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Abstract: Let W(z) = 1 + Liz + L,z* + Lsz° + Lyz* + --- be analytic in D with L;,...,L; € R
and L; > 0, and let M consist of the bi-univalent functions f for which a prescribed linear operator
with coefficients @,,...,®s > 0, applied to f and to f~!, yields two functions subordinate to V.
Put « = L, D5/ (I)g — L,/L;. Coupling the two subordinations through the second-order Carathéodory
parametrization gives (4 —1*)(x+y) = 2«#?, and hence |c;|*> < 4/(1 +|«|) on the second-order compatible
coefficient body V. This envelope is sharp on V; and it is not asserted to be sharp for M. Its equality
set is a single rotation orbit of an explicit finite Blaschke pair; for k > 0, the envelope coincides with
the bound produced by the usual summation argument; for « < 0, it improves it. We then ask whether
this equality orbit can be the low-order truncation of a member of M. The inverse-compatibility
residuals Ry, R, and R3 vanish identically on it, and the residual R4, attached to the fifth coefficient,
is Ry = —2P[@4(L @} + o(L2®;5 — L, )], o = sgn«, where P, is an explicit polynomial that
is affine in L, with positive leading coefficient. Thus P, # 0 means precisely that the equality orbit
violates fifth-order inverse compatibility; it gives no information about other points of V,. Combining
this with the rigidity of the equality orbit and normality of the Schwarz class, we prove that P, # 0
implies the strict separation sup . » lci> < 4/(1 + |«|). The gap is not quantified, and the exact value
of the supremum is left open. For the Janowski generator (1 + Az)/(1 + Bz), one has xk = A and
P, = A(A-B)*(A+0)(2A+0—B), which is nonzero for A # 0; for A = 0, the corresponding polynomial
vanishes and no separation follows. For W¥(z) = €%, one has P,; = 23/12, whence SUP re pq las| < V2/3.
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1. Introduction

Let A be the class of f(z) = z+ X0 a,Z" that is analytic in D = {|z] < 1}, and let  be the
subclass of bi-univalent functions, that is, those f univalent in D whose inverse extends univalently
to D [1-3]. Coefficient problems for X and its subclasses go back to [1, 3,4]. For subclasses defined
by a pair of subordinations, one imposed on f and one on g = f~! [5, 6], including Ma—Minda-
type classes [7], estimates for |a,| and |a;| were obtained in [6-9]; Fekete—Szegd functionals were
treated in [10], and Hankel determinants in [11-14]. The inverse coefficients b, are given by the
classical reversion (Lagrange inversion) formulas, and the Faber-polynomial method, which is used
for bi-univalent classes in [15], expresses them to all orders; see [16] for a correction of the main
estimate of [15]. For inverse coefficients over classical univalent classes, sharp bounds go back to
Lowner [17], with later work for starlike and convex functions in [18, 19]. The standard route to |a,| in
bi-univalent classes combines the two first- and second-order coeflicient relations and then applies the
Carathéodory inequality |c,| < 2 [20] to each Carathéodory function separately.

Two questions should be kept apart. The first is the determination of the low-order coefficient body
cut out by the coupled system; this is a finite-dimensional problem. The second is whether a point of
that body is the low-order truncation of an actual member of the class. A point of the body satisfies
only the finitely many relations that define it, and higher-order inverse relations may be inconsistent
with it. We call the passage from the first situation to the second /ifting, and an inconsistency at order
n a lifting obstruction at order n.

The paper is organized around the following chain:

coupled second-order compatibility — unique extremal orbit — higher-order lifting
— fifth-order obstruction — strict full-class separation.

Coupled compatibility. The coupling of the two subordinations at second order is governed by the

scalar
_Lidy L

o2 L

(1.1)

through the identity (4 — ?)(x + y) = 2«t*> between the Carathéodory parameters of f and f~!
(Lemma 3.4); it yields the envelope |c;|> < 4/(1 + |«|) on the second-order compatible body V,
(Theorem 3.5).
Unique extremal orbit. Equality holds on V, exactly on the rotation orbit of an explicit finite Blaschke
pair (up, vo) (Lemma 3.8), and near-equality forces the second-order parameters close to those of that
orbit (Theorem 3.10).
Higher-order lifting. On that orbit, the inverse-compatibility residuals R, R,, and R; vanish identically
(Lemma 4.3).
Fifth-order obstruction. The residual Ry, attached to the fifth coefficient, is a positive multiple of —P,,
(Theorem 4.4); for fixed lower-order data, the condition P, = 0 holds for exactly one value of the
fourth Taylor coefficient of ¥ (Corollary 4.5, Remark 4.6).
Strict separation. 1f P, # 0, the rigidity and normality of the Schwarz class give sup .y, lel?> <
4/(1 + |k|) (Theorem 5.1).

The structural point is that a finite-order equality configuration may solve the truncated coeflicient
problem and yet correspond to no member of the full class, because higher inverse compatibility
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imposes conditions that the truncated problem does not see. The contribution therefore has three
distinct levels, as discussed in Section 7: (A) The coeflicient-body bound, which for ¥ > 0 coincides
with the bound obtained by applying to M the summation argument used in [6—9], and improves it for
k < 0 (Remark 3.7); (B) the identification and rigidity of the equality orbit; and (C) the lifting analysis
of that orbit and the resulting strict separation. Sharpness is asserted only on V,. Theorem 5.1 is a
strict inequality for M, not a sharp estimate, and the exact value of SUP e pq |a,| is not determined here.

The word stability is used in several unrelated senses. In the theory of differential, integral, and
stochastic equations, it usually refers to the Ulam—Hyers or Ulam—Hyers—Rassias stability of the
solutions under perturbation of the equation, as in recent work on impulsive neutral mixed integral
dynamic equations on time scales [21], on coupled fractional stochastic integro-differential systems
with integral boundary conditions [22], and on Hilfer fractional stochastic impulsive equations driven
by time-changed Brownian motion [23]; related qualitative questions, such as oscillation of
fourth-order functional differential equations with noncanonical operators, are studied in [24].
Theorem 3.10 concerns a different notion: It bounds the distance of the second-order Carathéodory
parameters of a point of V, from those of the equality orbit in terms of the deficit in the coefficient
bound. No connection between the two notions is claimed.

2. Analytic framework and coefficient identities

ForO<g<p<1,putln],, =" -9/ (p-q) [25,26], and for 4,6 > O define

A
D/Léf(z) =z+ Z Tnanzn, Tn = M . (21)
- —~ 1+6

Fory € [0, 1], set D, f = (1 = )Dys f(2)/z + Y(Do f) (2). By (2.1)

Dyf@ =1+ Y T =P +m)ad™ =1+ 0", &, =T,(1+n=-1y). (22

n>2 n>2

For p =1, g — 1, 6 = 0 the operator reduces to the Sdldgean operator [27].
Let W(z) = 1 + L1z + Ly72> + Lsz° + Lyz* + O(z°) be analytic in D. No univalence of P is assumed.

Standing hypotheses
Ly, L,, L3, Ly € R, L, >0, D,, D3, Oy, D5 > 0. (2.3)

The role of each hypothesis is described after Definition 2.1.
Definition 2.1. Let f € Tand g = f~!. Then f € M if there are Schwarz functions u, v, that is, analytic
functions on D with u(0) = v(0) = 0 and |u|, |v| < 1, such that

D, f(2) = ¥(u(2)), Dygw) = P(v(w)). (2.4)

The class M is nonempty: f(z) = z belongs to X, and D, f = 1 = ¥(0), so (2.4) holds with
u = v = 0. Hence, all suprema over M below are suprema of nonempty sets.

Hypotheses on Y. No univalence, convexity, starlikeness, positivity of the real part, or other Ma—
Minda geometric hypothesis on ¥ is required for the general results of Sections 3-5. The class M is
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defined directly through the existence of Schwarz functions satisfying (2.4); accordingly, in Section 6,
the notation ' < ¥ means that ' = ¥ o w for some w € B. The proofs use exactly the following: (i)
Y is analytic in D with W(0) = 1, so that ¥ o u is defined for u € $ and the constant terms in (2.4)
match; (i1) L; > 0, used to divide by L; (Lemmas 2.4 and 3.4, the definition of «) and for the positivity
of the denominators in Theorem 4.4 and Corollary 4.5; (iii) L, € R, which makes « real, so that || and
sgn k are defined; (iv) L3, Ly € R, used only where a real value of Lff”]?& or a sign comparison is needed
(Corollaries 4.5 and 4.9, Section 6.3); the equivalence R, = 0 <= P, = 0 of Theorem 4.4 does
not use it; (v) Oy, ..., D5 > 0, used for division and for the sign of the leading coefficient of P, in Ly.
When Y satisfies the Ma—Minda hypotheses [28], the class of Section 6 with @, = 1 is a bi-univalent
class of Ma—Minda type, but this is not used in any proof.

Write 8B for the Schwarz class, P for the Carathéodory class, and

_1+u 1+v

h_l =l+ciz+c2+--€P, k:l =l+diz+d,7*+---€P. (2.5)
—Uu -V
Expanding W o u and ¥ o v as
Pu(z)) = 1 + Z A, Pow) =1+ Z Bw/, (2.6)
j=>1 j=1

and comparison of (2.4) with (2.2) gives the matching conditions

D a; =Aj, ®j,1bj = Bj, Jj= L (2.7)
Lemma 2.2. Ifhe€Pandu = (h—1)/(h+1) = X5, u;z/, then
2
C Lo I

-1 ==_1 2.8

ui ok up ) 4 (2.8)

Proof. From (h+ Du=h—1,( 2+ ciz+ 22+ w1z + 2> +-++) = c12+ ¢2* + - - - . The coefficient
of z gives 2u; = c;; the coefficient of z* gives 2u, + cu; = ¢2, 50 2up = ¢ — ¢}/2. O

Lemma 2.3. Foru =}, u 7/ € B the coefficients in (2.6) are

Ay = Lyuy, (2.9)
Ay = Liuy + Ly, (2.10)
Az = Lius + 2Lyuyup + Lauw;, (2.11)
Ay = Liug + LyQQuyus + u3) + 3Lsutuy + Ly, (2.12)

Proof. From u = u;z + upz> + u32> + usz* + O(z°), we have
W = 1077 + 2uyup 2 + Quius + 13)7 + 0(Z°), = u?z3 + 3wty 2t + 0(F°), ut = ul + 0(D),
and u’ = O(2°). Substitute into W(u) = 1 + Lu + Lou® + Ly + Lyu* + O(®) and collect z, 22, 2%, 7. O

Lemma 2.4. Let f € M. Then

L L
Dra, = ?lcl, —Dya, = ?ldl, (2.13)
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Li-1,
4

L] L] - Lz Ll
@3613 = ?Cz - TC%, @3(2(1% - 03) = ?dg -

d:, (2.14)

and consequently
d1 = —Cq. (215)

Moreover, the inverse coefficients satisfy
by = —a;, by=2a5—as, by=-5a+5aas—ay, bs=14a;—2lasa;+6aa,+3a;—as. (2.16)

Proof. The identities (2.16) follow from coefficient comparison in f(g(w)) = w; the reversion through
degree five is carried out in Appendix A.

