp(x) = 0); similarly for np(x). Since up(x) + np(x) + vp(x) < 1,
no element can satisfy up(x) = 1 and np(x) = 1 simultaneously. Hence, L ; ((P) is the constant
picture fuzzy set in which every element is fully rejected, that is, L, ; o(P)(x) = (0,0, 1) for all
xeX.

Let
L={Lygy:ap,vel0,1, 0<a+B+y <1}

denote the admissible set of all picture fuzzy level operators.

Definition 2.24 (Extended operator space). Let
L={L,g,:apByel0,1])

denote the extended operator space, obtained by dropping the picture fuzzy constraint 0 < a+8+y < 1.
The admissible set £ is a proper subset of L.

Remark 2.25. The extended space £ is needed because the admissible set £ is not closed under the
join operation introduced in Section 4. The lattice structure is established on £, while £ retains its
picture fuzzy interpretation as the admissible subset.
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3. Partial order

We now define a partial order on £ and show it forms a poset. The admissible set £ inherits this
order as a sub-poset. The order captures filtering strength: larger @ and S, together with smaller v,
mean stronger filtering. This order will be used throughout the paper to describe the lattice, monoid,
and metric structures.

We begin with the definition of the order.

Definition 3.1 (Partial order on £). For Lo, giy1>Lar gy, € £, define

L < Loy, py ifandonlyif o) <y, B <P, vi27vs.

@1,B1,71

The following remark explains the intuition behind this definition.

Remark 3.2. The order is the product order on («, 8) combined with the reverse order on y. This mirrors
the asymmetry built into the definitions. Higher thresholds for i and 7 shrink the surviving set. Higher
thresholds for v enlarge it—fewer elements get their negative membership set to 1.

We now verify that this order indeed makes £ a poset.
Theorem 3.3. (£, <) is a partially ordered set (poset). The admissible set L is a sub-poset of L.

Proof. Reflexivity: For any Lz, € L, wehave a < a, B <pB,andy >y. Hence, Lyg, < Lop,.
Antisymmetry: Suppose L; = Ly, 3,5, < Lo = Lo, 3,4, and L, < L;. Then, a1 < @, and a» < a4, so
a; = a,. Similarly 8; = 8,. Alsoy; > ¥, and y, > vy, so y; = y». Hence, L, = L,.
Transitivity: Suppose L; < [, and L, < L3. Then, a1 < @, < a3, 81 < B < B3, and y; > y2 > y3.
Hence, L, < L;. O

The following example illustrates the partial order.

Example 3.4. The chain

Lo60301 = Lo40302 = L030303 = L0.1,0.1,05

illustrates the partial order. As @ and § decrease and y increases, the operator becomes less restrictive.
All four operators belong to the admissible set £, since their component sums are 1, 0.9, 0.9, and 0.7,
respectively.

4. Lattice structure

Next we introduce meet and join on £. These operations turn £ into a distributive lattice—in fact,
a complete one. The lattice structure gives a systematic way to combine thresholding strategies. We
begin with the definitions of meet and join, then prove that they yield a distributive lattice, and finally
identify the top and bottom elements.

Before proceeding, we note that the admissible set £ is not closed under the join operation defined
below. To obtain a genuine lattice structure, we work in the extended operator space £ introduced in
Definition 2.24.
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4.1. Meet and join
We begin by defining the two basic lattice operations on L.

Definition 4.1 (Meet). For Ly, g, y,» La, .y, € L, the meet (greatest lower bound) is:

Lmﬁlﬂ/l r Laz,ﬁz,)’z = Lmin(a),2), min(B;,8), max(y1,y2)*

Definition 4.2 (Join). The join (least upper bound) is:

Lmﬁm’l L L(tzﬁz,)’z = Lmax(al,dz), max(B1,82), min(yi,y2)*

We now show that these operations make £ a distributive lattice.

Theorem 4.3. (Z, M, U) forms a distributive lattice. Moreover, the admissible set L is closed under
meet, but not under join.

Proof. The operations act componentwise: min/max on « and 3, reversed on . Since [0, 1] with min
and max is a distributive lattice [27,28], so is £ = [0, 1]°.

For an explicit check, let Ly = Ly, g, ., Lo = Lo, g,4,> and L3 = Ly, g, ,,. Then,

Ly M (Ly U L3) = Linin(a; max(@a,a3)),min(8;,max(B2,83)).max(y1,min(y2,3))-

By distributivity of min over max and max over min on [0, 1], this equals:

Lmax(min(al ,a2),min(a1,@3)),max(min(B;,B,),min(B; ,63)),min(max(y,y2),max(yi,y3))»

which is precisely (L; M L) LI (L M L3).
It remains to verify the closure properties of L. If Ly, L, € L, thena; +5; +vy; < 1 fori =1,2. Let
J € {1, 2} be such that max(y;,y,) = y,. Since min(a;, @;) < a; and min(B,, 8,) < B;, the meet satisfies

min(a;, ay) + min(B;, B,) + max(y;,y2) < aj+Bj+v; <1,

SOL1|_|L2€.£. O

..........

,,,,,

and 0.6 + 0.4+ 0.1 =1.1 > 1,s0 L, UL, ¢ L. Thus, L is not closed under join.
The completeness of the lattice follows from the completeness of L.

Corollary 4.5. (Z, M, U) is a complete lattice with

/\ La,-,ﬂ,-,y,- = Linf,- @;, inf; B, sup; yi» \/ L(z,-,,(i’,»,y,- = Lsupi @;, sup; B, inf; y;

i€l i€l
Proof. The completeness of [0, 1] under infimum and supremum guarantees that arbitrary meets and
joins exist in £ [29]. O
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The following proposition connects the order structure on £ with the behavior of the operators on
picture fuzzy sets: A stronger filter (larger in the order <) produces a more restrictive output.

