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Abstract: Silicate cage frameworks, assembled from interconnected Si—O units, combine chemically
relevant porosity and connectivity with structural motifs that are naturally amenable to graph-
theoretical characterization. First, the parity-dependent structures of the generalized silicate cage
network S LC,(v) were distinguished through degree partitions and generalized M-polynomials for
even- and odd-layer configurations. The inherited partitions were checked by both edge totals and
degree sums, and the degree-5 boundary corrections of the odd case were made explicit. Second,
differential and spectral operators yielded exact closed-form expressions for twelve degree-based
irregularity indices from the common M-polynomial representation. Third, exact parameter-sensitivity
relations quantified the parity-preserving layer increments, the proportional effect of replication,
and the common quadratic leading behavior under layer expansion. Representative exact surfaces
illustrated distinct absolute, squared, normalized, and logarithmic weighting mechanisms without
redundant graphical displays. Finally, descriptor-weighted Shannon entropy formulas were established
for both parity classes; positive-scale invariance reduced the twelve descriptor entropies to eleven
distinct expressions, while the new scaling law gave logarithmic replication growth and universal
large-layer behavior. These results retained the exact structural information of both parity classes
and isolated how local degree heterogeneity, cage replication, and layer number jointly organize
the network, condensing the numerical presentation while preserving the mathematical distinctions
needed for interpreting parity-dependent structural complexity. The resulting framework supplies exact
structural fingerprints for comparison and classification, as well as candidate structural variables for
future property-oriented modeling when verified physicochemical data become available.
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1. Introduction

In chemical graph theory, molecular structures are abstracted as mathematical graphs, where
atoms are represented by vertices and chemical bonds by edges [1-3]; standard graph-theoretical
treatments include [4,5]. This graph-theoretical representation provides a compact yet informative
framework that preserves the essential topological connectivity of a molecule while omitting complex
quantum mechanical details. Such molecular graphs enable the quantitative modeling of chemical
structures through topological indices [6—8]. Such indices correlate molecular connectivity with
various physicochemical, biological, and thermodynamic properties [9-11].

Topological indices are numerical invariants that quantify essential molecular features such as
symmetry, branching, and atomic bonding environments. Since the introduction of the Hosoya
index [1] and the Zagreb indices [2], degree-based descriptors have become central tools in
quantitative structure-property relationship (QSPR) and quantitative structure-activity relationship
(QSAR) modeling [8, 12, 13]. Over time, numerous variants have been proposed to enhance structural
sensitivity and correlation performance in high-throughput materials discovery and virtual drug-
screening pipelines [9, 14, 15]. While traditional degree-based indices (such as Zagreb, Randi¢, and
sum-connectivity indices) effectively capture global network connectivity, they often exhibit limited
sensitivity toward local degree variations and structural non-uniformity [2, 15, 16]. To address this
limitation, a diverse family of irregularity indices has been developed. Based on the degree difference
|d, — d,| between adjacent atoms, these indices systematically measure non-uniformity, topological
disorder, and local symmetry breaking. This local-degree sensitivity makes irregularity descriptors
useful for parameterized networks whose growth redistributes heterogeneous edges.

To unify the evaluation of degree-based descriptors, Deutsch and Klavzar [17] introduced the
M-polynomial framework. The M-polynomial is a bivariate generating function, M(G;s,t) =
Yn<p Mnp(G)s"tP, that compactly encodes edge-degree distributions. Its differential and integral
operators generate numerous invariants from one expression for large periodic nanostructures [18-20].
A related M-polynomial application is reported in [21]. Descriptor-weighted Shannon entropy links
these topological weights to information-theoretic complexity [22-24], while recent work combines
topological and spectral viewpoints in fractal, polygonal, and asymmetric networks [25-27].

Recent degree-based topological studies extend to parameterized and random chain-like chemical
graph families. Random polyomino, polygonal, spiro, and related chains have been analyzed through
degree-based and resistance-distance invariants [28—-30]. A related chain analysis is reported in [31].
Their exact or expected values, parameter dependence, and asymptotic behavior show that degree-
based descriptors form a common analytical language for structured and stochastic chemical graph
families. In contrast, the present work concerns a parity-dependent silicate cage architecture and its
exact irregularity and entropy characteristics.

Silicate cage and related zeolitic frameworks are prominent inorganic architectures built from
tetrahedral units and cage-like motifs [32-34]; related silsesquioxane cage materials are discussed
in [35]. Related zeolitic and polyhedral oligomeric silsesquioxane (POSS) cage frameworks are
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valued for their porous architectures, catalytic applications, and thermal stability [36-38]. Graph-
theoretically, silicon and oxygen atoms form degree-four and degree-two or higher connectivity nodes,
allowing structural regularity to be parameterized in terms of layer count (v) and unit replication
(w). Graph-theoretical and M-polynomial approaches have been applied to silicate and related cage
frameworks [39], whereas a systematic parity-resolved algebraic treatment of this family of irregularity
descriptors together with descriptor-weighted entropy remains unavailable for the generalized silicate
cage setting. Crucially, existing studies frequently neglect the fundamental boundary disparities
between even-layer (v = 0 (mod 2)) and odd-layer (v = 1 (mod 2)) cage architectures.

The generalized silicate cage construction and the generalized M-polynomial framework used
here were established in Ref. [39]. Accordingly, this paper does not claim the network family, the
M-polynomial idea, or its inherited degree-based partition as new. Its contribution is a systematic
parity-dependent treatment of twelve irregularity descriptors, a unified differential/spectral-operator
representation, descriptor-weighted Shannon entropy, positive-scale invariance, and exact sensitivity,
scaling, and asymptotic results.

To address these gaps, this work presents a unified algebraic and information-theoretic analysis of
the generalized silicate cage network S LC,(v). We construct exact M-polynomials for both even-
and odd-layer configurations, derive closed-form expressions for twelve degree-based irregularity
indices, and establish their corresponding descriptor-weighted Shannon entropy formulas. We prove
that positive-scale invariance reduces the twelve descriptor entropies to eleven distinct functional
expressions per parity class and derive exact parameter-sensitivity and entropy-scaling laws. These
quantities are intended as mathematically defined structural fingerprints for future structure—property
studies, rather than as presently validated property-prediction models.

2. Construction of generalized silicate cage networks

2.1. Structural description of the silicate cage

A silicate cage network can be represented in the language of chemical graph theory by a finite
simple graph in which the atomic sites are identified with vertices and the chemical connections
between adjacent sites are represented by edges [5,10,11]. In the present study, the generalized silicate
cage network is denoted by S LC,(v), with the vertex set V(S LC,(v)) and the edge set E(S LC,(v)). The
degree of a vertex describes the number of adjacent vertices and therefore records the local connectivity
of the corresponding site within the molecular network. This graph-theoretical representation preserves
the essential bonding pattern of the cage structure and provides a convenient basis for the computation
of degree-dependent structural descriptors.

The network S LC,(v) forms a two-parameter family of periodically repeated cage structures. The
parameter v controls the number of structural layers in each cage unit, whereas u specifies the number
of replicated units included in the generalized construction. Consequently, variation in v enlarges the
internal layered arrangement of the network, while variation in u extends the repeated cage architecture.
These two parameters make it possible to describe an entire class of silicate cage networks through a
single symbolic model and to investigate their structural growth without reconstructing every graph
separately [34,35].