By Lemma 2.2, u; = ¢;/2 and v; = d,/2, so (2.9) gives A} = L,;c,/2 and B, = L,d;/2. With (2.7)
for j = 1 and b, = —ay, this i1s (2.13); adding the two relations in (2.13) gives 0 = %(cl + d;), and
L, > 0 gives (2.15). By Lemma 2.2 and (2.10),

2 2
c c c L Li-L
A2=L1(52—Zl)+14221 = 7102— 14 ZC%»

and the same computation for k gives B, = %dz - %df. Now (2.7) for j = 2, together with
by = 2a3 — as, gives (2.14). O

Lemma 2.5. For |p| = 1 let f,(z) = pf(p2). If f € M with the Schwarz pair (u,v), then f, € M with
Schwarz pair (u(p -), v(p -)) and

a? =p" 'a,, bP =p"'b,, ci‘.o) = plc;, d?o) = pld,. (2.17)
Proof. f,(2) = p(pz + Ypsr @np"7") = 2+ Dps2 p" a2, and f, is univalent on D because f is. With

g =\, f,(pglow)) = pf(glow)) = w, so g,(w) = pg(pw) is the inverse of f,; it is univalent on D;
hence, f, € Z, and b¥’ = p"~'b,. By (2.2), we have

Dyfp@) = 1+ ) ®ua,(02)"™ = D, f(p2) = V(u(p2).

n>2

In the same way, D, g,(w) = D,g(pw) = ¥(v(pw)). The functions z = u(pz), w — v(pw) belong to B.
Finally, (1 + u(pz))/(1 — u(pz)) = h(pz) = 1 + ¥, ; ¢;p’z’, and similarly for k. O

Notation. Throughout, L; are the Taylor coefficients of ¥; ®, represents the operator coefficients in
(2.2); a, and b,, are the coefficients of f and g = f7!; cj,d; are those of h, k in (2.5); u;, v; are those
of u,v; Aj, B; are those of ¥ o u, ¥ o v in (2.6); and R; represents the residuals of Definition 4.1. The
scalars k, K = |«|, o = sgnk, and a = (1 + K)~'/? are fixed by (1.1) and (3.12); the unindexed a is this
number and is distinct from the coefficients a,. The scalar M = L1®; — L, ®3 of (4.12) is distinct from
the class M. The parameters x, y are those of (3.7), and t = ¢; > 0 after the normalization (3.2).
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3. Sharp joint Carathéodory compatibility on the second-order body

Definition 3.1. The second-order compatible coefficient body V, is the set of (cy,c»,d,,d>) € C* for
which there exist &, k €  with these initial coefficients and a,, a; € C satisfying (2.13) and (2.14).

By Lemma 2.4, every f € M determines a point of V,. The converse is not asserted: A point of
V, need not arise from a member of M, and Section 4 examines this question for the equality points
found below.

Proposition 3.2. (cy,c,,d;,d>) € V, if and only if there are h, k € P with these initial coefficients such
that
-L, _ L%(D3 2

Cl - cl-
2 202

L L
dy = —c, and ?l(cz+d2)—l (3.1)

Moreover, V, is invariant under (ci, c»,d,, d>) = (pci, pca, pdi, p*ds), o] = 1.

Proof. Let (cy,c2,dy,dy) € V,. Adding the two relations in (2.13) gives d; = —cy, and the first gives
a> = Lic;/(2®,). Adding the two relations in (2.14) and using d? = ¢, 2@3a3 = Z(c> + d») — 2522,
and a5 = Lic7/(4®7) turns the left side into L} ®5c7/(2®3). Conversely, given (3.1), seta, = Lic;/(2D,)
and define a3 by the first relation in (2.14); subtracting that relation from the second equation of (3.1)
returns the second relation in (2.14). For the invariance, h(p ), k(0 -) € P have coefficients p’c;, p’d};
the first condition in (3.1) becomes pd; = —pc;, and multiplying the second by p? reproduces it for the
rotated data. |

By Proposition 3.2, we may normalize any point of V, so that

¢ =t€]0,2], d; = —t. (3.2)
Lemma 3.3. Let h € P. Then
2c2 = cf| <4 —1eil, (3.3)
and for c; =t € [0, 2),
20, ="+ (4 —1t)x, X = 1 x| < 1. (3.4)

Equality holds in (3.3) with |c| < 2 if and only if

h-1 +
U= satisfies u(z) =z wo—_nz’
1 +wonz

C1
= — =1. .
P wo = = [l (3.5)
Proof. Put w(z) = u(z)/z, so that w(0) = u; and w’(0) = u,. By the Schwarz lemma, |u(z)| < |z, and
hence w extends analytically to D with |w| < 1. If |[w| < 1 on D, the Schwarz—Pick inequality [29, Ch. 2]
gives
W (O) < 1= w(O)*; (3.6)

if |[w| = 1 at an interior point, then w is a unimodular constant and both sides of (3.6) vanish. By
Lemma 2.2, (3.6) reads |c2/2—c7/4| < 1—|c;[*/4, which is (3.3) after multiplication by 4; for¢; = 1 < 2,
this is (3.4). The parametrization (3.4) is the second-order Carathéodory body used in [19].
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If equality holds in (3.3) with |c;| < 2, then [w(0)| < 1 and [w’(0)] = 1 — [w(0)|?, so w is a conformal
automorphism of D: w(z) = n(z + B)/(1 + Bz) with || = 1, |8] < 1. From w(0) = n8 = w,, we get

~ + +
B = fwy, B = nwgy, o w(z) = n < Uﬂ) = _a)o , which is (3.5). Conversely, for w of this form
1 + nwoz 1 + wonz
w(0) = n(1 — |wo|?), so equality holds. O

Lemma 3.4. Let (cy,c2,dy,d>) € V, be normalized by (3.2) with t < 2, and put
20, = + (4 - P)x, 2d, = + (4 - 1)y, x| <1, |yl < L. (3.7)

Then
4 - ) (x +y) = 2« (3.8)
Ift =2, then k = 0.

Proof. The parametrization of d, follows from Lemma 3.3 applied to k(—-) € P, whose first two
coefficients are —d; = 7 and d,. Add the two relations in (2.14). Since ¢? = d7 = 1%, we have

L L -L
203a% = = (cy + dy) — —21 (3.9)
2 2
By (2.13), a5 = L11/(2®5), s0
20542 = Li®s 7 (3.10)
T e :

By adding the two relations in (3.7), ¢; + d» = 2 + 3(4 — *)(x + y). Insert this and (3.10) into (3.9) as
follows:
L%(D3 2= L,

— P+ @G- x+y) - =1+
202 R ERLRIC R

L,

2

£f=—@->x+y +—t.
7 G- D&+ + =

Hence, 4(4 — £)(x +y) = S[4% — ], and multiplication by 4/L; > 0 gives (3.8).
2

If t = 2, then |cy| = 2 forces h(z) = (1+z)/(1—2)and ¢; = 2, and d; = =2 forces k(z) = (1-2)/(1+2)
and d, = 2. Then (3.9) gives 2®3a3 = 2L, — 2(L; — Ly) = 2L,, while (3.10) gives 205a3 = 213D/ D3;
equating and dividing by 2L, gives « = 0. O

Theorem 3.5 (Sharp joint Carathéodory compatibility on V,). For every (ci,cy,dy,dy) € V>,
particularly for the data of every f € M, we have

2
lei|” <

. A1
1+ |« (.11)

The bound is sharp on V,; it is not asserted to be sharp for the class M (see Theorem 5.1). Explicitly,
with

1
K =[x, O = sgnk, a= , (3.12)
Vi+K
equality is achieved by the data of the Schwarz pair
a+o -a+0o
U@ =21 W@ =1 (k#0), (3.13)
1 +aoz 1 -aoz
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and by
uo(z) = z, vo(2) = -z (k = 0), (3.14)

the latter being the limit of the former as K — 0.

Proof. The bound. Normalize by (3.2). If t < 2, Lemma 3.4 gives x +y = 2kt*/(4 — 1*), and |x + y| <
|x| + |y| < 2 gives % < 2; that is, |«]f* < 4 — #2; in other words, (1 + |«|)* < 4. If t = 2, Lemma 3.4
gives k = 0,50 4/(1 + |k]) = 4 = £>. In both cases, |c;|> = * < 4/(1 + [|).

The pair (3.13) is admissible, with k # 0. Here, K > 0, so 0 < a < 1. The denominators 1 + aoz
vanish only at z = Fo/a, of modulus 1/a > 1, so uy, vy are analytic on a neighborhood of D. For

Izl = 1, using @, € R and 0 = 1, we have

la+ 0z =a® +2a0Rez+ 1 =1 + aoz,
|—a+o0z* =a*-2a0Rez+ 1 = |1 —acz.

Hence, |uy(2)| = |vo(z)] = 1 on |z] = 1, and by the maximum principle |ug], [vo| < 1 on D (neither function
is constant). Since 1y(0) = vo(0) = 0, up, vo € B.
Expansion. Since |acz| < 1 on D, we have

(1 +aoz) ' = Z(—l)”a”a”z”, o = (az + o) Z(—l)"a"a"z",

n>0 n>0
whence
[z'1uo = a, [Z2lup = 0 — a’o = o(1 — d?),
[22lup = —ac? + a*0? = —a(l — a%), (21w = a*0? — a*o? = o (1 - d°).