Proposition 4.6. Let Ly = Ly, g, 4,, Lo = Lo, g, , € L with Ly < L. Then, for every picture fuzzy set P
on X,
Ly(P) € Ly(P),

where C is the picture fuzzy subset relation of Definition 2.7.

Proof. Let x € X. We must show

Hi,py(X) < pup, (X)), M@y (X) S n0,e) (X)), Vi) (X) = v ey (X).

Since L; < L,, we have | < @y, 51 < 5>, and y; > y,. We distinguish three cases.
Case 1: vp(x) > 1. Then, vp(x) > y; > 2, so the global rejection test triggers for both operators:

Li(P)(x) =(0,0,1) and L,(P)(x)=(0,0,1).

Hence, L,(P)(x) = L,(P)(x), and the subset relation holds with equality.
Case 2: y, < vp(x) < vy. Then, L; passes the global test (since vp(x) < i), while L, triggers it
(since vp(x) > v,). Therefore,

Li(P)(x) = (p1,m1,vp(x)),  where py = pp(x) if up(x) > a; else 0,

and similarly for n;, while L,(P)(x) = (0,0, 1). Since 0 < u;, 0 < 1y, and 1 > vp(x), the subset relation
holds.

Case 3: vp(x) < 5. Then, vp(x) < v, < ¥4, so both operators pass the global test. For the positive
membership: if up(x) > a@,, then up(x) > a; (since a; < @;), so both operators preserve up(x) and
Hrpy(X) = ey (x). If up(x) < ap, then py,py(x) = 0 < pp, (p)(x) regardless of whether p;, p)(x) equals
pup(x) or 0. In all subcases, u,p)(x) < pr,p(x). The same argument applies to 1. For the negative
membership, both operators preserve vp(x), S0 v, p)(X) = vi,p)(X) = vp(x).

In all three cases, the three componentwise inequalities hold, so L,(P) C L(P). O

Remark 4.7. Proposition 4.6 confirms that the order < on £ is consistent with the filtering behavior
of the operators: Moving up in the order (larger «, 8 and smaller ) yields a more restrictive output.
This justifies the interpretation of (L, <) as a lattice of filtering strategies and connects the algebraic
structure with the underlying picture fuzzy semantics.

4.2. Top and bottom elements

We now identify the extreme elements of the lattice.
Proposition 4.8. The extended space L has:

e Bottom element: L = L.
o Top element: T = L, .

The admissible set L has the same bottom element Ly, (the identity operator), but no top element.
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Proof. For any L.z, € L wehave 0 <a<1,0<pB<1,and 0 <y < 1. Since the order on v is
reversed, the smallest value of y in the order corresponds to y = 1, and the largest to v = 0. Hence,
Looy = Lopy < L.

For the admissible set L: The identity operator Ly, is the smallest element under < since 0 < @, 0
<pB,and 1 > yforall L,g, € L. However, L, does not belong to L because 1 +1+0=2> 1. In
fact, £ has no top element: For any L, s, € £ with @ + 8+ v < 1, we can increase a or 3 (or decrease
) to obtain a larger element still in £, and the boundary @ + 8+ = 1 is approached but never attained
by a unique maximum. O

Remark 4.9. The bottom element L is the identity operator—the same in both L and £. The top
element L of £ filters out everything except elements with up(x) > 1, np(x) > 1, and vp(x) < 0.
Within the admissible set £, no top element exists because the constraint @ + 8 + y < 1 prevents the
extreme configuration L, ;.

4.3. Examples

We conclude this section with an explicit computation.

..........

and 0.4 + 0.3+ 0.1 =0.8 < 1. Then,
Ly T Ly = Linin0.5,0.4),min(0.3,0.3),max(0.2,0.1) = L0.403,02,

Ly U Ly = Linax(0.5,0.4),max(0.3,0.3),min0.2,0.1) = L0503.0.1-
Both results belong to £, since 0.4 +0.3+0.2=09<1and05+0.3+0.1 =09 < 1.

5. Composition

Now to composition. We show that (£, o) is a commutative idempotent monoid and—perhaps
surprisingly—that composition coincides with join. The admissible set £ is not closed under
composition; the monoid structure is established on L. This section introduces the composition
operation, proves the composition formula, establishes the monoid structure, and identifies the
striking identity o = LI.

5.1. Definition and formula

We begin with the definition of composition.

Definition 5.1 (Composition). For Ly, L, € L, their composition is defined by:
(L1 o Ly)(P) = Li(Lo(P))

for any picture fuzzy set P.

The following theorem gives the explicit formula for the composition of two level operators. The
proof relies on the two-stage structure of Definition 2.18: Composition of two filters is equivalent to a
single filter whose parameters are the componentwise extrema.
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Theorem 5.2 (Composition formula). For any Ly, g, > Lay .y, € L,

Lm,ﬁm’l o Ldz,ﬁzgyz = Lmax(m,dz), max(B1,82), min(yi,y2)*

Proof. Let P be any picture fuzzy set and let Q = L,,3,,,(P). We compute R = L,, 4 ,,(Q) and
compare it with § = L. g ,(P), where &* = max(ay, a,), 8 = max(B;,,), and y* = min(yy, y»).

Fix x € X. We distinguish three cases.

Case 1: vp(x) > y,. Then, by Definition 2.18, Q has pp(x) = 0, 7o(x) = 0, and vo(x) = 1. Applying
Ly, gy, to Q: since vo(x) = 1 > ¥, the global rejection test either triggers (if y; < 1) or passes with
vo(x) =1 <y, (if y; = 1). In both subcases, the resulting R has pz(x) = 0, ng(x) = 0, vg(x) = 1. On
the other hand, vp(x) > ¥, > min(y;,y2) = ", so the global rejection test for S also triggers, giving
Us(x) =0,ns(x) =0, vs(x) =1. Hence, R = S.