An important feature of this family is that its local connectivity depends on the parity of the layer
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parameter. For an even number of layers, the network is considered under the conditions
v=2, v=0 (mod 2), u=>2,

and its vertices occurring in the degree partition have degrees 3, 4, and 6. For an odd number of layers,
the admissible range is
y >3, v=1 (mod 2), u >3,

and degree 5 appears in addition to degrees 3, 4, and 6. The appearance of this additional degree
class changes the associated edge-degree partition and introduces new local connection types in the
odd-layer configuration.

Accordingly, the even- and odd-layer networks are treated separately throughout the subsequent
analysis. Their parity-dependent edge partitions lead to different M-polynomials, different closed
forms of the twelve irregularity indices, and different descriptor-weighted entropy expressions.
Nevertheless, both cases belong to the same parameterized network family S LC,(v), which enables
the influence of layer growth and structural replication to be examined within a unified mathematical
framework. This parity separation is therefore structural rather than merely notational and must be
preserved in all subsequent counting and descriptor calculations.

2.2. Even-layer silicate cage networks

The first structural configuration is the generalized silicate cage network with an even number of
layers, defined for
v>2, v=0 (mod 2), u =2,

where v and u denote the number of silicate layers and repeated cage units, respectively.

In the even-layer configuration, the central vertices of one layer are connected systematically to
their corresponding vertices in the neighboring layers, preserving interlayer symmetry and connectivity
during network expansion.

The network contains vertices of degrees 3, 4, and 6, yielding five degree-based edge
pairs: (3,4), (3,6), (4,4), (4,6), and (6, 6). The heterogeneous edge classes (3,4), (3,6), and (4, 6) are
precisely the classes that carry nonzero irregularity weights. In contrast, the homogeneous edges (4, 4)
and (6, 6) contribute to network size and the M-polynomial but carry zero weight for irregularity
measures.

This structural regularity allows degree-pair multiplicities to be expressed directly in terms of v
and u, providing the foundation for the exact M-polynomials and irregularity descriptors derived in
Section 4.

2.3. Odd-layer silicate cage networks
The second configuration considers an odd number of layers, defined under

y > 3, v=1 (mod 2), u=>3,

where at least three layers and three repeated cage units are required.
Unlike the even-layer structure, the regular central vertex correspondence is shifted in the central
region, modifying local degree distributions and creating a richer topology.
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The vertex degree partition includes degrees 3-6, resulting in eight degree-based edge
pairs: (3,4), (3,5), (3,6), (4,4), (4,6), (5,5), (5,6), and (6,6). The presence of degree 5 introduces
new edge types (3,5), (5,5), and (5, 6). Here, heterogeneous edges (3, 4), (3,5), (3, 6), (4, 6), and (5, 6)
yield nonzero contributions to the twelve irregularity indices, whereas homogeneous edges (4,4), (5, 5),
and (6, 6) have zero irregularity weight but remain in the complete M-polynomial.

Thus, the odd-layer architecture represents a distinct parity-dependent topology whose modified
connectivity alters the edge partition and subsequent analytical expressions for M-polynomials,
irregularity indices, and entropy measures.

3. Mathematical preliminaries

3.1. Generalized M-polynomial
Let G be a finite simple graph. For each edge uv € E(G), we write

n = min{du, dv}a P = max{duadv}a

so that n < p. Let m, ,(G) denote the number of edges whose endpoint degrees form the pair (n, p).
The generalized M-polynomial of G is defined by

M(Gs5,1) = D my (G)s"t,
n<p
M(G; 1, 1) = |E(G)I.

Thus, evaluation at s = ¢ = 1 provides an immediate consistency check for every degree-based edge
partition used below.

The main advantage of the generalized M-polynomial framework is that a large family of degree-
dependent indices can be obtained from a single polynomial through suitable operators. Let X be an
edge-based topological descriptor with single-edge weight fx(n, p). If an operator Tx acts diagonally
on the monomial basis according to

Tx (s"t") = fx(n, p)s"t’,

then applying Ty to the M-polynomial and subsequently setting s = # = 1 produces the corresponding
topological index.
The extraction principle needed throughout Sections 4—6 is summarized in the following theorem.

Theorem 3.1 (M-polynomial extraction principle). Let

M(G;5,1) = " my ) (G)s"”
n<p
be the M-polynomial of a finite simple graph G. Suppose that an edge-based descriptor X has the
single-edge weight fx(n, p), and let Tx be an operator satisfying
Tx (s"t") = fx(n, p)s"t”.

Then
X(G) = TyM(Gs 5,0 _,_, = > mup(G)fx(n, p).

n<p
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Proof. By the linearity of Ty,

TxM(G;s,t) =Ty (Z my, ,(G)s"t?

n<p

= > My (G)Tx (5"t

nsp

= > map(G)f(n, p)s"t.

n<p

Evaluating the resulting expression at s =t = 1 gives

TxM(G; 5,0 __, = D mup(G) fx(n, p),

n<p
which is exactly the degree-partition representation of X(G). O

Theorem 3.1 establishes the mathematical link between the degree-based edge partition and the
twelve irregularity descriptors considered in this work. Once the parity-dependent M-polynomial of
S LC,(v) is obtained, the corresponding index formulas can be derived by selecting the appropriate
edge-weight operator. The same M-polynomial also supplies the edge multiplicities required for the
descriptor-weighted entropy calculations developed later.

For the generalized silicate cage family, the even- and odd-layer configurations possess different
edge partitions and therefore lead to two distinct M-polynomials. These parity-dependent polynomials
will be constructed explicitly in Sections 4 and 5, and will serve as the common algebraic input for the
exact descriptor, sensitivity, and entropy calculations that follow.

3.2. Differential and spectral operators

To extract the twelve irregularity descriptors from the generalized M-polynomial, we introduce
differential and spectral operators acting on the monomial basis s"t”, where n < p are the endpoint
degrees of an edge.

We define the Euler operators by

D 0 D, =t 0
=s5s—, =f—.
*T 7 9s "o
Their actions on a monomial are
D(s"t") = ns"t?, D,(s"t") = ps"tP.

The degree-difference and degree-sum operators are defined as
A:DI_DS’ ZZDS"'DI,

so that
A(s"t?) = (p — n)s"t?, 2(s"t") = (n+ p)s"t’.

Since n < p, the eigenvalue p — n equals the absolute endpoint-degree difference.
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For every real number «, the spectral powers of the Euler operators are defined by
D{(s"t’) = n"s"t", Di(s"t") = p*s"t".

In particular,
1
D;l(s”tp) = —s"t?,
n
—1/2/.n 1 n -1/2, n 1 n
D7 (s"t") = —=s"1", D, (s"t") = —=s"1",
A - >

and

st

1
> (s"P) =
(") n+
For the logarithmic descriptors, we define
L,=InD,, L, =InD,,
with
Ly(s"t") = (Inn)s"t, L/(s"t") = (In p)s"t’.