Witha®> = 1/(1 + K) and 1 —a* = K/(1 + K)

1 3 oK K oK

— N = s = i ————— = . 3.15
“Ear T irk BT Taskpn “E TRy (3.15)
Substituting —z for z in (3.13)
a—ao. —a+ o ,
o(=2) = (—3)——~ =7 S =@, so v =(=1)u, (3.16)
1—-aoz 1—-aoz

Carathéodory data. From hy = (1 + ug)/(1 —ug) = 1 +2uy + ZuS +--+,c1 =2u; and ¢, = 2u, + 2uf,
so by (3.15)

2 20K 2 _21+0K)
C1 = s CHh = = ,
T VItK T 14K 1+K 1+K

and by (3.16), d; = 2v; = —2u; = —¢; and dr = 2v, + 2v7 = 2up + 2u = cs.
Identification of x,y. Here, t = ¢; = 2a,50 1> =4/(1 + K) and 4 — > = 4K/(1 + K) > 0. By (3.7),

4(1+0K) 4

_20-F _ Tk ~nr _ 40K _

T o422 4K - -
41 4K 4K
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and d, = ¢, d? = ¢? givey = 0. Then (4 — ) (x +y) = =& . 20 = 2k = 2%, s0 (3.8) holds.

1+K 1+K
Reading the proof of Lemma 3.4 backwards, (3.8) with d; = —c; is equivalent to the second equation
in (3.1); hence, (¢, ¢3,d;,d>) € V, by Proposition 3.2, and |c,|* = 4/(1 + K).
The case k = 0. Here, uy, vy € B trivially. From u; = 1, u, = 0: ¢; = 2, ¢; = 2; from v; = —1,

vy =0:dy = =2,d, = 2. Thend; = —c; and (2 + db) — 8522 = 2L, - 2(L; — L) = 2L,, while
k = 0 means L2d5/®? = L,, 5o quf’; ¢ = 2L,. Thus (3.1) holds and |¢,* = 4. Finally, @ — 1 as K — 0

turns (3.13) into z(1 + 0z)/(1 + 0z) = zand z(-1 + 02)/(1 — 02) = —2. O

The bound (3.11) is sharp on V. It is not asserted to be sharp for M; Section 5 shows that under a
fifth-order condition, it is not.

Corollary 3.6. For every f € M,

L,
O, VI + k|
On V, put a; := Lic1/(2D,), as forced by (2.13). Then (3.17) holds on V, and is achieved there exactly
on the equality set of (3.11).

las| < (3.17)

Proof. By (2.13), |as| = Lilci|/(2®,), and (3.11) gives |c;| < 2/ V1 + [«]. O

Corollary 3.6 is an upper estimate for M. Whether it is achieved by a member of M is a separate
question; see Theorem 5.1.

Remark 3.7. Adding the relations as in (3.9) and (3.10) gives ¢, + d, = (1 + «)t*>. The summation
argument uses only |c,l,|d»| < 2 and yields |1 + k| < 4. This is a nontrivial restriction on ¢ exactly
when |1 + k| > 1; that is, for k > 0 or k < —2. For k > 0, it coincides with (3.11); in terms of a,, it reads
las|* < L? / |L%(D3 - LZCD§ + L1<I)§|, which is what the summation argument of [6-9] gives when applied
to M. The classes treated in those papers are, in general, not special cases of M; for instance, the
bi-starlike condition zf”/f < ¢ of [7] is not of the linear form (2.2), and the bound there has a different
denominator. For —2 < k < 0, it gives nothing beyond ¢ < 2, and for k < =2, it gives > < 4/(|k| — 1),
which is weaker than 4/(1 + |k[). Theorem 3.5 therefore improves the summation bound exactly for
k < 0, and reproduces it for k > 0; in the latter case, the new content of Theorem 3.5 is the sharpness
on V, and, with Lemma 3.8, the identification of the equality set.

Lemma 3.8. Let (¢, cs,dy,d>) € V, satisfy |ci|* = 4/(1 +|k|), realized by h,k € P withu = (h—1)/(h+
1), v=(k—=1)/(k+1). Then u(z) = uo(pz) and v(z) = vo(pz) for some |p| = 1, with (up, vo) as in (3.13)
or (3.14).

Proof. Let = |cy|/c; (note ¢; # O since |c;|> = 4/(1 + |]) > 0). By Proposition 3.2, the rotated
quadruple lies in V,, has the same |c|, and has the Schwarz functions u(7 -), v(n7 -); proving the claim
for these gives u(nz) = uy(z), that is, u(z) = uy(77z), and likewise for v. So assume ¢; =t = |c¢| > 0.

Ifk =0thent =2and u; = 1, sow = u/zsatisfies |w| < 1 with [w(0)| = 1; by the maximum principle
w = 1 and u(z) = z. The same argument applied to v/z, whose value at the origin is v; = d;/2 = —1,
gives v(z) = —z.

If k # 0, then t = 2a < 2, and Lemma 3.4 gives x +y = 2«t*/(4 —t*) = 2k/K = 20. Thus |[x+y| = 2,
while |x|, |y| < 1; hence, x and y lie in the closed unit disk with the midpoint o on the unit circle, and
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the strict convexity of the disk forces x = y = 0. Then 2¢, = 1> +(4—1*)o gives ¢, = 2(1 +0K)/(1+K)
and, by Lemma 2.2, we have
0 1 _ 1+0K 1

=a, == -_ = - =o(l -a”), =1—|ul.
U =a m==-7 T2k 12K o(l —a’) 1223 |y |

This is equality in (3.6), so by (3.5) with wy = a, u(z) = z(a + 7:2)/(1 + an,z) with || = 1; its z>-
coefficient is 7;(1 — a?), and a comparison with u, = o(1 — a?) gives 5, = o, so u = uy. The same
argument with v = —a and v, = d,/2 — d12 /4 = o(1 — a®) gives v(z) = z(—a + my2)/(1 — anyz) with
n, = o; thatis, v = vy. m]

A Zalcman-type consequence

Proposition 3.9. For every f € M, we have

L

2 1

|a3 - a3 < o (3.18)
and the bound is attained on V, (with a,, az defined on V, by (2.13) and (2.14)) by the data of u = pz*,
v =—pz%, and |p| = 1.

Proof. Subtracting the two relations in (2.14) and using d? = ¢?, 2@3(a; — a3) = %(c2 — d»), that s,
a5 — a3 = —Li(c; — dp)/(4®5). Normalize by (3.2). If t = 2, thenk = 0 and ¢; = d, = 2, s0 a3 — az = 0.
Let 7 < 2. Subtracting the two relations in (3.7), ¢; — d> = 3(4 — *)(x — y), s0 |a3 — a3| = %;’z)lx -yl
The parallelogram identity and |x],|y| < 1 give |x — y|*> = 2(]x*> + |[y*) = |x + y* < 4 — |x + y|*, and
Ik + Y2 = 424 (4 — 2)? by (3.8), 50

4((4 - 2)* — K’
(4 —12)?

e —yl* <
The bracket is non-negative since |«|t> < 4 — * by the proof of Theorem 3.5. Hence

Li4-1) 2éd-? -t L
a3 — as] < = o 17 = 4(1; VE(s),  F(s)=@4-s’-Ks,  (3.19)
3 - 3

with s = 2 € [0,4/(1 + K)]. Differentiating, F’(s) = ~2(4 — s) — 2K2s = =2(4 — s(1 = K)). If K > 1,
then4 — s(1 - K% > 4. If 0 < K < 1, then s(I1 — K?) < —£-(1 — K)(1 + K) = 4(1 — K) < 4. In both
cases, F’(s) <0, and hence F(s) < F(0) = 16 and (3.19) gives (3.18).

To achieve equality, u = pz> and v = —pz? lie in B and give ¢; = d; = 0, ¢; = 2p, d, = —2p, which

satisfy (3.1); by (2.13)—(2.14), a, = 0 and a3 = L,p/®3, so |a§ —as| = L/ Ds. O

No attainment in M is claimed for (3.18).

Quantitative stability near the envelope

In the next theorem, stability means that second-order data close to the envelope are close to the
data of the equality orbit; it is a statement about the finite-dimensional body V>, not about perturbations
of an equation.
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Theorem 3.10 (Quantitative stability). Ler x # 0, K = ||, o = sgnk, and let (¢y,¢3,dy,d>) € V, be
normalized by (3.2); put s = t*. Then x + y is real, with

24-(1+K)s)

2-0(x+y) = 1,

0, (3.20)

and

4a-(1+K)s) _(1+K? 4
4-s T K (7x %)

Proof. Since k # 0, Theorem 3.5 gives s < 4/(1 + K) < 4,s0t < 2 and x,y are defined. By (3.8) and

k= 0K, x+y=2ks/(4—s) = 20Ks/(4—s), which is real. Hence, 2 — o-(x +y) = 2 — 2Ks = Z0-92Ks

4—s 4—s
w, and the right side is non-negative because (1 + K)s < 4. This is (3.20).

Since [x| < lando? = 1, [x—0 = |x*-20Re x+ 1 < 2—20 Re x; likewise, |y— o> < 2-20 Re}y.
Adding, and using the fact that x+y is real so that Re x+Rey = x+y, |x—c* +|y—0|* < 4-20(x+y) =

ALY which is the first inequality in (3.21). For the second, s < 4/(1+K) gives 4—s > 4K/(1+K) >

0,50 1/(4 — 8) < (1 + K)/(4K), and therefore *=12509 < 1K (4 _ (1 4 g)s) = BEE (4 ) g

x—ofP+ly—-of < (3.21)

; — 21, 12772 : : 40+K?®3 12
Since s = 4®5|a,|/L; by (2.13), the right side of (3.21) equals KL z(q)%(]‘ﬂ()

multiple of the deficit of |a,|* in (3.17). Theorem 3.10 controls only x, y, that is, the second-order data;
it is not used in the proof of Theorem 5.1, which relies on the qualitative rigidity of Lemma 3.8.
The following closedness property of V, is used in Section 5.