Case 2: vp(x) < y, and vp(x) > 1. Then, y; < v, soy* = min(y;,y,) = y;. Since vp(x) < y», the
operator Ly, g, ,, preserves vo(x) = vp(x), and thresholds p(x) and 17o(x) conditionally: p(x) = pp(x)
if up(x) > as, else 0; similarly for no(x). Now vo(x) = vp(x) > vy, so the global rejection test for
Lo, g, 5, triggers, giving pg(x) = 0, ng(x) = 0, vg(x) = 1. Similarly, vp(x) > y; = ¥*, so the global
rejection test for S also triggers, giving us(x) = 0, ng(x) = 0, vs(x) = 1. Hence, R = §.

Case 3: vp(x) < vy and vp(x) < 7y,. Then, vp(x) < min(y,y,) = y*. Both operators preserve
the negative membership: vo(x) = vp(x) < yi, s0 Ly, 4,4, also preserves it, giving vg(x) = vp(x);
and vg(x) = vp(x). For the positive membership: ug(x) = up(x) if and only if up(x) > a, (for L,
to preserve) and up(x) > a; (for L; to preserve), which is equivalent to up(x) > max(a,a;) = .
Similarly ug(x) = up(x) if and only if up(x) > a@*. Hence, ug(x) = us(x). The same argument gives
nr(x) = ns(x). Therefore, R = S.

In all cases, Ly, g, ., (Lay gy, (P))(X) = Lo g ~(P)(x) for every x € X, establishing the claim. |

5.2. Monoid structure
We now show that composition gives £ the structure of a commutative idempotent monoid.

Theorem 5.3. (Z, o) is a commutative idempotent monoid. The admissible set L is not closed under
composition.

Proof. e Associativity: For any L,, L,, L; € L,
(LyoLy)oLs=Lio(LyoLs)
follows from the associativity of max and min [30].

e Commutativity:
L] o L2 = L2 [©) L]

follows from the commutativity of max and min.
e Identity: L, is the identity since
LO,O,] o La,ﬂ,y = Lmax(O,a),maX(O,ﬁ),min(l,y) = La/,ﬁ,y-

e Idempotence:
Lopy © Lapy = Lmnax(@o)max@p).min(vy) = Lapy-

To see that L is not closed under composition, it suffices to note that composition coincides with
join (Corollary 5.5 below), and £ is not closed under join (Example 4.4). O
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Remark 5.4. This monoid structure connects to the broader theory of fuzzy semigroups and
monoids [31]. Classical fuzzy monoids live on fuzzy sets with a single membership degree. Our
structure extends the idea to picture fuzzy level operators with three parameters, preserving
associativity, commutativity, and idempotence. The three-parameter setting thus generalizes the
classical fuzzy algebraic picture. Notably, the monoid structure holds under the asymmetric
Definition 2.18, which is a non-trivial consequence of the two-stage filtering process.

5.3. Relationship with join
The following result is perhaps the most striking in the paper: composition coincides with the lattice
join.
Corollary 5.5. Forany L,,L, € Z,
L1 OL2 :Ll |_|L2.

Proof. Compare the two formulas:

Ly o Ly = Linax(ay.0).max(8: £2)min(y1.72)

and

Ly U Ly = Linax(y.az).max(s; B2).min(y1.2)-
They are identical. Note that this identity is established at the level of parameters; by Definition 2.18,
operators with identical parameters produce identical outputs on every picture fuzzy set. m|

Remark 5.6 (Intuitive interpretation). The identity o = LI has a clean intuitive reading. Applying two
filters in sequence is the same as applying a single filter that combines the strictest conditions from
both. Concretely,

e For u, an element must satisfy both i > @ and u > a5, so u > max(ay, @).
e For 1, likewise > max (8, 5>).
e For v, the condition is v < y; and v < y,, so v < min(yq, y;).

Thus composition is just the join in the lattice structure.

5.4. Distributivity properties
We close this section with the distributivity of composition over meet and join.
Proposition 5.7. Forany L,,L,,Ls € L,

(1) Lyo(LyM L) =(L;yoLy) (Lo Ly),
(2) Lyo(LyUL3) = (LyolLy)u(LyoLy).

Proof. Since o = U and the lattice is distributive (Theorem 4.3), both properties follow immediately.
]

6. Inverse and dual operators
In this section, we study two further operator-theoretic notions: inverses and duals. We show that
only the identity operator has a true inverse, and we introduce a dual operator that is defined for all

elements of £. We also discuss a structural feature concerning the range of the dual operator.
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6.1. Inverse operators

We begin with the definition of an inverse.

Definition 6.1 (Inverse). The inverse of Lz, € Lis L;}M € £ such that
LopyoLyp, =Loo1 and Ly, oLygy = Looy.

The following theorem characterizes which operators admit an inverse.

Theorem 6.2. L.z, € L has an inverse if and only if @ = 0, B = 0, and y = 1. In that case,
Lyo, = Loo.-

Proof. From the composition formula (Theorem 5.2),

La,ﬁ,y © er’,ﬁ’,y’ = Lmax(a,a’),max(ﬂ,ﬁ’),min(y,y’)-

Setting this equal to Ly ; forces max(a, @’) = 0, max(B3,5") = 0, and min(y,y’) = 1. The first two give
a=a =0andp =" = 0. The third gives y =y" = 1. Hence, L, g, = Log,1- O

Remark 6.3. Only the identity being invertible reflects the unavoidable information loss built into
thresholding. Once elements are set to O or 1, the original values cannot be recovered. This is intrinsic
to level operators and cannot be circumvented. The asymmetric Definition 2.18 does not change this
conclusion: the composition formula remains the same, so the inverse classification is unaffected.

6.2. Dual operators

__Although a true inverse exists only for the identity, a useful dual operator can be defined on all of
L. We introduce it now.

Definition 6.4 (Dual operator). For Lz, € L, the dual operator is defined as:

LZ,B,)/ = Ll—a, 1-B, 1-y-
This is always well-defined since 1 —a,1 - 8,1 —y € [0, 1].