Here, logarithms and fractional powers of the operators are understood spectrally on the monomial
basis.

The identity operator [ satisfies

I(s"t") = §"'t”.

All these operators act diagonally on the monomial basis and therefore commute whenever their
compositions are defined. In each subsequent calculation, the required operator is first applied to the
complete M-polynomial, after which the transformed expression is evaluated at s = ¢t = 1. In this
way, the monomial exponents preserve the endpoint-degree information during the calculation, while
the final evaluation converts the transformed polynomial into the corresponding numerical topological
descriptor.

3.3. Twelve irregularity descriptors
Let uv € E(G) be an edge of a finite simple graph G, and write
n = min{d,, d,}, p = max{d,, d,}, n<p.

An edge-based irregularity descriptor X can then be expressed in the general form

X@G) = > fuln,p)= ) my,(G)fxln,p),

uveE(G) n<p

where fx(n, p) is the single-edge weight associated with X. The twelve descriptors considered in this
study are listed in Table 1.
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Table 1. Mathematical definitions and single-edge weights of the twelve irregularity indices.

Index Definition Single-edge weight
fx(n, p)
AL[40,41]  ALG)= ) ld,-d,| p—n
uveE(G)
1 1
IRR [42]  IRR(G)=5 > ldy~d| 5=
uveE(G)
d, —d, -
IRLU RLU@G) = Y bl p-n
weEG) min{d,, d,} n
IRDIF IRDIFG)= (E - f) p_T
uveE(G) p n p
IRL IRLG)= ) 1n(’—)) 1n(£)
uveE(G) n n
p-n p-n
IRLF IRLF(G) =
uveZE(G) Vip Vip
IRF [41,43] IRFG)= ) (p-n) (p-ny
uveE(G)
2p - 2p -
IRLA IRLAG) = Y 2p—n) 2p-n
uveE(G) n+p n+p
IRDI1 IRDI(G)= Y In(l+p-n) In(1 + p —n)
uveE(G)
IRA IRAG) = Y ('~ p ') (2 = p Y
uveE(G)
IRGA IRGAG) = 1n(”+p) 1n(”+p)
weEG) \ZNP 2ynp
IRB IRBG)= )" (\p - Vn)? (NP - Vny?

uveE(G)

The table also makes clear that all twelve weights vanish on equal-degree endpoint pairs.

For all twelve descriptors considered in this study,

Jx(n,n) = 0.

Hence, same-degree edges are retained in the complete M-polynomial but do not contribute to the

irregularity indices.

3.4. Operator formulas for the irregularity indices

Table 2 collects the operator representation of each edge weight, so that all descriptors can be
generated from the same M-polynomial without repeating the edge partition.
The following theorem establishes that the operators in Table 2 generate exactly the required

irregularity weights.

AIMS Mathematics
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Table 2. Generalized M-polynomial operators for the twelve irregularity indices.

Index Single-edge weight fx(n, p) Operator T
AL p—n A

1 1
IRR ~(p- —A

t Z(P n) 3
IRLU p-n D:'A
n

IRDIF p_1 D,D;' - D,D;!

nop
IRL In (E) L-L,

n

p—n -1/2
IRLF D,D,)"'2A

NG (DsDy)
IRF (p —n) A?

2 —
IRLA Hp=n 2AT!

n+ p
IRD1 In(1 + p — n) In(Z + A)
IRA (n—l/2 _ p—l/z)2 (D—l/z _ Dt—1/2)2
n+ 1
IRGA ln( : \/%) InZ - (In2) = 5(L + L)
2

IRB (\p — Vn)? (D;” - D)

Theorem 3.2 (Unified operator representation). Let

M(Gss5,0) = Y myp(G)s't"

be the generalized M-polynomial of a finite simple graph G. Then the twelve irregularity descriptors

are obtained as follows:

(1) AL(G) = AM(G: 5,1)| _,_,.

1
(2) IRR(G) = ZAM(G:5.1)| _,_,-

(3) IRLU(G) = D;'AM(G: 5.1)| _,_,.

(4) IRDIF(G) = (D,D}' = DD ) M(G; 5,1 _,_,.

(5) IRL(G) = (L, — LOM(G: 5,1)| _,_,.

(6) IRLF(G) = (D,D,)""*AM(G; s,1)| _,_,.

(7) IRF(G) = °M(G: 5,1)| __,.

(8) IRLA(G) = 203" M(G; 5,1)| __,.

(9) IRD1(G) = In(I + AM(G: 5,1)| __,.

AIMS Mathematics
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(10) IRA(G) = (D;"* = D'’ M(G; s,1)

s=t=1"

(11) IRGA(G) = [mz —(In2)I - %(LS +L)|MG;s,0)|__,.

2

(12) IRB(G) = (D, - DY) M(G: s,1)

Proof. For an arbitrary monomial s"#”, the operators act as
(1) A(s"?) = (p —n)s"t”.

s=t=1"

1 p—n
2) =A(s"t’) = ——s"t".
(2) SA(S'E) S St

3) DI'AGs" Py = 2= L g,
n

4) (D,D;' - D,D;") (5"1") = (E - ﬁ) "t
nop

(5) (L, — L)(s"*") = In (;—’) §eP,
6) (D,D,)""2A(s"t) = p—\/:l_;ls”tp.

(7) A’ (s"tP) = (p — n)*s"t.
2 —
Hp=m) s"tP.
n+ P
9) In(Z + A)(s"t") = In(1 + p — n)s"?".
(10) (D' = D) (5"7) = (72 = p ) 5.
ntp ) st
2+np

(8) 2AT~!(s"1") =

(11) [an - (n2)I - %(LX + L)

(s"t") = ln(

2
(12) (D} = DY) (s"t") = (\p — Vn)’s"t.

Each operator therefore has the required single-edge eigenvalue on s"#”. Linearity and evaluation at
s =t = 1 then yield all twelve descriptor identities. O

Theorem 3.2 shows that the same generalized M-polynomial can generate a broad collection of
irregularity measures through different operator choices. The linear difference operators recover
absolute and normalized degree differences, the generalized powers produce reciprocal and square-
root forms, and the logarithmic spectral operators recover the logarithmic descriptors. This unified
construction avoids separate edge-by-edge derivations and provides the analytical framework used for
the even- and odd-layer silicate cage networks in Sections 4 and 5.

3.5. Descriptor-weighted entropy methodology

Descriptor-weighted graph entropy extends Shannon’s information measure [44] to edge-
probability distributions induced by structural weights. Degree-based and weighted graph-entropy
formulations closely related to the present construction are given in [45,46].
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Let X be an irregularity descriptor with nonnegative single-edge weight wx(n, p). Its total positive
edge weight is
Tx= > m(Gwx(np)=X(G).

n<p
wx(n,p)>0

Thus, the normalizing constant of the induced probability distribution is exactly the corresponding
irregularity-index total.