— las|?), a constant

Lemma 3.11 (Closedness of V, under locally uniform limits). Let (u,,v,) € 82 leth, = (1+u,)/(1-
u,), k, = (1 +v,)/(1 —v,) have the initial coefficients (c(ln), C(Z"), di"), dé") ) € V>, and suppose that u, — u

and v, — v locally uniformly on D. Then, we have the following:

(a) u,v € By

(b) for every j > 1, ui")
Up, Uy Vy, Vy

(c) h =1 +u/(1-u)and k = (1 +v)/(1 —v) belong to P, their coefficients satisfy c; = lim ci."),
d; =1imd" for j = 1,2, and (c1, c2,d, dy) € V:.

(1)
J

(n) ()
]‘ s uj’ V.

— ujand v
j

— v, where u ,v;j are the Taylor coefficients of

Proof. (a) By the Schwarz lemma, |u,(z)| < |z| for z € D and all n. Letting n — oo pointwise gives
u(0) = 0 and |u(z)] < |zl < 1 on D, so u € B; the same argument applies to v.
(b) Fix r € (0,1) and j > 1. By Cauchy’s integral formula, we have

1 SE t(2) —u@)
27” lzj=r Zj+1

and the right side tends to 0 by uniform convergence on |z| = r. The same estimate holds for v.

(c) Since |u] < 1, Reh = (1 = [ul>)/|1 — uf> > 0 and h(0) = 1, so h € P; likewise, k € P. From
h=1+2u+2u®+---,onehasc; =2u and ¢; = 2up + 2uj, and the same polynomials give c(l"), c(z")
in terms of uﬁ"),u(zn); similarly, for d;,d,. Hence, (b) gives cS.") - ¢, d;.") — d; for j = 1,2. The
two conditions in (3.1) are polynomial equations in (cy, 3, d;, d») with coefficients depending only on
Ly, L,, ®,, ®3; they hold for every n, and hence in the limit. Since the limit data are realized by h, k € P,

Proposition 3.2 gives (cy, ¢, dy,d) € V5. O

n) _
Uj

uj| = < 7 max i (2) ~ u(z)l,
z|=r
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4. The fifth-order lifting obstruction

Indexing convention. The residuals are indexed by the order of the Carathéodory data, not by the
order of the coeflicient: R; = ®;,1b;,; — B; (Definition 4.1) compares the coefficient of order j + 1 of
g = f~! with the j-th coefficient of ¥ o v. Thus, Ry, R,, R3, R, concern the coefficients b,, b3, by, bs of
orders 2,3,4,5. “Lifting through order four” means that the inverse-compatibility equations through
the fourth coefficient hold, that is, Ry = R, = R; = 0; the “fifth-order obstruction” is R4, the residual
attached to bs. In particular, the fourth residual R, is a fifth-order condition.

Fix a Schwarz pair (4, v) and let A;, B; be as in (2.6). If some f € M has (u,v) as its Schwarz pair,
then, by (2.7), its coeflicients are forced as follows:

A A, Aj Ay
= 52, = = — as = 55,
and the second half of (2.7) imposes four further conditions.

Definition 4.1. Given (u,v) € B2, define a,,...,as by (4.1), by, ...,bs by (2.16), and the inverse-
compatibility residuals

a (4.1)

R] = (I)J'+1bj+1 -B
The pair lifts through order nif Ry = --- =R,_; = 0.

ji=1,2,3,4. (4.2)

J»

If f € M has a Schwarz pair (u,v), then R; = R, = R; = R4 = 0. These are necessary conditions;
their vanishing is not claimed to be sufficient for membership in M.

If the Carathéodory data of (u,v) lie in V,, then Ry = R, = 0. Indeed, by Lemma 2.4 and
Definition 3.1, there are a), a} satisfying (2.13) and (2.14); the first relations in (2.13) and (2.14) say
®,a), = Ay and ®3a} = A, s0 @), = a, and a) = a; are the forced values (4.1), and the second relations
are then exactly ®,b, = By and ®3b3 = B,, thatis, R; = R, = 0. The body V) is precisely the set of
data for which the first two residuals vanish.

Proposition 4.2. Let « # 0 and let uy, vy be as in (3.13). Then

Ly
A= , 4.3)
V1+K
oKL, + L,
A, =—1-= 4.4
? 1+K (4.4)
—KL, +20KL, + Ly
Az = , 4.5
: (1+ K)3"2 43)
KL K?> -2K)L, +30KL; + L
A4:O- 1+ ( ) 22+ oKL; + 4 4.6)
(1+K)
and
Bj = (-1)/A;, j=1,2,34. 4.7)

Proof. Insert (3.15) into (2.9)~(2.12). From (2.9), A = Lyu; = L(1 + K)"'%. From (2.10), Lu; =

oKLi/(1 + K) and L3 = Ly/(1 + K). From (2.11), Lyus = ~KLi(1 + K)™?, 2Ly, = 20K Ly(1 +

K)72, and Ly’ = Ls(1 + K)7/2. From (2.12)
O'KL[

— 2y —
L1u4 = m, L2(2u1u3 + l/tz) = L2

—2K + K?
(1+K2°
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30'KL3 L4
331Uy = _ Lot =—""_.
M = 0 k) T 0 k)y
Finally, vo(z) = uo(—z) by (3.16), s0 ¥(vo(2)) = P(uo(-2)) = 1 + X; A;(-1)’z/, which is (4.7). o

Lemma 4.3. With the notation of Proposition 4.2, we have
Ri=R,=R;=0, a3;=d. (4.8)

Pl"OOf. By (216) and (41), q)gbz = —(Dzaz = —Al, and Bl = —Al, SO Rl = —A1 — (—Al) =0.
Next, (D3b3 = 2@361% - CI)3a3 = 2(1)361% - A2 and Bz = Az, SO

R, = 2M3a; — 24,. (4.9)

Substituting a, = A;/®, and (4.3)—(4.4), we have

2130, 20KLi + L) 2(L1®0; — O5(0KLy + Ly))

R, = - = 4.10
2 @3 (1 + K) 1+K ®3(1 + K) (4.10)
Since oK = k, by (1.1), we have
LD L
2 _ 2 1%3 _ 2 72
O5(kLy + L) = <I>2[L1(—2 _L1) + L2] = Li®D;. “4.11)

2

So the numerator of (4.10) vanishes and R, = 0; then (4.9) gives ®3a; = A, = ®3as, that is, a3 = a5.
Finally, ®4b4 = —SCD4a§ + 5@ a,a; — A3 and B; = —As, so the terms FA5 cancel and

R3 = 5@4612(&3 - Cl%) =0.
O

Mechanism of the cancellation. Lemma 4.3 rests on two facts about the equality orbit: Its data lie
in V5, and vy(2) = up(-z), so that B; = (—l)jAj. The logical chain is

Ri=R,=0&B,=A) = D32d% —a3) = D303 = a3 =a} = Ry = 50,a5(a3 —a3) = 0,
——e

data in V,

where the last step also uses B; = —A3 = —®,a4, which cancels the only term of ®4b4 containing ay.
At the next order, the same substitutions leave R, = (D5(—4a‘2‘ + 6aya4) — 2A4; the term A4 contains
L, and uy, which are not constrained by any of the lower-order relations, so R, is the first residual
that is not annihilated by them. In the present operator/subordination framework, the cancellation
through Ry is driven by the relation a; = a3 forced on the equality configuration and by the symmetry
B; = (=1)/A; of that configuration. We do not claim that the same cancellation occurs in arbitrary
bi-univalent subclasses or at other points of V.

Structure of the fifth residual. On the equality orbit, the substitutions az = a%, a, = A1/, a4 =
A3/ D@y, as = A4/ Ds, By = A, reduce R, to a combination of A%, A;Az, and A4 (see (4.13) below). By
Proposition 4.2 these three quantities share the factor (1 + K)~2, so after multiplication by the positive
number (1 + K)Z(D‘Z‘(IL;, one obtains an expression polynomial in L;, ®;, K, and 0 K. Since oK = « =
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M/(L,®3) and K* = «?, the only remaining denominators are powers of L;®%, and multiplication by L?
clears them; the result is the polynomial P, first in the compact form (4.15) in terms of M and then,
after expanding M, in the form shown in (4.16). The dependence on L, is transparent in this route: L,
enters only through Ay, linearly and with the coefficient u} = (1 + K)~%, while A; and A5 do not involve
L,. Hence

P, = L’0iD, Ly + PU|L4:0,
where P;|;,-o does not depend on L.
Theorem 4.4 (Fifth-order lifting obstruction). Let x # 0 and let (uy, vo) be the equality pair (3.13).
Put

M = Li0; — L3, sothat k=—=, Li®+0M=Lo5(1+K)>0. (4.12)
15
Then ,
2®5A 3(1)5A1A3

Ry=-2 L_ Adl, 4.13
4 o1 D, D, 4 (4.13)

and op
R, Ml (4.14)

DL D2+ o M)

where, in compact form, we have

P, = 2L®,®5 — 3L30,D5( — oML, + 2ML, + L L;®3)

4.15
+ ®y(MLI®3 + M*Ly — 20 ML, L,®5 + 3ML,L;®3 + L1®3L,), (“415)
and, after expanding M, P, is the sum of the sixteen monomials
P, = — L L, D50, + 20 L L3054 + L3030y — 31, L, Ly O30, + LT L, DD,
+ LIO;0; By — 20 L] Ly 0303y — 2LT L0030y + 3L L; 053Dy + L7 L, D50, “4.16)
— 30 L, D35 + 6LI L0305 — 3L, L; 035 + 30 LD, D3P5 — 6L L, D, D3 Ds '
+ 210D, Ds.
Consequently
Ri=0 < P,=0. 4.17)

Proof. Step 1: Elimination of as, as,as in ®sbs — B4. By (2.16), ®sbs = (1)5(1461‘2L - 2161%613 + 6aray +
3a3 — as). By Lemma 4.3, a3 = a3; by (4.1), a» = A|/®,, as = A;/®4, and as = A4/Ds; by (4.7),
B, = A,. The six constituents of R, are therefore

4 14<I)5A‘1L ) 21<I)5A‘1L
CDS : 14(12 = T;‘” (D5 : ( - 21612613) = - (I)g , (418)
3DsA? 6MDsA A,
®s - 32 = —1, s - 6ara4 = ————, 4.19
5+ a3 o1 5 - 6aray 0,0, (4.19)
Ds - (—as) = —Ay, —B4 = —As. (4.20)
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The three Ai’ terms carry the coefficient 14 — 21 + 3 = —4. Summing (4.18)—(4.20), we have

40sAT  6DsA A 20sA  3DAA
_ 541+ 513—2A4:—2 541_ 54143
O O,D, O D, D,

+ A4, (4.21)

4 =

which is (4.13).
Step 2: Clearing the denominator. By (4.3), (4.5), (4.6), we have

4 L Ads Li(- KLy +20KL, + L3)
T 1+ K2 : (1 + Ky ’
4, _ oKL+ (K> = 2K)L, + 30KL; + Ly
‘T (1 +K)? '

Multiplying the bracket in (4.21) by (1 + K)*®3®, > 0, we have

2(1)514? 3(D5A]A3
3 ®,0,
= 2L ®,®5 — 3L, D30s5( — KL, +20KL, + L3)
+ @D, (0KL, + (K* — 2K)L, + 30K L3 + Ly).