Remark 6.5. Unlike the inverse, the dual is defined for every element of L. Note that the dual does
not preserve the admissible set £: even if L,z, € L, the dual L,_, -5-, may fail the constraint
a + B+ vy < 1. Indeed, the sum

I-a)+(1 =B +(1-y) =2

always holds under the constraint 0 < @ + 8+ < 1 (indeed, 3 — (@ + 8+ ¥) > 2), so the dual of an
admissible operator is generally not admissible.

One way forward is to extend the operator space to the full cube [0, 1]>. This is precisely the
extended space £ introduced in Definition 2.24, which lets the dual act as a self-map, at the cost
of dropping some constraints that characterize picture fuzzy level operators. This trade-off between
algebraic completeness and structural specificity deserves future investigation, in the same spirit as
extensions to Neutrosophic [12], Plithogenic [16], and other generalized fuzzy frameworks [23,35].
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The following proposition lists the main properties of the dual operator.
Proposition 6.6. The dual operator satisfies

(1) Involution: (L;, ; )° = Lo,

(2) Order-reversing: If L; < L, in L, then L° > L5 (in the componentwise order on [0, 17°).
(3) Duality with meetjjoin:

(L] M Lz)o = LT L L;, (L] L Lz)o = LT M L;

Proof. All three follow directly from the definitions and the properties of min, max, and complement
on [0, 1]. O

7. Metric structures

Now we equip £ with metrics and show that the lattice operations are continuous with respect to
them—essential for optimization applications. Since £ C £, the metrics restrict to the admissible
set. This section defines three metrics on £, proves that they are indeed metrics, and establishes the
continuity of the lattice operations.

7.1. Basic metrics
We begin by defining three standard metrics on £.

Definition 7.1 (Distance between level operators). For Ly = Ly, g, 5, Lo = Lo, g, 5, € L, define:

(1) Chebyshev (supremum) distance:
de(Ly, Ly) = maxfla; — aal, |B1 = B2l ly1 = yalb-
(2) Manhattan (taxicab) distance:
di(Ly1, Lp) = lay — aa| + |B1 = Ba| + ly1 = 72l

(3) Euclidean distance:

(L, Lo) = (@ — @) + (B = B2)* + (1 = 7).
The following theorem confirms that these are indeed metrics.
Theorem 7.2. d.., d,, and d, are metrics on L

Proof. For each metric, the properties follow directly from the corresponding properties of absolute
value and the Euclidean norm on R? [32,33]:

e Non-negativity: d(L;,L;) > 0, and d(L,,L,) = 0iff L, = L,.
e Symmetry: d(L,, L,) = d(L,, L,).
e Triangle inequality: d(L,, L3) < d(L,, L,) + d(L,, L3).

O
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Remark 7.3. These metrics resemble those used for orthogonal fuzzy metric spaces [34]. The novelty
lies in the target: We apply them to the parameter space of level operators, opening the door to
optimization over threshold values.

We now show that the lattice operations are continuous with respect to these metrics.
Proposition 7.4. The lattice operations M and U are continuous with respect to dw, d,, and d,.

Proof. Both M and U are defined componentwise via min and max, and both min and max are
continuous on [0, 1]. The result follows at once. For d..,

doo(Ll I L2’ L/] M L/z) S maX{doo(Ll’ L/] )’ doo(L29 Lé)}
The same holds for d; and d,. O

We illustrate the metrics with an explicit example.

..........

ds(Ly, Ly) = max{0.1,0.0,0.1} = 0.1,

di(Li,L;) =0.14+0.0+0.1=0.2,

d>(Ly, Ly) = V0.12 + 0.02 + 0.12 = V0.02 ~ 0.141.

7.2. Distance with respect to a picture fuzzy set

We close this section with a distance that depends on a fixed picture fuzzy set.

Definition 7.6. For a fixed picture fuzzy set P on a universe X and Li, L, € L, define:

dp(Ly, L) = SU}I() (|ﬂL1(P)(X) = 1L, O| + L, p)(x) — an(P)(x)l + v p(x) — VLz(P)(x)l) .
XE

Proposition 7.7. For any picture fuzzy set P, dp is a pseudometric on L. It is a metric if and only if the
mapping L — L(P) is injective.

Proof. dp satisfies every metric property except possibly the identity condition: dp(L;, L,) = 0 implies
Li(P) = Ly(P), but not necessarily L, = L,. If L — L(P) is injective, then dp is a metric. |

8. Geometric interpretation

We close the theoretical development with a geometric picture. The operator simplex is a
tetrahedron in R? that visualizes the entire family of level operators and their algebraic operations. We
begin by defining the simplex, then interpret the operations geometrically, and finally summarize the
results in a table.
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8.1. The operator simplex
We begin with the definition of the operator simplex.

Definition 8.1 (Operator simplex). Each level operator L, s, corresponds to a point (@,(,7y) in the
operator simplex:

C: {(a’,ﬁ,)’) € [0’ 1]3 :O < a’+ﬂ+'yg 1}
The extended space L corresponds to the full cube [0, 1]°, while the admissible set £ corresponds to
the simplex C.

Remark 8.2. C is a 3-dimensional simplex (tetrahedron) with vertices:
0,0,0), (1,0,0), (0,1,0), (0,0,1).

Several features deserve note:

C is convex—it is defined by linear inequalities.

It is a simplex because it is the convex hull of four affinely independent points.

The simplex structure reflects the constraint @ + 8 + vy < 1 on the parameters.

Because the simplex is affine, convex combinations of operator parameters correspond to convex
combinations of the corresponding points in R>.

Remark 8.3 (Geometric interpretation of vertices).

e (0,0, 1): identity operator Ly (no filtering).

e (1,0,0): keeps only elements with up(x) > 1 (perfect positive membership).

e (0,1,0): keeps only elements with n7p(x) > 1 (perfect neutral membership).

e (0,0,0): keeps only elements with vp(x) < 0 (zero negative membership).

e Face a + 8 + y = 1: refusal degree mp(x) becomes zero for surviving elements.