For each positive-weight edge uv, define
Wx (dm dv)

Px(uv) = T
X

Since every degree pair (n, p) occurs m,, ,(G) times,

Px(uv) = 1.
uveE(G)
wyx(uv)>0

The descriptor-weighted Shannon entropy is

Hy(G) == ) Px(uv)log, Px(u).

uveE(G)
wx (uv)>0
Define
Cx= ). muy(Gwx(n, p)log, wx(n, p).
n<p
wx(n,p)>0

Theorem 3.3. For every descriptor satisfying Tx > 0,

C
Hy(G) = log, Tx — T—X

X

Proof. Grouping the positive-weight edges by degree pair gives

Hx(G) = - Z mnp(G)

n<p
wyx(n,p)>0

1
log, Tx - _T § m,,,,,(G)wX(n, p)log, wx(n, p)
X

n<p
wx(n,p)>0

Cx
= log, Ty — —.
08, I'x Ty

wx(n, p) log wx(n, p)
Tx 2\ Ty

O

Here, m, ,(G) counts individual edges carrying the same weight; it is not included in the weight of
a single edge.
The entropy is invariant under positive rescaling. If

w(e) = cw(e), ¢ >0,

AIMS Mathematics Volume 11, Issue 10, 32538-32571.
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then _
wie)  w(e)

Spw) - Npwf)

and therefore
H3(G) = H,(G).

Since the edge weights of /RR,; and AL satisfy

1
WIRR,(n’ D) = zwar(n, p),

2
it follows that
Higr,(G) = Hyr(G).

Hence, the two descriptors differ in magnitude but not in their normalized edge-probability distribution.
The natural logarithm In occurs in the definitions of several irregularity descriptors, whereas the
Shannon entropy is calculated using the base-two logarithm log,.

4. Topological modeling of even-layer silicate cage networks

4.1. Edge partition and generalized M-polynomial
For the even-layer silicate cage network, the structural parameters satisfy
y>2, y=0 (mod 2), u=>2.

For the even-layer architecture in Figure 1, the admissible degree set is {3, 4, 6}, giving the five edge
classes summarized in Table 3.

Figure 1. Schematic even-layer generalized silicate cage network S LC,(v), illustrating the
repeated Si—O connectivity pattern used in the degree-partition analysis.

AIMS Mathematics Volume 11, Issue 10, 32538-32571.
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Table 3. Degree-based edge partition of the even-layer generalized silicate cage network
SLC,(v).

Degree pair (1, p) 3,4 3,6) 4,4) 4, 6) (6,6)
m,, 6vu (18v* — 6v)u 3vu 12vu (18v* = 12v)u

Proposition 4.1 (Degree-based edge partition for the even-layer network). For v > 2 with v = 0

(mod 2), the degree-based edge partition of S LC,(v) is the one in Table 3; namely,

My = 6V, mse = (18v* — 6v)u, Mgy = 3VUL,
mye = 12vu, mes = (18V* — 12v)u.
Proof. The generalized construction and its complete layer-by-layer degree partition are inherited
from Ref. [39]; they are recalled here because every subsequent irregularity calculation depends on
them. In the inherited decomposition, one cage unit is separated into boundary bookkeeping and
layer-interior/interlayer bookkeeping. The boundary blocks occur at each of the v layer positions,
and their accumulated record is 6v edges of type (3,4), 3v of type (4,4), and 12v of type (4,6). The
complementary interior/interlayer record, accumulated over the repeated layer connections, is 18v*—6y
edges of type (3, 6) and 18> — 12v edges of type (6, 6). Thus the linear boundary terms and quadratic
interior/interlayer terms have distinct structural origins; replication by u identical cage units multiplies
every entry by u. This proof records that inherited partition and verifies it independently below, rather
than claiming a new geometric derivation.
First, summing the disjoint edge classes gives

My, = [6v + (18V* — 6v) + 3v + 12v + (18V* — 12v)|u = (36V* + 3v)u,
D = u 1

n<p
which is [E(S LC,(v))|. Second, the degree incidences supplied by the same construction are
N; = 6v2;1, N4 = 6vu, Ng = (9 — 3v)u.
Hence the degree-sum identity gives

Z d(v) = 3N3 + 4N, + 6Ng = (720* + 6v)u = 2|E(SLC,(v))|.

veV

The agreement of the independent edge-total and degree-sum checks confirms the consistency of the
inherited partition before it is used in the irregularity calculations. O

The multiplicities in Table 3 give
|E(s LC,)| = 36 + 3mp.
Accordingly, the generalized M-polynomial of the even-layer network is

ge(s. 1) = M(SLC,(v); 5.1)
= 6vus’tt + (18v* — 6v)us’t® + 3vustt*
+ 12vus*® + (18v* — 12v)us®f.

AIMS Mathematics Volume 11, Issue 10, 32538-32571.
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Although all five degree classes are required to construct the complete M-polynomial, the same-
degree classes (4,4) and (6, 6) are retained in the complete M-polynomial but contribute zero to the
twelve irregularity descriptors. Hence, their active degree-pair support is

A =13,4),(3,6), (4,6)}.
For an arbitrary irregularity descriptor X with single-edge weight fx(n, p),
X(S LC#(V)) = 6vufx(3,4) + (18 — 6v)ufx(3,6) + 12vufx(4,6)
= ,u[18fx(3, 6)v* + (6fx(3,4) — 6fx(3,6) + 12fx(4, 6))v].

Thus, every even-layer irregularity descriptor is linear in u and at most quadratic in v. Combining
g.(s,t) with the operators introduced in Section 3 yields the twelve exact expressions derived in the
following subsection.

4.2. Exact expressions of the twelve irregularity indices

The operator framework of Section 3 now converts the even-layer M-polynomial into the following
closed forms.

Theorem 4.1 (Twelve irregularity indices for even layers). Let S LC,(v) be a generalized silicate cage
network satisfying
y>2, v=0 (mod 2), u=>2.

Then the twelve irregularity indices of the even-layer network are as follows:

(1) AL(SLC,(v)) = u(54v* + 12v).

(2) IRR(SLC,(v)) = p(2TV* + 6v).

(3) IRLU(S LC,(v)) = pu(18V* + 2v).

(4) IRDIF(S LC#(V)) = u (27v2 + gv).

(5) IRL(SLC#(V)) = i (18v2 In2 + 6vin g) :

(6) IRLF(SLC,(v)) = u[9V2v* + (V3 -3V2+2V6)v|.

(7) IRF(S LC,(v)) = 162,

(8) IRLA(SLC,(v) = u(12v* + £v).

(9) IRDI(SLC,(v)) = (36’ In2 + 6vIn%).
(10) IRA(SLC,() = pu[(9 = 6 V2 + (4 +2V2 - 2V3 - 2V6) v].
(11) IRGA(SLC,(») = pu[18v*In(535) + 6vIn (1232)].

(12) IRB(SLC,(v)) = u[(162 = 108 V2)»* + (108 + 36 V2 — 24 V3 - 48 V6) v/.
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Proof. Applying the corresponding generalized M-polynomial operators to the even-layer polynomial
g.(s, 1) gives the following identities.

(1) AL(SLC,(v)) = Age(s.0)| _,_, = u(54v* + 12v).

s=t=1

(2) IRR(SLC,(v)) = 3Age(s, )| _,_, = u(7v* + 6v).