Qo := (1 + K)’®30, + Ay

(4.22)

Step 3: Elimination of K and o. Since k # 0 and o = sgnk, K = |«|, we have k = 0K and, because
o’ =1, K = ok, and K* = k*. With k = M/(L,®3) from (4.12), we have

M ML
-KL, = —okL, = —0-—2, 20KL, = 2k, = —22,
(I)2 qu)2
M 3MLs
OKL =KLy = —,  30KLy = —=,
(1)2 qu)z
ML, 20ML
(K? = 2K)L, = (k2 = 20K)L, = =2 _ 201722
2ol 102

Hence

~oML; +2ML, + L, L;®}
L,02

—KLi+20KL, + Lz = , (423)

N;
Lio;’
where N3 := MLi®} + M*L, — 20 ML, L,®3
+3ML Ly @3 + LD5L.

oKL, + (K* =2K)L, + 30KL; + Ly = (4.24)

Write N, = —oML; + 2ML, + L1L3d)§ for the numerator in (4.23). Substituting (4.23), (4.24) into
(4.22) gives Qp = 2L1D4@s — 30,DsN, + L *®4Ns3; multiplying by L2, we have

T, = 215D, Ds,
L3Qy =T, + T, +Ts, T, = =3Li®,®s5( — oML, + 2ML, + L L;®3), (4.25)
Ty = Oy(ML D3 + M?Ly — 20 ML L, ®3 + 3ML,L;®% + L2D3Ly).
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Step 4: Expansion of Ty, T», T5. Insert M = L3®3 — L,®3. The group T is already a monomial. For
T,, we have

Ty = 30L;®;OsM — 6L L, 0, OsM — 313 L; 03D
= 30'L?(D2(D3q)5 - 30’L?L2q)gq)5 - 6L?L2®2(D3(D5 + 6L%L§(D;q)5 - 3L?L3®g®5
For T3, term by term
ML;®; = L1003 — L1, D5,
M?*L, = LIL,®3 - 213150505 + L35,
—20ML,L,®; = 20 L} Ly®;®3 + 20 L, L@,
3MLLy®5 = 3L Ly®50; — 3L, L, L; D5,

and T is @, times the sum of these nine monomials plus LI L, ®3®,. Altogether, T + T, + T consists
of 1 +5 + 10 = 16 monomials. They are pairwise distinct, so no cancellation occurs, and they are
exactly the 16 monomials of (4.16); the correspondence is listed in Table 1 of Appendix B. Hence

LQy=T +T,+Ts =P, (4.26)

and (4.25) is the compact form (4.15).
Step 5: The denominator. By (4.21), (4.22), and (4.26),

=200 200 -2P,
(1+KPD3Dy  Li(1+ KPD3Dy  dy(L 031 + K))*

R4

and Li®5(1 + K) = L ®; + Li®30k = L@ + oM gives (4.14). Each factor of the denominator is
positive: @, > 0 by (2.3), and le%(l + K) > O because L; > 0, ®, > 0, K > 0. Thus R, is a nonzero
real multiple of P, which is (4.17). O

Corollary 4.5. Regard P, as a polynomial in Ly. Then

0P,

55:&@@>Q 4.27)

deg;, P =1,
so, for a fixed Ly, Ly, L3, ®,, . .., Ds, the equation P, = 0 holds for exactly one value of Ly, namely

- 1
Q&:77—%@@@—%@@@@—@%@+%@@@@
i 2oty
— LI ®303D4 + 20 L L, D503D4 + 2L L0500, — 3L L D03 D, (4.28)
— LIL, D30, + 30 L Ly D3 @5 — 6L L503®5 + 317 Ly D5 D5

—%ﬁ@%@+@@%%@—u%@4
The equality orbit of Theorem 3.5 satisfies fifth-order inverse compatibility if and only if

Ly=L" (4.29)

4.1ift"
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Proof. In (4.16), the variable L4 occurs only in the monomial L%L4(D‘2‘(D4 and to the first power, which
is (4.27); positivity follows from L; > 0, ®,, @4 > 0. Writing P, = LI®3®4Ls + Plz,—0 and solving
gives (4.28), the bracket being —P,|.,-o. By Lemma 4.3, R, = R, = R; = 0 on (u, vp), so fifth-order
compatibility is equivalent to R4 = 0, and hence to P, = 0 by (4.17). By Lemma 4.10 below, the same
holds at every point (uy(p -), vo(p -)) of the orbit. |

Remark 4.6 (Status of L,). For a fixed generator WV, the coefficient L, is already prescribed. Thus,
LE{Eﬂ is not a freely adjustable parameter; it is the unique value that the prescribed fourth Taylor
coeflicient of ¥ would have to equal for the second-order equality configuration to satisfy fifth-order
inverse compatibility. Corollary 4.5 is therefore a test on the given generator: One compares its Ly
with the value (4.28) determined by the lower-order data Ly, L,, L3, @,, ..., ®s. The affine dependence
on L, is a statement about the polynomial P, in the parameter space, not about the freedom to choose

L, once V¥ is given.

Remark 4.7 (What P, # 0 does and does not assert). If P, # 0, then the unique second-order
equality configuration of Theorem 3.5 (that is, every point of the rotation orbit of (3.13), by Lemma 3.8
and Lemma 4.10) fails fifth-order inverse compatibility. Consequently, no member of M has a Schwarz
pair on that orbit. It does not follow that other points of V, fail to lift, and P, # 0 says nothing about any
point of V; off the equality orbit. Nor does it determine suplci |?; it yields only the strict inequality
of Theorem 5.1. Conversely, P, = 0 is a necessary condition for the equality orbit to be realized in M
and is not asserted to be sufficient: Membership requires the vanishing of all residuals of every order
together with the bi-univalence of the resulting function.

Remark 4.8 (The branch « = 0). For « = 0, the equality pair is (z,—z), sou; = 1, u, = uz = uy = 0,
and Lemma 2.3 gives A; = L;, while vo(z) = uo(-z) gives B; = (—1)ij; thus (4.7) holds. Since
®sa;5 = L1D5/®3 = L, = A, when « = 0, the proof of Lemma 4.3 applies verbatim: Ry = R, = R; = 0
and a3 = a3. Step 1 of the proof of Theorem 4.4 applies unchanged, and Step 2 with K = 0, A; = L,
Ay =13,A4 =14 giVGS Q() = 2L‘1‘.®4®5 - 3L1L3(D;(D5 + L4®3(D4 Hence

2P,
o208

4 Py := LiQp = 2L5®,®5 — 317 Ly D305 + LIL,D5Dy. (4.30)
Setting M = 0 in (4.25) annihilates every monomial of 75 and T3 except —3L}L;®;®s and L L, D3Py,
s0 Py|y=0 = Py for either sign, as it must. The coefficient of L, in Py is LfCD‘;(D4 > 0, so Py = 0 exactly
when

3L1L3(I)§(I)5 - 2L‘]"(I)4Q)5
4 = .
CI)‘Z‘(I)4
On this branch, o is undefined, and Py, not P, is the relevant polynomial; the two cases are kept
separate below.

(4.31)

To describe the lifting condition in the parameter space, put the following for o € {-1, 1}:
Co ={p = (L1, L, L3, Ly, @5, D3, 04, @s5) € R* X (0, 00)* : L; >0, ok > 0}, (4.32)

with k as in (1.1). On C,, one has sgnk = o, so P, describes the equality configuration there. The
condition ok > 0 involves only Ly, L,, ®,, and @3, so C, is a union of full lines in the L,-direction;
C.1,C_ are disjoint open sets whose union omits exactly the branch « = 0.
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Corollary 4.9 (Fifth-order lifting locus on a sign chamber). Fixo € {-1, 1} and put O, = {p € C, :
P,(p) = 0}. Then O, is the graph, over the projection of C, to the seven coordinates other than Ly, of
the map (Ly, Ly, L3, ©;, @3, Oy, D5) — Lffl;ﬂ given by (4.28), which is real analytic there. In particular,
every line parallel to the Ly-axis that meets C, meets O, in exactly one point, and O,, is a real-analytic

hypersurface in C,. The obstruction Ry # 0 holds exactly on C, \ O,.

Proof. By (4.16), P, = L%(I)‘z‘(D4L4 + Py|r,=0, Where P,|r,— 1s a polynomial in the remaining seven
parameters. On C,,, the coeflicient L%(D‘z‘dh is positive, so for each admissible value of those parameters,
P, = 0 is a degree-one real equation in L, whose unique solution is (4.28); since ok > 0 does not
constrain Ly, that solution lies in C,,. The right side of (4.28) is a polynomial divided by LI®3®, > 0,
and hence is real analytic, and O, is its graph. The last assertion is (4.17). O

Here, O, is the set of parameter data on which the equality orbit does pass the fifth-order test;
the points p € C, are data, not generators, and a given generator ¥ corresponds to a single point
(Remark 4.6). On the branch « = 0, the analogous statement uses P, and (4.31).

Lemma 4.10 (Rotational covariance). For |p| = 1, set u,(z) = uy(pz) and v,(z) = vo(pz). Then

AP =plA;,  BY =p/B;,  j=123.4, (4.33)
al’ = pay, af =p’a;, af =p'as, a¥ =p'as, bY =p'bs, (4.34)

and consequently
R =p*Ryy, 50 RY =0 & R,=0. (4.35)

Proof. By (2.6), ¥(uy(z)) = ¥(up(pz)) = 1 + Z?zl A j(pz)f + O(z°), and the same computation for Vp
gives (4.33). Then, a,(,p) = Aff_)l /®, = p"'a, by (4.1). Assigning a, the weight n — 1, every monomial
of bs in (2.16) has a total weight of four (a5: 4; azas: 2+2; azas: 1+3; a3: 2+2; as: 4), so b(SP) = p*bs.