Remark 8.4. The operator simplex is analogous to the use of barycentric coordinates in convex
geometry. It gives a visual handle on the parameter space and on convex combinations of thresholds.

8.2. Geometric interpretation of operations
Under the simplex representation, the algebraic operations acquire a direct geometric meaning.
Proposition 8.5. Under the representation L, g, < (a,,7):
(1) Meet N:
(0’1,181»)’1) M ((129ﬁ2’ ')’2) = (min(a/l’ a’2)a min(ﬁbﬁZ)a max(yl9y2))'
(2) Join Li:
(ahﬁla 71) U (Q,Z’ﬁZa )/2) = (max(a/l’ a’Z)a max(ﬁlaﬁ2)7 min(71,72))'
(3) Composition o: Same as join.
(4) Order <:
(@1,B1,71) 2 (@2,82,72) & a1 <@, B1 <P, V122
(5) Dual -°:
(a/’ﬁ’ Y)O = (1 - Q, 1 _ﬁ’ 1 - 7)
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Remark 8.6. The identity o = LI is the most striking feature of this table. It turns the monoid operation
on (L,o) into a commutative, idempotent operation identical to the lattice join, considerably
simplifying the algebraic structure.

8.3. Summary of geometric and algebraic properties

Table 3 summarizes the operations, formulas, and their geometric readings.

Table 3. Summary of operations, formulas, and geometric interpretations.

Operation Algebraic formula Geometric interpretation
Identity Loy, Vertex (0,0, 1)
Meet M (min @, min 8, max y) Componentwise min/max
Join LI (max @, max 3, miny) Componentwise max/min
Composition o (max @, max 3, miny) Same as join
Order < a; < ap, B1 < B2, ¥1 =v>» Componentwise with y reversed
Dual ¢ 1-a,1-8,1-7) Reflection through (0.5, 0.5,0.5)
Distance d,, max(|Aal, |AB|, |Ayl) Chebyshev distance
Distance d; |Aa| + |AB| + |Ay| Manhattan distance
Distance d, V(Aa)? + (AB)? + (Ay)? Euclidean distance

9. Potential applications

The framework we have built lends itself to several application areas. In this section, we discuss
these applications and provide a detailed illustrative example.

e Multi-criteria decision-making: Each criterion can be represented as a picture fuzzy set
(positive, neutral, negative satisfaction). Level operators filter alternatives based on simultaneous
thresholds, while the lattice structure helps aggregate different decision-makers’
thresholds [11,36].

e Image processing: Pixels can be represented as picture fuzzy sets based on color channels or
intensity levels. Level operators then threshold pixel memberships across three channels
simultaneously, enabling sophisticated filtering.

e Pattern recognition and classification: The metrics d., d;, d, on £ measure similarity between
thresholding strategies—useful for finding optimal threshold parameters for classification.

e Fuzzy control systems: because o = LI, combining multiple thresholding rules is efficient:
applying two operators in sequence is the same as applying a single operator with
componentwise extremal thresholds.

e Optimization over threshold spaces: The metrics allow us to formulate optimization problems
over thresholding strategies, with direct applications in risk-aware decision-making and multi-
objective optimization [37].

9.1. Illlustrative example: multi-criteria decision-making

Consider a decision problem with three alternatives A;—A; evaluated by three criteria C1—C3. Each
criterion is a picture fuzzy set, with u for satisfaction, i for neutrality, and v for dissatisfaction [38]:
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| C Cy Cs
A1 ](0.8,0.1,0.1) (0.6,0.3,0.1) (0.4,0.2,0.4)
Az {(0.7,0.2,0.1) (0.9,0.1,0.0) (0.5,0.3,0.2)
A3 |(0.5,0.3,02) (0.4,04,0.2) (0.8,0.1,0.1) .

.....

dissatisfaction < 0.2. Under Definition 2.18, the global rejection test applies first: if v > 0.2, the
element is fully rejected. The filtered sets become:

| G G Gs
A | (08,0,0.1) (0.6,0.3,0.1) (0,0,1)
A, 1(0.7,0.2,0.1)  (0.9,0,0) (0,0.3,0.2)
Az | (0,0.3,0.2) (0,04,0.2) (0.8,0,0.1) .

Let us verify a few entries. For A; under Cy: v = 0.1 < 0.2, so the global test passes; u = 0.8 > 0.6
is preserved; 7 = 0.1 < 0.2 is set to 0. For A; under C5: v = 0.4 > 0.2, so the element is fully
rejected: (0,0, 1). For A, under Cy: v = 0.1 < 0.2 passes; ¢ = 0.7 > 0.6 preserved; n = 0.2 > 0.2
preserved. For A, under C3: v = 0.2 < 0.2 passes; u = 0.5 < 0.6 is set to 0; n = 0.3 > 0.2 preserved;
vy = 0.2. Result: (0,0.3,0.2). For A; under C;: v = 0.2 < 0.2 passes; u = 0.5 < 0.6 is set to 0;
n = 0.3 > 0.2 preserved; v, = 0.2. Result: (0,0.3,0.2). For A3 under C,: v = 0.2 < 0.2 passes;
u=04<0.6issetto0;n=0.4>0.2 preserved; v, = 0.2. Result: (0,0.4,0.2).

Now the table is fully consistent with Definition 2.18. Alternative A, satisfies the threshold for
C, fully and for C, partially (positive membership preserved, neutrality dropped to 0). A; satisfies
C; fully. Yet no alternative satisfies all three criteria simultaneously under these strict thresholds—a
good illustration of how level operators identify which alternatives meet minimum requirements across
multiple criteria. Note also the global rejection effect: A under Cj is fully rejected because its negative
membership exceeds 0.2.

The decision-maker can then:

(1) Use the lattice structure to combine thresholds from different decision-makers (meet/join
operations).