(3) IRLU(SLC,(v)) = D;'Ag(s.0)| __, = u(18v> +2v).

(4) IRDIF(SLC,(v)) = (DD} = DD V) gels.0)| _,_, = (272 + ).

(5) IRL(SLC,(v)) = (L — Ly)ge(s,0)| _,_, = 1 (18 In2 + 6vIn 3).

(6) IRLF(SLC,(v)) = (DD, 2Ag.(s.0)| __, = u[9V2v* + (V3 -3V2+2V6)v|.
(7) IRF(S Lc,,(v)) = A% (s,0)| __, = 162u7".

(8) IRLA(SLC,(v)) = 20X g (5.0)| __, = u (122 + £v).

9) IRDl(S Lcﬂ(v)) =In(J + A)ge(s,0)| __, = (36v2 In2 + 6vin g) .

(10) IRA(SLCN(V)) = (D;”2 - D;W)2 ge(s. 0| _,_, = ul(9-6V2n? + (% +2V2-2V3-26)v].

(11) IRGA(SLC,(v)) = [1nz ~(In2)I - L(L, + Lt)] ge(s.0|__ =n [18v In (5 f) +6v 1n(”453f)] .

(12) IRB(SLC,(v)) = (D} - 1/2) g5, D|__
,u[(162—108\/_)v + (108 +36 V2 - 24 V3 - 48 V6) v|.

O

These formulas show that the replication parameter enters multiplicatively, whereas the layer
parameter governs the dominant quadratic growth. Theorem 4.1 provides a unified analytical
characterization of the even-layer silicate cage network. Its dominant layer dependence is governed
by the (3, 6)-edge class, whose multiplicity is

(18v* — 6v)u.

The obtained expressions provide the exact basis for the sensitivity analysis below.

4.3. Exact parameter sensitivity for even layers
4.3.1. Layer sensitivity

For every even-layer descriptor, we write
X(u,v) = u(Axv* + Byv).
Because admissible layer numbers in the same parity class differ by two, we define

AXE =X, v +2) — X, v).

AIMS Mathematics Volume 11, Issue 10, 32538-32571.



32553

Direct substitution into the exact quadratic formula gives
AXY = u(4Axv + 4Ax + 2By).

For fixed p, this increment is linear in v; hence the index itself has accelerated layer growth. The exact
finite difference describes layer sensitivity directly from the analytical formulas, without introducing
an additional empirical approximation. The twelve sensitivities are collected compactly in Table 4.

Table 4. Exact parity-preserving layer sensitivities for the even-layer descriptors.

Index AX©

AL u216v + 240)

IRR, w(108y + 120)

IRLU u(72v +76)

IRDIF w(108y + 117)

IRL u[72vIn2 + 721n2 + 121n(3/2)]

IRLF w36 V2v +30V2 + 23 + 4 6]

IRF u(648y + 648)

IRLA w(48y + 1856/35)

IRD1 u[144y1n2 + 1441n2 + 121n(9/2)]

IRA ul(36 — 24 V2)v + 47 = 20 V2 — 43 — 4 6]
IRGA w{72v1(3/(2V2)) + 72103/ (2 V2)) + 121n(175 V6,/432)}
IRB ul(648 — 432 V2)y + 864 — 360 V2 — 48 V3 — 96 V6]

All entries are linear in v, confirming that the increment itself grows systematically as additional
even layers are introduced.

4.3.2. Replication sensitivity and asymptotic behavior

Writing X©(u,v) = uF ;f)(v) gives the exact replication increment
X%+ 1,v) = X, v) = FO ).

Moreover,
X(e)(,u, V) ~ Ax,uvz, y — 00,

Hence, replication produces exact proportional scaling, while layer enlargement controls the
asymptotically dominant quadratic contribution.

4.4. Parameter-dependent structural behavior for even layers
4.4.1. Exact computed values

The exact values in Table 5 are retained to illustrate the joint dependence on v and u; they are
evaluated directly from Theorem 4.1.
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Table 5. Computed values of twelve irregularity indices for S LC,(v) with u > 3 and even
v>2.

AL IRR, IRLU IRDIF IRL IRLF IRF IRLA IRD1 IRA IRGA IRB

720 360 228.00 351.00 16432 167.07 1944 159.09 35359 597 12.44 109.78
960 480 304.00 468.00 219.09 222.75 2592 21211 47145 796 1659 146.37
1200 600 380.00 585.00 273.86 278.44 3240 265.14 589.31 995 20.74 182.97
1440 720 456.00 702.00 328.63 334.13 3888 318.17 707.17 1194 24.88 219.56
2736 1368 888.00 1350.00 628.07 639.60 7776 606.17 1306.05 2429 50.32 441.92
3648 1824 1184.00 1800.00 837.43 852.80 10368 808.23 1741.40 3239 67.10 589.23
4560 2280 1480.00 2250.00 1046.79 1066.00 12960 1010.29 2176.75 40.48 83.87 736.53
5472 2736 1776.00 2700.00 1256.15 1279.20 15552 1212.34 2612.10 48.58 100.65 883.84
6048 3024 1980.00 2997.00 1391.27 1417.61 17496 1341.26 2857.40 54.97 113.65 996.42
8064 4032 2640.00 3996.00 1855.02 1890.14 23328 1788.34 3809.86 73.29 151.53 1328.56
10080 5040 3300.00 4995.00 2318.78 2362.68 29160 2235.43 476233 91.61 189.41 1660.70
12096 6048 3960.00 5994.00 2782.54 2835.21 34992 2682.51 5714.79 109.93 227.29 1992.84
10656 5328 3504.00 5292.00 2453.90 2501.08 31104 2364.34 5007.62 97.99 202.41 1773.27
14208 7104 4672.00 7056.00 3271.87 3334.78 41472 3152.46 6676.83 130.66 269.88 2364.37
17760 8880 5840.00 8820.00 4089.84 4168.47 51840 3940.57 8346.03 163.32 337.35 2955.46
21312 10656 7008.00 10584.00 4907.81 5002.16 62208 4728.69 10015.24 195.99 404.82 3546.55

000NN BA DD RNDNDNDNDY
AN A WU AW WDEAWOO WA WTE

4.4.2. Graphical interpretation of exact structural trends

Figures 2—5 present the exact surfaces of AL, IRF, IRLA, and IRGA, respectively, for the even-layer
configuration. Together they display the exact linear dependence on ¢ and quadratic dependence on v
without reproducing twelve closely related surfaces. The selected surfaces are therefore representative
of distinct weighting mechanisms rather than an exhaustive graphical catalogue.
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Figure 2. Exact AL surface for even layers.
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Figure 4. Exact IRLA surface for even layers.
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Figure 5. Exact IRGA surface for even layers.
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5. Topological modeling of odd-layer silicate cage networks

5.1. Edge partition and generalized M-polynomial

The odd-layer case requires a separate degree partition because the modified central boundary
introduces degree-5 vertices. Throughout this section, the structural parameters satisfy

y >3, v=1 (mod 2), > 3.

The vertex degrees occurring in the odd-layer network are 3-6, and the degree-5 vertices produce
additional edge types in the degree-based partition.