Hence, Rff) = d)sb(sp) — Bff) = p*(Dsbs — B,) = p*R,, and p* # 0. o
Lemma 4.11 (Polynomial structure and continuity of R,). For (u,v) € B? with the Taylor
coefficients uj,v;, the residual R4 of Definition 4.1 is a polynomial F(u,...,us,v1,...,vs) whose
coefficients depend only on Li,...,Ls and ®,, ..., ®s. In particular, F is continuous on C3, and if

u, — uand v, — v locally uniformly on D, then R4(u,,v,) — R4(u, V).

Proof. By Lemma 2.3, Ay,...,A; are polynomials in uy,...,us and Bi,...,B; are the same
polynomials in vy, ..., v4, with coefficients in {L,, ..., L4} and integers. By (4.1), aj,; = A;/®j,; are
polynomials in uy, ..., us. By (2.16), bs is a polynomial in a,, . .., as with integer coefficients. Hence,

R4 = ®sbs — By is a polynomial F in the eight variables, with coefficients built from L;, ®; and (D/‘.l,
and polynomials are continuous. If , — u and v, — v locally uniformly, then ui.") — u;j and vi.") -V
for j = 1,...,4 by the Cauchy estimate in Lemma 3.11(b), and the continuity of F gives

R4(I/tn, Vn) - R4(I/t, V). O
5. Obstruction-induced strict separation

For f € M, the number |c;| does not depend on the admissible Schwarz pair: ®,a, = A} = Liu,
gives u; = Ora,/Ly and |cy| = 2|uy| = 2D,|a,|/L,. We write ¢(f) for a ¢; that is computed from any

admissible u.

AIMS Mathematics Volume 11, Issue 10, 32751-32781.



32769

Theorem 5.1 (Obstruction-induced strict separation). Let (ug,vo) be the equality pair of
Theorem 3.5, normalized as in (3.13) or (3.14), and suppose

R4(MQ,V()) # 0. (51)

By Theorem 4.4 and Remark 4.8, (5.1) is equivalent to P, # 0 ifk # 0 and to Py # 0 if k = 0. Then

sup e () < ; (5.2)
A
equivalently, & > 0 exists such that |c,(f)|* < 1Jﬁkl — g for every f € M. Consequently
L
sup |as| < — (5.3)

feM O, VT + 4]

This is a strict separation from the V, envelope, not a sharp estimate for M; the values of the two
suprema are not determined.

Proof. Write A = 4/(1 + |«|), and a = (1 + |k])™"/? as in (3.12) (so @ = 1 when k = 0 and A = 44? in
both cases).

Step A (Setup). Put S = sup{lc;(f)]* : f € M}. The set is nonempty (Section 2), and Theorem 3.5
gives S < A. Suppose, for contradiction, that § = A.

Step B (Extremizing sequence). Choose f, € M with |c;(f,)]* — A, and for each n an admissible
Schwarz pair (ii,, v,) of f,. Discarding finitely many terms we may assume c¢(f;) # O.

Step C (Rotation normalization). Put p, = Tfn)/lcl(fn)l, so |o,] = 1. By Lemma 2.5, F, :=
(fu)p, € M with the admissible Schwarz pair u,,(z) = i,(0,2), v,(W) = ¥,(0,w), and ¢,(F,) = pnc1(f,) =
lci(f)l =: t, = 0. We rename F, as f,. Thus

C(ln) = 2u(1n) =1, € [O’ 2]’ t)% - A= 4a27 t, — 2a’ (54)

where ug.") , vi.") denote the Taylor coeflicients of u,, v,.

Step D (Normal families). By the Schwarz lemma, |u,(z)| < |z| and |v,(z)| < |zl on D, so {u,} and
{v,} are uniformly bounded and hence are normal by Montel’s theorem. Passing first to a subsequence
along which u, converges locally uniformly on D, and then to a further subsequence along which v,
does, we obtain analytic u,v on D with 4, — u and v, — v locally uniformly on D along a common
subsequence, which we keep denoting as n.

Step E (The limits are Schwarz functions). By Lemma 3.11(a), u,v € B: The Schwarz-lemma
bounds |u,(2)| < |z], [va(z)] < |z| pass to the pointwise limit, so u(0) = v(0) = 0 and |u(z)| < |z| < 1,
v(z)| < |zl < 1 on D. Equivalently, |u| < 1, and if |u(zy)| = 1 at some zy € D, the maximum principle
would make # a unimodular constant, contradicting u(0) = 0; likewise for v.

. . . (n)
Step F (Coefficient convergence). By Lemma 3.11(b), which rests on the Cauchy estimate |u ;ou il <

ri maxy,-, [u, — ul for a fixed r € (0, 1), we have ui.")
u; =limz,/2 =a> 0.
Step G (Limiting compatibility). Each (c(ln), c(z”), di"), d;”)) is the data of f, € M, and hence lies in V,

by Lemma 2.4. By Lemma 3.11(c), 2 = (1 +u)/(1 —u) and k = (1 +v)/(1 —v) lie in P, their coeflicients

— ujand v(j") — v; for every fixed j. In particular,
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are the limits ¢; = limc'", d; = limd}” (j = 1,2), and (c1,c2.d1,dy) € Va: The two polynomial
compatibility relations (3.1) hold for every n and therefore in the limit.

Step H (The limit reaches the envelope). ¢, = 2u;, = 2a, so |c|* = 4a®> = A.

Step I (ldentification of the limit). By Lemma 3.8, there is p with |p| = 1 such that u(z) = uy(pz) and
v(z) = vo(pz). The first coeflicient of uy(pz) is pa (with a = 1 if k = 0), and it equals u; = a > 0; hence,
o =l and (u,v) = (up, vo), the normalized pair in (5.1), not merely a point of its orbit.

Step J (The residual vanishes along the sequence). For each n, f, € M with the Schwarz pair
(un, vn). By (2.7), the numbers a” = AE.") /@ ;41 defined in (4.1) from u,, are the actual coefficients of

j+l
fn, the numbers b;’fl obtained from them by the universal polynomials (2.16) are the actual coefficients
of f,!, and ®‘/+1b§’fr)l = BE."). Hence

Ri(u,,v,) =0 for every n. (5.5

Step K (Continuity of Ry). By Lemma 4.11, R, is a polynomial in uy,...,us, vy,...,v4 with the
coeflicients depending only on the fixed data Ly,...,Ls, D,,...,Ds, and hence is continuous with
respect to coefficientwise convergence. By Step F, Step I, and (5.5), we have

Ry(uo, vo) = lim Ry(ut,, v,) = 0,

contradicting (5.1).
Step L (Conclusion). Therefore, S < A, whichis (5.2), and € := A —S§ > 0 satisfies [c;(f)? < A—¢
fgr;;u f € M. Since |ay| = Lilei|/(29,) by (2.13), supplaal = 55 VS < 3= VA = % j;TH which is
3). O

The argument proceeds by contradiction on an extremizing sequence and produces no numerical
value of &. The bounds (5.2) and (5.3) are strict upper bounds, not sharp estimates, and the values
SUP fe pq lei(f))? and sup M |ay| are not determined here. A quantitative € would require a lower bound
for |[R4(u,v)| over Schwarz pairs whose second-order data lie near the equality point; Theorem 3.10
controls only x, y and not us, uy, v3, v4.

6. Exact specializations

In Sections 6.1 and 6.2, A =0 andy = 0, so that T, = 1 and
D, =1 (n>=2). 6.1)

In this case, D, f(z) = f(z)/z, M is the class of bi-univalent f with f(z)/z < ¥ and g(w)/w < ¥, and
k = L; — L,/L,. When ¥ also satisfies the Ma—Minda hypotheses [28], this is a bi-univalent class of
the Ma-Minda type. Under (6.1), the groups of (4.25) become the following with M = L — Ly:

Ty =2L%  T,=-3L{(- oML, +2ML, + L,L3),

o ; (6.2)
Ty = ML} + M*L, — 20ML,L, + 3ML,Ls + *L,,

and P,=T,+T,+T; by (426)
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6.1. The Janowski generator
Let [30]
1+Az

‘I”A,B(Z) = TBZ’ -1<B<A<LI. (6.3)

Expanding (1 + Az)(1 + Bz)™' = (1 + Az) Yns0(—B)"Z" and collecting the coefficient of 7" forn > 1, we
have
L,=(-B)" +A(-B)""' = (-B)"" (A - B), (6.4)

SO
Li=A-B>0, L, = —-B(A - B), L; = B5(A- B), L, =-B*(A-B). (6.5)

All four are real, and L, is prescribed by the generator.

Corollary 6.1. LetY =W, 5 and @, = 1. Then
K=A, (6.6)

and Theorem 3.5 and Corollary 3.6 give the following on V, and for every f € M:

A-B

4

ol £ ——, o) £ —. (6.7)
R Yy 1T T+

(i) If A # 0O, then o = sgn A is defined, and

P, =A(A-B’A+0)2A+0-B) %0, (6.8)
so the equality orbit fails fifth-order inverse compatibility, and by Theorem 5.1, we have
4 A—-B

sup ey (PP < ———, sup |ay| < ——. 6.9
R E VIR A N ©2

(ii) If A = 0, then k = 0, o is undefined and (6.8) does not apply. The zero-branch polynomial (4.30)
satisfies Py = 0, so the equality pair (z, —z) passes the fifth-order test. Theorem 5.1 does not apply,

and no strict separation is obtained. Nothing is asserted about whether the bound |a,| < —B is
reached in M.