(2) Use the metrics d, d;,d, to measure distances between threshold strategies.

(3) Adjust thresholds systematically to find an optimal filtering strategy.

This example shows how the algebraic structures developed here provide a rigorous foundation for
practical decision-making [39].

10. Conclusions

We have systematically investigated the algebraic and geometric structure of picture fuzzy level
operators, building on the level subset theory of Kankaew et al. [1] and extending the classical fuzzy
and intuitionistic level operator theories. In this final section, we summarize our main contributions,
discuss the significance of the results, and outline directions for future research.

Our main contributions are as follows:
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(1) A partial order < on £ with componentwise order on (e,3) and reversed order on vy, and the
identification of £ as a sub-poset (Theorem 3.3).

(2) A distributive, complete lattice structure (Z, M, ), with the admissible set £ characterized as
closed under meet but not under join (Theorem 4.3, Corollary 4.5).

(3) A commutative idempotent monoid (Z, o) with o = L, and the observation that .£ is not closed
under composition (Theorem 5.3, Corollary 5.5).

(4) The classification that only the identity L, ; has a true inverse (Theorem 6.2).

(5) Dual operators with natural duality properties (Proposition 6.6).

(6) Metric structures (Chebyshev, Manhattan, and Euclidean) on £ with continuity of lattice
operations (Theorem 7.2, Proposition 7.4).

(7) A geometric interpretation via the operator simplex, a tetrahedron in R? (Section 8).

This work provides a coherent framework for understanding picture fuzzy level operators as
mathematical objects with rich algebraic and geometric structure, generalizing both the classical
fuzzy and intuitionistic fuzzy cases. Recent developments in picture fuzzy algebraic
structures [22, 23] reinforce the relevance of this direction.

10.1. Discussion of results

Several of our results—particularly the lattice and monoid structures—arise from the
componentwise application of operations on [0, 1]. That might suggest these results are merely
inherited from existing structures. We emphasize three points in response:

(1) The identity o = LI is a novel, non-trivial observation specific to picture fuzzy level operators.

(2) The distinction between the extended space £ and the admissible set £ clarifies the closure
properties of the algebraic operations and highlights the role of the picture fuzzy constraint.

(3) The operator simplex offers a new perspective on the parameter space of level operators.

10.2. Future research directions
Several directions suggest themselves:

e Categorical properties: Investigating the categorical structure of level operators, including
functorial relationships between fuzzy, intuitionistic, and picture fuzzy level operators.

e Extensions to other frameworks: Generalizing to Neutrosophic sets [12-14], complex
neutrosophic sets [15], Plithogenic sets [16], Hyperfuzzy sets [17], spherical fuzzy sets [18], and
g-rung orthopair fuzzy sets [19]. The three-parameter picture fuzzy setting is a special case of
these broader frameworks, so the algebraic properties established here may serve as a foundation
elsewhere. The dual operator issue discussed in Section 6.2, in particular, suggests that
extending the operator space (as in Neutrosophic or Plithogenic frameworks) may yield more
complete algebraic properties.

e HyperAlgebra and SuperHyperAlgebra: The algebraic framework developed here could be
further extended to HyperAlgebra and SuperHyperAlgebra [40], as well as to SuperHyperfuzzy
Sets, where level operators may admit richer structural properties. These generalized frameworks
offer a broader setting in which the admissible set and the extended space could be naturally
embedded.
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e Applications: Developing decision-making algorithms based on the metric and lattice structures.
The metric spaces (Z, ds), (Z, dy), and (Z, d,) allow optimization over threshold parameters,
which is valuable for automated decision systems [37].

e Probabilistic interpretations: Exploring probabilistic models of level operators and their
relationship to random thresholding.

e Adjoint operators: Investigating a full adjunction in the categorical sense for the dual operator,
perhaps by extending the operator space to £ = [0, 1]° as discussed in Section 6.2.

e Operator learning: Using the metrics to develop learning algorithms that automatically select
optimal thresholds from data.

e Generalized picture fuzzy structures: Extending the results to m-polar picture fuzzy
structures [22] and Type-3 order picture fuzzy ideals [35].

Author contributions

Umit Deniz: Conceptualization, Formal analysis, Investigation, Methodology, Writing—original
draft, Writing-review and editing.
The author has read and approved the final version of the manuscript.

Use of Generative-Al tools declaration

The author declares that no generative Al tools were used in the creation of this article. All
mathematical proofs, analyses, and interpretations are the original work of the author.

Funding

This study has been supported by the Recep Tayyip Erdogan University Development Foundation
(Grant number: 020260090090678).

Conflict of interest

The author declares no conflicts of interest.

References

1. P. Kankaew, S. Yuphaphin, N. Lapo, R. Chinram, P. Julatha, A. Iampan, Characteristic
picture fuzzy sets and level subsets in UP (BCC)-algebras, Int. J. Anal. Appl., 21 (2023), 75.
https://doi.org/10.28924/2291-8639-21-2023-75

2. L. A. Zadeh, Fuzzy sets, Inform. Control, 8 (1965), 338-353. https://doi.org/10.1016/S0019-
9958(65)90241-X

3. A. Rosenfeld, Fuzzy groups, J. Math. Anal. Appl, 35 (1971), 512-517.
https://doi.org/10.1016/0022-247x(71)90199-5

4. K. T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets Syst., 20 (1986), 87-96.
https://doi.org/10.1016/S0165-0114(86)80034-3

AIMS Mathematics Volume 11, Issue 10, 32894-32919.


https://dx.doi.org/https://doi.org/10.28924/2291-8639-21-2023-75
https://dx.doi.org/https://doi.org/10.1016/S0019-9958(65)90241-X
https://dx.doi.org/https://doi.org/10.1016/S0019-9958(65)90241-X
https://dx.doi.org/https://doi.org/10.1016/0022-247x(71)90199-5
https://dx.doi.org/https://doi.org/10.1016/S0165-0114(86)80034-3