For an ordered degree pair n < p, let m,, , denote the number of edges whose endpoints have degrees
n and p. The edge set of the odd-layer network is divided into the eight pairwise disjoint classes E3 4,
Ess, Ezg, E44, Esg, Ess, Esg, and Egg.

The resulting eight edge multiplicities are summarized in Table 6 and justified below.

Table 6. Degree-based edge partition of the odd-layer generalized silicate cage network
SLC,(v).

Degree pair (n, p) (3,4) 3,5 3,6) 4,4) 4, 6) (5,5 (5,6) (6,6)
my,p 6v—-2)u 2u (18> —6v)u Bv—Du (12v-Hu 2u 4u (18v* — 12v)u

Proposition 5.1 (Degree-based edge partition for the odd-layer network). For v > 3 with v = 1
(mod 2), the eight degree-based edge multiplicities of S LC,(v) are

myg = (6v—2)u, m3s=2u, mye= (18V2 —6v)u, myy = 3Bv- 1Dy,
mae = (12v =Dy, mss =2u, mse =4y, meg= (181’2 - 12v)pu.

Proof. The structural partition follows the generalized construction introduced in Ref. [39]; its
complete layer-by-layer degree bookkeeping is inherited here, and the present proof supplies direct
consistency checks for the subsequent irregularity analysis. The odd central boundary is the only
local component that contains degree-5 vertices. It occurs once per repeated cage unit, so the
inherited central-boundary record contributes exactly two (3, 5) edges, two (5, 5) edges, and four (5, 6)
edges, independently of v. The same central closure replaces the corresponding boundary incidences,
producing the corrections —2, —1, and —4 in the (3, 4), (4,4), and (4, 6) records, respectively. All (3, 6)
and (6, 6) edges belong to the recurring layer-interior/interlayer pattern, which is unaffected by this
localized central-boundary modification; hence their terms 18v? —6v and 18> — 12y remain unchanged.
Replication by u identical units then gives the claimed partition. This records the inherited construction
without asserting a new geometric derivation.
The edge-total check is

Dy = (367 +3v + 1 = |E(S LC,().

n<p

For the independent degree-sum check, the construction gives the degree incidences

N3y=6u,  Ny=(6v—2u,  Ns=2u,  Ng= (9" -3
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Consequently,
Z d(v) = 3N; + 4N, + 5Ns + 6Ng = (72v* + 6v + 2)u = 2|E(S LC, (V).
veV
Thus, the odd-layer correction is localized at the central boundary, while the dominant
interior/interlayer terms retain the same quadratic structure as in the even case. O
Thus,
E(S Lcﬂ(v)) = F34UEss UE3qUE 4 UE4qUEss U Esg U Egg.
Summing the multiplicities in Table 6 gives
'E(SLC,,(V))' = (6v — 2 + 20 + (18V% — 6V + (Bv — Dt
+(12v — D)+ 2u + dp + (18V2 — 12v)u
= (36v* + 3v + D).
This result agrees with the odd-layer size formula obtained earlier.

Using the degree-pair multiplicities, the generalized M-polynomial of the odd-layer silicate cage
network is

go(s, 1) = M(S LC,(v); s, t)
= (6v — 2),us31f4 + 2,us3t5 +(18v% - 61/),us3t6
+ Bv — Dus*t* + (12v — d)us*®
+2us’t + 4us ® + (18v — 12v)us®.

Each monomial represents one endpoint-degree class, and its coefficient gives the number of edges
belonging to that class. Hence, g,(s, ) completely records the degree-pair structure of the odd-layer
network.

Evaluating the polynomial at s = ¢ = 1 yields

go(1,1) =(6v—-2)u+2u+ (18 — 6v)u
+@Bv-Du+12v —du+2u + 4u
+ (18 = 12v)u

= (367 +3v + )y = |E(SLC,0)

9

which provides a direct consistency check for the edge partition.

Although all eight edge classes are required in the complete M-polynomial, the same-degree
classes (4,4), (5, 5), and (6, 6) make no contribution to the twelve irregularity descriptors because their
single-edge weights vanish when the endpoint degrees are equal. Therefore, the active degree-pair
support is

A, =1{3,4),(3,5),(3,6),(4,6),(5,6)}.

For an arbitrary irregularity descriptor X with single-edge weight fx(n, p), the corresponding odd-
layer index is therefore expressed as

X(SLCU») = (6v = Dufx(3.4) + 2ufx(3.5)
+ (18v — 6v)ufx(3,6) + (12v — d)ufx(4,6)
+ 4/.lfx(5, 6)
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Equivalently,

X(SLCL(v)) = ] 18 £x(3,6)*
+(6/x(3,4) — 6/x(3,6) + 12fx(4,6))v
—2/x(3,4) + 2/x(3,5) - 4/x(4,6) + 4/x(5, 6)]-
The odd-layer expression therefore differs from its even-layer counterpart only through descriptor-
dependent boundary corrections of lower order in v.

The polynomial g, (s, #) will now be combined with the operators introduced in Section 3 to derive
the twelve exact irregularity indices for the odd-layer configuration.

5.2. Exact expressions of the twelve irregularity indices

Applying the same operators to g,(s, t) yields the parity-corrected closed forms below.

Theorem 5.1 (Twelve irregularity indices for odd layers). Let S LC,(v) be an odd-layer generalized
silicate cage network satisfying

v >3, v=1 (mod 2), o> 3.

Then the twelve irregularity indices are as follows:
(1) AL(SLC,(v)) = p(54v* + 12v - 2).
(2) IRR(SLC,(v)) = p(27v* + 6v - 1).
(3) IRLU(SLC,(v)) = p (18> +2v - ).
(4) IRDIF(SLC,(v)) = u (27 + 3v = 3%).

(5) IRL(SLC,(v)) = (18 In2 + 6vIn3 + In 12).

(6) IRLF(SLC,(v) = u[9VZv? + (V3 =3 V2 +2V6)y - L — 2o ;. 3, 200

(7) IRF(SLC,(v)) = p1(162+* - 6).

(8) IRLA(SLC,(v)) = p(12v* + £y - 1),

(9) IRDI(SLC,(v) = p (36’ In2+6vin 3 +1In}).
(10) IRA(SLC,(») =[O = 6 V2)r* + (L +2V2-2V3-2V6)v— & + 13 4 2o _ s _ 4430)
(11) IRGA(SLC,(v)) = u[18v* In (535 )+6v1n(1153;r)+21n(8;§36f)]

(12) IRB(S LC,(v)) = p| (162 — 108 V2)»* + (108 + 36 V2 — 24 V3 — 48 V6) v
+6+8V3+16 V6 —4VI5-8v30]
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Proof. Applying the corresponding generalized M-polynomial operators to g,(s, t) gives the following
identities.

(1) AL(SLC,(v)) = Ago(s.0)| __, = u (547 + 12v = 2).

(2) IRR(SLC,(») = 3Agu(s.0)| __, = u (27 + 6v - 1).

(3) IRLU(SLC,(v)) = D' Ago(s.0)| _,_, = u (182 +2v = £).
(4) IRDIF(SLC,()) = (DD} = D.D;") go(s.0)| _,_, = u (272 + 2v = ).
(5) IRL(SLC,(v)) = (L — L)go(s. 0| _,_, = 1 (18*In2 + 6vIn 2 +In 1¢).