Proof. By (6.5)and @, = 1,k = L, — Ly/L, = (A— B) - 242 = A - B+ B = A, which is (6.6); (6.7)

is then Theorem 3.5 and Corollary 3.6 with L; = A - B, ®, = 1.
(i) Let A # 0 and write £ = A — B > 0. By (6.5), L, = ¢, L, = —Bt, Ly = B*(, L, = —B*¢, and
M =L} — L, = {* + Bl = {(¢ + B) = A¢. Substituting into (6.2), we have the following:

T, = 25,

T, = =30*(— cAl - £+ 2AL - (=BC) + € - B*() = 3¢*(0A + 2AB — B%),

Ty =Al- >+ A*0* - (—B0) —20AC - - (-Bl) + 3AC - € - B + > - (-B*()
= (*(A- A’B+20AB + 3AB* - BY).
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Hence, P, = (’E with E = 263 + 3{(cA + 2AB — B*>) + A — A’B + 20AB + 3AB? — B®. Expanding
¢ = A — B, we have

20° = 2A% — 6A’B + 6AB* - 2B,
30(cA + 2AB — B?) = 30A% + 6A°B — 9AB> — 30AB + 3B°.

Collecting by monomial, A%: 2; A’2B: -6 +6—-1=-1;AB>: 6-9+3=0; B -2+3-1=0; cA%:
3;0AB: =3 +2=-1;A: 1. Thus

E =2A°-A’B+30A’-~0AB+A = AQA* - AB+30A—-0B+1).

Usingo?=1,(A+0)2A+0—-B)=2A>+0A—-AB+20A+0> - 0B =2A>-AB+30A-0B+1,
so P, = A(A - B*(A+0)2A +0 - B).

We show that each factor is nonzero. First, A # 0 by assumption, and A — B > 0 by (6.3). If A > 0,
thenoc=1,A+1>0,and B<Agive2A+1-B>2A+1-A=A+1>0.IfA <0, theno = -1,
A-1<0,and B> —-1give2A-1-B<2A-1+1 =2A <0. Ineither case, (A+0)2A+0c—-B) > 0,
so P, # 0 (with the sign of A). By Lemma 4.3, Theorem 4.4, and Lemma 4.10, R, # 0 at every point
of the equality orbit, and Theorem 5.1 gives (6.9).

(ii) Let A = 0. Then x = 0, and L; = —B > 0 forces B < 0. By (6.5), L; = B>(-B) = —B® and
L, = —B*(-B) = B*. With @, = 1, (4.30) gives

Py =2L1%-3L}Ly + L, = 2B° - 3(-B)*(-B’) + B’B* = 2B° - 3B® + B® = 0.
So R4(z, —z) = 0 and the hypothesis (5.1) of Theorem 5.1 fails. O

For A # 0, Corollary 6.1(i) is a strict statement about the full class on a two-parameter family of
generators, obtained without any additional hypothesis on L4, because L, is prescribed by W4 5. For
A > 0, the envelope (6.7) coincides with the summation bound (Remark 3.7); for A < 0, it improves it.
Three statements should be kept apart here. (1) Fifth-order compatibility fails on the V, equality orbit:
This is proved. (2) No member of M reaches or approaches the envelope value (A — B)/ V1 + |A| for
|as| when A # 0O: This is proved and is the content of Theorem 5.1; whether SUP e pq lay| 1s reached by
some member of M is not addressed. (3) The exact value of sup eM |a,|: This is not determined and
remains open. Thus the second-order equality orbit cannot realize the V, envelope in the full class; the
argument yields a strict separation of the full-class supremum from that envelope, not the value of the
supremum. For A = 0, none of (1)—(3) is asserted.

6.2. The exponential generator

Let W(2) = €%, so

1 1 1
Li=1 L, =— Ly =— Ly =— 6.10
1 s 2 27 3 6’ 4 24’ ( )
which are all real, with L; > 0.
Corollary 6.2. For ¥(z) = ¢* and ®,, = 1, we have
1 1

= _ =1 K== A1
K=, o=1, > (6.11)
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23 ) 15 1
P+l = E 7& 07 L4,]ift = _§ 7& ﬂ = L4’ (6'12)
and therefore
V6
sup |Cl2| < % = ? (613)
feM

Proof. By (6.10)and @, =1,k =L, - L,/L; =1 - % = % which is (6.11).
Reduction of the general formula. Set ®;, = @3 = &y = Ps =1, L; = 1, 0 = 1 in (4.16), keeping
L,, L3, L, symbolic. The 16 monomials become the following, in the order of (4.16):

~L,, 203, I}, 3Ll
L, 1, =20, -2I2
3Ly, L, —3L,, 6L
3L, 3, —6L,, 2.

Collecting: The constants 1 +3+2=6;Ly: =1 -2+1-3-6=-11;L3:2-2+6 =6; L3: 1; L,Ls:
—-3:15:3-3=0; L4 1. Hence

P, =6-11L,+ 6L+ 13 —3L,L; + L. (6.14)
Substitution. With L, = 1, Ly = 1, and Ly = 5;, we have

1r 6 1 1 1 144 132 36 3 6 1 46 23

Py=6-—+-4+---"+—=—-—+—+———+—=— = —,

+ 2 4 8 4 24 24 24 24 24 24 24 24 12
As an independent check, (6.2) with L; = 1, M = 1-L, = %, and o = 1 gives T} = 2, T, =
SB(—d4i+ =i =i+i -+t =S ad T+ T+ T3 =252 =28,

Lifting value. In (6.14), the coefficient of Ly is 1, in agreement with (4.27) (L®;®, = 1). Hence
Lftl’l)iﬂ =—(6-11L, + 613 + L} - 3L,L3),and at L, = 3, Ly = ¢, we have

[ 144 -132+36+3-6 45 15

wlift 24 2487
Equivalently, P,; = L4 — Lftl’l)iﬁ = 21—4 + % = %. The generator prescribes L, = 21—4 * —%, so the
equality orbit fails fifth-order inverse compatibility. Theorem 5.1 applies, and the envelope (3.17)
equals L; /(D V1 + «x) = 1/v3/2 = v2/3, giving (6.13). O

Since k = % > 0, the value v/2/3 is also the summation bound of Remark 3.7. The distinction made
after Corollary 6.1 applies here: The fifth-order obstruction excludes the identified equality orbit as the
truncation of a member of M and, through Theorem 5.1, yields strict separation for the full class, but
it does not determine the exact value of SUP fe g |as|, which remains open.

6.3. A conditional (p, q)-operator example
Fix

§=—, A=1, y= (6.15)

1
27
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and take .
Li=— L= 3= ——.
V2 122
(These are the values of sin 6, i sin 26, Lsin® @ at 6 = 7/4.) No generating function is specified here,
and (6.16) does not determine L,. Every real value of L, occurs: The polynomial W(z) = 1 + Lz +
Ly7? + 137> + Lyz* is analytic in D and satisfies (2.3) for any real L,. Accordingly, any statement below
that depends on L, is stated as a hypothesis.
From (2.1) and (2.2), with 1 + (n — 1)y = %,

L (6.16)

1
47

2lpy=p+a=1 Ty = BEH = 8 D,=L.3=8 (6.17)
31,4 = P> + Pa+ 4’ = i T3 = {58, ®; = 1615 = 161, (6.18)
(4154 = 350 Ty =3, ®,=3-5=4, (6.19)
(5154 = To000° Ts = 1981 D5 = 14981 3 _ 44043 (6.20)

Corollary 6.3. For the data (6.15)—(6.20), we have

40432
= =0.141176924 ... > 0, =1, 6.21
“= 720500 924> 7 621)
and
~3084612892 — 1088153235 V2
M
= = —-0.140938697... < 0. 6.22
i 32805000000 < 622
Assume, in addition, that the prescribed fourth coefficient satisfies Ly > 0. Then Ly, # Lfdl)iﬁ, and hence

P,1 # 0 and Ry # 0 at every point of the equality orbit; the equality orbit does not satisfy fifth-order
inverse compatibility, and by Theorem 5.1, we have

L,

sup |as| < = 0.323607574 ... (6.23)

feM O, V1 +«

Proof. The exact arithmetic in Q( \V2) leading to (6.21) and (6.22) is given in Appendix C: Reduction
of Ll(I)3/d)§ against L, /L, yields k = 4043 \5/40500 > 0, so o = 1; substitution of (6.16) and (6.17)—
(6.20) with o = 1 into (4.28) yields (6.22), which is negative because both terms of the numerator are
negative.

Assume L, > 0. Since Lxl)iﬁ < 0 < Ly, we have Ly # Lfﬁl)iﬂ, so P,; # 0 by Corollary 4.5, and

Ry # 0 by (4.17); Lemma 4.10 gives Rﬁf) = p*R, # 0 for every |p| = 1. Theorem 5.1 gives (6.23), the
numerical value being L /(®, V1 + «) with L; = 1/ V2, ®, =45/22 and k as in (6.21). |

Remark 6.4. Corollary 6.3 is conditional. The hypothesis Ly > 0 does not follow from (6.16); it is
one convenient sufficient condition. The proof uses only L, # L) so the conclusion holds equally

4 life
for Ly > 0 and for every negative L, # L") For the polynomial generator with L, = LY | the

4ifc" 4 lift>
fifth-order test is passed and Theorem 5.1 yields nothing. Under the hypothesis Ly > 0, the distinctions
(1)—(3) made after Corollary 6.1 apply verbatim with the envelope value 0.32360757 .. .; without that

hypothesis, none of them is asserted.
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7. Relation to the literature and levels of contribution

Related work. Coeflicient problems for bi-univalent functions began with the estimates of |a,| over
2 in [1-3] and for bi-starlike and bi-convex functions in [4]. For subordination-defined subclasses
[5,6,8,9], including bi-univalent classes of the Ma—Minda type [7], the forward and inverse relations
for a, and a; are combined, and the resulting expressions are estimated by |c,|, |d,| < 2; Fekete—Szegd
functionals were treated in the same framework in [10], and Hankel determinants in [11-14], which
included a class defined by a (p, g)-derivative operator [12] and a class generated by a g-operator and
special polynomials [14]. Inverse coefficients entered these works through the reversion formulas;
the Faber-polynomial approach [15, 16] expresses them to all orders. For sharp inverse-coefficient
estimates over classical univalent classes, see [17-19]. Operator-defined subclasses have also been
studied in the meromorphic setting; see, for example, [31].

Levels of contribution. We separate three levels.

(A) The coefficient-body bound. Theorem 3.5 gives |c;|> < 4/(1 + |]) on V5. For k > 0, this is
numerically the bound obtained by applying to M the summation argument used in [6-9]; for k < 0, it
improves it, because the second-order parametrization of [19] is used jointly for # and k (Remark 3.7).
No improvement of known constants is claimed for « > 0.