32917

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

K. T. Atanassov, New operations defined over the intuitionistic fuzzy sets, Fuzzy Sets Syst., 61
(1994), 137-142. https://doi.org/10.1016/0165-0114(94)90229-1

H. Bustince, P. Burillo, Vague sets are intuitionistic fuzzy sets, Fuzzy Sets Syst., 79 (1996), 403—
405. https://doi.org/10.1016/0165-0114(95)00154-9

P. K. Sharma, Homomorphism of intuitionistic fuzzy groups, Int. Math. Forum, 6 (2011), 3169—
3178.

R. Biswas, Fuzzy subgroups and anti-fuzzy subgroups, Fuzzy Sets Syst., 35 (1990), 121-124.
https://doi.org/10.1016/0165-0114(90)90025-2

B. C. Cuong, Picture fuzzy sets, J. Comput. Sci. Cybernet., 30 (2014), 409-420.
https://doi.org/10.15625/1813-9663/30/4/5032

G. Wei, Some cosine similarity measures for picture fuzzy sets and their applications to strategic
decision making, Informatica, 28 (2017), 547-564. https://doi.org/10.15388/Informatica.2017.144

S. Mufazzal, N. Z. Khan, S. M. Muzakkir, A. N. Siddiquee, Z. A. Khan, A new fuzzy multi-criteria
decision-making method based on proximity index value, J. Ind. Prod. Eng., 39 (2022), 42-58.
https://doi.org/10.1080/21681015.2021.1958935

F. Smarandache, Neutrosophy: neutrosophic probability, set, and logic: analytic synthesis &
synthetic analysis, Rehoboth: American Research Press, 1998.

P. Majumdar, S. K. Samanta, On similarity and entropy of neutrosophic sets, J. Intell. Fuzzy Syst.,
26 (2014), 1245-1252. https://doi.org/10.3233/IFS-130810

F. Smarandache, Introduction to neutrosophy, neutrosophic set, neutrosophic probability,
neutrosophic statistics and their applications to decision making, In: Neutrosophic paradigms:
advancements in decision making and statistical analysis, studies in fuzziness and soft computing,
Cham: Springer, 2025, 3-21. https://doi.org/10.1007/978-3-031-78505-4_1

M. Ali, F. Smarandache, Complex neutrosophic set, Neural Comput. Appl., 28 (2017), 1817-1834.
https://doi.org/10.1007/s00521-015-2154-y

F. Smarandache, Plithogeny, plithogenic set, logic, probability and statistics: a short review, J.
Comput. Cogn. Eng., 1 (2022), 47-50. https://doi.org/10.47852/bonviewJCCE2202191

Y. B. Jun, S. Z. Song, S. J. Kim, Length-fuzzy subalgebras in BCK/BCI-algebras, Mathematics, 6
(2018), 11. https://doi.org/10.3390/math6010011

F. Kutlu Giindogdu, C. Kahraman, Spherical fuzzy sets and spherical fuzzy TOPSIS method, J.
Intell. Fuzzy Syst., 36 (2019), 337-352. https://doi.org/10.3233/JIFS-181401

R. R. Yager, Generalized orthopair fuzzy sets, IEEE Trans. Fuzzy Syst., 25 (2017), 1222-1230.
https://doi.org/10.1109/TFUZZ.2016.2604005

W. A. Khan, K. Faiz, A. Taouti, Bipolar picture fuzzy sets and relations with applications,
Songklanakarin J. Sci. Technol., 44 (2022), 987-999. https://doi.org/10.14456/sjst-psu.2022.131

T. Mahmood, U. Rehman, J. Ahmmad, Complex picture fuzzy N-soft sets and their decision-
making algorithm, Soft Comput., 25 (2021), 13657-13678. https://doi.org/10.1007/s00500-021-
06108-2

AIMS Mathematics Volume 11, Issue 10, 32894-32919.


https://dx.doi.org/https://doi.org/10.1016/0165-0114(94)90229-1
https://dx.doi.org/https://doi.org/10.1016/0165-0114(95)00154-9
https://dx.doi.org/https://doi.org/10.1016/0165-0114(90)90025-2
https://dx.doi.org/https://doi.org/10.15625/1813-9663/30/4/5032
https://dx.doi.org/https://doi.org/10.15388/Informatica.2017.144
https://dx.doi.org/https://doi.org/10.1080/21681015.2021.1958935
https://dx.doi.org/https://doi.org/10.3233/IFS-130810
https://dx.doi.org/https://doi.org/10.1007/978-3-031-78505-4_1
https://dx.doi.org/https://doi.org/10.1007/s00521-015-2154-y
https://dx.doi.org/https://doi.org/10.47852/bonviewJCCE2202191
https://dx.doi.org/https://doi.org/10.3390/math6010011
https://dx.doi.org/https://doi.org/10.3233/JIFS-181401
https://dx.doi.org/https://doi.org/10.1109/TFUZZ.2016.2604005
https://dx.doi.org/https://doi.org/10.14456/sjst-psu.2022.131
https://dx.doi.org/https://doi.org/10.1007/s00500-021-06108-2
https://dx.doi.org/https://doi.org/10.1007/s00500-021-06108-2

32018

22

23.

24.

25.
26.

27.
28.

29.

30.

31.

32.
33.

34.

35.

36.

37.

38.