(6) IRLF(SLC,(»)) = (D,D))2Agu(s.1)| _,_,
:/1[9\/51/24'(\/5_3\/54'2\/6)1/—?_% 15 15 I+

(7) IRF(SLC,(v)) = A’g,(s.1)| _,_, = p (162> - 6).

\ﬁ
+
[\

(8) IRLA(SLC,(v)) = 2A% g, (s,0)| __, = p(120* + £v - 111,

(9) IRDI(SLC,(») = In(I + A)g,(s.0)| __, = (36’ In2 + 6vIn2 +1In ).

(10) IRA(SLC ( — 12 _ 172 2
,UV)) (D D, )ga(s t)st1
O 6¥DY + (4 +2V2 - 2VE 2By - fy+ T4 2 - )

(11) IRGA(SLCN(v)) = [lnE ~(In2)I - L(L, + Lt)] go(s, )| _,

= u[18v*In (32) + 6vIn (12218) +21n(8;§3\6f)]

)
(12) IRB(SLC,(») = (D! = D) g,(s.0)|_,_,
= (162 - 108 V2)»* + (108 + 36 V2 — 24 V3 — 48 V6) v
+6+8\/§+16\/6—4\/E—8@].

O

The odd-layer expressions retain the same leading quadratic and linear dependence on v as the
even-layer formulas, while the additional degree-5 edge types contribute descriptor-dependent finite-
size constants that distinguish the two parity classes.

5.3. Parameter sensitivity and structural trends for odd layers
5.3.1. Exact computed values and sensitivity

Table 7 reports only representative exact values, since the full parameter dependence is already
determined analytically by Theorem 5.1.
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Table 7. Representative exact values for odd-layer descriptors.

v 7 AL IRF IRLA IRGA
3 3 1560 4356 345.30 28.14
5 3 4224 12132 936.38 78.74
7 3 8184 23796 1815.47 154.79
9 3 13440 39348 2982.55 256.27

For an odd-layer descriptor,
X, v) = u(Axy* + Byv + Cy).
The parity-preserving layer difference is therefore
X%, v +2) = X, v) = u(4Axv + 4Ax + 2By),
where the finite-size correction Cy cancels. Likewise,
X%+ 1,v) = X, v) = FO ), X, v) ~ Axp”.

The degree-5 corrections affect finite-size values, whereas even- and odd-layer configurations share the
same dominant quadratic scaling structure.

5.3.2. Graphical interpretation of exact structural trends

Figures 6-9 present the corresponding exact surfaces for the odd-layer configuration. This reduced
graphical set preserves the contrast among weighting mechanisms while avoiding repetitive surfaces
with identical qualitative growth.
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Figure 6. Exact AL surface for the odd-layer configuration.
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Figure 7. Exact IRF surface for the odd-layer configuration.
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Figure 8. Exact /RLA surface for the odd-layer configuration.
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Figure 9. Exact IRGA surface for the odd-layer configuration.
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6. Descriptor-weighted entropy measures

Having established the exact descriptor totals and their parameter sensitivity, we now examine how
the corresponding edge weights are distributed probabilistically.

6.1. Exact entropy formulas for even layers

The irregularity indices derived in Sections 4 and 5 measure the total degree heterogeneity of
the generalized silicate cage networks. The corresponding descriptor-weighted entropies provide an
additional characterization by measuring the distribution of each irregularity contribution over the
positive-weight edges.

For compactness, write ®(x) = xlog, x.

For the even-layer network, the active degree-pair support is A,.

Using the three active even-layer degree pairs, define

a, = 6vu, b, = (18v* — 6v)u, c. = 12vu.

These quantities are the multiplicities of the active degree pairs (3,4), (3,6), and (4, 6), respectively.
Thus, for every descriptor X,

TY = a,wx(3,4) + bwx(3,6) + c,wx(4,6) (6.1)
and
CY = a:D(wx(3,4)) + b.D(wx(3,6)) + ¢, P(wx(4,6)). (6.2)
The entropy associated with X is then obtained from
. . C(K)
Hgf) = log, T)(() - %
TX

The exact expressions are summarized in the following theorem.

Theorem 6.1 (Entropy formulas for even layers). Let S LC,(v) be an even-layer generalized silicate
cage network satisfying
y>2, v=0 (mod 2), u=>2.

For every descriptor X,
C(e)
(&) _ (e) X
T
X

where the corresponding normalizing totals and logarithmic correction terms are as follows.
(1) TY) = p(54»* + 12v),
CY) = a, (1) + b, D3) + c,D(2).

2) Ty = 1T¢) = u@7? + 6v),

IRR,

1 3
Clur, = aeCD(E) + bKCD(E) + ¢, (1),

and

(@ _ gle
HIRR, =H,
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3) Tjp

IRLU = ,u(18v2 + 2v),

1 1
cl9 ., = ae(D(g) +b,®(1) + ceCD(E) :

@) Tioyr = 1 (272 + &),

IRDIF —

7 3 5
(e) —
CIRDIF = aed)(ﬁ) + beq)(z) + Ceq)(g) .
(5) Tipy, = p (182102 + 6vin3),

4 3
Ciar = ae(I)(ln g) + b, O(In2) + ced)(ln 5) .

(6) Ty p = p[9V2v? + (V3 -3vV2+2V6)v|.

cl . = aed)(\/%) + bedb(%) + cecb(%) :

(7) T, = 162u%,
Clo). = a, ®(1) + b,DO) + ¢, D).

8) Tiopy = u (1202 + Bv),

9) T(E)

o = M (361/2 In2 + 6vin %) ,

C(e)

1rp1 = 4. P(n2) + b, ®(In4) + c,O(In 3).

(10) Tjy = p[(O =6 V22 + (4 +2v2-2V3 -2V6) ],

7 \3 1 V2 5 6
cgng:ap——i AP LR CA I R (2}
273 273 276

(1) Tigs = [18V2 ln(ﬁi) + 6vln(17453f)] ,

. 7 3 5
o=t ) o ) <ol )
(12) Ty = u[(162 = 108 V2)* + (108 + 36 V2 - 24 V3 - 48 6) v/,

C' = a, (7 — 4 V3) + b,®(9 — 6 V2) + ¢, (10 — 4 V6).
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Proof. The active even-layer edge multiplicities are a,, b,, and c,. Substituting the three single-edge
descriptor weights associated with (3,4), (3,6), and (4, 6) into Eqs (6.1) and (6.2) gives the twelve
expressions listed above. The values of T,(f ) coincide with the exact irregularity-index totals established
cy
TY"

in Theorem 4.1. Applying Theorem 3.3 then gives H;f) = log, T)(f ) —

Moreover, wigg,(n, p) = %WA 1(n, p), so the positive-scale invariance established above gives H;?Rt =
(e)
H,, . m|

Thus, the twelve even-layer descriptors induce eleven distinct entropy distributions, with AL and
IRR, forming the unique positive-scale-equivalent pair.