(B) The extremal characterization. The equality set of the V, problem is a single rotation orbit of an
explicit Blaschke pair (Lemma 3.8), and near-optimal data are quantitatively close to it (Theorem 3.10).

(C) The lifting and realizability analysis. That orbit is tested against the inverse-compatibility
relations of orders 2 to 5 (Lemma 4.3, Theorem 4.4); when the fifth-order relation fails, the V,
envelope is strictly separated from the full-class supremum (Theorem 5.1).

The coefficient estimate literature cited above typically optimizes truncated forward and inverse
coefficient data and, where one is available, records an equality point of the truncated problem. The
present work instead addresses the additional realizability question for the identified equality
configuration. We have not found an analysis of this question in the works cited here; this is not a
claim about the literature as a whole, and no priority claim is attached to the comparison. A related
observation, namely that the structure of an extremal configuration may matter as much as the
numerical value of a coefficient bound, is made in [32] for a different family.

8. Sharpness and higher-order realizability

The results fit into the following chain, each step of which is proved above.

(1) Every f € M determines a point of V, (Lemma 2.4, Proposition 3.2).

(2) On Vs, |ci* < 4/(1 + |k|), and this bound is sharp on V,; so are its consequence
las] < Li/(®Py V1 + |«]) and the Zalcman-type bound (3.18), with a,,a; defined on V, by
(2.13)—(2.14) (Theorem 3.5, Corollary 3.6, Proposition 3.9).

(3) Equality in the V, envelope holds exactly on the rotation orbit of (3.13) for « # 0 or of (3.14) for
k = 0 (Lemma 3.8), and near-equality forces x, y close to o (Theorem 3.10).

(4) R, = R, = 0 at every point of V;; on the equality orbit, in addition, a3 = ag and R; = 0 identically
(Section 4, Lemma 4.3, Remark 4.8).

(5) The first residual that can be nonzero is R4, and R, = 0 if and only if P, = O (respectively, Py = 0
when « = 0); for fixed lower-order data, this happens for exactly one value of the fourth Taylor
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coeflicient of ¥ (Theorem 4.4, Corollary 4.5, Remarks 4.6 and 4.8).

(6) If P, # 0, no member of M has a Schwarz pair on the equality orbit; other points of V, are not
addressed (Remark 4.7).

(7) If P, # 0, rigidity and normality give the strict separation sup FeM lc1)? < 4/(1+|«|) (Theorem 5.1);
this is not a sharp estimate for M.

(8) The exact value of SUP e pq lc1|?, equivalently of SUP repm la,|, remains open.

The hypothesis P, # 0 holds for the Janowski generators with A # 0 and for Y(z) = €*; for the (p, g)-
example of Section 6.3, it holds under the additional assumption L, > O (more generally, L, # Lf&l)iﬂ);
for the Janowski generators with A = 0, the corresponding polynomial P, vanishes and no separation

is obtained.
9. Conclusions

The coupling of the two subordinations is encoded at second order by the scalar x. The envelope
lcil> < 4/(1 + |«]) is sharp on the second-order-compatible body, and is not asserted to be sharp for
M, its equality set is a unique orbit; that orbit passes the inverse compatibility conditions through R;
identically, and the fifth-order condition reduces to P, = 0. When P, # 0, the envelope is strictly
larger than sup s lci[>. This is verified in closed form for the Janowski generators with A # 0 and
for W(z) = €. In these cases, the equality configuration of the truncated problem does not correspond
to any member of the full class because the inverse relation at order five is violated. Two questions
remain open: The exact value of SUP repm |as| and an effective lower bound for |R4| over Schwarz pairs
whose second-order data lie near the equality point, which would make the separation quantitative.
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Appendix A. Reversion coefficients up to the fifth order

Write g(w) = w + byw? + bsw?® + byw* + bsw’® + O(w®) and substitute into f(g) = g + a»g> + asg> +
asg* + asg’ + O(g®). The powers of g are

g* = W+ 2byw* + (b5 + 2b3)w* + (2b4 + 2b2b3)W’ + O(W°),
g =w +3byw* + (3b3 + 365w’ + O(W°), gt =wh+4bw’ + O®), g =w’ +0m°).

Hence

FgW) =w + (by + a))w* + (b3 + 2asbhsy + a;)w’ + (by + ax(b5 + 2b3) + 3aszb, + ay)w*
+ (bs + ax(2by + 2b:b3) + az(3bs + 3b3) + 4asb, + as)w® + O(WP).

Setting f(g(w)) = w and equating the coefficients of w?, w?, w* w* to zero gives the following, in turn:

by = —ay,
b3 = —2(12[92 —daz = 261% —das,

b4 = —Clz(b% + 2b3) - 3a3b2 — a4 = —612(613 + 461% - 2613) + 3612613 — a4 = —Sa; + 5612613 — dy,
and, using b,b3 = —2a; + axa; and b; = a3, we have

bs = —2612b4 - 202b2b3 — 3613[)3 — 36131?% — 4614[92 — ds
= 2a,( - Sag + S5aya; — ayq) — 2a( — 2a§ + apaz) — 3a3(2a% —a;3) - 3a§a3 + daras — as
= (10 + Ha; + (=10 = 2 = 6 = 3)azaz + (2 + Hayay + 3a; — as

= 14a‘21 - 21a§a3 + 6ara, + 3a§ - as,
which is (2.16).
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Appendix B. Term table for the fifth-order obstruction polynomial

Table 1 lists, for each monomial produced in Step 4 of the proof of Theorem 4.4, its source in (4.25),

the expanded monomial with its signed coefficient, and its position in (4.16) (numbered m;, ..., m¢
left to right, line by line). Each of m;, ..., mc occurs exactly once, and the 16 monomials are pairwise
distinct as monomialsin o, Ly, ..., Ls, ®,, ..., ®Ps; hence, no cancellation occurs and 7y + T, + T3 = P,.

Table 1. Source terms, expanded monomial, and destination in (4.16).

Source term in (4.25) Expanded monomial (signed) Destination
T, = 2L?d)4d)5 +2L?q)4q)5 mie
T,: 30'L?(D2(D5 . L%(D:; +30’L?(I)2(D3(D5 mig
Tzl 30’[3@2@5 : (—Lz@%) —30’L?L2(D§(D5 nyy
Tzi —6L%L2(D2(D5 . L%q)v, —6L?L2q)2q)3(1)5 mis
T,: —6L§L2q)2q)5 . (_L2®§) +6L%L§CD3CD5 mia
T2: —3L%(D2(D5 . L1L3(D% —3L?L3®;q)5 mp3
T;5: @4 - ML%(D; part L?(Dg +L?(D§(D3(D4 meg
T3: q)4 : ML%@%, part —qu)% _L%Lz(l)gq)z‘ ny
T3: @y - M2L2, part L?q)g +LTL2CD§CD4 mio
T3I (D4 . M2L2, part —2L%L2(D§(D3 —ZL%L%(D§CD3(D4 ng
T;5: @4 - M2L2, part L%(Dg +L3(D3(D4 ms
T3§ (D4 : (—ZO'MLleq)%), part L?(Dg —ZO'L?LZ(D%(Dg,(IM niy
T3: @y - (-20'ML1 Lz@%), part —qu)g +20'L1L%(ng)4 my
T3I (D4 : 3ML1L';(D§, part L%(Dg +3L?L3(D%(D3(D4 nlg
T3: (D4 : 3ML1L3(D§, part —qu)g —3L1L2L3(ng)4 my
T;5: @, - L%(I)glq +L%L4(I)‘2‘q)4 ms

In the T rows, “part” refers to the summand of M = L{®; — L,®; or of M* = L{®3 - 2LTL,®7D; +
L3®; that produces the monomial.

Appendix C. Exact arithmetic for the (p, g)-example

By (6.17) and (6.18), ®? = 2025/484 and
Lid; 1 161 484 1 77924 1 7084 354242

where 77924 = 2%-.7-112-23 and 111375 = 3*- 5% - 11 were reduced by 11. Moreover, L,/L; = %.

Hence
_3542V2 V2 o 4-3542-10125  4043V2

10125 4 40500 ~ 40500

which is (6.21). Substituting (6.16) and (6.17)—(6.20) with o = 1 into (4.28) and computing in Q( \/E),
we have

> 0,

L0, = 1 4100625 (18 7381125 6940379007 1958675823 V2

= == -P = — _
2 234256 5 234256 ° +1|L4:0 2342560000 1874048000 °
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SO
o 771153223 24181183V2 _ —3084612892 — 1088153235 V2

4l ~ 78201250000 729000000 32805000000 ’
which is (6.22).

Supplementary

Supplementary File S1 (Supplementary Material Wolfram.pdf, with the Wolfram
Mathematica notebook Wolfram Exact_Verification_Report.nb, the script
Wolfram Final Verification Report.wl and the report
Wolfram Exact Verification Report.pdf) contains secondary coefficient consequences that are
not used in the main text, the lifting behavior of the equality configuration of Proposition 3.9, the sign
of Lﬂl)ift along the family of which (6.16) is one value, and an exact symbolic Wolfram verification of
the displayed identities.

Supplementary File S2 (Math-30790_Supplementary S2.py, Python 3 with SymPy, tested with
SymPy 1.14) is a second, independent check of the displayed algebra. It uses exact arithmetic only
(integers, rationals, symbols and the algebraic number V2); decimals are printed for comparison and
are not used in any check. The symbolic variables are L,,..., L, (real); ®,,..., D5 (positive); K
(positive); the parameters t, x, u3, ug, v3, v4; and the Janowski parameters A, B. The sign o is substituted
as +1 and —1 separately. The script checks the following: The reversion formulas (2.16); Lemma 2.3;
R = R, = 0 on Vj; the coefficients (3.15) and the relation v; = (=1)u 7> Lemma 4.3; the bracket form
(4.13), the identity (4.14), the compact form (4.15), the 16-term form (4.16) and 0P, /0L, = L%(D;‘(IM;
the branch « = 0 of Remark 4.8; Corollaries 6.1-6.3; and Appendix C. Each check prints PASS or
stops with an assertion error.

Both computations verify the displayed algebra and are not used as a substitute for any proof; all
proofs above are self-contained.
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