. W. Nakkhasen, A. Chada, T. Jodnok, m-polar picture fuzzy bi-ideals and their applications in
semigroups, Symmetry, 17 (2025), 2051. https://doi.org/10.3390/sym17122051

M. K. Gunjan, A. K. Adak, W. Al, Picture fuzzy subalgebras and ideals
in Sheffer stroke UP-algebras, J. Adv. Math. Com. Sci., 41 (2026), 49-60.
https://doi.org/10.9734/jamcs/2026/v41i22099

G. Deschrijver, E. E. Kerre, On the relationship between some extensions of fuzzy set theory, Fuzzy
Sets Syst., 133 (2003), 227-235. https://doi.org/10.1016/S0165-0114(02)00127-6

P. Bharathi, Picture fuzzy lattices, Adv. Appl. Math. Sci., 18 (2019), 1203-1207.

M. K. Hasan, Picture fuzzy lattices, ideals and homomorphism, Trans. Fuzzy Sets Syst., 4 (2025),
14-33. https://doi.org/10.71602/tfss.2025.1128335

G. Birkhoff, Lattice theory, Providence: American Mathematical Society, 1967.

G. Gritzer, General lattice theory, Basel: Birkhduser Verlag, 1978. https://doi.org/10.1007/978-3-
0348-7633-9

B. A. Davey, H. A. Priestley, Introduction to lattices and order, Cambridge: Cambridge University
Press, 2002. https://doi.org/10.1017/CB0O9780511809088

J. M. Howie, Fundamentals of semigroup theory, Oxford: Oxford University Press, 1995.
https://doi.org/10.1093/0s0/9780198511946.001.0001

J. N. Mordeson, D. S. Malik, N. Kuroki, Studies in fuzziness and soft computing, In: Fuzzy
semigroups, Heidelberg: Springer, 2003. https://doi.org/10.1007/978-3-540-37125-0

W. Rudin, Principles of mathematical analysis, New York: McGraw-Hill, 1976.

W. A. Sutherland, Introduction to metric and topological spaces, Oxford: Oxford University Press,
2009.

K. Javed, A. Asif, E. Savas, A note on orthogonal fuzzy metric space, its properties, and fixed point
theorems, J. Funct. Spaces, 2022 (2022), 5863328. https://doi.org/10.1155/2022/5863328

E. F. Okumus, S. Yamak, Picture fuzzy ideals in semigroups under the Type-3 order: bi-
ideals, quasi-ideals, and interior ideals, Black Sea J. Eng. Sci., 9 (2026), 1607-1612.
https://doi.org/10.34248/bsengineering.1925455

M. Riaz, H. M. A. Farid, Hierarchical medical diagnosis approach for COVID-19 based
on picture fuzzy fairly aggregation operators, Int. J. Biomath., 16 (2023), 2250075.
https://doi.org/10.1142/S1793524522500759

H. Giinay Akdemir, H. Gonce Kocken, N. Kara, Modeling risk attitudes in picture fuzzy
multi-objective linear programming with chance constraints, Inf. Sci., 734 (2026), 123003.
https://doi.org/10.1016/j.ins.2025.123003

Z. Ali, T. Mahmood, M. S. Yang, Aczel-Alsina power aggregation operators for complex picture
fuzzy (CPF) sets with application in CPF multi-attribute decision making, Symmetry, 15 (2023),
651. https://doi.org/10.3390/sym 15030651

AIMS Mathematics Volume 11, Issue 10, 32894-32919.


https://dx.doi.org/https://doi.org/10.3390/sym17122051
https://dx.doi.org/https://doi.org/10.9734/jamcs/2026/v41i22099
https://dx.doi.org/https://doi.org/10.1016/S0165-0114(02)00127-6
https://dx.doi.org/https://doi.org/10.71602/tfss.2025.1128335
https://dx.doi.org/https://doi.org/10.1007/978-3-0348-7633-9
https://dx.doi.org/https://doi.org/10.1007/978-3-0348-7633-9
https://dx.doi.org/https://doi.org/10.1017/CBO9780511809088
https://dx.doi.org/https://doi.org/10.1093/oso/9780198511946.001.0001
https://dx.doi.org/https://doi.org/10.1007/978-3-540-37125-0
https://dx.doi.org/https://doi.org/10.1155/2022/5863328
https://dx.doi.org/https://doi.org/10.34248/bsengineering.1925455
https://dx.doi.org/https://doi.org/10.1142/S1793524522500759
https://dx.doi.org/https://doi.org/10.1016/j.ins.2025.123003
https://dx.doi.org/https://doi.org/10.3390/sym15030651

32919

39.U. Ali, J. Li, T. Senapati, S. A. Edalatpanah, S. Duleba, S. Moslem, A hybrid decision-
making model in a complex Fermatean picture fuzzy environment with application to emergency
management, Complex Intell. Syst., 12 (2026), 15. https://doi.org/10.1007/s40747-025-02112-3

40. F. Smarandache, Introduction to SuperHyperAlgebra and neutrosophic
SuperHyperAlgebra, J. Algebraic Hyperstructures Log. Algebras, 3 (2022), 17-24.
https://doi.org/10.52547/HATEF.JAHLA.3.2.2

©2026 the Author(s), licensee AIMS Press. This

Eﬁ is an open access article distributed under the
£IMS AIMS PI’GSS terms of the Creative Commons Attribution License

. (https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 11, Issue 10, 32894-32919.


https://dx.doi.org/https://doi.org/10.1007/s40747-025-02112-3
https://dx.doi.org/https://doi.org/10.52547/HATEF.JAHLA.3.2.2
https://creativecommons.org/licenses/by/4.0

	Introduction
	Background and motivation
	Motivation and significance
	Related work and comparison
	Main results
	Contributions
	Organization

	Preliminaries
	Picture fuzzy sets and basic operations
	Level subsets
	Picture fuzzy level operators

	Partial order
	Lattice structure
	Meet and join
	Top and bottom elements
	Examples

	Composition
	Definition and formula
	Monoid structure
	Relationship with join
	Distributivity properties

	Inverse and dual operators
	Inverse operators
	Dual operators

	Metric structures
	Basic metrics
	Distance with respect to a picture fuzzy set

	Geometric interpretation
	The operator simplex
	Geometric interpretation of operations
	Summary of geometric and algebraic properties

	Potential applications
	Illustrative example: multi-criteria decision-making

	Conclusions
	Discussion of results
	Future research directions