6.2. Exact entropy formulas for odd layers

The odd-layer architecture contains a larger positive-weight degree-pair support than the even-layer
configuration because the modified central connectivity introduces degree-5 vertices. The active degree
pairs are (A,. The enlarged support modifies the finite entropy corrections but leaves the replication
structure unchanged.

For compactness, define

a, = (6v—2)u, b, =2u, c, = (18 — ov)u, d, = (12v —du, e, = 4u.

These quantities are the respective multiplicities of the five active degree pairs. Thus, for every
irregularity descriptor X,

Ty = awx(3.4) + bowx(3,5) + ¢wx(3.6)

(6.3)
+d,wx(4,6) + e,wx(5,6)

and
CY¥ = a,D(wx(3,4)) + b,D(wx(3,5)) + c,®(wx(3,6))

(6.4)
+ d,P(wx(4,6)) + e,O(wx(5,6)).

The corresponding descriptor-weighted entropy is

(0)
(o) _ (0) X
HX = logz TX - W-
X

The exact odd-layer entropy expressions are stated in the following theorem.

Theorem 6.2 (Entropy formulas for odd layers). Let S LC,(v) be an odd-layer generalized silicate
cage network satisfying
v >3, v=1 (mod 2), u > 3.
For every descriptor X,
(0)
HY =1log, TY — =

(0)’
TX

where the normalizing totals and logarithmic correction terms are as follows.
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(1) TY) = u(5472 + 12v - 2),

CY) = a, (1) + b,®(2) + ¢, D(3) + d,D(2) + e,D(1)

(2) Tige, = 3T = p27v* + 6v = 1),
0) 1 3 1
CIRR =a,0| = |+ b,D(1) + c,P| = | +d,D(1) + e,D| = |,
t 2 2 2
and

(o) _ )
HO. = HY).

IRR,

3) T,y =u (187 + 2 &),

1 2 1 1
C;;;)LU = “U(D(§) + b(,d)(g) + ¢, D(1) + a’(,(l)(i) + e(,d)(g).

(o _ 9 9
4) Tipprr = H (27V2 TIv- E) )

! ! 11
Cirbir = a(,CD(E) + boq)(g) + c(,d)(%) + dOCD(%) + e(,(l)(%).

5 i =152 e ),

qz=%4mﬂ+mﬂmﬂ+qmmm+¢ﬂmﬁ+%ﬂmﬂ.

m)ﬂgF:upv5%+(V§—3v5+2vav—%3—%§+i§é+%%¢

1 2 1 1 1
C(()) = ao(D(_) + bo(D(_) + C()@(_) + d()q)(_) + e{J(D(_) *
IRLF Vi2 V15 2 6 V30

(7) Tipy = u(162v> - 6),

C9 = a,0(1) + b,®(4) + c,D(9) + d,D(4) + e,D(1).

o _ 88 171
(8) TIRLA = U (121/2 + EV — %) 5

C;?LA = aocD(?) + bO(D(E) + C()(D(g) + do(D(g) + eO(D(ﬁ) .

9) Tiop, = (36202 +6ving +1n}),

IRD1

C(O)

oy = a,®(n2) + b,d(In 3) + ¢,0(In4) + d,O(In 3) + ¢,P(In 2).
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(10) Tipy =[O =6 V2> + (L +2V2-2V3-2V6)v— & + 23 4 2o _ N5 _ 4A00]

7 3 8 215 1 V2
(0)

—a,0] = - = )] [ ] [
Cira = do (12 3)”’” (15 5 )”0 (2 3)
5 6 11 V30

+“’[ﬁ‘?]”v®(%‘?)-

(11) T, = u[18v*In (5

IRGA —

+6vIn (! 43{) + 21n(8;§3;)]

)
i = 135)) ol (G55 oo 35

ol el )

(12) Ty = u| (162~ 108 V2)* +(108 + 36 V2 — 24 V3 — 48 V6) v+6+8 V3+16 V6-4 V15-8 V30,

= a,®(7 — 4V3) + b,®(8 — 2V15) + c,®(9 - 6 V2)
+d,®(10 — 4V6) + ¢,d(11 — 2 V30).

(0)
CIRB

Proof. The active odd-layer edge multiplicities are a,, b,, c,, d,, and e,. Substitution of the five
positive single-edge weights of each descriptor into Eqs (6.3) and (6.4) gives the expressions listed
above. The normalizing totals T(") coincide with the exact odd-layer irregularity indices established in

(0)
Theorem 5.1. Therefore, Theorem 3.3 gives Hg(o) = log, T)((O ) ;0).
X

Since wigg,(n, p) = %WA L(n, p), the positive-scale invariance established above further gives H;;)R =
(0)
H,,.

Hence, the odd-layer descriptors again produce eleven distinct entropy distributions. The additional
degree-5 classes alter the nonproportional weights but preserve the equality H;;?R = H/(;’L), all resulting
probability distributions satisfy normalization.

6.3. Scaling and asymptotic behavior of descriptor-weighted entropy

Theorem 6.3 (Scaling law for descriptor-weighted entropy). For either parity class and any descriptor
X, suppose
Tx(u,v) = pFx(v), Cx(u,v) = uGx().

Then
Gx(v)

FX(V).

Hx(u,v) =log, u + log, Fx(v) —
Consequently, for admissible u,, u,,
Ho
Hx(up,v) — Hx(uy,v) = logz(;) .
1

Moreover, for fixed admissible u and along the corresponding parity subsequence,

Hyx(u,v) = 2log, v + log,(18u) + o(1), y — 00,
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Proof. Substitution of the common factor y into Hy = log, Tx — Cx/Tx gives the first identity,
and subtracting the two replication cases gives the second. For large v, the (3,6)-edge class has
multiplicity (18v? — 6v)u and supplies the dominant positive contribution to both Ty and Cy. Its single-
edge weight cancels between log, Tx and Cx/Tx, which yields the stated asymptotic formula. O

The theorem isolates two universal effects: replication contributes exactly log, u, whereas layer
enlargement contributes the leading term 2 log, v.

7. Conclusions

This study establishes a parity-resolved algebraic framework for the irregularity and descriptor-
weighted entropy of generalized silicate cage networks S LC,(v).

(1) The even- and odd-layer configurations have distinct degree partitions because degree-5 vertices
occur only in the odd-layer structure; the inherited partitions were directly checked by edge totals and
degree sums.

(2) The twelve irregularity descriptors have exact closed forms. Their parity-preserving layer
differences and replication increments make the respective roles of v and u explicit: v produces
quadratic leading growth, whereas y produces exact proportional amplification.

(3) Exact descriptor-weighted entropy formulas were obtained for both parity classes. Positive-
scale invariance gives identical entropy distributions for AL and /RR,, leaving eleven distinct entropy
expressions in each configuration.

(4) The new entropy-scaling theorem shows that replication changes entropy logarithmically and
that both parity classes share the universal large-layer leading term 2 log, v.

These topological fingerprints provide candidate structural variables for comparing, classifying,
and conducting future property-oriented modeling of silicate frameworks. Future work may combine
them with verified experimental or computational physicochemical data to develop genuine QSPR or
machine-learning models.
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